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Vihaan Dheer

1 Some topology

Here we study some basic interaction between real anlaysis and topology. If
X is a space, we will denote by C(X) the set of continuous maps X — R. We
will say that a map f: X — R is continuous at « € X if for all € > 0, there’s
an open nbhd U of x such that |f(z) — f(y)| for all y € U. Note that if f is
continuous, then the preimage of the open interval

(f(x) —gf(m)—i—e) CR

is the required open nbhd of x, hence f is continuous at each x. Assume the
converse, and let (a, b) be any open interval whose preimage in X is nonempty.
Choose a point = therein, and since f(x) € (a,b) we can find an € such that

(f(z) =€ f(z) +€) C(a,b).

It follows that = has an open nbhd U which is contained in the preimage of
(a,b), showing openness and hence continuity. Let us also note that this agrees
with the -6 definition: If X is a subset of R, then the suppose open nbhd U
of z exists iff it applies to an open interval of the form (x —d,2 4+ 0) N X for §
small enough.

The set C(X) is actually an R-algebra, as it is closed under addition and
multiplication. To see this, let f, g be continuous real-valued functions, and fix
x € X. Notice that

I(f +9)(2) = (f+9) W) = |f(x) = f(y) +9(z) — g(y)]
<|[f(@) = fW)| +19(z) — g9(y)]

= €1 t+ €2,

which can be made arbitrarily small by intersecting nbhds around z, showing
continuity. Next, to see that fg is continuous, observe that

|f9(z) — fa(y)l = |f(=)(g(z) — 9(y)) + 9(y)(f(z) — f(y))]
< |f(x)]e2 + |g(y)] €1

Note that |g(y)| < ez + |g(z)|, and since the €’s can depend on f(z) and g(z)
this quantity can be made arbitrarily small.

Proposition 1.0.1 All polynomial functions R — R are continuous.
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Proof We already know constant functions are continuous, so since C'(R) is
closed under multiplication and addition it suffices to show that the maps
x +— x™ are continuous. But this is true by induction since & — =z is an identity
map, hence continuous. O

Recall that a space is Hausdorff (T2) if any two distinct points can be sep-
arated by disjoint open nbhds. R is obviously T2. We have also shown in a
different document that compact subspaces of Hausdorff spaces are closed. Let
us show that a subspace A C R is compact iff it is closed and bounded.

We just said A must be closed if it is compact. Note that there is the open
cover
{(-=n,n):n=1,2,3,...}

of A, for which there must be a finite subcover indexed by some maximum
number n. Thus A is contained in (—n, n) and is therefore bounded. Conversely,
if A is closed and bounded then it is a closed subset of a closed interval [a, b],
so it suffices to show that [a, b] is compact. Our proposition with polynomials
makes it easy to write down a linear homeomorphism to [0, 1], so we only need
compactness of the interval [0, 1].

Suppose there is an open cover {I,, } which we may assume wlog to be composed
of open intervals (aq,bs), so that [0,1] C |, Ia-

Limits and Limit Points Let A C X be a subset. A limit point of A is a
point € X such that all open nbhds U of x intersect A — {x} nontrivially. An
isolated point of A is a point x € A such that {«} has the discrete topology
as a subspace of A. In other words, there is an open set U C X such that
UnA={z}.

Let us make some basic observations: First, let L(A) be the set of limit points
of A and I(A) be the set of isolated points of A. If z € L(A), then z € A: if
not X — A is an open nbhd which would have to have nontrivial intersection
with A — x, a contradiction. If x is an isolated point, then it is its own nbhd
which shows z ¢ L(A). Conversely, if © € L(A), then x can’t be an isolated
point for the same reason.

Finally, suppose € A and z is not an isolated point of A. Then for each nbhd
Uofuz, {x} T ANU, soUN(A—x) is nonempty. We have overall shown that

A= L(A) U I(A),

showing that a set A is closed iff L(A) C A (as I(A) C A always). A limit
point of A is a point which can be approximated by points in A. The notion of
a limit is also directly definable in toplogy: if f: X — Y is a map and zp € X,
we write

lim f(x)=yo €Y

T—x
(but which may not really be unique) if for each nbhd U of yy there’s a nbhd
V of zg such that = € V implies f(x) € yo. It is clear that f is continuous at x
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if and only if the limit of f(z) as * — z¢ is f(zo), agreeing with our intuition
from analysis.

Recall that a T} space is a space with closed points. If A C X is a subspace of
a T1 space, suppose = € A is a limit point. We claim that each open nbhd U
of z contains infinitely many points of A: indeed, suppose A N U were finite.
Then Z := (A — x) N U is nonempty finite, hence closed, so X — Z is an open
nbhd of z, as is UN (X — Z). There must be a point y in this set and in A —z,
soy¢ Zandy e (A—2x)NU = Z, a contradiction.

On the other hand, if each nbhd U of x intersects A in infinitely many points,
then U N (A — z) is also infinite, and in particular nonempty. Therefore in a
T7 space, a point is a limit point of a subspace iff its nbhds contain infinitely
many points from the subspace. For example, the limit points of (a,b) C R are
[a, b], which is also its closure, hence it has no isolated points.

As we have discussed limit points and limits of functions, there is another
important notion which is a limit of an infinite sequence: If (z,)nen is a
sequence of points in a space X, a point x € X is limit of the sequence if
for all nbhds U > «x there is an N such that & > N implies x; € U. This
is reminiscent of the definition of the standard limit, and we will discuss the
relationship momentarily.

First, suppose z,, € A and z,, — z € X. If (z,,) eventually stabilizes, then of
course x € A. Otherwise, each nbhd of x intersects A in points not equal to
x, therefore x is a limit point of A. We might ask in what cases an arbitrary
limit point = of A is the the limit of a sequence in A.

Recall that a nbhd (or local) base of a space X at a point = is a collection
of open sets U containing x such that for each open nbhd U of x there is an
element V' € U such that x € V C U. For example, the set of opens containing
x is always one, and if B is a base then the set of elements of it containing x
is a local base at x. More importantly, if X is a metric space, then the set of
open balls around z is an example.

We say a space X is first countable if each point has a countable local base.
For example, if X is a metric space then the sets {B.(z) : € € Q, e > 0} form
a countable local base at any z, so all Euclidean spaces give examples. This
is a nicer property to work with than e.g. second-countability because it is a
local property: If X has an open cover {U,} by first-countable spaces, then
each open nbhd of some x € X contains an open nbhd inside of U,, hence X
is also first-countable.

If X is first-countable and A C X, then each limit point of A is the limit of a
sequence in A. Indeed, let « be a limit point and {U;,Us, ... } be a local base
at x. Define Vi = Uy and Vi, = Vj._1 NUyg, all nonempty open nbhds of z. Then
Vi N (A — ) is nonempty, so choose a point x € Vi N (A — z) for all & > 1.
We claim x,, — x. Indeed, for each open nbhd U of z, there exists IV such that
Uy CU,and Vy C Uy, and Vi, C Uy for all kK > N. Thus x € Uy C U for
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all K > N. It follows that if X is first-countable, the closure of a subset A is
exactly the set of limits of sequences.

Compactifications Let us briefly discuss the Alexandroff Eztension: Given
a space X, we define the extension X* to be the space with underlying set
X U {oo}, and with topology where the open sets of X* are either open sets
of X, or sets of the form (X — K) U oo where K is a closed compact set in
X. One easily checks this is a valid topology, and since the K must be closed
c: X — X* is a continuous open embedding. Thus co € X* is a closed point.
In general, we regard X* as a pointed space (X*, 00).

Proposition 1.0.2 Let ¢: X — X* be the Alexandroff extension of a space
X.

1. X* is compact. A subset Z C X is closed in X* iff it is compact and
closed, and Z U oo C X is closed iff Z is closed.

2. X*is T1iff X is T1. X* is Hausdorff iff X is LCH.

3. ¢ has the universal property that pointed maps X* — (Y,yo) correspond
to maps f: X — Y such that for each nbhd U of yo there exists K C X
closed compact such that f(X — K) C U.

4. (=)* is a functor from topological spaces with proper maps between them
to pointed spaces. In particular, the Alexandroff extension is a topological
1mvariant.

Recall that a map f: X — Y between spaces is proper if for each compact
set K CY, f71(K) is compact. Technically, for (4) above we need a slightly
weaker property, that for K closed compact, f~1(K) is (closed) compact. This
distinction can matter because in a spcae with a compact set K whose closure
isn’t compact, there is no compact closed set containing K. Of course, for
Hausdorff spaces it doesn’t matter.

Proof (of Prop. 1.0.2) (1) Any open cover of X* must include a nbhd of the
form (X — K)Uoo of 0o, and then concatenating this with a finite subcover of
K gives a finite subcover. A subset Z C X is closed in X* iff it has complement
of the form X*— 7 = (X —K)Uco, i.e. Z = K for K closed compact. Similarly,
a subset Z U oo is closed iff Z was closed in X.

(2) If X is T1, then each point € X is closed compact hence closed in X*
by (1), and we already said that co is always closed. Conversely, if X* is T1,
each point must be compact closed. Next, assume X is LCH. X C X* is an
open subset, so we need only find open nbhds separating a point x € X and
0o. Choose a compact nbhd K D U 3 z, then U and (X — K) U co are the
requisite ones. The logic is exactly reversible for the converse.

(3) Such a map f extends uniquely to X* by sending co +— yo on the level
of sets, so we need only establish continuity. For continuity at oo, we must
have that for each nbhd U of yo there is a nbhd (X — K) U 0o of oo such that
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x € (X — K)Uoo implies f(x) € U, ie. f(X — K) C U. This is reversible to
give the ‘only if’ direction.

(4) Let us apply (3): a proper map f: X — Y induces a map f: X* - Y™
preserving infinity exactly when for each closed compact set K in Y, there is a
closed compact subset Ky C X such that X—Ky C f~Y(Y-K) = X—f"1(K),
ie. f71(K) C Ky. Since K is closed, f~!(K) must be compact, and if it is
then we have the requisite continuity. O

One application of this is the compactification of the natural numbers N* as
a discrete space. The compact subspaces of N are the finite subspaces, so the
nbhds of oo are given by the complements of finite subspaces. oo has nbhd
base consisting of sets Uy = {n € N : n > N}, because the complement
of any finite set obviously contains Uy for N large enough. This, along with
Prop. 1.0.2(3) clearly implies the following:

Proposition 1.0.3 Let X be a space, and regard a sequence in X as a (contin-
uwous) map (x,): N — X. The sequence (x,,) converges to x € X if and only if
(zn) extends to a map N* — X sending oo — x. In this case, lim, o T, =
in the function sense.

So, the limit of a sequence is a special case of a limit of a function. This also
makes it obvious that if ,, — x in X and f: X — Y is a continuous map, then
f(zy) — f(z) in Y. A kind of converse holds in the first-countable setting.

2 More topological analysis

Here let us collect some important facts about R. In general, we will make the
assumption that R is equipped with its usual ordering, and is topologized as
a complete metric space with metric (z,y) — |z — y|. Limits are done via the
€-0 definition, which we know from the previous section is equivalent to the
topological definition (and the metric definition). Since R is Hausdorff, these
limits are unique.

Recall that a sequence x,, of real numbers is monotonic if either z,, > =, 11
for all n (it’s decreasing) or x,, < @41 for all n (it’s increasing).

Theorem 2.0.1 A bounded monotonic sequence of real numbers has a limit.

Proof We may assume (z,,)nen is increasing and bounded above by B, as if it
is decreasing then (—x,)nen increases and limit properties apply. We need to
show that (z,,) is a Cauchy sequence. If not, then there exists € > 0 such that
for each n > 0 there exists j, > k, > n such that

= Zj, — Tk, 2 €

n‘ n —

|25, =k
Let ny =1, s0 z;, > €+ xy, . Inductively set ng,, = j,,, _,, so that

Jnm = kg 2 M = Jnp_y = kg, (%)
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Then we have

x; >e+ Tk, >e+ Tj, s
because the sequence is increasing and (x), so inductively z;, > me + zy,, .
The numbers me get arbitrarily large for increasing m, so z; cannot be

bounded. O

nm

Recall that limits preserve weak inequalities: if a, < b,, and a,, — a and
b, — b, then a < b. Assume that a > b, then note that for k large enough we
have

la —ag| < (a —b)/2 |b—bi| < (a—b)/2,
and so

a—b+br—ap <l|a—ag|+|bp —b <a-—0b,
hence by < ag, a contradiction.

Another important property we will use is that lim,, ., a, exists and equals L
iff lim,,— o an+ exists and equals L for all £ > 0. Proof: For ¢ > 0, choose N
such that n > N implies |L — a,| < €. Forn > N, n+k > N,s0 |L — an4x| < €
as well.

On the other hand, choose N such that n > N implies |L — apn4x| < €. Then
taking N = N +k, n > N’ implies n — k < N, hence |L — ay_pix| =
|L —ay| < e

As a corollary, if a,, — a, b, — b, and for some N we have a, < b, when
n > N, then still @ < b. This is because an+n < by n for all n, so

a= lim ap4ny < lim by =0.
n—oo n—oo

This also shows that the limit of an increasing (decreasing) sequence is an
upper (lower) bound on the sequence terms.

Finally, a sort of converse to the weak inequality property is the ‘squeeze
theorem’: If a,, < b, < ¢,, and a,, — a and ¢,, — a, then b, — a. Let’s first
see a special case: If |a — a,| < b, and b, — 0, then a,, — a. Conversely, if
a, — a then limj,_,, | = 0. Proof: Choose N such that b, = |b,| < € for
n > N, then |a — a,| < e. Conversely, if N is large enough so n > N implies
|a — ay| < €, then for n > N we have |a — a,| = |a — a,| < e.

For the full squeeze theorem, note 0 < b,, — a, < ¢, — ay, ie. [b, —a, — 0] <
¢n — ap. The limit on the right is 0, so lim,,—,« (b, — a,) = 0, thus b, — a.

Corollary 2.0.2 Let {I;} be a sequence of nested closed intervals so that
I, O Ii41 for all k. Then the intersection (), I, is nonempty.

Proof Write I, = [ag, bx] for ap, < by and ap < agy1 while by > byyq for all
k. Then a; and by are monotonic sequences boudned by a; and by, therefore
ar — a and by — b with a < b. Since ar, < a < b < by for all k, (e.g.) a € I
for all k, so the intersection is nonempty. ([l



Vihaan Dheer 7

This will give us the existence of sup and inf. If A C R is bounded above
subset, then x := sup A is a real number such that x is an upper bound for A,
and that any upper bound y satisfies x < y. inf A is defined analogously if A
is bounded below. It is obvious that sup and inf are unique when they exist.

In the following proof we will use a general technique: Given a closed interval
I = [a,b] we define I< := [a, (a+b)/2] and I> = [(a+b)/2, ], which are nested
closed intervals so that I = I< U I, and the two intersect at the midpoint
(b — a)/2. Obviously, if the length of I is ¢, the length of I< or I> is £/2.

Corollary 2.0.3 Let A C R be bounded above (resp. below). Then sup A (resp.
inf A) exists.

Proof The proofs are identical, so let us do the sup case. If there exists an upper
bound inside of A, then it is trivially the sup so assume there doesn’t. Then
the upper bound b; for A is not contained in A, so choose a point a3 € A and
we have a1 < by, giving an interval I; = [a1,b;]. We will construct a sequence
of closed nested intervals (I, = [ag,bx]) so that the aj is not an upper bound
and by is an upper bound for A. Assuming [ is constructed, observe that the
midpoint (ag+bg)/2 either is an upper bound or is not one. In the former case,
set Iy+1 = Ir <, and in the latter set I41 = I; >. This satisfies our conditions.

Observe that if £ :== by — a1, then I has length 27%. By Cor. 2.0.2, choose
some x € ﬂk Ii.. We claim that z = limy ax = limy, bg, and we know both these
limits exist from before. Indeed, if x,y € I for all k, then |z —y| < 27F for
all k, hence |z —y| < lim;, 27% = 0. Hence x is the unique point in between
the limits.

To finish, observe that if b € A then b < by for all k, hence b < limy by = =,
therefore x is an upper bound. On the other hand, for any upper bound ¢ of
A, a, < c for all k because ay, is not an upper bound, hence = < c. O

Usually we will write supA = oo or inf A = —o0o if a set is not bounded
above or below. Let us use the word ‘interval’ without qualification for an
open, closed, or half-open interval where either side can be infinity. Note that
a set A C R is an interval iff for each a < b € A where a < = < b, we have
x € A. This obviously applies to the intervals as defined; if A has the condition,
then we can take inf A and sup A to be the interval endpoints, and they are
closed/open if the infimum/supremum is contained in A.

Recall that a space X is path-connected if for any points z,y € X, there is a
continuous map [0, 1] — X such that 0 — z and 1 — y.

Lemma 2.0.4 A path-connected space is connected.

Proof 1f X is path-connected and X = ULV for U,V nonempty open disjoint,
then choose © € U, y € V, and f: [0,1] — X a path between them. Then
[0,1] = f~YU) U f~1(V) for open disjoint nonempty subsets, so it suffices to
show that [0, 1] is connected.
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Suppose [0,1] = U UV for nonempty open disjoint sets U,V , and assume
w.lo.g. that 0 € U. Let a := sup{z € [0,1] : [0,2] C U}. Then a ¢ U, because
otherwise there is € > 0 such that (a — €¢,a + €) C U, contradicting that a is
the sup. But for b < a, b € U because there must be an x for = € [b,a) such
that [0,2] C U, so b € U. But then [0,a) C U while a € V, so Je > 0 such
that a — e € V, a contradiction. O

Theorem 2.0.5 The connected (and path-connected) subsets of R are exactly
the intervals.

Proof Let A be connected, and suppose a < b € A and x € (a,b). If x ¢ A,
then (—oo0,z) N A and (x,00) N A give a disjoint open cover of A by nonempty
subsets, therefore x € A so A is an interval.

On the other hand, take an interval A and points a < b € A. The map
f: R — R given by f(x) = a + (b — a)z is continuous as a polynomial, and
its restriction to [0, 1] takes values in [a,b] C A, so f[o17: [0,1] — A is a path
from a to b, showing A is path-connected (hence connected). ]

Corollary 2.0.6 (IVT) Let X be a connected space, and f: X — R be a
continuous map and suppose there are a,b € X such that f(a) <0 and f(b) >
0. Then f has a zero on X. Furthermore, if X is a subset of R, then f has a
zero between a and b.

Proof First, we know f(X) is connected hence f(X) is an interval. In partic-
ular, f(X) contains [f(a), f(b)], which contains 0. Second, If X is a subset of
R, then it is an interval, so apply the conclusion to X = [a,b] or X = [b, ]
depending on the order. |

We now prove some classic results about compactness, most importantly the
Heine-Borel theorem.

Theorem 2.0.7 (Heine-Borel) The compact subsets of R™ are exactly the
closed and bounded subsets.

Before proving it, let us note that one direction is easy: a compact subset
K C R is necessary closed because R" is Hausdorff, and it is bounded because
{B;(0) : » > 0} forms an open cover, a finite subcover of which must be
contained in a single ball. For the other direction, we can reduce to proving
that sets which are products of closed bounded intervals are compact since
closed and bounded subsets are closed subsets of those. All closed intervals
[a, b] are the homeomorphic image of I = [0, 1] by the map t — a + t(b — a),
so we can reduce to showing that I is compact with the following lemma.

Lemma 2.0.8 A finite product of compact spaces is compact.

Proof Tt suffices to do two. Suppose X and Y are compact, and let {U, X V,,}
be an open cover of X X Y (sets of these form are enough since they are a
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basis). For each z € X,  x Y is compact and is covered by finitely elements of
the cover; write their union as N,. By the tube lemma there is an open nbhd
W, xY of x XY contained in N,. Then {W,} covers X, so there’s a finite
subcover W, ,..., W, giving rise to the cover

er XK"'WTWXY

of X x Y. Each one is contained in N,,, so Ng,,..., N, is a finite union of
finitely many elements of the open cover, which collectively cover X x Y. O

Proof (of Thm. 2.0.7) As explained, we only need to show I is compact. If
it’s not, let U be an open cover of I without a finite subcover. Set I, = I
and assume [; has been constructed as a closed interval which is not covered
by finitely many elements of U/, then I > and Ij < can’t both be covered by
finitely many opens, so set I C I to be one of them which cannot be.

By the nested interval property, there is an « € Iy, for all k, and inductively the
length of I, is 27%. But there exists some U € U containing x, and there is an
¢ > 0 such that (z —e,z+¢€) C U. Since limy 27% = 0, there is a k such that the
length of Iy is less than €. Since x € Iy, we must have I, C (x —e,x +¢) C U,
contradicting the fact that the I, have no finite subcover. (]

Compactness is a very useful property in general. Suppose A C R is a bounded
subset, then we already said that sup A and inf A exist. If either of these are
contained in A, then we say the supremum/infimum is attained, and call it a
maximum /minimum, and write max A and min A. If A is closed and bounded
(i.e. compact) then it has a minimum and maximum.

To see this, it suffices to show that the supremum sup A = z is a limit point
(the infimum is similar) of A. Indeed, each nbhd of the form (z — €,z + ¢€)
nontrivially intersects A — z, because if (x —¢,x+€)N(A—x) = &, then z —¢
would be a strictly smaller upper bound of A than x.

If f: X — R, we will often write sup,.x f(z) for sup f(X). So, if X is com-
pact, then f(X) is compact and f attains its supremum. In this case we write
maxgecx f(z) and similarly for min.

Let us study one more concept in relation to limits, this time focusing on the
real-valued case. Let f: U — R be a real-valued function with U C R an open
subset. For a € U, recall that lim,_, f(z) = L means that for all ¢ > 0,
there is a 0 such that when |z —a| < 0, |f(x) — L| < e. First of all, we will
use this same definition in a case where f(a) is not defined, i.e. U contains
(a—d,a+9)—a.

Second, we can still consider a kind of limit where U only contains (a, a+9¢) for
some J. In that case, given a function f: U — R we write lim,_,,+ f(z) = L
to mean that for each € > 0, there is a § > 0 such that = € (a,a + §) implies
|f(x) — L] < e. We can make an analogous definition for lim,_,,—, called the
limit from the right or left respectively.
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Note that if a € U and f: U — R, then lim,_,, f(x) exists if and only if both
lim+ flx) lim f(x)

both exist and have the same value. One direction is clear because of the
containments

(a—4d,a) C (a—d,a+9) (a,a+9) C (a—d,a+9).

On the other hand, suppose both limits are y. Then for € > 0 choose d;
such that a — 61 < = < a implies |y — f(x)| < ¢, and similarly d2 so that
a < x < a+06; implies |y — f(x)| < e. Then, setting 6 := min{dy, d> }, whenever
|z — a| < & one of the conditions holds.

3 Some more basic analysis

Let f: U — R be a real-valued function with U C R an open set. We will
define the difference quotient to be the expression

f@) = f(a)

r—a

Qf(z,a) =

If for some a € U the limit lim,_,, Qr(x,a) exists, we say f is differentiable at
a, and we write the derivative as f'(a) = lim,_,, Qs(x,a). f is differentiable
on U if f is differentiable at each point of U, and in this case f’ defines a new
function f': U — R. If f’ is continuous, then f is continuously differentiable.

Here are the immediate basic properties of the derivative. Given f,g defined
near a, we have

Qf+g(x,a) = Qp(z,a) + Qy(z, a),
so if f and g are differentiable at a then f+g¢ is too with deriative f'(a)+¢'(a).
Next, observe that for ¢ € R,

ch(xv a) = CQf(Z‘,G,),
so for all ¢ # 0, f is differentiable iff ¢f is, and (cf)'(a) = cf’(a).

Notice that a priori @) is not defined when z = a, but it still makes sense
to ask about the limit. Earlier, we proved that for a U a nbhd of a and a
function F: U — ¢ — R, lim,_, F(x) exists if and only if F extends to a
function F: U — R which is continuous at a. The limit is the value F (a) of
the extension there. The easiest way to use the definition of the derivative is
to supply a continuous extension of x — Qf(x; a) to x = a.

For example, if f is a constant function, then for any a € R, @)f is just the
function 0 for all 2 # a, which extends continuous to zero, hence f'(a) = 0 for
all a. Similarly, if f(z) = z, then Qf(—,a) is 1 for all  # a, so f'(a) =1 for
all a. As a final example, consider x — 2. We have

2 —a®  (z—a)(z+a)

T—a T—a ’
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which extends continuously to = +— z + a, so f'(a) = a + a = 2a for all
a. So, all three of these functions are examples of continuously differentiable
functions. By linearity, any quadratic polynomial az? + bx + ¢ is continuously
differentiable, and we now know its derivative is 2ax + b.

Let f: U — R be differentiable at a. Then f is continuous at a; indeed, since
the limit lim,_.,(x — a) exists and is 0, we have

0= f(a)0 = lim M(m —a) = lim f(z) — f(a),
T—a xr—a r—a
where the second step use the continuous extension around a property, hence
lim, ., f(z) = f(a), showing continuity at a.

The principle behind this mini-proof is the following: when a derivative f’(a)
exists, it means that Qs(x,a) can be brought arbitrarily close to f’(a) by
bringing x close to a, which also means that for € (a —d,a+9), the equation

[f () = f(a) = f'(a)(z — a)| < €|z —al

holds. In other words, near a, f(z) looks like the linear function f’(a)(x —a)+
f(a) up to an error of €|z — a| < €d. The function g(z) = f'(a)(x — a) + f(a)
will be termed the linear approximation of f at a. So, if we want g within € of
f over (x — §,x + §), we can just restrict § < 1.

A local extremum of a map f is a local maximum or local minimum, which
means a point a € U such that on a nbhd V of a, f|y has f(a) as its maximum
or minimum.

Proposition 3.0.1 If f: U — R is differentiable at a local extremum a, then
f'(a) =0, i.e. a is a ‘stationary point’ of f.

Proof Assume that a € U is a local maximum (the minimum case is similar),
and by replacing U by a nbhd of @ we may assume it is a global maximum. For
z < a, f(x) < f(a), hence Q¢(x; a) > 0. Hence f'(a) =lim, - Qf(x; a) > 0.
On the other hand, for z > a f(z) < f(a) still so Q¢(z; a) < 0, hence f'(a) =
lim, .+ Qf(z; a) <0, giving the result. O

Our earlier analysis dictates that if a is a stationary point of f, then near
x = a, [ is well-approximated by the constant function f(a) with an error
of €|z — a|. Before proving more results like this, let us show the most basic
‘rules’ of calculus.

Theorem 3.0.2 (chain rule) Let f: U — R be a function, V be a nbhd of
fU), and g: V — R be another map. If f is differentiable at a € U, and g
is differentiable at f(a) € V, then g o f is differentiable at a with derivative

(9o f)(a) =g'(f(a))f'(a).

We can give an easy proof by first rewriting something which we have
essentially already stated.
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Lemma 3.0.3 Let f: U — R be a function.

1. f is differentiable at a € U if and only if there is a function ¢: U — R
which is continuous at a satisfying the equation

f(@) = q(x)(x —a) + f(a)
forallz € U.
2. In that case q is uniquely determined and q(a) = f'(a).
3. q is continuous at x € U — a if and only if f is continuous there.

Proof We know that f is differentiable at a iff the limit lim,_, Q(z; a) exists,
in which case @ extends to a function g(z) defined on U such that ¢(z) =
Q(z; a) for x # a, and ¢(x) = f'(a), where the continuity at a is equivalent to
the limit existing By definition of () whenever x # a we have the equation

f(x) = fla) = Q(z; a)(x — a) = q(2)(z — a),

and if x = a then both sides are equal so it holds. Note that conversely ¢ must
agree with Q(—; a) when x # a by the equation, and continuity at a guarantees
that g(a) = f’(a), showing uniqueness. Finally, we observe that 1/(x — a) is
continuous away from a and z — f(x) — f(a) is continuous wherever f(x) is
continuous, showing (3). O

Proof (of Thm. 3.0.2) Using the lemma, we can write for x € U and y € V:

fx) = fla) = q@)(x—a)  g(y) —9(f(a)) =r(y)(y — f(a)).
Setting y = f(x), we have for all z € U:
9(f(@)) — g(f(a)) = r(f(x))(f(z) — f(a))
=r(f(z))q(@)(z - a).

This completes the proof: x — r(f(z))g(z) is a function continuous at a
because f is differentiable hence continuous at a, ¢ is continuous at a, and r
is continuous at f(a). Therefore, g o f is differentiable at a with derivative

r(f(a))g(a) = ¢'(f(a))f'(a),
as desired. O

The above lemma gives a very easy proof of the product rule as well.
Theorem 3.0.4 (product rule) Let f,g: U — R be functions differentiable at
a € U. Then fg is differentiable at a with derivative f'(a)g(a) + f(a)g'(a).
Proof Write f(x) — f(a) = q(x)(z — a) and g(z) — g(a) = r(x)(z — a). Then
by multiplying we get

f@)g(@) = f(@)gla) = (r(@)a(@)(@ - a) + q(x)g(a) + () f(a) ) (= = a).
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The inner function is a sum of functions which are continuous at a, hence fg
is differentiable at a and the derivative is

0+ q(a)g(a) +r(a)f(a) = f'(a)g(a) + ¢'(a) f(a),
as desired. [l

Let us briefly add to our algebra C(X) of real-valued functions for X any
space. We wish to show that for any maps f,g: X — R such that g(x) # 0
for any z, f/g € C(X) is a continuous map, as it is well-defined. It suffices
to show 1/g is continuous, and hence by composition that z — 1/x defines a
continuous map R — 0 — R. This is slightly notationally easier if we define
f:(0,00) = R to be f(z) = 1/x, which suffices because x — 1/ is f when
x>0 and —f(—z) when z < 0.

To see f is continuous, fix z > 0 and let € > 0. Set § = min{x, z%¢/(1 + we)}.
For any y € (x — §,2 + J) (note z — § > 0), notice that

< —<

PRI Ll | R
1/y = 1/e] = Ty xy ~ x(r—93)’

But § < 2%¢/(1 + we) implies that
§ <z — xeo,

i.e. that §/(z% — 28) < €, which is what we wanted. As a corollary, =" is
continuous on R — 0 for all n > 1.

From this it is easy to show that z +— 1/x defined on R — 0 is everywhere
differentiable. Indeed, for any a,x # 0 we have

1 1 a—x —1
)

z a ar azx
and = +— _—1% is continuous at a by what we just showed. Therefore the
derivative at a is —1/a® = —(1/a)?, and this function is also continuous so it

is continuously differentiable.

Corollary 3.0.5 (power rule) Letn € Z and f(x) = x™. Then f'(z) = na"~ .
When n >0 f is defined on R, whereas when n < 0 it is on R — 0.

Proof Here we are using the convention that #° = 1 and that 0z~ = 0, so this
is clearly true in the n = 1 case, and also the n = 0 case. Assuming inductively
that the claim is true for n — 1, we have for all x € R

(xn)/ _ (J) . xn—l)/ — xn—l + (n _ 1).1337”_2 — ’I’Ll‘n_l,

by the power rule, completing the induction step. On the other hand, suppose
the claim is true for some —n + 1 where n > 0. Then for x # 0,

(l,—n)/ _ (x—n-i-l A .’1?_1)/ _ (1 _ n>x—n -.T_l _ $_2 -SL‘_"J'_l

— _nxfnfl7
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completing the downwards induction. O

Let us briefly summarize what we have shown so far, after making the following
inductive definition. If f: U — R is a function then the first derivative of f is
the derivative f’ if it exists on U. If f is differentiable, then the second deriva-
tive f” == f(® is the derivative of f’, and so on. We say that f is of the class C*
or f € C*(U) if f is k-times differentiable, so f*) exists, and it is continuous.
C°(U) = C(U) is just continuity. Since f being differentiable implies continu-
ity, f € C**! implies f € C* for all k, and we write C*°(U) = |J, C*(U) for
the set of functions which are infinitely differentiable and for which all derva-
tives are continuous. Such functions are called smooth. By definition, for all k
where 1 < k < oo, the derivative is an operator C*(U) — C*¥~1(U).

Theorem 3.0.6 The following statements hold about open subsets U C R.

1. The classes C*(U) are all naturally R-algebras with addition and multi-
plication for 0 < k < co.

2. Each class C* is closed under composition in the sense that if f € C*(U)
and V is a nbhd of f(U), then go f € C*(U) for each g € C*(V).

3. Each C* forms a sheaf of R-algebras on R; namely, given an open cover
{U;} of U and maps f;: Us — R of class C* satisfying

filv.inu, = filvinu, Vi, j,
there is a unique map f: U — R such that flu, = fi.

4. Fach polynomial p(x) = apnz™ + -+ a1x + ag is smooth as a function
R — R, and its first derivative is given by

P (x) =napz™ '+ (n— Dap_12" "2 + - + 2a02 + a;.
A polynomial with negative powers of the form
p(z) = apz™ +---ag+a_1xt Fa_paT™
1s also smooth as a function R — 0 — R.

5. If f,g € C¥(U) and g is nowhere-zero on U, then f/g € CK(U). If k > 1,
the derivative of such a quotient is given by the formula
/ g(@)f'(x) — f(2)g'(x)
x) = .
(/9)' (@) S

forallz € U.

Proof (1) The statement has been shown for k = 0. If f,g € C*, it is clear by
induction on k and linearity that (f + ¢)*)(a) = f*)(a) + ¢*)(a), and this is
a sum of continuous functions. Similarly by induction, (af)*) = af®*). This
trivially applies to k = oco.
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For multiplication, assume inductively that C*~(U) is closed under multipli-
cation. For f,g € C*(U), observe that

(f9)'(z) = fl(x)g(x) + f(x)g'(x) xe€U

by the product rule. By definition, f’,¢g’ € C¥~1(U) and f,g € C* c C*71,
therefore by induction and the previous result (fg)’ € C*~1(U), which shows
fg€ CHU).

(2) We proceed by induction on k and &k = 0 is done.Given f: U — V and
g: V — R of class C*, we know by the chain rule that

(go f)(x) =g'(f(2))f (x)

for all z € U as f is differentiable at « and g is differentiable at f(x). Now, ¢,
f, and f’ are all of class C*~!, so ¢’ o f is too, and by (1) sois (f o f) - f'.

(3) This too is by induction on k, where k = 0 is by the continuous gluing
lemma. When k > 0, the f; are continuously differentiable so we have functions
1! where

fz/ Uu;,NU; = f]l U;NU; 'Lv]

This is because a derivative at a, when it exists, depends on the ‘germ at a
of f’,i.e. f on an arbitrarily small nbhd, by definition. By induction, there is
a unique C*~! map f’ agreeing with each of the f/ on U;. But note that for

each x € U, x € U; for some i, hence
f'(@) = fly, (@) = fi(x) = (=),

so f = f’ (again using that the derivative of f at a exists iff it exists and is
equal on any nbhd of a). In particular, f’ € C*~!, hence f € C*. This clearly
applies when k = oco.

(4) First of all, its derivative at each x is clearly given by that expression by the
power rule. Since the derivative of a polynomial is a polynomial, by induction
the kth derivative for all k exists and is a polynomial, hence is continuous.
This shows polynomials are smooth.

For the second statement, the first part shows that the positive and constant
parts of the polynomial are smooth on R—0, so it suffices to show that a_;z '+
<-4 a_pz”™ is smooth on R — 0. Let us use the same logic for smoothness:
by the power rule, on R — 0 the derivative is

3

—a_ 1272 =20 93— —ma_pz ™.

Since the derivative of a negative-power polynomial is the same again, by
induction all derivatives exist on R — 0 and take this form, so we just need
continuity. But that is clear since such a polynomial is p(1/x) where p(z) is a
standard polynomial, so we conclude as x +— 1/z is continuous.

(5) If g is nowhere-zero, then R — 0 is a nbhd of ¢g(U), so composing with
x + 1/x (smooth by (4)) and (2) gives a C* function 1/g. Hence by (1) f/g
is smooth on U. The formula written is simply what we get upon viewing f/g
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as f - (io f)~! where i(r) = 1/z, and applying the chain rule and product
rule. ]

Our next goal is to prove the mean value theorem (MVT), which will give us
various useful consequences. The first intermediate result is Rolle’s lemma:

Lemma 3.0.7 Let a < b and f: [a,b] — R be a continuous function with
f(a) = f(b) which is differentiable on (a,b). Then there exists x € (a,b) such
that f'(z) = 0.

Proof Since [a, b] is compact, maxg<z<p f(z) and min,<<p f(z) both exist and
are attained inside [a,b]. If both min and max are attained by a or b, then
f(a) = f(b) is the max and min, so f(x) is the constant function, and for any
x € (a,b) f'(x) = 0. If they both aren’t, then x € (a,b) is a local max or min
and we are done by Prop. 3.0.1. (]

Theorem 3.0.8 (MVT) Leta < b and f: [a,b] — R be a continuous function
which is differentiable on (a,b). Then there exists some ¢ € (a,b) such that the
equation

holds.
Proof Consider the function g: [a,b] — R given by

o) = 1)+ TOIO )

which is continuous on [a, b] and differentiable on (a,b). Then g(a) = f(a)+0,
and

9(b) = f(b) + f(a) = f(b) = f(a).
Therefore, by Rolle’s lemma, there is some ¢ € (a, b) such that ¢'(c) = 0. But

a)— f(b

0= o — il 1 @D
b—a

as the derivative of x — a is 1. This completes the proof. (Il

Corollary 3.0.9 Derivatives are unique up to a constant. More precisely:

1. If f: U — R is a differentiable function with f'(x) = 0 for all x € U,
then f is locally constant: each x € U has a nbhd on which f is constant.

2. If f,g: (a,b) — R are differentiable functions such that f' = ¢', then there
exists a unique constant ¢ € R such that f(x) = g(x)+c¢ for all x € (a,b).

Proof (1) By finding an interval around some x € U and shrinking, we can
find z € (a,b) C U with a < b. We claim f is constant on (a, b): If not, suppose
there is y € (a, b) such that f(z) # f(y), and say e.g. that x < y < b (the other
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case is similar). Now f is continuous on [z,y| and differentiable on (x,y), so
by MVT there is ¢ € (x,y) such that
fy) = f(=z)
0=f'(c) = —L—">2
filo =201
which implies f(y) = f(z), a contradiction.

(2) Note that f — g is differentiable with constant derivative 0, so by (1)
h = f —gis locally constant. Choosing some = € (a,b) and ¢ := h(z), we claim
that h~1(c) is nonempty and clopen. Obviously it is nonempty and closed. It
is open because each point in h~!(c) has an open nbhd mapping to ¢, proving
our claim. It follows by connectedness of (a,b) that h=!(c) = (a,b), hence
f=g+ec (]

This result is crucial for understanding ‘antiderivatives’. For a function f: U —
R, an antiderivatives of f is a differentiable function g: U — R such that
g’ = f. By the corollary, an antiderivative is unique up to a constant. We will
see soon that when f is continuous, such a function always exists.

The next result is just as important. It establishes the relationship between a
derivative and the property of increasing or decreasing. A function f: A — R
with A C R is increasing (resp. decreasing) if for each a < b € A, we have
f(a) < f(b) (resp. f(a) > f(b)). It is strictly increasing or decreasing if the
inequalities are refined to be strict. Finally, f is strictly increasing or decreasing
at a point x € Aif whena <z <be A, f(a) < f(x) < f(b), or the other way
for decreasing.

Corollary 3.0.10 Let f: U — R be a continous function.

1. Suppose f is differentiable at x € U. Then f'(z) > 0 (resp. f'(z) < 0)
implies that f|y is strictly increasing (resp. strictly decreasing) at x for
some nhbd V of x.

2. Suppose [ is differentiable on U. Then f'(x) > 0 (resp. f'(z) < 0) for
x € U implies that f is strictly increasing (resp. strictly decreasing on U ).

3. Suppose f € CL(U) and f'(a) > 0 (resp. f'(a) < 0) for some a € U. Then
a has a nbhd on which f is strictly increasing (resp. strictly decreasing).

Remark 3.0.11 The converse of Cor. 3.0.10(1-3) is not true. For example,
f(x) = 23 is in CY(R), and f’(z) = 322 by the power rule. By restricting to
U =R — 0, we see that f is strictly increasing on R — 0. Since f(z) < 0 when
x < 0,and f(z) > 0 when = > 0, it is clear that f is strictly increasing. Yet
£7(0) = 0 nonetheless.

Proof (of Cor. 3.0.10) (1) There is a continuous function ¢ such that ¢(z) =
f'(z) and the equation
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holds. Taking e.g. the increasing case, ¢~*((0,00)) must be an open nbhd V
of x, where ¢ is positive, so on V we have f(y) > f(z) iff y > « and likewise.
The same logic applies in the decreasing case.

(2) For each a < b in U, f is continuous on [a,b] and differentiable on (a,b).
Therefore by the MVT, there is always a point ¢ € (a,b) so that f/(c) has
the same (strict) sign as f(b) — f(a). If f’ is strictly positive on U, then
f(b) — f(a) > 0 always.

(3) Since f’ is continuous, the preimage of (0,00) is an open nbhd of a on
which f’ is positive, proving the claim by (2). a

As discussed, the converses are not true in the strict case, but they do hold
when we consider the non-strictly increasing/decreasing property; however, in
that case the forward directions don’t all hold. E.g. for (1), taking f(z) = 22,
we have f/(0) <0 but f is not decreasing at 0 on any nbhd of 0. But, suppose
f is decreasing at x on some nbhd V. Then f’(x) < 0, because otherwise
f(z) > 0 which would imply strictly increasing, a contradiction.

Let’s consider (2). If f'(x) > 0 for every = € U, then the same proof with the
MVT shows that f is increasing on U. Conversely, suppose f was increasing
on U: if for some a € U we had f’(a) < 0, then by Cor. 3.0.10(1) f would
be decreasing at a, so by choosing points in U less than a and greater than a
would show f is not increasing. Hence f'(z) > 0 for x € U.

Finally, for (3), the non-strict forward direction obviously holds by the above.
For the converse, if f is increasing on a nbhd V' then f|y, € C1(V), so f/|y > 0
by the non-strict converse of (2).

Next, let us work towards the classical inverse function theorem, which in one
variable is essentially trivial. We will rely on the following central lemma:

Lemma 3.0.12 Let f: U — R be a continuous strictly increasing (or decreas-
ing) function. For each interval (a,b) C U, f((a,b)) (where a,b can be £00)
is an open interval in R. In particular, f is an open embedding.

Proof Assuming f is increasing, the decreasing case is similar. By definition f
must be a continuous injection because it is strictly increasing. Therefore the
second statement follows from the first immediately. To prove this, continuity
implies that f((a,b)) is an interval in R by connectedness, say with endpoints
a’, b’ (which can be infinite). We claim the interval is open, so for contradiction
suppose e.g. a’ € f((a,b)). Then there exists « € (a,b) such that f(z) = d/, so
there exists some ¢ € (a, ). Since ¢ < z, f(c) < @/, a contradiction. The same
logic shows that ' ¢ f((a,b)), therefore f((a,b)) = (a’,'). O

The above lemma in conjunction with Cor. 3.0.10 is useful in its own right
to find homeomorphisms between open subsets of R. For example, consider
the map f: R —1 — R given by  — 2/(1 — x) smooth as 1 — z is nonzero
on R — 1. Tt is easy to see that f((0,1)) = (0,00), and a computation of the
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derivative shows that f is always increasing on (0, 1), giving a homeomorphism
(0,1) = (0, 00).

Lemma 3.0.13 Let f: U — R be a continuous strictly increasing or decreas-
ing function such that f is differentiable at a € U and f'(a) # 0. Then
fU) CR is open and f: U — f(U) is a homeomorphism by Lemma 3.0.12.
The inverse map

g=1""fU)—-U
is also strictly increasing or decreasing and is differentiable at f(a), with
derivative 1/ f'(a).
Proof Note that if y < ¢ € f(U), then y = f(z) and y' = f(a’). Of course
x # o', and ¢’ < 2 would contradict y < ¥/, so z < 2. But x = g(y) and
' = g(y'), showing g is also increasing.

Recall that f being differentiable at a means that there is a function ¢(z) on
U continuous at a such that

f(@) = fla) =q(z)(x—a) 2€U.

Since f is continuous, ¢ is continuous on U, so by shrinking U to a nbhd U’ of
a we may assume ¢’ # 0. For each y € f(U’), also an open set, take © = g(y),
then rearranging gives

1 1

———(f(9(y)) — f(a)) = m(y — f(a)) = g9(y) —a = g(y) = 9(f(a)).

Since g is continuous on f(U’), and ¢ is continuous and nonzero there, the
function y — 1/¢(g(y)) is continuous at f(a), so g is differentiable at f(a). By
evaluating it at a we get

1/q(9(f(a))) = 1/q(a) = 1/f'(a)

for the derivative. ]

Now we discuss the inverse function theorem in one-dimension. A bijection
f: U — V between open subsets of R is a diffeomorphism if f and f~1 are C*.

Theorem 3.0.14 (inverse function theorem) Let f: U — R be a C* function
for 1 < k < oo such that f'(a) # 0 for some a € U. Then there is a nbhd V
of a such that f(V) C R is open and

flv:V = f(V)
is a diffeomorphism. If f' >0 (or f' <0) on U, then we may take V ="U.

Proof Assume f’(a) > 0 (either because the other case is similar or as we can
replace f by —f). By Cor. 3.0.10(2), a has a nbhd V = (f’)~%(0, 00) on which
f! is strictly positive, hence is strictly increasing. Then apply Lemma 3.0.13,
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which firstly says that f(V') is open and V' — f(V') is a homeomorphism, and
because f'(z) # 0 for all z € V, we have

(FIv) (f(@) =1/f'(x) =xeV.

Let us now prove by induction on k that f\‘_,l € C¥(U). For any k > 1, note
that since f/ € Ck¥~1(U) and is nonzero on V, z +— 1/f'(z) is in C*=1(V).
Therefore (f~1|y) o f|v € C*~1(V). For the k = 1 case, we observe that f|y is
a homeomorphism hence f |‘_,1 is already C°, so by precomposing it we obtain

() o flvo flv! = (F v)

is C°, hence f|y—1 is C'. Assuming that the & — 1 case holds, f is also C*~1
and hence f|;;' is C*~1, therefore the above composition shows that (f~!|y )’
is Ck=1 hence f|;,' is CF. O

Ezample 3.0.15 Let n > 1 and consider the function f(x) = z™. f is continuous
on [0,00), so f([0,00)) is an interval containing 0 as f(0) = 0. f(z) > 0 when
x > 0, so 0 is one endpoint. Note that for x > 1, 2™ > z, so f grows arbitrarily
large, hence f([0,00)) = [0,00). 2™ = 0 implies = 0, so f((0,00)) = (0, 0).
On this interval, f/(z) = nz"~! which is strictly positive for > 0. therefore

x " (0,00) — (0,00)

is a diffeomorphism by the inverse function theorem. The differentiable inverse
is written  — 2'/7, and the theorem lets us easily compute its derivative
as well. It is also easy to see that the inverse extends to a continuous map
[0,00) — [0,00).

In preparation for the next section on multivariate derivatives, let us note one
alternative definition for derivatives. If f: U — R is a function and a € U, then
there is € > 0 such that (a —€,a + €¢) C U, hence the function g(z) = f(x +a)
is defined on (—¢,¢€), a nbhd of 0. Note that since x — x+a and  — = —a
are differentiable, g is differentiable at 0 if and only if f is differentiable at a.
Moreover, in that case,

g9'(0) = f'(a) - 1= f'(a)
by the chain rule, which shows that

) — 1y F0 ) (@)

e—0 €

giving an alternative presentation that can be taken as a definition. This will
generalize to R™.

4 Multivariable analysis

Now let us extend some of the definitions and results to the setting of real
analysis in multivariable analysis, i.e. where U C R" is an open subset of R".
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In R™ for n > 2, the direction along which we take a derivative matters. This
motivates the following definition:

Definition 4.0.1 Let U C R™ be open, f: U — R be a function, and v € R™
any vector. f is said to be differentiable along v at a € U if the limit

St e) -~ f(a)
e—0 €

exists; in that case, we write (D, f)(a) € R for that limit. If f is differentiable

at each z € U along v, and the map U — R given by =z — (D, f)(z) is

continuous, we say f is C! along v on U.

Note that f is differentiable at a along v iff the function in the limit extends
to € = 0, i.e. iff there is a function ¢ defined on a nbhd V' C R of 0, continous
at 0, such that

fla+ev) — f(a) = eq(e) ecV.
Observe that f is differentiable along v at a iff it is differentiable along Av at
a for some A € R — 0. Indeed, given a ¢ like above, by shrinking V' we have

f(a+ Xev) — fa) = Xeg(Xe) = e(Ag(Ae), )

and it is clear that the function € — Ag(Xe) is still continuous at 0. The
converse holds by applying this to 1/A. Therefore, Dy, f(a) = AD, f(a). It is
also obvious from the definition that the derivative along zero always exists
and is Dg f(a) = 0.

Hence, we may ask whether the operator v — (D, f)(a) is linear in v. In nice
situations, as the following result shows, it is.

Lemma 4.0.2 Let v,w € R™ be vectors and suppose f: U — R is a function
which is C' along w. If f is differentiable along v at some a € U, then f is
differentiable along v +w at a with derivative D, f(a) + Dy, f(a).

To prove this, we will apply some single-variable analysis from the previous
section. The main technique is the following: if f: U — R and U C R" is open,
then for any @ € U and v € R", a + ev is contained in U for € small enough,
say |e| < 0. Therefore we can define v: (—0,8) — U by 7,(t) = a + tv, and
then by the definition f is differentiable along v at a iff f o~ is differentiable
at 0, and of course
(f ©7)'(0) = Dy f(a).
Hence we can apply our previous results to the function fo~v: (=4,d) — R.
Let us note also that
(For)(s) = lim L@F 0T ) ZJlats0) _py oy,

e—0 €

for |s| < 4.

Proof (of Lemma 4.0.2) Let § > 0 be such that for all |¢|,|s| < §, a+tv+t'w €
U (we can do this by taking a ball in U of radius r > 0 around a, then taking
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0 = r/(Jv] + |w|) and applying the triangle inequality). Fix 0 < ¢ < §, and
define the function

g: (=6,0) = R s+— fla+tv+ sw),

clearly well-defined. By our observation above, g is everwhere differentiable
and
9'(s) = Duf(a+tv + sw)
as f is C'! along w. Hence g is continuous on the interval [0, ¢] and differentiable
in (0,t), so by the MVT there is a constant ¢; € (0,t) such that
t) —g(0 a+tv+tw) — fla+tv

$e = 30790 b o ey = 1 )= flottn)
When —§ < t < 0, we can also apply this to the interval [t, 0] to get ¢; € (¢,0)
satisfying the above equation. Taking the limit as ¢ — 0, then |¢;| < |¢| implies
that a + tv + c;w — a, so by continuity of D,, on U this implies

fla+tv+tw) — fla+tv)

}gr(l) . =D, f(a).
Adding to this D, f(a) with its limit definition shows that D, ., (a) exists and
is Dy f(a) + Dy f(a), as desired. O
We write {eq,...,e,} for the standard basis vectors in R™. The derivative of
f along e; at a is called the ith partial derivative of f at a, and is written
of
D, =0, = .
@) =0if(@) = 510

when it exists. 0;f is continuous near a € U if there is a nbhd V' C U of a
such that 0; f(z) exists for all x € V, and z — 9; f(x) is continuous on V.

Corollary 4.0.3 Let f: U — R such that 01f,...,0,f are all existent and
continuous on U. Then f is C' on U along all v € R", and furthemore

Df(x): R" - R v D, f(z)
is a linear map for all x € U.

Proof fis C' along e; on U fori = 1,...,n. For any vector w = >, w;e; € R",
we can see by Lemma 4.0.2 and the constant multiple property that for all
x € U, Dy f(x) exists and

Dy f(x) =Y w0 f(x).
=1

This is the linear combination of continuous functions on U, so f is C' on U
along any w as well. Finally, for any v € R", this shows D, f(x) exists, and
then Dy ., f(2) = Dy f(x) + Dy f(x) by Lemma 4.0.2 once again. O

For U C R™ an open set - similar to before - we will define C°(U) to be the
algebra of continuous functions U — R, and inductively C*(U) to be the set
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of maps f: U — R such that all of the partial derivatives of f exist on U,
and A1 f,..., 0, f are in C*~1(U). Finally, C*®(U) := (5, C*(U) is the set of
smooth functions on U. B

So, f € CH(U) if all of its partial derivatives are continuous, and f € C?(U) if
all of the mized partials 0;0;f are continuous for all 4, j, and so on. Suppose
f,g € C*(U) for k > 0, and let z € U. Like before, define v(t) = x + tv for
[t| < 8, so that (f ov)(0) = D, f(x). Then

Dy(f+g)(x)=((f+9)0)'(0) = (foy)(0)+(907)(0) = Dy f(x)+ Dyg(x).

In particular, the partials are all linear so by induction the sum of C* functions
is C*. The same applies to multiplication by a constant, as

A(f09)'(0) = ((Af) ©7)'(0).
The same holds for the product of two f,g € C*(U); in that case

Dy(fg)(x) = ((fg) ©7)'(0) = ((f ) (g 27))'(0)
= (f o) (0)g(v(0)) + f((0))(g ©7)'(0)
= g(x)Dy f(x) + f(x)Dyg(z)

for all 2 € U, just like the one-variable case. Suppose inductively that C*~1(U)
is closed under products. For f,g € C*(U), the above shows that

9i(f9) = (0if)g + f(Dig),

and all four functions on the RHS are in C*~1(U), so we're done by above and
induction. The same is clear for C*° functions. We can do something similar to
before for composition of functions, at least where f: U — R, V C R is a nbhd
of f(U), and g: V — R is a function. Namely, if g € C*(V) and f € C*(U),
then for each = € U, we have

Dy(go flz= (g0 f07)(0) =g (f(7(0)))(f o) (0)
=g (f(x)) Dy f().
So, 9;(go f) = (¢'of)-0;f. By induction on k, g’ € C*~1(V) and f € C*~}(
so g of e CF 1 (U), and 0;f € C*1(U), so by above 9;(go f) is in CF~1(

Note that since x + 1/z is smooth on R — 0, this shows that if f,g € C*(U)
and g is nowhere zero, then f/g € C*(U).

v,
U)

Finally, just as before, it is clear that restrictions of C* functions are C*, and
that C* functions collate - i.e., C* is an R-algebra valued sheaf on R™.

Ezample 4.0.4 Our fundamental example, as in the single variable case, will
be polynomials. In R™, a monomial is a function of the form (x1,...,z,) —
2% . gk for fixed numbers 0 < ki, ..., k, < co. A polynomial is just a finite
sum of monomials. By induction and closure under products and sums, to
show that polynomials are smooth it suffices to show that a projection map
7w : R™ — R is smooth.
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Let v(t) = « + te; for i # k. Then
;i (z) = (m 0)"(0) = const’,(0) = 0,

which is continuous at all z, and whose derivatives are all 0, so it is smooth.
On the other hand, if v(t) = z + tex, then

hmi(@) = (m 07)(0) = (& — 2 +£)/(0) = L.

This is also a constant function, hence it is smooth. This shows 7 is smooth,
and hence all polynomials are smooth.

To actually calculate the partial derivatives of a polynomial, we can use the
following simple rule: Suppose f: U — R is given by

flze,.. . xn) = fi(ze)g(@r ooy Th1, Tt 1y -« Tn)

where f1 and g are defined on appropriate nbhds. Then taking v(t) = x + tey,
we note that

Orf (21, wn) = (f09)(0) = filar)g(z, ..., 2n).

Similarly, and more generally, taking a partial derivative is always like taking
a derivative with respect to the given variable and keeping the others fixed.
Accordingly, it is just as easy to see that

O flay,...,a,) = F'(ay)

where F(x) = f(a1,...,a5-1,%,0k41,--.,ay), leaving the other variables
fixed. This shows that the ith partial derivative of the monomial presented
above is simply

(1,00 ) = Kkt gk
according to the power rule.

There is a slightly subtler but more fundamental definition of derivative in the
multivariable case which comes from our result that the ‘full’ derivative at a
point should form a linear operator. As usual, fix an open set U C R™.

Definition 4.0.5 Let f: U — R be a function and a € U. f is differentiable
at a if there is a linear map L: R™ — R such that the limit

o fla+0) — fla) ~ L)

v—0 |’U|

exists and equals zero.

This is of course equivalent to saying that there’s a linear map L and a function
q: V — R where 0 € V C R", ¢(0) = 0, and ¢ is continuous at 0, such that

fla+v) = f(a) = L(v) + |v[ q(v)
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for all v € V. Now, for any v € R™, since V is a nbhd of 0, there’s a § such
that € € (—4, ) implies ev € V', so we have

fla+ev) = f(a) = L(ev) + |ev] g(ev)
=¢e(L(v) + @q(ev)).

We claim that the function € — L(v) + |¢| g(ev) /e is continuous at 0. Now |e| /e
is not continuous but the right summand is: This is because
el

lim —qg(ev) = lim g(ev) = ¢(0) =0

e—0t € e—0t
as ¢ is continuous at 0. Likewise,

. el )
lim — = lim — =0.
A
Since € — L(v)+|e| g(ev) /e is continuous at 0 (at least by defining it to be L(v)
at 0), this shows that f is differentiable along v at a with D, f(a) = L(v). Since
this holds for every v € R", this also means that L is uniquely determined if
f is differentiable at a. In that case, we write df, := L.

Hence, if f is differentiable at a then 9;f(a) = dfs(e;). But, the existence of
the derivative does not mean that the partial derivatives are continuous near
a. What we can say, however, is that if they are then df, = Df.

Theorem 4.0.6 Let f € CY(U). Then for each a € U, f is differentiable at
a with derivative df,(v) = D, f(x).

Proof Fix a, and momentarily fix v =), v;e; and set
a® = a,a(l) =a+vlei,...,a(k) =a+vie; + -+ vpeg

so that a(™ = a + v. Therefore we can write the telescoping series

Jlatv) = f(a) = f@™) = f(@®) = 3 (£(@®) = f(a®)).

k=1

For each k, we can define a function g: (—d,) — R by g(s) = f(a*=D + sep),
where § is small enough so that a(*=1 + se, € U when |s| < 6. By making
v small enough, we may assume |vg| < 6 Note that g is differentiable with
derivative ¢'(s) = O f(aF~1 + sey).

We claim that there is a t such that |tx| < |vg| and, setting &, == a* =1 +trep,
ukdif (&) = f(a®) = fa*=V).

Indeed, if vy = O then take t; = 0 and the statement is obviously true; if
vg > 0, apply the mean value theorem to g on [0, vg]|, and otherwise apply it
to g on [vg, 0]. By construction, as v — 0, |v;| — 0 for all ¢, hence |tx| — 0, so
& — aFD = q,
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To finish, using linearity of D f(a) we have
fla+v) = f(a) = Dufla) = Y v (Of (&) = 0uf ()
k
and therefore

fla+v) = fla) = Dy f(a)

|v]

<D 10k f (&) — O f(a)]

k

by the triangle inequality and because |vg| < |v|. Taking v — 0 on both sides,
and using continuity of Jk f, gives the desired result. O

Given this theorem, we can summarize the implications as follows:
C! on U = differentiable at all a € U = all 9;’s exist on U

But, it is possible for all 9; to exist on U and yet f not be differentiable
at a point in U. Hence, at times we will have to prove things separately for
partial derivatives (or derivatives along vectors) and differentiable functions.
For example, suppose f,g: U — R are functions differentiable at a. It is easy
to see from the limit definition that f 4 ¢ is differentiable at a, and that
d(f + g)a = dfa + dga-

We may also ask about the product fg. To prove differentiability at a, we need
a different strategy from last time. There’s a nbhd V of 0 € R™ and functions
q,r: V — R continuous at 0 with ¢(0) = r(0) = 0 such that

fla+v) = fla) +dfa(v) + vl q(v)  gla+v) = g(a)+dga(v) + |v]r(v).

for all v € V. Taking the product of these equations, we obtain:

(f9)(a+v) = (fg)(a) + (f(a)dga(v) + g(a)dfa(v))
+ vl (r(v)g(a) + f(a)g(v))-

Now the function v — r(v)g(a)+ f(a)q(v) on V takes 0 — 0 and is continuous
at 0. Hence, it suffices to show that the operator

v = fla)dga(v) + g(a)dfa(v)

is linear. Indeed, it is a linear combination of two linear functions hence is linear
This shows that fg is differentiable at a with derivative f(a)dg, + g(a)df,.
Another generalization from single-variable analysis is the multivariable chain
rule:

Theorem 4.0.7 LetU C R™ and g: U — R, and suppose uy,...,up: V — R
are functions defined on V. C R™ such that U is a nbhd of u1 (V) x -+ - X up, (V).
Let f: V — R be the composite

flxe,.. . xn) = glur(zr, ..y Tn), oy U (X1, .o, X))
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1. If the u; are differentiable along v at a € V, and g is differentiable at
(u1(a),...,um(a)) € U, then f is differentiable along v at a with

Z@lg ))Dyui(a).

2. If the u; are differentiable at a € V' and g is differentiable at the point
(u1(a),...,um(a)), then f is differentiable at a with derivative

df, = Z@«g(u(a»d(ui)a-

as above.

Proof Let us write u := (uq,...,un): V — R™. Since the u; are differentiable
along v at a, there are functions ¢; defined on a common nbhd of 0, continuous
at 0 such that

u;(a+ ev) — u;(x) = eq;(e)
with ¢;(0) = Dyu;(a). Since g is differentiable at u(a), there’s a function r
defined on a nbhd of 0 such that 0 — 0 and

g(u(a) +w) = g(u(a)) = dgu(a)(w) + [w[r(w)

for all w € R™ near 0. As vectors, we have
u(a+ ev) = u(a) + €(qu(e)s - am(€)) = u(a) + eq(e),
by defining ¢ = (q1, . .., gm). Therefore,

g(u(a +ev)) = g(u(a) + €eq(e))
= g(u(a)) + dgu(a)(€q(€)) + leq(e)| r(eq(c))

m

= gula) + e(dguiw (Y a(en) + 1 g() r(eate).

i=1

by taking w = eq(€). As before, the function

e 1D g1 r(eate)

extends continuously to zero: from the left, the limit is —0 = 0, and from the
right it is +0 = 0. It follows that f = g o w is differentiable at a along v with

Dy f(a) = dgua) (Y- a:(0)e: ) = Y- dhg(u(@) - Dyui(a)

by linearity. This finishes the proof of (1). For (2) we proceed similarly, except
that for the u; we have functions ¢; continuous near 0 with 0 +— 0 such that

wi(a+v) =wui(a) + d(uy)qv + |v] g (v)
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for v near 0. Defining u = (u1,...,Um), ¢ = (¢1,---,¢m), and L to be the
linear operator

L= (d(ul)m cee ,d(um)a) :R" — R™,
we can write this as u(a + v) = u(a) + L(v) + |v| q(v). Plugging into g and
expanding, we obtain the formula

g9(u(a+v)) = g(u(a)) + dgu(a)L(v) + dgu(a) (0] ¢(v))
+|L(v) + [vlg(v)[ r(L(v) + |v] q(v))
= 9(u(a)) + dgu(a) L(v)

v
1l (dsmato) + |2

) +a(v)| (L) + vl a(v)))

for v near 0. Define h on a punctured nbhd of 0 to be the map
o) = |

We claim it extends continously to 0 with h(0) = 0. Indeed, v/ |v| € S™~!
which is compact, so |L(v/ |v])| < C for some C. Thus

[h(v)] < (C +lq()]) [r(L(v) + [v]q(v))] -

The RHS is continuous at 0, and r(L(0) + 0) = 0, so lim,_¢ |h(v)| = 0, hence
lim,_ h(v) = 0, proving our claim. To summarize,

g(u(a +v)) — g(u(a)) = dgu(a)L(v) + [v] (dgu(a)(a(v)) + h(v))

for v near 0. dg,(,) is continuous as a linear map, and ¢(v) is continuous at
0 sending 0 — 0, and h(v) has the same property. Finally, v — dgyq)L(v)
is a composition of linear maps hence linear, so we have shown that f is
differentiable at a. It must have the written expression, since this implies dif-
ferentiability along all v which determine the expression for df, to be equal to
the case in (1). O

ﬁ) +q(v) | r(L(v) + [v] q(v)).

The previous result motivates us moving to one higher level of generality:
Namely, let f: U — R™ be a function with U C R”. f is differentiable at a
along v if

e—0 €
exists in R™, in which case we write D, f(a) € R™ for the limit. Likewise, f
is differentiable at a if there’s a linear map L: R™ — R™ such that
i fa ) = f(@) = L)

o ol

exists in R™ and equals zero. This is of course equivalent to the limit

i W+ 0) = £(@) — L)

o o
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existing and being 0 in R. Writing f = (f1,..., fm) for the component
functions, we say f € C*(U,R™) for 0 < k < oo if f; € C*(U) for i.

Lemma 4.0.8 Let U C R" be open and f: U — R™ be a function with
component functions f = (f1,..., fm)-

1. f is differentiable at a along v if and only if each f; is differentiable at a
along v. In this case,

va(a) = (val(a)a cee avam(a))
holds.

2. f is differentiable at a if and only if each f; is differentiable at a. In this
case, the linear operator L in the definition is uniquely determined as

L= dfa == (d(fl)aa s ;d(fm)a)-

3. If f is differentiable at a, then f is differentiable at a along each v € R,
with D, f(a) = df,(v). If f € CL(U,R™), then f is differentiable at each
acU.

Proof (3) follows from (1) and (2) easily. For the forward directions of (1)
and (2) we can just use the fact that the projection maps 7;: R™ — R are
all continuous and hence preserve limits. For the other direction, there are
functions ¢; defined near 0, continuous at 0, such that

fila + ev) = fi(a) = eqi(e)

for € near 0. By intersecting f.m. nbhds, we may assume the ¢; are defined
on a common nbhd of 0. By the universal property, we get a function ¢ =
(q1,---,qm) continuous at 0 satisfying

fla+ev) = f(a) = eq(e)
for € near zero, as desired. Notice that
q(0) = Dy f(a) = (1(0), ..., qm(0)) = (Duvf1(a),..., Dy fm(a)).

(2) For the other direction of (2), we use an identical technique. There are
functions r; defined near 0, continuous at 0 with 0 +— 0 such that

fila+v) = fila) = Li(v) + |v] gi(v)

for linear maps L;. On a common nbhd, by combining the functions g; to ¢
shows that f is differentiable at a with derivative

L= (Ly,..., L),

which is what we wanted. O

One consequence is a chain rule that looks very similar to our single-variable
chain rule.
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Theorem 4.0.9 (chain rule) Let U C R™ and V. C R™ be open subsets.
Suppose f: U — V and g: V — RP are functions where f is differentiable at
a € U and g is differentiable at f(a) € V. Then go f: U — RP is differentiable
at a with

d(go f)a =dgsa) o dfa: R" — RP
as its derivative.

Proof We just need to apply Thm. 4.0.7. Writing f = (f1,..., fm) for the
component functions, note that V' is a nbhd of

fU) = [U) x - x fm(U) CU.

and the f; are differentiable at a by the previous lemma. Then the composite

T = g(fl(x),'uafm(x)) :gof(x).

Writing g = (g1, . . -, gp) for the component functions, we can apply Thm. 4.0.7
to obtain

kofafzagk (fi)a

for each k. Since gj o f are the component functions of go f, this shows go f is
differentiable at a with components as shown above. Applying this to a basis
vector e;, we get

m(d(g © f)a(e;)) = d(gr o f)a Z&gk a))0; f;(a).

by comparison, let us compute the kth component of dg¢(q)(dfa(e;)). We have

Tk (dgs(a) (dfa(e;))) = d(gk) f(a)(dfale;))
= d(gx) f(a) (05 f1(a), ..., B; fin(a))

f(a)(z djfi(a)e
= Z zgk ( ))

This is the same as above, completing the proof. O

Some of our prior results will generalize immediately to the higher-dimensional
cases. For example:
Proposition 4.0.10 Let f: U — R be a function with local extremum a € U.
1. If f is differentiable at a along v, then D, f(a) =
2. If f is differentiable at a, then df, = 0.
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Proof (2) is obviously implied by (1). For (1), there is § > 0 such that for
le| < 0, a+ev € U. Hence the function v: (—0,) — U given by € — a+ev
has 4'(0) = D, f(a), and 0 is a local extremum of ~. O

Other generalizations, in particular, require significant additional work. One
example is the inverse function theorem in n-dimensions, which will be our
next goal.

5 Sequences of functions

This section will focus on sequences (f,) of functions f,,: X — R indexed
by n € N with X a topological space. We say such a sequence converges to
f+ X — R, and write f, — f, if for each = the limit lim,, f,(z) exists and
equals f(x). It converges uniformly to f, and f, — f (unif.), if for each € > 0
there’s an N such |f — f,,| < € everywhere on X when n > N.

Obviously, if f,, — f uniformly then f, — f. Finally, we say that (f,) is
(uniformly) Cauchy if for each € > 0 there’s an N such that when m,n > N,
| frn — fn| < € everwhere on X.

Proposition 5.0.1 A sequence (f,) of functions X — R is Cauchy if and
only if its pointwise limit f exists and f, — f uniformly.

Proof (=) Of course, if (f,) is Cauchy then for each x € X, (fn(z)) is a
Cauchy sequence in R, and hence f(x) := lim,_ o fn(x) is well defined. For
any € > 0, choose N such that when n,m > N we have |f,, — fm| < €/2. Then
forall k> 0and all z € X, |fn(z) — fnir(z)] < €/2s0

T [fu(@) — frer(@)] = |fule) — F()] < /2 < c
because |—| is continuous.

(<) If f, — f uniformly and € > 0, choose N such that n > N implies
|f — ful < €/2. Then for m,n > N, we have

|fn_fm| < |fn_f|+‘f_fm| <€/2+€/2:€
by the pointwise triangle inequailty. (Il

Proposition 5.0.2 Suppose (f,) is a sequence of functions X — R continu-
ous at some point xo € X. If f, — f uniformly, then f is continuous at xq.
In particular, the uniform limit of continuous functions is continuous.

Proof Let € > 0, and choose n such that |f — f,,| < €/3. Then choose a nbhd
U around z( such that « € U implies | f,(z) — fn(z0)| < €/3. Then for z € U,
we have

[f (@) = f(xo)| < |f(x) = ful@)| + | fu(2) = fulwo)| + | fu(20) — f(20)]
<e/3+¢€/3+¢/3=F¢,
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showing continuity at z. O

A sequence f,, is monotonic if either f,, < f,41 everywhere for all n, or f,, >
fn+1 everywhere for all n.

Proposition 5.0.3 (Dini’s theorem) Let X be compact, and (f,) be a mono-
tonic sequence of continuous functions X — R with f, — f pointwise. If
furthermore f is continuous, then f, — f uniformly.

Proof Let € > 0, and for each x € X choose N, such that when n > N,
|f(z) — fu(x)] < e. By continuity at each x, there is a nbhd U, of = such that
y € U, implies |f|. Assume w.l.o.g. that f,, is monotonically increasing. Let
e > 0, then for each x choose N, such that |f — fny| < € when n > N,. Since
x — |f(z) — fn,(z)| is continuous, there’s a nbhd U, of x such that y € U,
implies
fly) — fn. (y)] <e.
By compatness, finitely many of these sets, say
Usyyoo Uy,

cover X. Set N := max{N,,,..., N, }. Then suppose n > N and = € X.
Then = € U,, for some 4, and n > N,,, so overall

f(a) = fo(@) < (f(@) = fu(2) + (fn = fn,,) = f(2) = fn,, (2) <€
because the sequence is increasing. O
Let us continue building up this theory, and then we will focus on specific

constructions of sequences and series. An infinite series is a summation written
Zfbozk a,, for some sequence a, € R; we use this notation for the limit

o0
> 0= Jim Yo
n==k =
and we say Y a, converges if that limit exists. Of course, this happens iff
the limiting sequence is Cauchy, i.e. iff all ‘partial sums’
a; + Qjp1 + -+ ay

can be made arbitrarily small by choosing i, j to be arbitrarily large. If 5 > k,
we can always split up sums as

oo 7 00
dan=) an+t ) .
n=k n==k n=j+1

where the infinite series on the RHS exists iff the one on the LHS exists, by the
summation property of limits. We say a series -, a, converges absolutely
when the series Y, |a,| converges. Finally, we say a series composed of func-
tions, i.e. Yo, fn, converges uniformly to a function f if the limit Zg:k In
converges uniformly to f as N — oco. Our first major result discusses this.
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Theorem 5.0.4 Let f,: X — R be a sequence of functions on a set X, and
suppose we have a sequence (M), of real numbers such that |f,| < M, on
X for all n. If 300 M, converges, then Y.~ fn converges uniformly and
absolutely to a function X — R.

Proof Write Sp,(z) = 3" fu(z), and T,,, = > M,,. Let € > 0. Since T},
is Cauchy, there exists N such that m > n > N implies that

|Tm_Tn|: Z M; < e,
i=n+1
hence on all of X we have

< i |f1|S i Mi<€7

1=n+1 1=n+1

dofi

1=n+1

hence Sy, (x) is uniformly Cauchy. The same result applies to Y | fy|, giving
absolute convergence. O

Corollary 5.0.5 Suppose {a,} is a sequence in R with |a,| < b,, and
ZZOZO b, is convergent. Then Zf:o an 18 convergent and absolutely conver-
gent. In particular, an absolutely convergent series is convergent.

Proof Apply Thm. 5.0.4 with X = x. ]

Let us briefly note one test to show that a series fozo an diverges. Namely,
for it to converge we must have lim,, .., a, = 0. This is just because the
sequence of partial sums is Cauchy, so in particular lim, o |S;, — Sp—1| =
lim,, , |an| = 0, hence lim,, .o a,, = 0.

We next study the interplay between uniform limits and derivatives. This will
have obvious application when we study infinite series of functions.

Theorem 5.0.6 Let U C R be an open interval and fr,: U — R be a sequence
of differentiable functions such that f,, — f pointwise on U. Suppose that the
sequence of functions f!, converge uniformly. Then f is differentiable on U,
and f'(z) = lim, o f)(2) for z € U.
Proof Fix a € U. For each n, there is a function ¢,: U — R continuous at a
such that

fo(@) = fnla) = (z —a)qn(z)  z €U, (%)
where ¢,(a) = f!(a). Tt suffices to that g, converges to a limit uniformly,
because then the limit ¢ will be continuous at a with ¢(a) = lim, . f,(a),
and the limit of the above as n — oo will show f/(a) = ¢(a).

To show this, let ¢ > 0 and choose N such that when m,n > N we have
|fr — fl.| < eonU. For each x, by differentiability of f,, — f, on U, the MVT
gives some £ between x and a (as U is an interval) such that

[fn(2) = fm (@) = (fala) = fm(a@))| = [£1(&) = Fra(l |z — o] < elw —al.
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By (%), the LHS is equal to |z — al |gn(x) — gn(a)]|, thus |g.(x) — ¢gm(z)] < €
when m,n > N, and N is independent of x, so we’re done. O

5.0.1 The exponential function

Recall that we write ,,C} for n choose k, which is defined as

_(n\ n! ~nn—1)---(n—k+1)
nC = <k;>k!(n—kz)! n—K)n—k—1).-

when n > k > 0, and zero otherwise. As 0! = 1, we have ,Cy = 1 for all n > 0.
The two basic properties are as follows:

(=0 ()=Go)+ ()

for all n and k, except n = 0 on the right. When 0 < k < n, the left equation
is clear from the definition. When k& < 0 then n — k > n and when k£ > n then
n — k < 0, finishing all cases. For the right side, suppose 0 < k < n does not
hold. If £ < 0 then it’s obvious, and if n > k = 0, then the LHS is 1 and the
RHSis0+1=1.If n =k > 0, then we have 1 =1+ 0 =1, and if £ > n, then
n—1<k—1and n— 1<k, so both sides are 0 (as we assume n > 0).

Hence we may assume 0 < k& < n, in which case the formula holds for all three

terms. But n—1 (n—1)! k (n
(k’—1> T k=Dl —k)! :n(k‘)

and similarly we have

(n k 1) - k!(fln__klz! o= — - (Z)

so adding these two gives the desired result.

As a corollary, ,Cy € {0,1,2,...} for all n, k. This is obvious when n < 0.
So, induct on n > 1 assuming it’s true for all k, where the n = 1 case is clear
because 1C) can only be 0 or 1. If true for n — 1, and n > 2, then we are done
by the right-hand formula.

Lemma 5.0.7 (binomial expansion) su For a,b € R and n > 0, we have

~ n
a+b)" = akbn—k’
@y =3 (7)

with the convention that 0° =1 if a or b is 0.

Proof Induct on n > 0, where the n = 0 case is clear because (Cy = 1. Assume
n > 1 and the formula holds for n — 1, then we have

(a+b)"=(a+b) Ti:l (”k 1)akbn1k

k=0



Vihaan Dheer 35
n—1 n—1
— <” ; 1) A (n ; 1) aktipn—k
k=0
n—1 akpn—k + z_:
k—1

-1
n N )akbn—k
k=0

n—1
=a"+b" + Z (Z) akpk = Z <Z> akpn—F
k=1

k=0

n—1

where in the third line we applied the identity proven above. (Il

An immediate use is the following, which helps in the case of the geometric
series. Let us recall the following notational conventions: when discussing limits
in R, we often wish to use the extended topological space R = R U {—00, o0},
whose open sets are those of R, along with sets of the form (R — C) U {co}
where C is closed and bounded above, or (R — C') U {—oco} where C is closed
and bounded below. It is easy to see that co has as a nbhd base the sets (a, ]
for varying a € R, and similarly the sets [—o0, a) for varying a € R.

R C R is a punctured nbhd of co and —oo, so for f: R — R it makes sense
to consider limits lim, 4. f(7). Next, if U C R is a (possibly punctured)
nbhd of a, and f: U — R, then lim,_,, f(z) = £oo iff for all d € R there is
§ such that |z — a| < & implies +x > d. For example, lim, .o 1/2? = +00, so
x — 1/2? extends to 0 by sending 0 — co. Moreover, it extends continuously
to 200 +— 0. But « — 1/z does not extend to zero because points close to zero
get arbitrarily negative and positive.

Corollary 5.0.8 Let r € R. The limit lim,,_,oo r™ exists in R iff |r| < 1, in
which case it is zero, or r =1 when it is 1. When r > 1, lim,,_, o " = +00.

Proof Tt is clear that when r = 1 the limit is 1. Suppose |r| > 1 so write
e =1—|r| > 0, and assume n > 1. By the first two terms of the binomial
expansion, and since ,C1 = n, we have (1 +¢)" > 1+ ne, so |r|" — +oo as
n — oo. This is one case if » > 1. If |r| < 1, then by replacing |r| with 1/ |r| this
shows that |r|" < 1/(1 + ne), so |r"| < |r|" — 0, completing the proof. O

In the proof we used the following fact: If lim, ., f(z) = Zoo, then
lim, .o 1/f(x) = 0. Proof: For all € > 0, there is § such that |z —a|] < &
implies |f(z)] > 1/e, so |1/f(z)| < e for 0 < |z — a] < 4.

This result let’s us study the gometric series. A geometric series is one of the
form >°° ,r" for some r € R. Define Sy, = ZZ:O r™. Then clearly we have
1— rk+1

Spp1=r*" 4 S =18 +1 = Sk=——"
- T
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when r # 1. Note that when r = 1, Si, = k. The geometric series for r converges
iff Sy converges to a limit, and

1 — limy_, oo P!

lim S* =
k—o0 1—r

We just showed that this exists in R iff |r| < 1 (since the » = 1 case results in
divergence). So we have shown

= 1
Zx": —l<ax<l,
n=0

11—z
and it diverges otherwise. Our first corollary is the ratio test.

Proposition 5.0.9 Let (a,) be a sequence of nonzero real numbers, and
suppose the limit

. an+1
L= lim
n—oo an

exists. If L < 1, then Y " a, converges absolutely. If L < 1, Y0 a,
diverges.

Proof Choose any r with L < r < 1. Then for some N, n > N implies

An41

an+1
Qn

~L<

—L’<7’—L,

an

ie. |any1| < 7rlay| for n > N. By induction, |ayix| < r¥|an|, which means
that the tail of the sequence converges absolutely, because

S 00 00
D lanl = lansul <law] Y r* < oo
n=N k=0 k=0

by comparison with the geometric series, as |r| < 1.
On the other hand, if L > 1, then for some N, we have
‘an—i-l/an‘ -L<1-L = |an+1| > |a’ﬂ|

for n > N. If a,, — a converges, then this means |a| > |ay|, but we assumed
lay| > 0, so a, does not converge to zero. O

Corollary 5.0.10 The series of functions Y .. a™/n! converges uniformly
on all bounded intervals to a limit, which we write

(o) xn
exp(x) = Z T
n=0

for all z € R. exp is smooth as a function R — R with exp’ = exp.

Proof Let us apply the ratio test to exp(x) for any fixed z. We get

L= lim —> =z lim =0

n—oon + 1 n—oon—+1



Vihaan Dheer 37

hence exp(x) exists everywhere on R. Now fix some R > 0 and consider exp
restricted to the interval (—R, R). On this interval, |z| < R, and so

" R

:L.TL

n! nl — nl’

The series with terms the RHS converges to exp(R), so by the Weierstrass M-
test exp converges uniformly on this interval. Taking R large enough, (—R, R)
eventually contains all bounded intervals.

Now fix a bounded interval U and let fip: U — R be given by fr(z) =
Zi:o 2™ /n!. We know that f; — exp uniformly. Observe that

k n—1 k n—1 k=1 n
b nx B T B "
fk(x)inzz:l n! 7;(71—1)! 77;)H7fk_1($)
for all k > 1. Of course, f§, f1, f4--- =0, fo, f1,..., both converge to the same

limit, and so f; converges uniformly to exp. By Thm. 5.0.6, this means that
exp’(x) = exp(x) for all x € U. Since all points are contained in some bounded
interval, exp(z) is differentiable everywhere and equal to its own derivative.
Therefore it is continuous everywhere, and by induction it is C* for all k, so
exp is smooth. O

exp: R — R, i.e. the exponential function, has various nice and important
properties. One of them is solving the following interesting problem. Let us fix
a positive real number r. We will try to construct a ‘power function’ p which
extends p(n) = r™ for n > 0. Just like powers of natural numbers, it should
satisfy p(z)p(y) = p(x + y). This makes it natural to define p(—n) = 1/r".
Moreover, we earlier demonstrated the existence of z'/™ for positive n and
x, so we can define p(1/n) = r'/™ to be the unique positive real such that
p(1/n)™ =r.

Finally, for each rational ¢ = m/n € Q, define p(m/n) = (r*/™)". This is
well-defined because if m/n =m’/n’/, then mn’ = m’n, and so
p(m/n)n' _ (rl/n)mn' _ (Tl/n)m’n _ ,,,m’)

hence p(m/n) = (r™ )/ = (17" yn" = p(m’/n’). Tt is also easy to see that
this agrees with our definitions, extends negatively, and satisfies the multiplica-
tive property we wanted. We might wonder firstly if p: Q — R is continuous,
and if it extends to all of R. Of course, since Q C R is dense, if it is continuous
then there is at most one such extension.

Using exp, we will answer both of these questions in the affirmative, and also
be able to compute things like the derivatives of the extended function p. We
will also show that exp is an example of such a map p for some specific . The
first step in doing that is establishing a different formula for exp(z).

The following result is called Tannery’s theorem. One trick which is broadly
applicable with series is controlling the ‘tail’ of a series. Namely, if a =
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Zf;o an, then by definition the tails converge and for all £ we have ZZOZ i On =

a— I;:é an, hence taking k — oo we get that limy_, o Zzo:k a, = 0. This

means that for any € > 0 there is a k such that |y 2, a,| <.

Lemma 5.0.11 Suppose >~ b, converges, for all m,n we have |am »| < by,
and limy, oo Qm,n = Cn. Then ZZOZO cn converges and

oo S
§ Am,n — E Cn
n=0 n=0

as m — OQ.

Proof Since @y, n < by, taking m — oo we have |c,| < by, and therefore ), ¢,
converges absolutely. Let € > 0, and first choose N such that > b, < €/3.
This means that

E Um,n — § Cn

n>N n>N

n>N

< (amnl +leal) <37 2b, < 2¢/3.

n>N n>N

Then by finite summation we have lim,, Zg:() pn, = 271:/:0 ¢n, hence we can
choose M so that when m > M,

N N
Zam’n - ch < €/3.
n=0 n=0
So, for all m > M we have
oo N N
=D e D amn =D e+ D ama = D
n=0 n=0 n=0 n>N n>N
<€/3+2¢/3 =k,
so we're done. O

Let ay, , be a sequence indexed by N x N. We say that Zm,nZO Qyn,n CONVETGES
absolutely if for all n the series Y o
series

m—0 |@mn| converges, and furthermore the

> (3

converges as well. Tannery’s theorm pr0v1des ‘Fubini’s’ theorem for series as
a corollary.

Corollary 5.0.12 Suppose an,, s a sequence indexed by N x N and
Y omn>0 Amn converges absolutely. Then the series on both sides of the

equation
o0 oo o0 o0
DD amn =2, ) amn

n=0m=0 m=0n=0
converge and are equal.
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Proof Write Ap, ., = ZZL:O ak,n. For all m and n we have

Z ‘ak:,n| = an

k=0

where B, < oo by assumption, and moreover ZZOZO B,, converges by
assumption. In addition

hm Amn = Zak”

where the RHS converges by the comparison test. By Tannery’s theorem,
Y om0 2ok>0 Qk,n converges, and moreover

iiak,n:n}gnoozflmn:%gnoozzakn

n=0 k=0 n=0 k=0
= lim E E Qfn = E E Ak .n
m—0o0
=0n=0 k=0n=0
which is what we wanted. O

Theorem 5.0.13 For each x € R, the limit

n
lim (14 %)
n—oo n
exists and is equal to exp(x).

Proof By the binomial expansion, observe that
n _k:O k) nn _k:O kl(n — k) nk _k:O R

where firstly we have changed to an infinite sum by just defining C), , = 0
when k < n, and otherwise

n! _nn—=1)---(n—k+1)
Ok = R T () ()
k-1
_ n—i 1 &
M- -1(-)

In the product, 0 <i<k—1<mn,s00<i/n <1, hence |Cy, | <1forall k,n
(including when the symbol is zero). Therefore

:Ek

k!

k
\:EI < 2l

Ok = g
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for all n,k, and we know that Y - z|" /k! = exp(|z|) converges. Lastly, we
have for all &

k—1 . k—1
hm C"k_Hnll—»Igo<l_n):H1:1’
i=0

which means C,, 2% /k! — x*/k! as n — oo. It follows from Tannery’s theorem

that
. T\™
i (14 2)" = i 3oy =3 5 = et
completing the proof. O

From the series definition, we already knew that exp(0) = 1 and exp(z) > 1+
when & > 0. This result, for example, tells us that exp(x) is non-negative
everywhere, because for n large enough, |x/n| < 1, s0 1 +z/n > 0 for n large
enough, hence exp(z) > 0. But, more importantly, this alternative characteri-
zation will allow us to derive the most important property of the exponential
function.

Theorem 5.0.14 For any x,y € R, exp(z) exp(y) = exp(x + y).
Proof Let us use the limit definition of exp. For n > 1, let s,, = xy/(n? +nx +
ny) (which is well-defined for large enough n), so that

. Yy
1 = lim ———
i (nsn) = lim === =

as x,y are fixed. We will show that
lim (14 s,)" =1.

n—oo
To see this, first consider the (very crude) estimate

(Z) :n(n—l)..].g!(n—k—i—l) Snk/k!gnk.

Therefore, by the binomial expansion
n n
k
> ()] < S
k= k=1

Since ns, — 0, by taking n large enough we may assume |ns,| < 1. Therefore
the corresponding geometric series converges, and we have

(14 s0)" =1 =

oS e _nlsl
14s,)"—1] < GF =
(5" =1 < sl =

k=1 nlsal

As n — oo, the RHS goes to 0/1 = 0, showing the desired limit.
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To finish the proof, the limit shows that

. +
exp(z +y) = Tim (1+5,)"(1+ T

n—oo

r+y

= lim ((1 +s,)(1+ n)>n .

n—o0

But observe that
1+ 244+ 5 nigty+ay/n

- n = = 1 + S y
1+ 2tu n+z+y "
therfore
. r+y  ay\”
exp(z+y) = lim {14+ ——+ =
n—o0 n n
— lim (1+f) (1+3)
n—oo n n
= exp(z) exp(y),
which is what we wanted. O

This has many very important consequences. Firstly, since exp(z) > 1+ =
when z > 0, exp(x) > 0 for z > 0. By the theorem, we have

exp(z) exp(—z) = exp(0) = 1 = exp(—z) = 1/ exp(x).

Hence, for all z < 0, exp(x) > 0 as well. Since exp’ = exp, this shows that
exp is everwhere strictly increasing, so a < b implies exp(a) < exp(b). Let us
compute the image of exp. Note

lim exp(x) > lirf (1+ ) =400,

T—+00
so exp(x) gets arbitrarily large as & — +00. On the other hand,
lim exp(z) = lim exp(—z)= lim 1/exp(z)=0
r— —00 T— 400 r——+00
for the same reason. It follows that the image of exp is exactly (0,00). Since
exp: R — (0, 00) has positive derivative everywhere, it is a smooth diffeomor-

phism with smooth inverse (0,00) — R. We write the inverse functions as
log: (0,00). By the differentiation rule, at each € R we have

log’(exp(z)) = 1/ exp/(x) = 1/ exp(x),

so for each y € (0,00) we have log'(y) = 1/y. Of course, the inverse log must
also be increasing, i.e. 0 < a < b implies log(a) < log(b).

Since exp(z) exp(y) = exp(x + y) on R, this implies
log(a) + log(b) = log(ab)

for all a,b > 0. By repeated addition, we have exp(nz) = exp(z)™ for all n > 0,
and likewise nlog(x) = log(z™). Let us forcibly extend this to non-integers by
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making the following definition: for x > 0 and a € R, write

% == exp(alog(x)).
Let us see that this notation agrees with our pre-existsing exponential notation.
For example
2™ = exp(nlog(z)) = exp(log(z™)) = =™
as expected. Since exp(—z) = 1/ exp(z), —log(y) = log(1/y). This means that
7t = exp(—log(z)) = 1/z.
Finally, we have two fundamental properties of this:

2970 = exp((a + b) log(z)) = exp(alog(z) + blog(x))
= exp(alog(z)) exp(blog(x)) = z%a®.

Secondly,

()" = exp(alog(x))® = exp(blog(exp(alog(x)))) = exp(balog(x)) = x.
That means that for all @, y = 2'/% has y* = 1. This satisfies all of the
properties we desired from a power function earlier. Indeed, if we fix r > 0 and
consider

ple) = % = exp(zlog(r))
then this is clearly smooth as log(r) is a constant. Its derivative is computed
by the chain rule as

p'(x) = log(r) exp(z log(r)) = log(r)r*.

It is easy to see that all of these functions are smooth diffeomorphisms as well.
Let us write e := exp(1) € R. Then log(e) = 1, so e” = exp(z). So we will use
these notations interchangeably. Observe that

RIS INRE
o St
26 24

So, this number is greater than 2.7083 (in fact, 2.708 is a reasonable estimate).

We can also consider the function f(x) = x® for a fixed a € R on (0, co), which
is like a generalized polynomial. Since a is a constant, alog(z) is smooth so f
is smooth. Its derivative is

f'(z) = exp/(alog(z))(alog(z)) = 2%(a)/z = az®z™" = ax® .

This is a kind of generalized power rule. Note that if a = 1/2, we obtain the
square root. So this gives us the derivative of f(z) = /z as
1
2\/x’
Note that (z,a) — alog(z) is the product of smooth functions hence is smooth

on (0,00) x R — R, hence so is (z,a) — x on the same domain. Let us see
one example of a way to use exp and log in a seemingly unrelated context.

€T —
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Proposition 5.0.15 Both the limits

lim n'/" and lim (1/n)/™

n—oo n—o0
exist and equal 1.
Proof We first show that lim,_ . log(n)/n = 0. This suffices because, by
continuity of exp, it implies that

1 =exp(0) = lim exp(log(n'/™)) = lim n'/™,

n—oo
and moreover
1 =exp( lim —log(n)/n) = lim (1/n)*/™.
n—oo n—oo
Fix any integer k > 1, set N := (k + 1)!, and assume n > N. By the infinite
series, we know that for = > 0,

k+1

> = e"/nk>L>1
—(k+ 1) T (k+1)! 77
so e” > n* > 0, and since log is strictly increasing we get n > klog(n), in
other words when n > N,
n
1/k can be made smaller than any e > 0, so we're done. g

The function exp(z) = €® is a power series, which we now study in some more
generality. A power series f on a subset A C R about a € A is a function given
by an expression of the form

flz) = Z an(z — a)”,
n=0

assuming in the definition that the series converges for all x € A. We will see
that for a function to be given by a convergent power series is a very strong
notation. To see this, we will discuss radii of convergence, before which we
must prove the root test for series.

First, recall the notions of limsup and liminf. Given a sequence (ap)nen of
reals, we define

limsup a,, == inf supa, € R liminf a,, == sup inf a,, € R.
n—oo k20 pn>k n—00 k>0 n=k

Note that for all k, {a, : n > k} C {a, : n > k + 1}, thus the sequence
SUp,, >, @n of sup’s is monotonically decreasing, so we can rewrite the limsup as

limsupa, = lim sup a,,
n—oo k—oon>k
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and likewise for liminf, except the sequence is increasing. The very obvious
properties follow from those of sup and lim. For example, if ¢ > 0, then
limsup(ca,) = lim sup(ca,) = lim c¢supa, = alimsupa,.
n—oo k—oo n>k k—oo n>k n—oo
If ¢ <0, it is converted into a liminf. From now on, we will focus on lim-

sup because that’s what we need for the root test. Here are some alternative
characterizations.

Lemma 5.0.16 Let (a,), be a sequence and write L = limsup,,_, . a, € R.

1. If L < oo, then for each x > L, x is eventually a strict upper bound for
(an), i.e. there exists N such that x > ay, for all n > N. Moreover, L is
the unique smallest real number satisfying that condition.

2. If L > —oo, then for each © < L there is an infinite subsequence indexred
by k1 < ko < --- such that x < ag, for alli. Conversely, if x € R satisfies
x < ag, for some infinite subsequence {ay,}, then x < L.

3. If a,, converges in R, then L = lim,, a,.

Proof For the first part of (1), suppose x > L = infy sup,,>, an. Since L is the
largest lower bound of the sup sequence, x is not a lower bound of it so there
is some k such that x > sup,,> a,, which is > a,, for all n > k.

For (2), any = < L is a strict lower bound of {sup,,~, a,}, in particular z <
sup,, a,. Since x is not an upper bound for a,,, so for each N > 0 there exists
ny > N such that x < a,, . To form the sequence, inductively set k; = nq,
and once k; is defined k;y1 = ng, > k;. For the converse, if x < ay, for some
subsequence, then for all k there exists n > k such that < a,, < sup,,~j an-
Taking the limit on both sides, x < limsup,, a,, = L. -

For the second part of (1), suppose another L’ exists such that 2 > L’ implies
that = eventually strictly bounds a,,. Assume for contradiction that L' < L,
and choose x € (L', L). Then for some N, x > a, whenever n > N. But by
(2), there is some kx > N such that x < ag,, a contradiction.

For (3), we apply (1). Say a, — a. For z > a, there exists N such that when
n> N,

anp—a<l|a—ap|<zr—a = a, <z
This shows that L < a. Suppose for contradiction that L < a, and pick
x € (L,a). For n larger than some N we would have

a—ap, <la—ap|<a—z = a, > .
On the other hand, since x > L, for n > M we have a, < x, a contradiction.

This shows that L > a, hence L = a. O

Now we can state and easily prove the root test. Note that, in what follows,
we continue to use the convention that 0" = 0 for all n, because 0" = 0
(uniquely).
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Proposition 5.0.17 Let (a,)nen be a sequence and write

L = limsup|a,|"/" € R.

n—oo
IfL <1, then > 07 an converges absolutely. If L > 1, 5> ' a, diverges.

Proof Assume L < 1, and choose ¢ € (L,1) N (0,1). Then |an\1/" < ¢ for all
n > N for some N by the lemma, so |a,| < ¢™. Therefore

e’} N
D an=) ant ) an
n=0 n=0

n>N

is absolutely convergent because the second sum is by comparison with the
geometric series.

On the other hand, if L > 1 then |an\1/n > 1-50 |a,| > 1 - for infinitely many

n. Therefore there is no N such that |a,| < 1 when n > N, thus a,, doesn’t
converge to 0. (]

Suppose we have a power series > °  a,(z — a)" about some a € R. Its
convergence interval U is the largest open subset of R on which the power
series converges at each point of U. In other words, it is the union of open
intervals on which the power series converges, or & if none exist.

Proposition 5.0.18 Let > " a,(z — a)™ be a power series about a with
convergence interval U.

1. U is an open interval of the form (a — R,a + R) for 0 < R < oo, where
R = co means U = R and R = 0 means U = &. The number R is
determined by the equation

1/R = limsup |a,|"/"

and called the radius of convergence, where 0 and oo are interpreted in
the obvious way. The series converges absolutely everywhere on U.

2. The set of points

S={zreR: Z an(z — a)" converges}

n=0
satisfiesU C S C U = [a—R, a+R], unless U = & in which case S = {a}.
Proof Let us apply the root test. For x € U, we have

L = limsup |a,(x — a)”|1/n
n—oo
= |z — a|limsup |a}/™

n—oo

:|$_a’|/Ra
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simply because |z — a| is a nonnegative constant independent of n. L < 1 iff
|x —a|l < R, i.e. ¢ € (a — R,a + R). Therefore, in this interval, the series
converges absolutely. L > 1 iff |z —a| > R, i.e. © ¢ [a — R,a + R], in which
case the series diverges. This proves (2), and shows that (a — r,a + r) is the
largest open set on which the series converges, hence it is U. (]

This result implies that power series have high regularity. We have already
seen that > °7 2" /n! = €* is an example of a power series whose radius of
convergence is co. We have also seen the example of the geometric series

1 = .
(iDL

which converges exactly on (—1,1). In this case, the series diverges on {—1, 1},
but we note that function on the LHS extends to —1. To develop the theory
further, let us briefly study limsups/liminfs again.

Lemma 5.0.19 Let (an)nen be a sequence in R.

1. liminf and limsup preserve weak inequalities of sequences; more gener-
ally, if there is N such that a, < by, for alln > N, then limsup,,_, ., an <
lim sup,,_, o bn.-

2. liminf,,_, a, < limsup,,_, . an, and we have equality if and only if the
limit lim,,_, o a,, exists, in which the limit is the common value. As a
consequence, a, — a if and only if

limsup |a — a,| =0
n—oo

holds.
3. For a sequence (by), we have

lim sup(a, + b,) < limsup a,, + lim sup b,

n—oo n—oo n—oo
and equality if either (ay) or (b,) converges.

4. If both (a,,) and (b,) are non-negative sequences, we have

lim sup(a,b,) < (lim sup an) <lim sup bn),
and equality if either (ay) or (b,) converges.

Proof (1) Let us show the limsup case. The hypothesis means that for all

k> N and n > k,

an <b, <supb, — supa, < supb,.
n>k n>k n>k

Now take k£ — oo and use the fact that standard limits preserve eventual weak
inequalities.
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For the next part of (2), one direction follows from the fact that if a,, — a
converges, then the limsup/liminf is equal to the limit. On the other hand,
write

L :=liminf a,, = limsup a,,.

n—oo n—00

Let € > 0, and choose N7 such that for n > Ny, L + € > a,. Likewise, choose
Ny such that for n > Na, L — € < a,. In particular, for n > max{Ny, N2}, we
have

L—a,<e and an — L <€,
i.e. |L —ay,| < e. For one direction of the consequence observe that a, — a
iff lim,,— o |@ — a,| = 0. For the other direction, observe that if the limsup is
zero, then

0<la—ay,| = 0<liminf|a — a,| <limsupl|a — a,| =0,
n—oo n—oo

so we conclude by (2) and (1).

For the first parts of (3) and (4), we observe simply that for any k£ and all
n>k,

an < Sup an bn, < sup by,
n>k n>k

S0 SUP,, > (@n +bp) < SUDP,, >k Gn +SUP,, >, by We conclude by taking & — oo on
both sides. The same proof works for multiplication, assuming the sequences
are non-negative term-wise.

As in (3), suppose additionally that b,, — b. Since the limit agrees with the
limsup, we already have one inequality. For each ¢ > 0, choose N such that
forn > N, |b—b,| <€, so b, >b— € and hence a,, + b, > a,, + b — €. Taking
the limsup on both sides and applying (1), we obtain

limsup(a, + b,) > limsup(a,) + b — ¢,

n—o0 n—oo
and we conclude by taking e — 0.

For (4), suppose again that b, — b, and choose N so that |b—b,| < € for
n > N, thus b, > b — € s0 a,b, > an(b—€) for n > N. Taking limsups and
using (1) we get

lim sup a,b, > (b — €) limsup a,,

n—oo n—oo

for all € > 0, and then taking ¢ — 0T gives the result. O

Theorem 5.0.20 Let U C R be an open interval and f: U — R be given by
a convergent power series about a with coefficients a,, on U.

1. Then Y% an(x —a)™ converges uniformly to f on compact subsets.

2. f is smooth on U with derivative the convergent power series

o0

F@) =3+ Dags (e —a)

n=0
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for x € U. More generally, we have

FOw) =30 B0 gy =k Y (”j;’“) ansk(@ — a)"

n=k n=0

for all k >0 and x € U, and in particular f™ (a) = nla, for n > 0.
3. For any constant cg € R, the power series

Qn

_ -1 n
o) = 3

converges everwhere on U, and ¢ = f on U.

Proof Let 1/R = limsup,,_, |an\1/ " define the radius of convergence of

Y n>0n(z —a)™. Since U is open, we must have U C (a — R,a + R). Let
K C U be a compact subset, then
C = max |z — q|
zeK
is attained inside of K C U by continuity and compactness, so |z — a| < C on
K, where C' = |z9 — a| for some zg € K. Then for z € K

lan| |z — a‘n < ay| |C‘n = la,C"],

and since zg € (a — R,a + R), Y.." ;an |zo —a|” is absolutely convergent.
Uniform convergence follows from the Weierstrass M-test.

For (2), consider the power series g(z) = Y.~ j(n + 1)ant1(xz — a)™ about a.
Let us first show it converges on all of U. Obviously it converges (to a;) at a.
If x # a, we can reindex the sum and write

g(z) = Z(n)an(x —a)" = . i . Z nay(x —a)”
n=1 n=0

because 1/x — a is just a constant with respect to the sum, and the n = 0
summand evaluates to 0. Hence on U — a, g converges iff >~ - nay(x —a)"
converges. The radius of convergence r for this series satisfies

1

— = limsup |nan|1/n

r n— oo

. . 1
= lim n'/"limsup |a,| /n
n—oo n— 00

—1/R,

where for the second line we used our earlier proven fact that n'/” — 1 along
with the preceding lemma. Thus R = r, so this series (and hence g) converges
everywhere on U.

Set gp = Zk (n + lay(x — a)™ so that g — g on U, and then apply

n=0
(1) to g so that the convergence is uniform on any compact set. Also set
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fr = Zﬁ:o an(x — a)™ so that f, — f. We know that for z € U,

k k—1
fi(x) = Z nan(z —a)" ! = Z(n + Dnay(z —a)™ = gr_1,
n=1 n=0

so it follows that f; — g uniformly on any compact set. In particular, for each
point z € U we may find a compact nbhd of the form

r€(x—0,x+0)Clxr—0dz+0CU

for 6 > 0 small enough, and then f; — ¢ uniformly on (z — §,2 + 4), so by
Thm. 5.0.6 f is differentiable on (x — §, 2 + §) with derivative f’ = g. Since
x € U was arbitrary, this covers all of U, giving the expression in the statement.
Since f’ = g is also a power series convergent on U, so is f*) by induction for
each k, and hence f is smooth on U.

Now we demonstrate the formulae for f(*) as stated. Let us note that we can
always re-index infinite sums as we please. Namely, if > - b, converges to

B, then Zn> x bn—1 also converges to B and vice versa. This is because the

m-+k b

n=k Yn—k of

partial sums B, for the first sum are equal to the partial sums
the second sum, and m + k£ — oo as m — oo.

Then it is clear by expanding the binomial coefficient that the two formulae
given for f*) (z) are simply reindexings of one another; we prove the right-
hand one. If k = 0 we just get f, so inductively assume that f(*~1) is as shown,

So write P
n+Kr—
bnz(k‘—l)!< b1 >an+k1

for the coefficients. By the above proof, the terms of the derivative f*) are
given by
n+k
(n+1bpy1 = (n+1)(k — 1)!<k - 1>an+k
(n+k)! "
(n+k— (k-1 "

n+k)! n+k
= %am—k = kl( >an+k,

=(n+1)

k

which is what we wanted. Observe that by plugging in = a to the formula,
the only nonzero term is k! Crar = klap = f(k)(a).

For (3), let us compute the radius of convergence r of the series in question.

It satisfies

1 . Ap—1 1/n . 1/n
— = limsup ’ ‘ = limsup |a,—1|

,

n—00 n n—00
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because we showed that (1/n)'/™ — 1 as n — oco. The number on the RHS is
the radius of convergence of

o0 oo
co + Z ap—1(x—a)" =co+ (z —a) Z an(x —a)".
n=1 n=0
If x = a, the LHS obviously converges; hence the two sides have the same
radius of convergence, which implies that 1/r = 1/R. This means the series
g(x) converges on all of U. Now simply apply the formula from (2) to obtain
that ¢’ = f. O

This theorem is of much importance. First of all, it says that if Y - a,(x —
a)” =32 by(xz—a)™ are convergent power series which agree in a nbhd of a,
then we have a,, = b, for all n. Indeed, writing f(x) for the common function,
we must have

apn! = f(”)(a) =byn! = a, =0b, n > 0.

Moreover, we already know that

Z an(x —a)™ + Z bp(z —a)" = Z(an +b,)(z —a)",
n=0 n=0 n=0

and co Yoo g an(@—a)™ = > °° coan(z —a)™. Therefore, for each a € R there
is a vector subspace O, C R of power series converging in a nbhd of a.

Let’s consider an example, namely f(x) = 1/z on R — 0. We might wonder
whether or not f is given by a power series. We have already shown that

-z =t =3
n=0

for |z| < 1, therefore

flz)=Y (1" (z—-1)"

n=0
is a power series representation of 1/x for |1 — z| < 1, i.e. for x € (0,2) with
radius of convergence 1. But, is f given by a power series for x > 27 To answer
this, let us make a guess using the successive derivatives of f.

We show by induction that f(™(z) = (—=1)"nlz="~!. It’s obviously true when
n = 0. Assuming it for n — 1 > 0, by the power rule we have

FO () = FV (@) = (=1)" Y — D (—n)a "t = (=1)" nla !

and we’re done. Fix some a # 0. If f is expandable as a power series around
a, then we know that the corresponding power series must be given by the
formula

|
Q|
Pﬁ
—
N—
3
gI
3
—
8
|
S
Ny
3

n

% r(n) (g
Z f '( )(x_a)n —
n=0 ’
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I~/a—-z\"
2 ()
1 & 1 T\™
2 (-0)

The expression on the LHS is called the Taylor series of f about a; we have
seen that if f is expandable as a series about a, then it must be equal to its
Taylor series at a. For some f, the Taylor series at ¢ may or may not converge,
and furthermore it may or may not converge to f near a. These are separate
conditions which must be checked.

In this specific case, we know that the series on the RHS converges by the
geometric series when

[1—2/a| <1 < |z —a| <]|q|,

i.e. when x € (a — |a|,a + |a|). Since the radius of convergence is |a|, for all
a # 0 the Taylor series about a converges in a nbhd of a. Using the geometric
series formula, we see that in this nbhd it converges to

L1 ! =1/z = f(x).

El—% a—(a—1x)

In other words, at each a € R — 0 the Taylor series of f converges to f(x) near
a with radius of convergence |al.

Definition 5.0.21 For U C R an open set and f: U — R, f is analytic
(or real-analytic) at a if there is a nbhd V' C U of a and a power series
ool o an(z — a)™ which converges to f(z) on V. f is analytic on U if it is
analytic at every point of U.

Hence, f(x) = 1/x is an analytic function. The previous theorem showed that
if f is analytic at x, then it is smooth in a nbhd of x. In particular, analytic
functions are smooth. Moreover, a function is analytic iff it is smooth and if
its Taylor series about each point converges to the function in a nbhd.

Polynomials are all also analytic on all of R. To see this, we prove by induction
that for each a € R, each polynomial f of degree deg f = n may be written in
the form

f(@)=an(xz—a)" +an_1(z—a)" ' + - ai(z — a) + ao,

which is a (truncated) power series. The n = 0 case is immediate, so assume
the result proven for all ¥ < n. By applying long division to f by (z — a)",
there are unique polynomials g and r with degr < n such that

f(@) = g(2)(z —a)" +r(2).

Since deg f = n, and degr < n, degg can’t be greater than 0 so g(z) = a,
for some a,, € R. Via induction we can replace r by its truncated power series
form, completing the proof.
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The two other functions we have looked at, namely exp and log, are also
analytic. For exp(x), let us proceed by using the Taylor series at some point
a € R as a guess. The coefficients are

exp™ (@) _ expla)
n! T opl

)

and so the Taylor series about a is

=, exp(a) = (z—a)"
R IR Sl
n=0 n=0

= exp(a) exp(z — a) = exp(z),

where we have used the additivity proeprty of exp and the fact that the radius
of convergence about 0 is 0o, so we may apply it to x —a for arbitrary x. Hence
exp is analytic with Taylor series at each point converging everywhere.

We use a different technique to see that log is analytic, since we already know
log’(z) = 1/ on (0,00), and we have already computed the power series of
1/z. Using the formula at the end of the previous theorem, we get that for any
co, the power series

= (-1
x) = Cy Z W(flf - a)"

n=1
converges whenever |z — a| < |a| = a (as a > 0), i.e. z € (0,2a), and moreover
g'(z) = 1/z. Since (0, 2a) is connected and g’ = log’ everywhere on the interval,
it follows that the functions differ by a constant, which is controlled by choosing
¢o. Note that by plugging in g(a) = cg, we can set ¢y = log(a) and obtain the
power series

n 1

log(z) = log(a Z a" —(z—a)" z € (0,2a).

This shows that log is analytic on (0, 00). Let us briefly summarize our results
on analyticity.

Proposition 5.0.22 Let U C R be an open subset.

1. ©— 1/x is analytic on R — 0. All polynomials as well as exp and log are
analytic on all of R.

2. If f,g: U — R are analytic at a € U, then f+ g is analytic at a. For any
c € R, af is analytic at a. In particular, analyticity is preserved under
sum and scalar multiples.
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Proof We need to show (2). Indeed, if f = Y  .jan(r —a)” and g =
> >0 bn(z — a)> converge on U, then -

f(@) +g(@) = (an +ba) (@ —a)"
n=0
on U. Similarly, ¢> 02 ja,(z —a)" = > 1'_ can(z — a)™. O

The power series for log is most often used in the case a = 1, so that we get

X _1\n+1
log(x) = Z %(m -1n"

for x € (0,2). The edge cases © = 0 and = = 2 give us interesting information.
To extract it let us prove two results. The first is called the alternating series
test.

Theorem 5.0.23 Consider a series of the form >~ ((—=1)"ay. If an, — 0 as
n — oo and

anzanJrlZO 71207
then Y " (=1)"a,. The same conclusion holds for > > (—1)""ta,, or if the
series start at some k # 0.

Proof Let Sy, = Zﬁzo(—l)”an. Observe that

Sokt2 = Sop — Gary1 + G2tz = Sok — (A2k11-any,2) < Sor,

therefore the sequence (Sak)ren is monotonically decreasing. Note that it is
bounded below because for all k,

k—1
S2k = Z(agn — a2n+1) + agy > ag > 07

n=0
since agy > aon41 for all n. Hence So,, converges to some limit L. Moreover,
Sok+1 = Sok + a2k41,

and a, — 0 implies agiy1 — 0, thus Sop+1 — L as well. Finally, we show
Sy — L. Let ¢ > 0, then we can choose Ny, N; such that when k& > Ng,
|Sar — L| < €, and when k > Ny, |Sapy1 — L| < e.

Set N := max{2Ny, 2N + 1}, and assume n > N. If n is even, then n/2 > Ny,
thus |S, — L| < e. If n is odd, then (n —1)/2 > Ny, so

’52(n71)/2+1| =S, — L| <¢,
completing the proof. O

The second will allow us to analyze specific series values when we happen to
know that they are equal to a power series near a point.
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Theorem 5.0.24 Let f(z) =) .~ an(z—a)" be a power series of radius of
convergence R > 0, so that f converges on (a — R,a+ R). If Y " ;an(—R)"
converges, then f extends continuously to [a — R,a + R) by taking

fla=R)=> an(-R)".
n=0

Likewise, if Y.~ , an R™ converges then f extends continuously to (a—R, a+R]
with value ), o an R™ at a+ R. Finally, if both series converge then f extends
continuously to [a — R,a + R] accordingly.

The result above is called Abel’s theorem, and as stated it is not completely
trivial. There is, however, one case which is trivial, which is where we have
absolute convergence on the boundary, i.e. Y07 |an| R < c0.

In this case, of course the series converges at both endpoints a — R and a + R,
so define f to be its values there. Then since |z — a| < R on [a — R, a+ R}, we
have
|an|la — R|" < |an| R",

and by assumption the RHS converges, so the series converges uniformly and
absolutely on [a — R, a+ R] by the Weierstrass M-test. Since each partial sum
is continuous, the result is continuous on the whole interval. This easy case
has an imporant corollary.

Corollary 5.0.25 The harmonic series

diverges.

Proof Suppose it converged. In that case, for the power series

X 1\n+1
tog(a) = 3> TV 1y

on (0,2) with radius of convergence R = 1, we would have absolute conver-
gence on the boundary. By (the easy case of) Abel’s theorem, log(z) extends
continuously to [0, 2], so lim,_,qg+ log(x) exists in R. This contradicts the fact
that

113& log(z) = —o0
taken over (0, 00). O

Remark 5.0.26 To prove log(z) — —oc as z — 07, let y € R and set z¢g =
exp(y). Then for all z with 0 < z < zg, log(z) < log(zg) = y, since log is
strictly increasing on (0, 00). This is what was desired.

For the more general case of Abel’s theorem, we will first need a lemma, known
as the ‘summation by parts’ formula.



Vihaan Dheer 55

Lemma 5.0.27 Let (ay), (by) be sequences in R and write A, = > _ ak.
Then

n n—1
Z arby = Apb, — Z A (bgy1 — b)
k=0 k=0

for each n > 1. In particular, for any (a,) we have

n n—1
D ant™ = Apt" + (1—1) Y Agt*
k=0 k=0

for allt € R.

Proof Let us induct on n. If n = 1 then the left side is agby + a1b; and the
right side is
agb1 + a1by — (l()(bl — bo) = agbg + a1b;.
Assuming the formula proven for n — 1, observe that
Anbn - Anflbnfl = (An - Anfl)bn + Anfl(bn - bnfl)
= apby, + An—l(bn - bn—l)a

thus a,b, = (Apbn — Ap—1bn—1) — Ap—1(b, — bu—1). Adding this to both sides
of the formula for the n — 1 case we obtain

n n—2
Z anby, = Anbn - An—l(bn - bn—l) - (Ak)(bk+l - bk)
k=0 k=0
n—1
= A,b, — Z A (b1 — b)
k=0
as desired.

For the corollary, take by, = t*, and we get
n n—1

D ant™ = Apth =" A (tFT — tF)
k=0 k=0

n—1
= Anth + (1 —1) Z Apt®.
k=0
completing the proof. O

Proof (of Thm. 5.0.24) To finish the proof, we first do an easy case and derive
the result from there.

Case 1: Assume g(t) = > .° a,t" is a power series centered at 0 with
radius of convergence R > 1, and that ZZOZO an converges. We show g extends

continuously to (—1,1] with g(1) = Y07 an.
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Indeed, let A, = ZZ:O ay be the partial sums of (ay) so that 4,, — A. For all

n > 1 we have
Zantn = A"+ (1—1) Z Apth
k

=0
by the summation by parts formula. Fix t € ( 1 ,1), and take the limit as
n — 00. By assumption, the LHS converges to the power series. Since A,, — A,
and t" — 0, A,t"™ — 0. Since these two terms converge, the right-most one

does as well, giving
(o) oo
D ant™ = (1—1) ) Apth.

We need to show that the limit of the LHSias t — 17 exists and equals A.
First of all, note that

Z Agth = i Ay — A)tF + iAtk
k=0 k=0

A
A — AF 4+ ——
k:O( k ) +1_t7

for |t| < 1. The sum over (A, — A)t* is valid since there exists N such that
|Ap — Atk < tF for k > N, so it is absolutely convergent by the comparison
with geometric series. Substituting this expression into the previous one gives

o0

Z ant" — (1—1)> (A — Atk

k=0
Finally, fix € > 0 and choose N such that k& > N implies |4, — A| < e. We have

oo
E ant"
k=0

o0

A <=0 A=Al

k=0

oo

N
(1—1t) Z|Ak—A||t\ +(a-te > "

k= k=N+1
N

1= 1A, — Al]t]* +
k=0

by the geometric series. The limit of the RHS as t — 17 is ¢, hence

Z apt" — A

k=0

lim sup <e.

t—1-

€ > 0 was arbitrary, so taking ¢ — 07 completes this case.
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Case 2: Now assume f(z) = > >~ an(z — a)” has radius of convergence
R >0, and the series Y~ a,R™ converges. Define

o0 = S @B Zan (Re)"
n=0

For |t| < 1, |Rt+a—a|] < R, so this series converges for all R < 1, i.e.
the middle power series has radius of convergence > 1. Our supposition is
that Y7 jan,R™ converges, so by Case 1 g extends continuously to (—1,1].
Therefore, the composite

(CL*R,Q—FR]H(*LI]&R,

where the first map is  — (z — a)/R, is well-defined and continuous on its
domain, and additionally

x—a Zaan

as intended, completing the proof. The same thing works if the series
oo o an(—R)™ converges, except we use z — (z — a)/(—R), and get a map
[a—R,a+r)— (—1,1].

5 = fw)

Case 3: If both sides converge, then the resulting map [a — R,a + R] — R
is continuous because its restriction to each element of the open cover {(a —
R,a+ R],[a — R,a+ r)} is continuous by Case 2. O

Let us see one example of how to apply Abel’s theorem. A series is conditionally
convergent if it converges but is not absolutely convergent.

Corollary 5.0.28 The series Y .., (—1)"*'/n is conditionally convergent
and equal to log(2).

Proof The series does not absolutely converge because the harmonic series
diverges. Applying the alternating series test, note that 1/n > 1/n+ 1 for all
n > 1,and 1/n — 0 as n — oo, therefore the series converges. Finally, consider

the power series
& (_1)n+1

log(z) = Z (x —1)™.

n=1
n (0,2). We have just shown that the z = 2 value converges, so by Abel’s

theorem the series extends continuously with value at = 2 given by
oo (=1)"*/n. In particular,

Z(—l)”“/n = lim log(x) = log(2)

el r—2~
since log(x) is continuous on (0, co). O

Remark 5.0.29 The converse of Abel’s theorem, i.e. that if a power series
extends continuously to one or both endpoints of its convergence interval then



58 Notes: Random

it converges there, is not true. For example, we know that ZZOZO " define
on (—1,1) extends continuously to x — 1/(1 — x) on [—1,1), but it is not
convergent at © = —1 beacuse lim,,—,o,(—1)" doesn’t exist.

It is a good point to mention an important characterization of absolute conver-
. . o0 . . o0

gence. Given a series ) |~ a rearrangement is a series of the form )" ; ag(n)

where 0: N — N is a bijection.

Theorem 5.0.30 If > 7 a, converges absolutely, then any rearrangement
>t 0 Ga(n) converges absolutely with Y07 Gy(n)y = e Gn-

Proof First let us prove absolute convergence. Let Sj = ZZ:O |an| and T}, =

Zi:o ‘ag(n)‘ and assume S — S. Observe that for each k, there is an N such
that for all n > N, S,, > T}. Indeed, take

N = max{c(0),...,0(k)},

so that if n > N, the list {0,...,n} includes {o(0),...,0(k)}. Since (S,)
eventually bounds T}, S > T}. Since k is arbitrary, (7)) is bounded above by
S and monotonically hence T, has a limit in R.

This shows Y-, g (n) converges absolutely, so let’s show it converges to the
same limit as the original series. Write ZZO:O a, = A, and fix € > 0, then there
exists IV such that we have

N e}
Zan—A <e Z lan| < e.
n=0 n=N+1

We can further choose N; > N such that
{ao, R aN} - {ag(o), ey ag(Nl)}.

In particular for all m > Ny, Y ag(n) is equal to Zf:;o a,, plus some terms
a; with index i > N. All of these extra terms are included in Y >\ a,. In
particular,

m N 9]
)IEREVIFS) SVIEE 1D i
n=0 n=0 n=N+1
<e+e=2e
and since € was arbitrary this completes the proof. (Il

Hereafter, we seek to continue building up the theory of analytic functions.
Denote by C*(U) the set of real-analytic functions on U. We will show various
nice properties of these functions (including non-examples), similarly to what
we did for C* functions for 0 < k < oo. The first step is establishing a formula
for the product of two series, called the Cauchy product formula.
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Theorem 5.0.31 Let (a,) and (b,) be sequences such that both >~ a, and
>0 o bn converge. Assume that one of the two series converge absolutely. Then

e 0 ook © k
(Z%) : ij = Zzalbk—l = ZZak_lbl,
i=0 =0

k=0 =0 k=0 =0

the series on the right being convergent. If in addition both series converge
absolutely, then the right-hand series converges absolutely.

Proof First of all, the two formulae on the RHS are indeed the same, because

k k
Zalbkfl = Z Cbibj = Zak,lbl.
=0 =0

4,520
i+j=k

Second, the statement about absolute convergence of the Cauchy product fol-
lows immediately from the first part: If both series converge absolutely, then
the product of the series of absolute values is

oo k
SO lal el

k=0 1=0

which is convergent, and in addition

k oo k
Zalbk—l < ZZ la| [br—1] < o0
1=0

k=0 1=0
by the triangle inequality. Hence the first statement remains, and by the sym-
metry property demonstated we may assume without loss of generality that
ZZOZO an converges absolutely.

oo

k=0

Write ¢; = 22:0 arb;_r, and consider the partial sums

An:zn:ana Bn:ibn, Cn:zn:cna
k=0 k=0 k=0

and additionally write A’ := > |a,| < co.

Claim: C,, = Z?:o an_;B;. Proof: Induct on n > 0, where when n = 0 we
have ¢y = agby = agBy. Assuming that the formula

n—1 n
Cpo1 = E Op—i—1B; = E an—iBi—1
=0 i=1

holds, we have

Cn =Ch-1tcp = ianfiBifl + ianfibi
i=1 1=0
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n n
= apbo + E an—iB; = E an—iB;
i=1 i=0

as desired, proving the claim.

As a consequence, observe that

AnB+Y an_i(Bi — B) = AyB+ Cy — BA, = Cy,
1=0

so for all n we have the inequality

C — AB| < |A,, — A[|B| + Y _ |an—|[Bi = B
i=0
For any e > 0, there exists N such that |B; — B| < € when n > N. Observe
that

n n n
Z \an,¢\|Bi—B| SE Z |an,i| =€ Z \a2| SGA/
i=N+1 i=N+1 i=n—(N+1)

for n > N. Therefore

N
|Cy — AB| < |Ay, — A[|B] + ) |an—i| [B; — B| + €A’
i=0
for n > N. Now |4, — A|] — 0, and lim,, . |a,—;] = 0 since the series is

convergent, hence taking limsups we obtain

limsup |C,, — AB| < €A,

n— oo

and € > 0 was arbitrary, so taking ¢ — 0™ gives the result. (Il

Corollary 5.0.32 Let (al(él))7 (a,(f)), e (aén)) be n sequences such that the

(@)

series Y p o a,: converges absolutely for 1 <1i < n. Defining the finite sums

— 1) (2 (n)
M, = E a; 'a; a;
i1 yeesin >0
i1t bin=k

the series ZZOZO My, converges absolutely with
oo o0 o0 o0
- (£0) (£7)-(£)
k=0 k=0 k=0 k=0
as the sum value.
Proof We prove this by induction on n > 1, the base case being obvious since

ifn=1,
Mk:Zailzak.

1=k
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Let AD =37 a ) . For the n — 1 case, define

M}gnq) _ Z COMCO B CESY:

’Ll 2 ’Ln 1
it i1 =k

so that the hypothesis is that > .o, M,En_l) converges absolutely to the
product A; - -+ A,,—1. By the Cauchy product formula,

oo J
(A A D=3 M

7=03=0

with absolute convergence, but we have

Z Mo, = Z S a0V,

1=0 i=0 i1+ Fipn_1=1

J
- 3 W@ ) (n)
11 12 Tn—1 J—

i=0 49+ AFip_1+(j—i)=j
= Z a(l)a(2) e a(nil)a(n) - M(n)

11 12 In—1 in J
i1eetin=]

where we can take each 7 — i = i,,. (Il

Let’s look at two important corollaries of the Cauchy product formulae, both
related to how analytic functions behave.

Corollary 5.0.33 Let f(z) =) oo jan(z—a)™ and g(x) = > o0 by(z —a)™
be power series on U. Then fg is given on U by the convergent power series

= Z Zakbn,k(x —a)™

n=0 k=0

In particular, a product of functions analytic at a (resp. on U) is analytic at
a (resp. on U).

Proof The second sentence is immediate because the nth coefficient of the
power series is given by ZZ:O arby_rarb,_k,i.e. a finite sum. The claim is clear
by the Cauchy product formula, because a power series converges absolutely
in any open set on which it is defined, and

)nfk

ar(z —a)b,_p(z —a = agbp—i(z — a)",

i.e. we are done. O

By using the product formula in a more involved way, we can also prove that
analyticity at a point is preserved under composition.
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Theorem 5.0.34 Suppose f: U — V and g: V — R are functions where f
is analytic at a and g is analytic at f(a). Then go f is analytic at a.

Proof Let the respective series for f and g about a and f(a) have coeffi-
cients (a,) and (b,). There exist R,S > 0 such that when |z —a| < R,

ano |an||z —al" < oo, and when |y — f(a)] < S, ano |bn [y — f(a)]"
converges. Moreover, we may assume without loss of generality that R < 1.

Claim: The series 300 [bn| (Xoe_, |am| |z — a|™)" converges on a nbhd of
a. Proof: Define

M = i lam| R™ ! < i |am| R™ < oo.

m=1 m=1

Set r = min{S/M, R}, or just r = R if M = 0. Then when |z —a| < r,

o0
3 aml e —a|™ < |o —a| M < rM < S.

m=1

Finally, this shows that

o0 oo n oo
> [bnl (Z || |2 — a|m> <D Jba] S < o0
n=0 m=1

n=0
on (a — r,a + ), which proves our claim.

Let us use this to finish the proof. First of all, by further shrinking the nbhd of
the claim to W, we may assume that f(7) has a nbhd on which g converges
absolutely to the power series (by continuity of f). So, on W, we have

g(f(@) =D ba(f(2) = f(@)" =D bn (Z am (T — a)m) :
n=0

n=0 m=1

By the generalized Cauchy product formula and the fact that Y ~_, am(z —
a)™ is absolutely convergent on W, we have

g(f@) =" Mup(e —a)*

n=0 k=1

for all x € W, where the coefficients are
My, = E Ay Ay ** * G,

mi+-t+map ==k

At this stage, we want to apply Fubini’s theorem (Cor. 5.0.12) to switch the
sums, which will prove the result. According to that theorem, to do this we
must show that Y27, | M, x(x — a)*| converges for all n, and that the suma-
tion of that times |b,, | over all n converges absolutely too. The former is already
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known by the application of the Cauchy formula. For the latter, note that

|Mn,k| < Z |am1||am2|"'|amn‘>
my+-mp=k

hence
jo%s) n

o0
S Ml e~ < (z ol 2~ arn)
k=1

m=1
by the product formula. This completes the proof, because

o %) %) o) n
I STAIEEIEED of D STHIERS IS
n=0 k=1 n=0 \m=1
since we showed that this converged on W. (]

At this stage, we have shown the following result about analytic functions.

Theorem 5.0.35 Let U C R be open.

1. The class of functions analytic at a € U is closed under addition, multi-
plication, and division by nowhere-zero functions. In particular, the same

holds for C*(U).
2. C¥(U) is closed under taking derivatives and anti-derivatives.

3. All constant functions, polynomials, exp, log, and x — 1/x, are all
analytic.
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