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1 Field Extensions

1.1 Finite and Algebraic Extensions

See Notes, MATH 250B / Crash Course / Intro.

Here’s an observation we will use implicitly all the time.

Lemma 1.1.1 Let L/K be any extension, and suppose f, g ∈ K[x] are such
that f | g over L[x]. Then f | g over K[x].

Proof Let h ∈ L[x] such that fh = g. Choose q, r ∈ K[x] such that deg r <
deg f and g = qf + r. Then r = (g − q)f , so for degree reasons r = 0 and
g = q ∈ K[x]. □

Lemma 1.1.2 Let R be a UFD, L = Frac(R), and f, g ∈ L[x] are monic
polynomials such that fg ∈ R[x]. Then f, g ∈ R[x].

Proof Since fg is monic with coefficients in R, then its content is 1, so
cong(f)cont(g) = 1 by Gauss’ lemma. Since each one is monic, the content is in
between 0 and 1, so both must have content 1 and thus they lie in R[x]. □

Our application will be either R = Z or R = K[t] for a field K, so that L = Q
or K(t).

1.2 Splitting Fields and Algebraic Closure

Definition 1.2.1 Let K be a field. A splitting field for f ∈ K[x] is an
extension L/K such that:

1. f splits into linear factors over L.

2. If f(x) = (x− α1) · · · (x− αn) over L, then L = K(α1, . . . , αn).

Proposition 1.2.2 Let f ∈ K[x]. Then f has a splitting field.
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Proof Let K0 = K and write f = p1p2 · · · where pi ∈ K[x] is irreducible. Then
let K1 = K0[x]/(p1), assuming deg p1 > 1. If the image of f splits into linear
factors in K1, then we stop, if not repeat with K2,K3, . . . . And this process
has to stop because there are only finitely many factors and finitely many
degrees. Then, at the end, f splits into linear factors, and it is generated by
the roots of f because at each stage we have only added the roots of f . □

Proposition 1.2.3 Let p ∈ K[x], and suppose L,L′ be two splitting fields.
Then L/K ∼= L′/K.

Proof Suppose instead K ∼= K ′, p corresponds to p′, and we have splitting
fields of p and p′. Factor p = p1p2 · · · , and then extend K ⊂ K(α1), and we
can extend the isomorphism to K(α1) ! L by mapping α1 to some root we
selected, and we can inductively extend to a map of L ! L′. Hence [L : K] ≤
[L′ : K ′], then reversing the argument shows that L and K have the same
degrees. Hence our map constructed must be an isomorphic. □

Definition 1.2.4

1. A field K is algebraically closed if every polynomial f ∈ K[x] splits into
linear factors over K.

2. An algebraic closure of a field K is an algebraic extension L of K which
is algebraically closed.

Proposition 1.2.5 Any field has an algebraic closure.

Proof By the axiom of choice, well-order the polynomials in K[x] as {fα : α}.
We construct the algebraic closure by transfinite recursion, so that each Kα

will be an algebraic extension of K0: set K0 = K, if Kα has been constructed
we let Kα+1 be a splitting field of fα ∈ K[x] ⊂ Kα, which is a finite hence
algebraic extension. If α is a limit ordinal, we let Kα =

⋃
β<α Kβ , which is an

algebraic extension (clear). Now let K̄ :=
⋃

α Kα, where the ordinals are just
going up until ℵ0 · |K|.

Now K̄/K is an algebraic extension, and clearly all polynomials of K have
a root in K̄ because we have adjoined them. But, if p(x) ∈ K̄[x], let p(x) =
αnx

n + · · ·α0, then p(x) is a polynomial in the finite extension

K(α0, . . . , αn)/K,

to which we can adjoin a root β (which is not necessarily in K̄), then
K(α0, . . . , αn, β) is a finite extension of K, so let m(x) ∈ K[x] be the minimal
polynomial of β. Then m has a root γ in K̄, so p(γ) = 0. □

If S ⊂ K[x] is a set of polynomials, we say a splitting field of S is an extension
L/K over which every polynomial f ∈ S splits over L, and L is generated over
K by the roots of all polynomials in S.
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We claim that L/K is an algebraic closure if and only if it is a splitting field
of K[x]. (⇒) is clear because all polynomials in L[x] (and so K[x]) split into
linear factors over L, and in addition L/K is algebraic, so every element α ∈ L
is a root of a polynomial in K[x]. On the other hand, if L/K is a splitting field
of all of K[x], first note it is algebraic; any α ∈ L can be written

α = anβ
n + · · ·+ a1β1 + a0,

where ai ∈ K and the βi are roots of polynomials in K[x]. In particular, we
have a finite chain

K ⊂ K(β1) ⊂ K(β1, β2) ⊂ · · · ⊂ K(β1, · · · , βn)

of finite extensions, so the over all extension is finite so algebraic, and it con-
tains α. Thus L is algebraic overK. To show L is algebraically closed, it suffices
to show that every monic irreducible polynomial in L[x] has a root in L (so in
particular is linear). If

f(x) = xn + αn−1x
n−1 + · · ·+ α0 ∈ L[x]

is such a polynomial, then it is also monic irreducible over the finite extension

K1 = K(α0, . . . , αn−1)/K,

so we may adjoin a root β (in some other extension), and the extension K1(β)
is again finite so β has a minimal polynomial pα ∈ K[x]. Since f is itself the
minimal polynomial of β in K1[x], f | pβ in K1[x] and hence in L[x]. But pβ
splits into linear factors over L, so since f is irreducible it must be equal (up
to unit) to one of these linear factors.

If L/K is an algebraic extension, then elements α, β ∈ L are conjugate (over
K) if they have the same minimal polynomial. Then clearly this is equivalent
to one satisfying the minimal polynomial of the other, and if α, β ∈ K, then
they are conjugate iff α = β. Also note in this case that there’s a canonical
isomorphism K(α) ∼−! K(β) over K sending α 7! β, as both are canoni-
cally isomorphic to K[x]/(m(x)) where m is the common minimal polynomial.
The following result, alongside the earlier discussion, will show uniqueness of
algebraic closure.

Theorem 1.2.6 Let K be a field and S ⊂ K[x]. Then any two splitting fields
of S are isomorphic over K.

Lemma 1.2.7 Let L/K be an algebraic extension and let σ : L ! L be a map
over K. Then σ is an automorphism.

Proof First, if p ∈ K[x], observe that p(σ(α)) = σ(p(α)), so in particular σ
takes roots of p to roots of p, and hence permutes the set of roots of p.
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We have to show σ is surjective; let α ∈ L and let pα ∈ K[x] be its minimal
polynomial, and let α = α0, . . . , αn be the roots of pα in L, then

K1 = K(α0, . . . , αn)/K

is a finite extension and now know σ(K1) ⊂ K1 because σ sends roots to
roots. Since K1 is finite dimensional over K and σ is an injective linear map,
σ(K1) = K1, thus α ∈ σ(L). □

If L/K is any extension, we write Gal(L/K) for the Galois group of auto-
morphisms over K. The lemma shows that if L/K is algebraic, the set of
homomorphisms over K is equal to the Galois group.

Proof (of Thm. 1.2.6) Let L,L′ be two splitting fields of S, and enumerate
the polynomials in S by {fi : i ∈ I} by ordinals; we construct by transfinite
recursion for each i an extensionK ⊂ Li ⊂ L equipped with a map µi : Li ! L′

over K, such that i ≤ j implies Li ⊂ Lj and
⋃

i Li = L.

Let L0 = K, and in general if Li has been constructed let Li+1 =
Li(α1, . . . , αn) where α1, . . . , αn are the distinct roots of fi in Li. Then choose
a root β1 ∈ L of the image of the minimal polynomial of αi under µi. Then
since Li(α1) = Li[x]/(pα1), we can extend µi to a map Li(α1) ! L′ by send-
ing α1 7! β1. Now, let pα2 ∈ Li(α1)[x] be the minimal polynomial of α2 over
Li(α1), then we can look at the image of pα2 under the extended map in L′,
and since pα2 | fi, the image divides fi as well, so L′ contains a root of it, β2

(since it has all roots of fi). Hence we can extend to Li(α1, α2) ! L′, and so
on, until we have extended to µi+1 : Li+1 ! L′.

If j is a limit ordinal, then we set Lj =
⋃

i<j Li, and then µj is already
determined by extending µi for each i < j. Finally, pick α ∈ L, and since
L is generated over K by the roots of all the {fi}, there are finitely many
α1, . . . , αn such that

α ∈ K(α1, . . . , αn)
and αk is a root of fik . Taking ī = maxk ik, all the fj until fi split over Lī, so
α ∈ Lī. It follows that L =

⋃
i Li, and hence our maps µi extend to L ! L′

over K.

To complete the proof, since L and L′ were arbitrary there are ring maps
µ1 : L ! L′ and µ2 : L

′ ! L both over K. Therefore µ1µ2 : L
′ ! L′ is a

map over K, so it is an automorphism by Lemma 1.2.7. In particular, L′ =
µ1(µ2(L

′)) ⊂ µ1(L), so µ1 : L ! L′ is onto. □

Corollary 1.2.8 Let K be a field.

1. K has an algebraic closure K which is unique up to isomorphism over K.

2. Any set S ⊂ K[x] of polynomials has a splitting field L/K, which is
unique up to isomorphism over K.
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Proof We have previously shown the existence in (1) and the theorem gives
the uniqueness in (2). Taking S = K[x], that gives the uniqueness in (1).
For existence in (2), take the algebraic closure K and let L ⊂ K be the K-
subalgebra containing K generated by all roots of all polynomials in S in K.
A priori it is just an intermediate ring, but in fact it is a field: For α ∈ L,
we know K ⊂ K[α] ⊂ L, but since α is algebraic K[α] = K(α), so in fact
α−1 ∈ L, which is what we wanted. □

Example 1.2.9 Any nontrivial algebraic extension of R (e.g. any finite exten-
sion) is of degree 2. Indeed, if L/R is algebraic then let R be an algebraic
closure containing L (i.e. take an algebraic closure of L), then since R ∼= C
over R, [L : R] = 2 = [R : L][L : R], so [L : R] ≤ 2. It follows that any irre-
ducible polynomial with coefficients in R is quadratic or linear, because the
extension R[α] has degree at most 2.

Remark 1.2.10 We can easily extend this result to the case of isomorphic fields:
Namely, if µ : K ∼= K ′ and S ⊂ K[x], and L is a splitting field of S while L′

is a splitting field of µ(S), then µ extends to an isomorphism L ∼= L′. To see
this, let L′′ ⊃ K be the extension in which we use µ to replace elements of
µ(K ′) with those of K. Then L′′ ∼= L′ is µ on the subfield K, and the identity
on the rest of L′′. Then L′′ is a splitting field of S, so L ∼= L′′ over K, and
hence L ∼= L′ over µ.

Corollary 1.2.11 Let L/K be a splitting field of a set S of polynomials and let
α, β ∈ L be two conjugate elements over K. Then there exists σ ∈ Gal(L/K)
such that σ(α) = β.

Proof Since α, β ∈ L, it follows that L is also a splitting field for S as a set of
polynomials over K(α) and over K(β). Considering the canonical isomorphism
K(α) ∼−! K(β), the above remark gives an automorphism L ! L extending
K(α) ! K(β), which is over K. □

Corollary 1.2.12 Let σ : K ! F be a map of fields with F algebraically
closed. Then σ extends to K, any algebraic closure of K. If F/σ(K) is
algebraic, then the extension is an isomorphism.

Proof This follows easily from Remark 1.2.10. Namely, let σ(K) be the alge-
braic closure of σ(K) inside F ; then the isomorphism K ∼−! σ(K) lifts to an
isomorphism K ∼−! σ(K) of splitting fields, so composing with the inclusion
gives the result. If F was algebraic over σ(K), then σ(K) = F . □

1.3 Finite Fields and Separable Extensions

Let us recap some facts we already know. Let ϕ : K ! L be a map of fields,
and let α be an algebraic element over K (in some extension). How can we
extend ϕ to ϕ′ : K(α) ! L? Well, we know K(α) ∼= K[x]/(pα) given by α 7! x



6 Galois Theory

is an isomorphism, so the extensions of ϕ to K(α) are in bijection with the
roots of pσα ∈ L[x], where pα is the minimal polynomial.

In particular, take ϕ to be the inclusion K ↪! K, and let α ∈ K be some
element algebraic over K of degree n (that is, deg(pα) = [K(α) : K] = n).
Then the number of possible extensions is just given by the number of distinct
roots of the minimal polynomial of α in K. This number represents the notion
of separability.

Definition 1.3.1 Let L/K be a field extension.

1. A polynomial f ∈ K[x] is separable if there is an algebraic closure K ⊃ K
such that f has no repeated roots.

2. An algebraic element α ∈ L over K is separable if its minimal polynomial
is separable over K. An algebraic extension L/K is separable if every
element of L is separable over K.

Recall that if f ∈ K[x] is a polynomial, its derivative f ′ ∈ K[x] is a polynomial
defined by

(anx
n + · · ·+ a1x+ a0)

′ = nanx
n−1 + (n− 1)an−1x

n−2 + · · ·+ a1.

Proposition 1.3.2 Let f ∈ K[x] be a polynomial of degree n. The following
are equivalent:

(i) f is separable over K.

(ii) There exists an extension L/K in which f has n distinct roots.

(iii) (f, f ′) = 1 in K[x], that is f is coprime to its derivative.

(iv) In any extension where f splits into linear factors, it splits into distinct
linear factors.

Proof (i) ⇒ (ii) is by definition, so let L/K be an extension as in (ii). There
are α1, . . . , αn ∈ L and a ∈ K× such that

f(x) = a(x− α1) · · · (x− αn).

So, if f ′ has a non-unit common factor with f then there must be some i such
that (x− αi) | f ′. On the other hand, we can write

f ′(x) =
n∑

k=1

∏
j ̸=k

(x− αj) ⇒ f ′(x)−
∑
k ̸=i

∏
j ̸=k

(x− αj) =
∏
k ̸=i

(x− αk).

So (x − αi) divides the LHS, and thus much divide the RHS, so αi = αj for
some j, a contradiction, proving (iii). Now assuming (f, f ′) = 1, let L be an
extension over which f splits, and suppose some factor is repeated so that
f(x) = (x − α)2g(x) for some g. Then f ′ = 2(x − α)g(x) + (x − α)2g′(x), so
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(x − α) divides both f and f ′, a contradiction. Finally, (iv) ⇒ (i) is obvious
because K is such an extension. □

Observe that an element α ∈ L over K if and only if it is a root of a separable
polynomial in K[x], because given such an f , we must have pα | f so any
repeated roots in of pα in K would give repeated roots of f . We can apply
this notion to the question we started with: If α is a separable element over
K, then the number of extensions of K ↪! K to K(α) is exactly the degree of
α over K.

Proposition 1.3.3 Let K be a field of characteristic zero. Then every irre-
ducible polynomial f ∈ K[x] is separable. In particular, all algebraic extensions
in characteristic zero are separable.

Proof In characteristic zero, any degree > 2 polynomial has degree > 1, so if
it is irreducible then it cannot have any nonzero factors. □

This shows why it is hard for a polynomial, and thus an element, to be insep-
arable. We would need its minimal polynomial to have derivative zero, which
can only happen under the specific circumstance that the polynomial is made
up of monomials that are powers of x divisible by the characteristic.

Example 1.3.4 Let us compute Gal(C/R). C = R[i] and the minimal polyno-
mial is x2 + 1 which has two distinct roots over C, i and −i. Any extension
of R ↪! C to C hence is determined (and given) by sending i to i or −i, so
Gal(C/R) = {Id, ·̄}. If f(x) ∈ R[x], this means that for any root α, ᾱ is a root.
Hence the non-real roots come in pairs, i.e. there are always an even number
of them. In particular, every polynomial of odd degree has a real root, and
more generally it has an odd number of real roots.

We may axiomize the properties discussed above.

Definition 1.3.5 A field K is perfect if every irreducible polynomial f ∈ K[x]
is separable.

Proposition 1.3.6 Let K be a field. The following are equivalent:

(i) K is perfect.

(ii) Any irreducible polynomial f ∈ K[x] has nonzero derivative.

(iii) Every finite (or algebraic) extension of K is separable.

(iv) Either K has characteristic 0, or if char(K) = p > 0, then every element
of K is a pth power.

(v) Either K has characteristic 0, or if char(K) = p > 0, then the Frobenius
x 7! xp is an automorphism.
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Proof We already know that (i) ⇔ (ii). (i) ⇒ (iii) is trivial, and conversely
suppose every finite extension is separable. Letting f be an irreducible poly-
nomial, applying a previous proposition to a splitting field of f shows that f
has distinct roots and so is separable.

Moving on, (iv) and (v) are obviously equivalent; let us suppose one of the
first three and prove (iv). If K is characteristic p, let a ∈ K and consider
f(x) = xp − a. Let L/K be a splitting field of f and choose a root β ∈ L
with minimal polynomial pβ over K that is separable. But the Frobenius map
(−)p : L ! L is at least injective, so if β′ is another root than (β′)p = a = βp

implies β′ = β. Since f splits over L, it follows that

f(x) = (x− β)p ∈ L[x],

but now pβ is a monic polynomial which has β as a root, divides f , and has
distinct roots. Therefore pβ = x− β ∈ K[x], so β ∈ K[x] is our pth root.

Lastly, assume (iv)/(v), then it suffices to do the case of char(K) = p > 0 by
the previous proposition. Let f ∈ K[x] be a polynomial with zero derivative.
If f(x) = anx

n + · · · + a0, it follows that iai = 0 for all i, so either ai = 0 or
p | i. Therefore we can rewrite

f(x) = bmxpm + bm−1x
p(m−1) + · · · b1xp + b0.

By our assumption, let g(x) = b
1/p
m xm + · · · b1/p1 x + b

1/p
0 , then by Frobenius

we have f(x) = g(x)p. As p ≥ 2, f cannot be irreducible which proves that in
this case (ii) holds. □

As a brief aside, we mention a more difficult result which has practical
applications in algebraic geometry.

Proposition 1.3.7 Let L/K be a separable extension and A be a reduced
K-algebra. Then A⊗K L is reduced.

Proof See [STK, Lemma 030U] for details, but the general steps are as follows:

1. If A⊗K L is not reduced, then there are finitely generated K-subalgebras
A′ ⊂ A and L′ ⊂ L such that A′ ⊗K L′ is not reduced ([STK, Lemma
00I3]). So we may assume A is of finite type over k and L is finitely
generated over K.

2. Since A is of the form K[x1, . . . , xn]/I, it is a reduced Noetherian ring
and has finitely many minimal primes p1, . . . pr. Therefore its total ring
of fractions is given by

A ↪! Q(A) = Q(A/p1)× · · ·Q(A/pr),

that is A embeds into a finite product of fields. If A⊗K L is not reduced,
then (A/pi) ⊗K L is not reduced for some i. So we may assume A is a
domain.

https://stacks.math.columbia.edu/tag/030U
https://stacks.math.columbia.edu/tag/00I3
https://stacks.math.columbia.edu/tag/00I3
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The rest of the result now follows from [STK, Lemma 030U]. □

Corollary 1.3.8 Let k be a perfect field and X a reduced scheme over k.
Then the base change X ×k Spec(k) is reduced over k.

Let us return to Galois theory. In the remainder of this section we will compute
all finite fields and study their properties. LetK be a finite field. It cannot have
characteristic zero since in that case it would contain a copy of Q, so suppose
the characteristic is p > 0. Then there is an embedding Fp := Z/pZ ! K, so
K is a vector space over Fp, and must be of the form K ∼=

⊕
i∈I Fp as a vector

space. Then I must have finite cardinality n, so |K| = |Fp|n = pn for some n.

Now we show the existence of a field of order pn for any p and n. Let f(x) =
xpn − x ∈ Fp[x], and let L/Fp be a splitting field of this polynomial. Clearly
f ′(x) = −1, so f has pn distinct roots in L, call them R = {α1, . . . , αpn}. By
inspection 0, 1 ∈ R, and

f(αiαj) = αpn

i αpn

j − αiαj = αiαj − αiαj = 0.

The sum of two roots is again a root because of the Frobenius map, and if α
is a root then (α−1)p

n

= (αpn

)−1 = α−1. Therefore R is a field. Notice that
if x ∈ Fp, then since

∣∣F×
p

∣∣ = p − 1, xp = x, so xpn

= x. Hence Fp ⊂ R ⊂ L,
and R is a field extension with pn elements. In particular, [R : Fp] = n, and
R = Fp[α1, . . . , αpn ], and so in fact R = L is a splitting field for f(x). It follows
that each αi ∈ R satisfies a polynomial of degree ≤ n. Since f is separable and
each α ∈ R is a root of it, R is a separable extension.

By construction, each element of R is its own pnth root. Therefore, any α ∈ R
can be written (αpn−1

)p, so every element of R is a pth power and thus R
is a perfect field (but, we already knew this because Fp is perfect and R is
an algebraic extension of it, so any algebraic extension of R is one of Fp and
therefore is separable). We will denote this constructed field Fpn .

Theorem 1.3.9 (structure of finite fields) Let K be a finite field. Then
charK = p > 0, and there is a unique n such that K ∼= Fpn over the embed-
ding Fp ! K, which has pn elements. Fpn is a perfect field and a degree n
separable extension of Fp, and is characterized up to isomorphism over Fp as
a splitting field of the polynomial xpn − x ∈ Fp[x].

Proof We have already shown most of this, all that remains is uniqueness. Let
F ⊂ K be the canonical subfield isomorphic to Fp, then we know K is a finite
extension of degree [K : F ] = n, so it has pn elements for some n > 0. Then
K× is a group of order pn − 1, so for all α ∈ K×, αpn−1 = 1, i.e. αpn −α = 0,
that is all elements of K satisfy f(x) = xpn − x ∈ F [x]. It can’t have more
than pn distinct roots, so

xpn

− x =
∏
α∈K

(x− α) in K[x],

https://stacks.math.columbia.edu/tag/030U
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so K is a splitting field of xpn

, and hence is isomorphic to Fpn . □

Hence we found every finite field. We now make some observations about how
to work with them in practice. Given any monic irreducible polynomial f of
degree n over Fp, we observe that adjoining a root (i.e. taking Fp[x]/(f)),
Fp(α), gives a degree n extension of Fp, which therefore must be Fpn . In
particular, by adjoining the root α, we get all roots of xpn −x. Let us see that
we can do this for all p and n.

Lemma 1.3.10 Any finite subgroup of the multiplicative group of a field is
cyclic. In particular, every finite field has cyclic multiplicative group.

Proof Let F be a finite field of order q, then F× has order q− 1 and is a finite
abelian group. If it is not cyclic, then its cyclic decomposition into primes is
not square free, so there is some p0 | q−1, such that (Z/p0Z)2 ⊂ F× is a direct
summand of F . Hence there are at least p20 elements of F× which satisfy the
equation xp − 1, but this polynomial can have at most p0 roots in F . □

If L/K is an extension, we say an algebraic element α ∈ L is a primitive
element if L = K(α).

Corollary 1.3.11 Any extension of finite fields has a primitive element.

Proof Let Fq1/Fq0 be the extension, which is finite so algebraic. The lemma
shows that (Fq1)

× has a multiplicative generator α, so Fq0(α) must be the
whole field Fq1 . □

Incidentally, this also gives a fun proof that for each prime p > 0 and any n,
there is an irreducible polynomial mod p in degree n: take the minimal poly-
nomial of the primitive element of Fpn/Fp. Therefore, we can always write Fpn

as given by adjoining a root of any polynomial degree n irreducible polynomial
over Fp. Let us study the Galois group of this extension. Write Fpn = Fp(α)
with (degree n) minimal polynomial fα ∈ Fp[x]. We know that any extension
σ of the inclusion Fp ! Fpn to Fpn is the same as the choice of a root of fα
which exists in Fpn (to send α to). By Lemma 1.2.7, these are exactly the
automorphisms over Fp, and moreover since α is a root of xpn − x, we know
fα | xpn

, so there are n distinct roots of fα all contained in Fp(α). So far, this
already implies that G := Gal(Fpn)/Fp) has n elements, each given by sending
α to a root of fα. We will later show that G = Z/nZ.

Theorem 1.3.12 (primitive element theorem) Let L/K be an extension
finitely generated by separable elements. Then L/K has a primitive element.
In particular, every finite separable extension has a primitive element.

Proof We already showed this if K is finite. Therefore assume K is an infinite
field, and by induction on the number of generators, we may further assume
L = K(β, γ). Let us work in some algebraic closure K ⊃ K(β, γ) ⊃ K.
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Let a ∈ K be an element such that α = β + aγ ∈ K(β, γ) is not primitive,
i.e. K(α) ⊊ K(β, γ). Let f, g be the minimal polynomials of β and γ resp.
over K(α). Taking F to be the splitting field of {f, g} inside K, this must also
contain K(α, β).

Since γ /∈ K(α), deg g > 1 and since γ is separable over K (and thus K(α)),
γ has a conjugate γ ̸= γ′ ∈ F over K(α). By Cor. 1.2.11, there is a σ ∈
Gal(F/K(α)) mapping γ 7! γ′ and fixing α. This means

β + aγ = α = σ(α) = σ(β) + aγ′,

so a = (β−σ(β))/(γ′−γ). Finally, if {αi} and {β} are all conjugates of α and
β in K over the base K, then we have shown (at least) that

β + aγ not primitive =⇒ a ∈
{
β − βi

γj − γ
: i, j, γj ̸= γ

}
.

Thus, we will have found a primitive element if we can choose any a ∈ K not
contained in the set on the RHS; but indeed, that set is finite and K, so we
can always choose this. □

It is in fact true that an extension is generated by separable elements if and
only if it is separable, but we will delay the proof slightly. Furthermore, in the
previous proof we cannot yet say that the primitive element we constructed is
separable itself. All of these shortcomings will be magically fixed by proving
basic results about Galois theory, so they should serve as a motivator. For the
time being, there is one nice corollary that we can prove.

Corollary 1.3.13 Let L/K be a (possibly infinite) separable extension, and
suppose there exists n such that degα ≤ n for all α ∈ L. Then L/K is finite
and [L : K] ≤ n.

Proof The boundedness means that there is some α ∈ L with maximal degree,
and we claim K(α) = L. Indeed, if β ∈ L, then K(α, β) is finitely generated
by separable elements so has a primitive element γ ∈ L with K(γ) = K(α, β).
This means

deg γ = [K(α, β) : K(α)] degα,
but the maximality means deg γ ≤ degα, and thus [K(α, β) : K(α)] = 1, i.e.
β ∈ K(α). Hence [L : K] = [K(α) : K] = degα ≤ n. □

1.4 Normal and Galois Extensions

Let us begin with a motivating lemma:

Lemma 1.4.1 Let L/K be a finite extension contained in an algebraic closure
K. Then the number of extensions of the inclusion K ↪! K to L is at most
[L : K]. If in addition L/K is finitely generated by separable elements, then
this is an equality.
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Proof Write L = K(α1, . . . , αn), and if we are in the second case then assume
the αi are separable. We prove both cases simultaneously by induction on n,
and in the base case where L = K obviously the only extension of K ! K to
K is just K ! K. Assuming the result has been proven for n− 1, let pαn be
the minimal polynomial of αn over Kn−1 := K(α1, . . . , αn−1), which has at
most [L : Kn−1] distinct roots in K. An extension of any map Kn−1 ! K to
L is determined by sending αn to one of its distinct roots in K, so there are
less than [L : Kn−1] of those. Since there are at most [Kn−1 : K] extensions
to Kn−1 by induction, there are at most [L : K] extensions to L.

If instead we are in the second case, then at the nth step there are exactly
[L : Kn−1] extensions because αn is separable over K and therefore over Kn−1

as well. Note also that it is impossible for two extensions to have been distinct
at the (n−1)th stage and then become the same at the nth stage (because we
are extending maps), so this completes the proof. □

Corollary 1.4.2 For a finite extension L/K, we have |Gal(L/K)| ≤ [L : K].

Proof Taking an algebraic closure K ⊃ L, each distinct automorphism L ! L
over K gives a distinct extension ofK ↪! L ↪! K to L (by just post-composing
with the inclusion L ↪! K), so we’re done by the lemma. □

The lemma shows that it can often be fruitful to think about field extensions
L/K in terms of the set of maps L ! K extending the inclusion K ↪! K.
This will be crucial for Galois theory.

Proposition 1.4.3 Let L/K be an algebraic extension. The following are
equivalent:

(i) Any irreducible polynomial f ∈ K[x] which has a root in L, splits into
linear factors over L.

(ii) L is a splitting field of a set of polynomials in K[x].

(iii) If K ⊃ L ⊃ K is an algebraic closure, then any map L ! K over K
factors through L ↪! K.

(iv) If K ⊃ L ⊃ K is an algebraic closure, then any σ ∈ Gal(K/K) preserves
L. In particular σ|L ∈ Gal(L/K).

Definition 1.4.4 If an algebraic extension L/K satisfies any of these
equivalent conditions, L/K is called a normal extension.

Proof (of Prop. 1.4.3) (i) ⇒ (ii): Let S ⊂ K[x] be the set of minimal poly-
nomials of all elements of L. Since all the elements in L are roots of these, L
is generated by the roots of polynomials in S. On the other hand, each such
polynomial is irreducible and has a root in L, so it splits over L by assumption.

(ii) ⇒ (iii): Let S be the set of polynomials and σ : L ! K be such a map
over K; since L is generated by the roots of polynomials in S, it suffices to
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show that for any f ∈ S and α ∈ L such that f(α) = 0, σ(α) ∈ L. Considering
K ⊂ K(α) ⊂ L, σ must map α to a root of the minimal polynomial pα ∈ K[x];
since pα | f , such a root is also a root of f , and hence it must be contained in
L as f splits over L. Therefore σ(α) ∈ L.

(iii) ⇒ (iv): This is obvious because σ|L : L ! K is as above, so it must map
into L. That σ|L : L ! L is an automorphism follows from Lemma 1.2.7.

(iv) ⇒ (i) Let f be irreducible with root α ∈ L, take an algebraic closure
K ⊃ L, and suppose β ∈ K is another root of f . Then α, β ∈ K have the same
minimal polynomial over K, i.e. they are conjugate. So, applying Cor. 1.2.11
to the set of polynomials K[x], there is an automorphism K ! K mapping
α 7! β. Any such map by assumption preserves L, so β ∈ L. □

It happens frequently that finite extensions we consider are not normal. For
example, consider x3 − 2 ∈ Q[x]. It has only one real root, namely 3

√
2, so

the other two roots are complex. Hence it is an irreducible polynomial which
has a root in Q( 3

√
2), but doesn’t split in that (degree 3) extension. Instead,

we must add one of the other roots which is of degree 2 over Q( 3
√
2, so the

overall splitting field will have degree 6. A positive example is the finite fields
we constructed in the last section. This is obvious because Fpn/Fp was the
splitting field of xpn − x over Fp.

Let L/K be an extension with Galois group G = Gal(L/K). For any subgroup
H ⊂ G, we define the fixed field of H to be the subset

LH := {α ∈ L : σ(α) = α ∀σ ∈ H}.

By definition K ⊂ LH ⊂ L, and in fact LH is a field. Since each σ ∈ H is a ring
homomorphism, it is clear that LH is closed under addition and multiplication,
and if α ∈ LH then

σ(α−1)α = σ(α−1α) = 1 ⇒ σ(α−1) = α−1.

It is obvious e.g. that L{1} = L. Dually, suppose that K ⊂ L ⊂ F are exten-
sions, and let G = Gal(F/K). Then each automorphism σ ∈ Gal(F/L) is also
an automorphism over K, so we view this as a subgroup

Gal(F/L) ≤ Gal(F/K) ↔ K ⊂ L ⊂ F.

By definition, each element σ ∈ Gal(F/L) (as a subgroup) fixes L, therefore
L ⊂ FGal(F/L). A question which Galois theory will help answer is whether L
is exactly the intermediate extension which is fixed by Gal(F/L).

Theorem 1.4.5 Let L/K be a finite extension with Galois group G =
Gal(L/K). Then following conditions are equivalent:

(i) L/K is separable and normal.

(ii) L/K is normal and finitely generated by separable elements.



14 Galois Theory

(iii) [L : K] = |G|.

(iv) LG = K.

(v) L is a splitting field of a separable polynomial in K[x].

Definition 1.4.6 A finite extension L/K satisfying any of these equivalent
conditions is called a Galois extension.

Proof We first show that (i) through (iv) are equivalent. (i) ⇒ (ii) is trivial by
taking any finite generating set. For (ii) ⇒ (iii), by Lemma 1.4.1 and choosing
K ⊃ L, we know that the number of extensions ofK ↪! K to L ! K is exactly
[L : K]. But since L is normal over K, every L ! K factors through L ↪! K
and gives an element of the Galois group, so the inclusion induces a bijection

G = Gal(L/K) ∼= HomK(L,K).

We have just said the RHS has has [L : K] elements completing the proof.

For (iii) ⇒ (iv), always L ⊂ LG holds. Note that Gal(L/LG) ≤ G as usual,
but G also fixes LG so G ⊂ Gal(L/LG), and therefore the two groups are equal,
so there are exactly [L : K] automorphisms L ! L fixing LG by assumption.
Notice that each such automorphism gives a distinct extension of the inclusion
LG ↪! K to L, so there are at least [L : K] extensions, and by Lemma 1.4.1
there are at most [L : LG] such extensions. Therefore

[L : K] ≤
∣∣{ext. of LG ↪! K}

∣∣ ≤ [L : LG] ≤ [L : K],

thus [L : LG] = [L : K] so LG = K.

We will now show (iv) ⇒ (i), (v), which proves that the first four are equivalent
and imply (v). As above, remember

|G| ≤
∣∣{ext. of L ↪! K}

∣∣ ≤ [L : K],

so at least G is finite. Fix α ∈ L and consider the finite set {σ(α) : σ ∈ G},
where we label its (distinct) elements {α, β1, . . . , βn} since Id ∈ G. Write

p(x) = (x− α)(x− β1) · · · (x− βn) ∈ L[x],

and suppose its expansion is p(x) =
∑

i bix
i ∈ L[x]. For any σ ∈ G, σ just

bijectively permutes the roots α, β1, . . . , βn, and (x − α)σ = x − σ(α), so
pσ(x) = p(x). Then∑

i

σ(bi)x
i = pσ(x) = p(x) =

∑
i

bix
i,

so σ(bi) = bi for all i. Since σ was arbitrary, bi ∈ LG = K, so p(x) ∈ K[x] and
thus α is a root of a separable polynomial over K. Since α was arbitrary this
shows L/K is separable.
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In the same fashion, now choose α1, . . . , αn ∈ L generating L over K, and
again write {βj} = {σ(αi) : i, σ ∈ G}. Then G acts on (permutes) the βi, and
so the resulting polynomial

p(x) = (x− β1) · · · (x− βm)

once again has pσ = p, so it follows that p(x) ∈ K[x]. But now since Id ∈ G,
each αi is one of the βj , so αi is a root of p(x), and thus L is generated by
the roots of p(x). But by construction p is also a separable polynomial which
splits over L, so L is a splitting field for p proving (v). By Prop. 1.4.3 this
implies L/K is normal, proving (i) as well.

Finally, that remains is to show (v) implies one of the first four, so we do
(v) ⇒ (ii). Letting p be the polynomial, again by Prop. 1.4.3 the extension
is normal. But now p factors into its distinct roots in L, and by definition of
a splitting field they generate L. Each of those generators are a root of the
separable polynomial p, so they are separable. □

We will remember the fact from the proof used multiple times that
|Gal(L/K)| ≤ [L : K] for any finite extension L/K. Also, observe that if
{f1, . . . , fn} is a finite set of separable polynomials, then a splitting field for
it will be normal and finitely generated by separable elements, so in (v) we
may take finitely many polynomials. Even though we have not yet gotten to
the fundamental theorem of Galois theory, we did some nontrivial work in this
proof. For example, we can (finally) prove the following proposition.

Corollary 1.4.7 Let L/K be an algebraic extension.

1. L/K is separable if and only if L is generated over K by separable
elements.

2. The set Lsep ⊂ L of separable elements of L over K is a separable
extension K ⊂ Lsep ⊂ L, which we call the separable closure of K in L.

Proof For (1), one direction is obvious so suppose L/K is generated by a set
of separable elements {αi : i ∈ I}, then each β ∈ L is a polynomial in some
finite subcollection, so write β ∈ K(αi1 , . . . , αin). Take a splitting field F
containing this extension of the set {pαij

: j = 1, . . . n} of (separable) minimal

polynomials in K[x], then

β ∈ K(αi1 , . . . , αin) ⊂ F,

but F/K is a Galois extension and hence is separable, so β is separable.

For (2), let α, β ∈ Lsep, then by (1) K(α, β) is a separable extension so
K(α, β) ⊃ Lsep. It is clear then K ⊂ Lsep, α

−1, αβ, α+β ∈ Lsep. Finally, Lsep

is obviously separable since it consists of separable elements. □

We have now multiple times used the following technique: we are given an
algebraic extension L/K (e.g. L = K(α1, . . . , αn)) and we want to take the
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splitting field of the minimal polynomials of αi to get a normal extension
containing L. We can do this in two ways: first, view the minimal polynomials
as polynomials in L[x], then take their splitting field to an extension of L,
and finally observe that it is also a splitting field of those polynomials over K.
Alternatively, we can take an algebraic closure of K containing L (i.e. one of
L), and then take the subfield generated by all conjugates of elements of L.

We call this construction a normal closure of L over K; indeed, any normal
extension of K containing L must contain splitting fields for these minimal
polynomials. The normal closure is, like a splitting field, unique up to choice
of algebraic closure. Note that if L/K is a finite separable extension, then a
normal closure is clearly Galois.

Motivated by Thm. 1.4.5, if L/K is a (not necessarily finite) algebraic exten-
sion, then we will call it Galois if it is separable and normal. Let K be a field
and K an algebraic closure. The (absolute) separable closure L of K is the
separable closure of K in K. This is a maximal Galois extension: Indeed, it
contains every separable extension, and on the other hand if an irreducible
polynomial f has a root α in L, K(α) is a finite separable extension so its
normal closure (inside K) is a finite Galois extension so is contained in L. In
particular, f splits over L.

Lemma 1.4.8 Let L/K be a finite Galois extension with α1 ∈ L, and write
X = {α1, . . . αn} for the set of conjugates of α.

1. The Galois group acts transitively on X.

2. If α is a primitive element, then it acts simply transitively on X.

Proof This is almost immediate from Thm. 1.4.5. For the first statement, apply
Cor. 1.2.11, and for the second observe that |X| = n = |G|, so if it acts
transitively it must act freely too. □

As an example, let us compute the Galois group of the finite extension Fq/Fp

where q = pn. We defined it to be a splitting field of xpn−x, which is separable,
so the extension is Galois. Since its degree is n, the Galois group G has order
n. Consider the Frobenius map

σ : Fq ! Fq x 7! xp.

If a ∈ Fp, then ap−1 = 1 so σ fixes Fp and hence σ ∈ G. We claim that σ has
order n, i.e. G ∼= Z/nZ generated by σ. Indeed, suppose k < n and σk = 1.
Recalling that F×

q is cyclic of order q − 1, let α be a generator; then

α = σk(α) = σk−1(αp) = σk−2(αp2

) = · · · = αpk

.

This means that αpk−1 = 1, so pk = 1, thus k = 0; so we have shown:
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Proposition 1.4.9 Let q = pn. The extension Fq/Fp is Galois with Galois
group Z/nZ generated by the Frobenius automorphism x 7! xp.

Note that in the above proof we were careful to not write σk(α) = (σ(α))k,
which is of course not true. In the next section, we will finally prove the
‘fundamental theorem of Galois theory’, which will actually let us compute
things. Before doing so, let us generalize the argument we gave at the end of
proving Thm. 1.4.5.

Theorem 1.4.10 (Artin’s theorem) Let L be an extension and G ≤ Aut(L)
a finite group of automorphisms. Then L/LG is a finite Galois extension with
Galois group G.

Proof First we prove L/LG is separable; if α1 ∈ L, let {α1, . . . , αn} be the
set of distinct conjugates of α1 under G, i.e. the set {σ(α1) : σ ∈ G}. This is
a G-set because σαi = σ(σ′(α1)) = (σσ′)α1 = αk for some k. Let f be the
separable polynomial

f(x) = (x− α1) · · · (x− αn) ∈ L[x],

then each σ just permutes the roots so fσ = σ, and thus f ∈ LG[x]. Therefore
α1 is the root of a separable polynomial in LG[x], and since it was arbitrary,
L/LG is separable.

If pα is the minimal polynomial of α = α1, then pα | f , so in particular,
degα ≤ n ≤ |G|. It follows from Cor. 1.3.13 that the extension is finite and
[L : LG] ≤ |G|. Moreover pα | f means that pα splits over L. Choosing α to be
a primitive element shows that L is a splitting field of pα, so L/LG is normal,
and thus finite Galois.

Finally, clearly G ⊂ Gal(L/LG), and so

[L : LG] ≤ |G| ≤
∣∣Gal(L/LG)

∣∣ = [L : LG]

where the last step is because L/LG is Galois, and thus G must be the full
Galois group. □

1.5 Addendum: Separability

We have already had a somewhat detailed look into separability; in fact, there
is some more we can say now that we know about the separable closure. We
begin by defining the ‘opposite’ of a separable extension:

Definition 1.5.1 Let L/K be an algebraic extension. L/K is purely insepa-
rable if for each α ∈ L, either α ∈ K or the minimal polynomial of α over K
is inseparable.



18 Galois Theory

Lemma 1.5.2 Let K be a field of characteristic p > 0. If f ∈ K[x] is irre-
ducible and inseparable, there is an irreducible separable polynomial g ∈ K[x]
such that g(xpn

) = f(x) for some n ≥ 0.

Proof If f is any irreducible inseparable polynomial, then f ′ shares a common
factor with f so f ′ = 0. It follows that f is of the form

f(x) = xpn + an−1x
p(n−1) + · · ·+ a1x

p + a0 = g(xp)

where g(x) = xn + an−1x
n−1 + · · ·+ a0. Note that if h | g, then h(xp) | f(x),

so deg h(xp) = 0, i.e. g is irreducible.

Now let us prove the claim by induction on deg f ≥ 1. When it is degree one
this is vacuously true since f cannot inseparable. In general, writing f(x) =
g(xp), either g is separable and we are done, or it is an inseparable irreducible
polynomial with deg g < deg f . By induction, g(x) = h(xpn

) for h separable

irreducible, thus f(x) = h(xpn+1

). □

Purely inseparable extensions are important because we can break up any
algebraic extension into a separable one and an inseparable one. The lemma
governs the structure of these extensions.

Proposition 1.5.3 Let L/K be an proper algebraic extension. The following
are equivalent:

(i) L/K is purely inseparable.

(ii) charK = p > 0, and for each α ∈ L there exists n such that αpn ∈ K.

(iii) charK = p > 0, and for each α ∈ L the minimal polynomial is of the
form xpn − a ∈ K[x].

(iv) For each α ∈ L, the only conjugate of α is itself.

(v) If K ⊃ L ⊃ K is an algebraic closure, the only map L ! K over K is
the inclusion.

Proof (i) ⇒ (ii) Since K ⊊ L, the extension contains inseparable elements so
charK = p > 0. If α ∈ K already then the statement is trivial, so assume α /∈
K and let f be its minimal polynomial. By the lemma, there is an irreducible
separable g ∈ K[x] such that g(xpn

) = f(x). Therefore g is monic and has αpn

as a root, i.e. it is the minimal polynomial. So αpn

is a separable element, and
hence must lie in K.

(ii) ⇒ (iii) We know αpn ∈ K, so

f(x) = xpn

− αpn

= (x− α)p
n

∈ K[x].

Let degα = k ≤ pn, and so the minimal polynomial is (x− α)k; observe that
any monic irreducible factor (over K) of f(x) has α as a root, and hence must
divide (so must be) (x− α)k. Therefore f(x) is a power of (x− α)k, so k | pn
i.e. k is a prime power.
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(iii) ⇒ (iv) This implies a = αpn

, so the minimal polynomial is

xpn

− αpn

= (x− α)p
n

,

and hence it has only one root, namely α itself.

(iv) ⇒ (v) Let σ : L ! K be a map over K, and assume α ∈ L \ K. If we
consider the restriction σ : K(α) ! L, we know α must map to one of its
conjugates, hence α 7! α. On the other hand if α ∈ K, then it is fixed by
definition, so σ is the inclusion.

(v) ⇒ (i) If L/K wasn’t purely inseparable, there would be some α ∈ L \K
which is separable. Then degα ≥ 2, so α has at least one conjugate β ∈
K with β ̸= α. By Cor. 1.2.11 applied to the algebraic closure, there is an
automorphism σ : K ! K over K sending α 7! β, so restricting to L gives a
nontrivial map L ! K over K. This is the desired contradiction. □

Example 1.5.4 Let k be any field of characteristic p > 0, write K = k(t) for
the field of rational functions, and take L = K(t1/p). Note that α = t1/p is
algebraic as a root of xp − t ∈ K[x], so L is a well-defined proper algebraic
extension. But any element of L, of the form f(t1/p) for f(x) ∈ K[x], would
have its pth power in K by the Frobenius, so by the previous proposition this
is a purely inseparable extension. (Note that t1/p /∈ K, because if so then
tg(t)p = f(t)p for some polynomials f, g ∈ k[t] which is impossible since the
degree of the LHS is 1 and of the RHS is 0, mod p.)

Remark 1.5.5 Even though in a purely inseparable extension, elements have no
nontrivial conjugates, it is not true that an inseparable irreducible polynomial
has only one root. For example, take K = Fp(t) and n ∤ p. Then f(x) =
xpn − t ∈ K[x] is obviously inseparable. As a polynomial with coefficients in
Fp[t], t divides the constant term and not the leading term, and t2 ∤ t. Hence
f is irreducible over Fp[t], and thus over K too by Gauss’ lemma. But xn − 1
has n distinct roots, so if α is any root of f(x), then ζα are also roots for the
distinct roots ζ of xn − 1.

Now let L/K be an arbitrary algebraic extension, and recall that Lsep denotes
the separable closure, i.e. the subfield of L consisting of separable elements
over K. We have a tower K ⊂ Lsep ⊂ L; by definition Lsep/K is separable. In
fact L/Lsep is purely inseparable.

Indeed, if α ∈ L but not Lsep, then the minimal polynomial pα over K is
irreducible and inseparable, so pα(x) = g(xpn

) for g separable and irreducible
over K. We know αpn

satisfies g, so αpn

is separable over K, hence is contained
in Lsep. By our equivalent conditions, this shows L/Lsep is purely inseparable.

Definition 1.5.6 Let L/K be a finite extension. The number [Lsep : K] is
called the separable degree of L/K, and we write

[L : K]sep = [Lsep : K].
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Evidently this divides [L : K], and we will sometimes call the quotient [L : Lsep]
the inseparable degree.

So, of course, [L : K]sep = [L : K] if and only if L/K is separable. Similarly,
if [L : K]sep = 1 then K = Lsep so L/K is purely inseparable, and conversely
if L/K is purely inseparable then Lsep = K so [L : K]sep = 1. Let us give an
alternative and more useful interpretation of the separable degree now. If L/K
is finite and F ⊃ K, we will write #{L/K ! F/K} for the number of maps
L ! F over K. Note that if F = K is an algebraic closure containing L, then
by Lemma 1.4.1 this number is finite.

Lemma 1.5.7 Suppose K ⊂ L ⊂ F are finite extensions contained in an
algebraic closure K. Then

#{F/K ! K/K} = #{L/K ! K/K} ·#{F/L ! K/L}.

Proof Fix σ : L ! K over K, and by Cor. 1.2.12 we can extend this to
an automorphism σ̃ : K ! K. We claim post-composition with σ̃ induces a
bijection

HomL(F,K) ∼−! {τ : F/K ! K/K : τ |L = σ}.
Indeed if τ : F ! K fixes L, then σ ◦ τ fixes K and sends α ∈ L, to σ(α).
Conversely, if τ : F ! K is over K and restricts to σ, then σ−1τ fixes L and
is mapped to τ , proving the claim. To finish, observe than any map F ! K
over K is determined by its restriction to L, and then a map extending that
restriction. Therefore:

#{F/K ! K/K} =
∑

σ∈HomK(L,K)

#{τ : F/K ! K/K : τ |L = σ}

=
∑

σ∈HomK(L,K)

#{F/L ! K/L},

which follows from the bijection we just constructed, and it completes the
proof since the cardinality of the set we sum over is #{L/K ! K/K}. □

Corollary 1.5.8 Let L/K and F/L be finite extensions.

1. If K is an algebraic closure containing L, then [L/K]sep = #{L/K !
K/K}. In particular it is independent of the choice of K.

2. We have the formula [F : K]sep = [F : L]sep[L : K]sep.

3. F/K is separable if and only if F/L and L/K are separable. Simi-
larly F/K is purely inseparable if and only if F/L and L/K are purely
inseparable.

Proof (1) We know by the previous lemma that

#{L/K ! K/K} = #{Lsep/K ! K/L}#{L/Lsep ! K/Lsep}.
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Since L/Lsep is purely inseparable, Prop. 1.5.3(v) shows that the right-most
number is 1. Since Lsep/K is separable, Lemma 1.4.1 shows that the middle
number is [Lsep : K] = [L : K]sep, which is what we wanted.

(2) follows from (1) and the lemma. For (3), if F/L and L/K are separable
(resp. purely inseparable), then their separable degrees are their degrees (resp.
1), so by (2) the separable degree of F/K is its degree (resp. 1). Conversely,
if F/K has separable degree 1 then the two intermediate degrees also do.
Similarly, if [F : K]sep = [F : K], then since [F : L]sep ≤ [F : L] and
[L : K]sep ≤ [L : K], (2) implies equality. □

The biggest takeaway from this result is the transitivity of separability: If we
want to show a finite extension L/K is separable, then we can split it up into
smaller extensions

K = K0 ⊂ K1 ⊂ · · · ⊂ Kn = L
and show that each Ki+1/Ki is separable. We also remark that this extends
easily to arbitrary algebraic extensions. If L/K and F/L are (possibly infinite)
separable, we claim F/K is separable. Indeed, if α ∈ F then let {β1, . . . , βn}
be the coefficients of its minimal polynomial over L. Consider:

K L F

K(β1, . . . , βn) K(β1, . . . , βn, α)

If pα is the minimal polynomial over L, we know α has the same minimal
polynomial over K(β1, . . . , βn), so K(β, α)/K(β) is generated by a separable
element and thus is separable. For the same reasonK(β)/K is separable. These
are finite, and so α is separable over K.

As a final observation, we can prove that any finite purely inseparable extension
L/K in characteristic p has degree a power of p. Indeed, we can split it up
into simple extensions

K ⊂ K(α1) ⊂ · · · ⊂ K(α1, . . . , αn) = L,

and by the corollary each extension is purely inseparable. Since the minimal
polynomial of each αi over the (i− 1)th extension is of the form xpn − a, each
extension is degree a power of n. Hence the overall one is. So:

Proposition 1.5.9 For any finite extension L/K, the inseparable degree [L :
K]in is either 1 or a power of charK. In particular, charK divides the degree
of any inseparable extension.
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2 Galois Theory

2.1 The Fundamental Theorem

We now prove the central result about the Galois extensions that we defined
in the previous section. Because of the work we have already done, it will
not be too difficult. From here on, ‘Galois extension’ will mean ‘finite Galois
extension’. The theorem is as follows:

Theorem 2.1.1 Let L/K be a finite Galois extension. The maps given by

F 7−! Gal(L/F ){
intermediate extensions F

s.t. L ⊃ F ⊃ K

}
∼−!
 −

{
subgroups H
of Gal(L/K)

}
LH 7−!H

form order-reversing mutually inverse bijections with L corresponding to {1}
and K corresponding to Gal(L/K). A subextension F/K is normal if and only
if Gal(L/K) · F ⊂ F , and the correspondence restricts to a bijection{

normal extensions F
s.t. L ⊃ F ⊃ K

}
∼−!

{
normal subgroups H

of Gal(L/K)

}
between normal extensions and normal subgroups, and if H ≤ Gal(L/K) is
such a normal subgroup then the map

Gal(L/K) ! Gal(LH/K) σ 7! σ|LH

is well-defined and surjective with kernel H. In particular, we have a natural
isomorphism Gal(LH/K) ∼= Gal(L/K)/H.

Proof First, the ‘order-reversing’ part is trivial because if F ⊂ F ′ are interme-
diate extensions, then any σ : L ! L fixing F ′ also fixes F , so Gal(L/F ′) ⊂
Gal(L/F ). For the first part, we have to show the following two equalities:

LGal(L/F ) = F Gal(L/LH) = H.

The second was already proven (in more generality) in Thm. 1.4.10, and for
the first observe that L/F is obviously separable, and it is normal too since
if σ : L ! K fixes F then it also fixes K, so σ(L) ⊂ L as L/K is normal
(Prop. 1.4.3). Therefore L/F is Galois, so equivalently LGal(L/F ) = F from
Thm. 1.4.5.

Moving onto the second part, let H ≤ G = Gal(L/K) be a normal subgroup
and write F = LH . We claim that any σ ∈ G preserves F (i.e. σ(F ) ⊂ F ).
Indeed, let α ∈ F and choose τ ∈ H, so there exists τ ′ ∈ H such that τσ = στ ′

by normality. Now
τ(σ(α)) = σ(τ ′(α)) = σ(α),

so σ(α) ∈ LH = F since τ ∈ H was arbitrary. This immediately implies that
F/K is normal, because if K ! K is a map fixing K, then it preserves L since
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L/K is normal (and gives an automorphism), so it preserves F (and gives an
automorphism). It follows that

ϕ : G ! Gal(F/K) σ 7! σ|F

is well-defined, and clearly a group homomorphism. σ is in the kernel iff σ
preserves F , i.e. σ ∈ Gal(L/F ). By the first part of the theorem, kerϕ =
Gal(L/F ) = H. To see ϕ is surjective, we note that as F/K is Galois, the
order of the codomain is

|Gal(F/K)| = [F : K] = [L : K]/[L : F ] = |G| / |H| = |G/H| ,

where in the penultimate step we used that L/F was Galois, as we already
know from before. But the image of ϕ is isomorphic to G/H, so this shows the
image is all of Gal(F/K).

All that remains is to show that the corresponding subgroup of a normal
extension F/K is a normal subgroup. Let H = Gal(L/K) ∈ G and let σ ∈ G,
τ ∈ H. Since F is the fixed field of H, it suffices to show that σ−1τσ fixes F .
But since F/K is normal, σ|F : F ! L ↪! K has image in F , so σ preserves
F . Therefore if α ∈ F then

σ−1(τ(σ(α)) = σ−1σ(α) = α,

because σ(α) ∈ F and τ fixes F . Since α was arbitrary, σ−1τσ ∈ H because
it fixes F . □

We must stress that we didn’t actually do anything in this proof. Most of the
work had been done in Thm. 1.4.5 and Thm. 1.4.10. We refer to this result as
the Galois correspondence, and it is the basis for most interesting results of
Galois theory.

Let us now move onto some examples. An easy way to generate Galois exten-
sions is to use Thm. 1.4.10: with this we can take any finite group G which
acts faithfully (by automorphisms) on a field L, and get a Galois extension
L/LG with Galois group G.

Example 2.1.2 (every group is a Galois group) Let k be a field and set L =
k(x1, . . . , xn) to be rational functions in n variables. The symmetric group Sn

acts on L by permuting the free variables, and of course only () ∈ Sn acts
trivially so it is a faithful action. From algebra it is well known that

K := LSn = k(e1, . . . , en)

where the {ei} are the elementary symmetric polynomials. Then L/K has
Galois group Sn so is a degree n! extension. Then An ≤ Sn is normal, so the
fixed field of An is a degree 2 normal extension of K. Now, let G be any group
of order n, then G acts faithfully on itself by left multiplication, so G ↪! Sn

is a subgroup. Hence the fixed L-subfield of G gives a Galois extension L/LG

with Galois group G.
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Remark 2.1.3 Let f ∈ K[x] be a separable polynomial. We will sometimes say
loosely that the ‘Galois group of f ’ (usually when f is irreducible) the Galois
group of a splitting field L of f . Now, a splitting field of any polynomial of
degree n has at degree at most n!, because if {α1, . . . , αn} are the roots then

[L : K] = [K(α1) : K] · [K(α1, α2) : K(α1)] · · · ,

and each time we adjoin a root αi the polynomial can be divided by x−αi, so
the expression is ≤ n(n−1) · · · = n!. There is a Galois-theoretic interpretation
of this fact: On one hand the Galois group of f must permute the roots of f , and
on the other hand those roots generate L, so each σ ∈ Gal(L/K) is determined
by this permutation. Hence Gal(L/K) ⊂ Sn. Remember that every Galois
extension is a splitting field of a separable polynomial, so one should always
think of Gal(L/K) as a subgroup of permutations subject to some conditions.

Example 2.1.4 Let f(x) = x4 − 2 ∈ Q[x], and write α = 21/4 ∈ R. The four
roots of f over C are ±α,±iα, and no products of the corresponding linear
factors are in Q[x], so its irreducible (and separable). The splitting field is

L = Q(α, i) ⊃ Q(α) ⊃ Q,

and Q(α)/Q has degree 4 because its minimal polynomial is f ; on the other
hand we know Q(α, i)/Q(α) is not degree 1 and is at most degree 2; hence
L/Q has degree 8. Visualize the four roots in the complex plane, then we view
G = Gal(L/Q) as a subgroup of S4, the permutations of the points. If σ ∈ G,
then σ(−x) = −σ(x), so any permutation has both diagonals of the resulting
square as lines of symmetry. Hence G ≤ D8 ≤ S4 so G = D8 = ⟨s, r⟩ where s
is reflection and r is rotation. This is the subgroup lattice of D8:

D8

⟨s, r2⟩ ⟨r⟩ ⟨rs, r2⟩

⟨r2s⟩ ⟨s⟩ ⟨r2⟩ ⟨r3s⟩ ⟨rs⟩

{1}

Here, the top row is order 8, second is order 4, and third is order 2. Let
us use this to compute all of the intermediate subfields of Q(α, i). From our
square, r(α) = iα and s(α) = −α. These imply that r(

√
2) = −

√
2, and

s(
√
2) =

√
2. In addition, the square tells us that r(iα) = −α and s fixes iα;

also 2i = iα4 = (iα)α3, so

2r(i) = (−α)(iα)3 = 2i 2s(i) = (iα)(−α)3 = −2i,
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i.e. r(i) = i and s(i) = −i. We will show that the subfield lattice is

Q

Q(
√
2) Q(i) Q(i

√
2)

Q(α) Q(iα) Q(
√
2, i) Q(α+ iα) Q(α− iα)

Q(α, i)

We know the top and bottom already; each of the subgroup inclusions in
previous diagrams has index 2, so all extensions have degree 2. Begin with the
second row: r2(

√
2) =

√
2 and s also fixes it, so L⟨s,r2⟩ ⊃ Q(

√
2), but this is a

degree two extension so we have equality. Similarly, r fixes i so i ∈ L⟨r⟩, but
for degree reasons it is Q(i). Likewise, i

√
2 is fixed by rs and r2 but is the root

of x2 + 2 ∈ Q[x].

Onto the third row: r2s(α) = r2(−α) = α, Q(α) ⊂ L⟨r2s⟩, but α /∈ Q(
√
2) (so

[Q(α) : Q(
√
2)] ≥ 2), because α is not fixed by s. The same reasoning shows

L⟨s⟩ = Q(iα). For L⟨r2⟩, we already know that
√
2, i are contained; on the

other hand
Q(

√
2, i) ⊂ L⟨r2⟩ ⊂ L

and L/Q(
√
2, i) has at most degree 2 and L/L⟨r2⟩ has exactly degree 2. For the

last two extensions, observe r3s = sr, so we will take as a guess (1 + sr)α =
α + iα which is fixed by sr. Note that r2(α + iα) = −(α + iα) so it is not
contained in Q(i

√
2), so we’re done. The same thing using rs shows that the

last extension is Q(α− iα).

The example demonstrates the utility of Galois groups, in that we were able
to transfer the problem into one about elementary group theory. Finally, all of
these extensions are finite separable so let us attempt to find primitive elements
for Q(

√
2, i) and Q(α, i). An element is primitive iff no elements outside of the

corresponding group fixes it. E.g., considering α+ i, r(α+ i) = iα+ i ̸= α+ i
and s(α+ i) = −(α+ i) ̸= α+ i. Hence Q(α, i) = Q(α+ i). Similarly,

√
2 + i

generates Q(
√
2, i).

In what follows we will look at lots of Galois extensions, so let us introduce
some generalities to make it easier. Let L,M ⊂ F be subfields. We define
LM ⊂ called the composite field to be the intersection of all subfields of
F containing both L and M (so in particular contain L and M). Suppose
K ⊂ L ∩ M , and that L = K(S) and M = K(S′) for some generating sets
S, S′. Then LM = K(S ∪ S′), as this is a field containing L and M which is
contained in every other one.
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Sometimes, if L,M are extensions of K we write LM without reference to the
containing field; this is done especially when they are algebraic, and subfields
of some algebraic closure K.

Lemma 2.1.5 Let K ⊂ L,M ⊂ K̄ with L,M finite over K. Then

[LM : L] ≤ [M : K] and [LM : M ] ≤ [L : K].

In particular
[LM : K] ≤ [M : K][L : K].

Proof The second part follows immediately because

[M : K][L : K] ≥ [LM : L][L : K] = [LM : K].

Now we prove the first part of the first statement, and the second follows by
symmetry. Write L = K(α) and M = K(β) where this is shorthand for e.g.
(α) = (α1, . . . , αm). Now we have parallel sequences:

L = K(α) ⊂ K(α, β1) ⊂ · · · ⊂ K(α, β1, . . . , βn) = LM

K ⊂ (β1) ⊂ · · · ⊂ K(β1, . . . , βn) = M

We claim (which suffices by the degree product formula) that

[K(α, β1, . . . , βi+1) : K(α, β1, . . . , βi)] ≤ [K(β1, . . . , βi+1) : K(β1, . . . , βi)].

But indeed this is obvious because the minimal polynomial of βi+1 over
K(β1, . . . , βi) is contained in K(α, β1, . . . , βi)[x], and so it divides the minimal
polynomial of βi+1 over this latter field. □

Another easy but useful lemma is the following one:

Lemma 2.1.6 Let L,M be extensions of K (contained in some K). If L and
M are normal (resp. separable, or Galois) then LM is normal (resp. separable,
or Galois).

Proof The statement about separability follows from the fact that LM is
generated over K by generators of L and M , and Galois follows from that,
finiteness, and normality. So, suppose L is the splitting field of {fi} and M is
the splitting field of {gj}; we claim LM is the splitting field of {fi} ∪ {gj}.
Clearly each of these polynomials splits in LM , and LM is generated by gen-
erators of L and M , i.e. roots of the fi and gj . □

Let us briefly discuss extensions of finite fields and containments. Let p be
prime, fix Fp, and let q = pn. We already know Fq/Fp is Galois and has Galois
group ⟨σ⟩ cyclic of order n, where σ = (−)p. Suppose m | n and write mk = n.
Since x− 1 | xk − 1, pm − 1 | pn − 1. Therefore

α ∈ Fpm ⇒ αpm−1 = 1 ⇒ αpn−1 = 1 ⇒ α ∈ Fpn ,
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because Fpn is the set of roots of xpn−x in Fp. So Fpm ⊂ Fpn is an intermediate
extension. On the other hand, every subgroup of ⟨σ⟩ is of the form mZ/nZ =
⟨σm⟩ of order k. The corresponding fixed field

L = {α ∈ Fpn : αpm

= α} = Fpm .

This gives a canonical bijection

{m : m | n} ∼−!
{
subfields of Fpn

}
given by m 7! Fpm . It also tells us what all extensions of finite fields are and
their Galois groups. Namely if Fq1/Fq0 is such an extension, then both fields
have the same characteristic p and hence must have q1 and q0 powers of p.
Then Fq0 is intermediate to Fq1/Fp which is Galois, thus q0 = pm and q1 = pn

where m | n. Moreover, Gal(Fq1/Fq0) is just the corresponding subgroup ⟨σm⟩
and has degree k = n/m. Here’s a concrete example.

Example 2.1.7 Take n = 4 and p = 2; we claim f(x) = x4 + x + 1 ∈ F2[x] is
irreducible. Indeed f(0), f(1) ̸= 0, and

f(x) = (x2 + x+ 1)(x2 + x) + 1,

where x2+x+1 is the only irreducible polynomial of degree 2 (so f doesn’t have
irreducible factors of degree 1 or 2). Thus viewing F16/F2 as a four dimensional
vector space we can write

F16 = F2(α) = {a3α3 + a2α
2 + a1α+ a0 : ai ∈ F2}

where multiplication is subject to the relation α4 = α + 1. Now 16 = 24, so
the subfields are F2 ⊂ F4 ⊂ F16; let us compute F4 = {β : β4 = β}. We have
0 and 1, and we can compute that (α2 + α+ 1)4 = α2 + α+ 1, and its square
is α+ α2, so

F4 = {0, 1, α2 + α+ 1, α2 + α} ⊂ F16.

2.2 Basic Examples

In general, Galois theory will help us convert problems about field extensions to
those about finite groups and sometimes number theory or algebra. One such
problem which we have previously assumed (but not relied on for anything) is
the fundamental theorem of algebra:

Theorem 2.2.1 C is algebraically closed.

This is both an algebraic statement and an analysis statement; after a trivial
fact about the completeness of R, we will see that the algebraic analog is:

Proposition 2.2.2 Suppose G is a finite group of even order such that all
proper subgroups have even index. Then the only subgroup H without any
subgroups of index 2 is trivial.
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This is very easy using the following lemma from group theory:

Lemma 2.2.3 Any nontrivial p-group has a subgroup of index p.

Proof Let |G| = pn and induct on n; when n = 1 take {e}. Otherwise, G has
nontrivial center Z, which is also a p-group, so it has a subgroup H ≤ Z of
order p by Cauchy’s theorem. Then H is normal in G, and G/H is a p-group
of order pn−1, so it has an index p subgroup which we can write K/H ≤ G/H
for some K ≤ H. Then [G : K] = [G/H : K/H] = p. □

Proof (of Prop. 2.2.2) Let K ≤ G be a Sylow-2 subgroup, so 2 ∤ [G : K] hence
K = G so G is a 2-group of some order 2k, and thus |H| = 2l. If l ̸= 0 then by
Lemma 2.2.3 H has an index 2 subgroup which cannot be, so l = 0 and H is
trivial. □

To explain why this the algebraic version of the fundamental theorem of
algebra, we use the following two facts:

Lemma 2.2.4

1. Any polynomial f ∈ R[x] of odd degree has a real root.

2. C has no extensions of degree 2.

Proof For (1), we may assume f is monic of degree n, then limx!±∞ f(x)/xn =
1, so there are x+ > x− in R such that f(x−) < 0 < f(x+). Hence some x ∈
[x−, x+] is a real root of f . For (2), if there was such an extension then it would
be generated by any element outside of C, say α, satisfying α2 + zα + w = 0
with z, w ∈ C. But this is solved via the quadratic equation, and C is closed
under square roots since reiθ has square roots ±

√
reiθ/2. □

Proof (of Thm. 2.2.1) It suffices to show that C is the algebraic closure of R,
i.e. C is a splitting field of the set R[x]. It is generated by roots of polynomials
in that set (i.e. x2 +1), so we need to show any f ∈ R splits over C. It suffices
to assume that f is monic, irreducible, and thus of even degree. Let α ∈ C be
a root, and write L for the normal closure of the extension C(α)/R, so L/R is
Galois.

If R ⊊ F ⊂ L, then F/R has even degree; indeed take any β ∈ F not in R,
then its minimal polynomial must be even since it is irreducible over R. This
means that Gal(L/R) has even order and has proper subgroups of even index
only. Letting H = Gal(L/C), if K ≤ H had index two then LK/C would have
index 2, so no such K exists. Therefore by Prop. 2.2.2, H is trivial, hence
C = LH = L, thus α ∈ C. □

This proof is likely a minimal element of the set of proofs of the fundamental
theorem of algebra totally ordered by amount of analysis used. Of course, it is
not ‘trivial’ because we have used the Sylow theorems twice, but all of that is
purely algebraic. This is also slightly more general; we could have taken any
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field F in characteristic 0 with the property that all polynomials of odd degree
have a root, and that the splitting field of {f ∈ F [x] : deg f = 2} is a finite
extension of F . Then that splitting field is an algebraic closure of F .

As our next example, let us try to understand the pth roots of unity over Q
for a prime p. We will do this in much more generality in Sec. 2.4, but this is
the simplest case of a cyclotomic extension.

A pth root of unity over Q is an element α of some extension, which we can
fix to be in Q ⊂ C, such that αn = 1. 1 is trivially a pth root of unity, so we
have the factorization

xp − 1 = (x− 1)(xp−1 + xp−2 + · · ·+ x+ 1).

We will write Φp = xp−1 + · · ·+ x+ 1 and call its roots as elements of C the
primitive pth roots of unity. If we write 1 = e2πi, then it is clear that the pth

roots are of the form e
1
p2πi, e

2
p2πi, . . . , which graphically go around the complex

unit circle (in particular are all clearly distinct). Writing, ζp = ζ = e2πi/p, the
set of primitive pth roots is

{ζ1, ζ2, . . . , ζp−1}.

Hence Q(ζ) contains all the roots of xp− 1 and is its splitting field, so Q(ζ)/Q
is Galois. Any element σ of the Galois group is determined by σ(ζ) = ζi for a
unique 0 < i < p; σ corresponds to i and τ to j, then

στ(ζ) = σ(ζj) = (ζi)j = ζij ,

so στ corresponds to ij (mod p). Thus Gal(Q(ζp)/Q) ⊂ (Z/pZ)×. To show
this is an equality, we show Φp(x) ∈ Q[x] is irreducible, which shows that the
Galois group has order p− 1, as does (Z/pZ)×. It suffices to show Φ(x+ 1) is
irreducible; this satisfies (x+ 1)p − 1 = xΦp(x+ 1), so modulo p we see

xΦp(x+ 1) ≡ xp + 1− 1 = xp ⇒ Φp(x+ 1) ≡ xp−1 (mod p),

so p doesn’t divide the top degree coefficient and does divide all the others. In
addition, evaluating Φp(x+ 1) at x = 0 gives Φp(1) = p, so p2 doesn’t divide
the constant term. Hence by Eisenstein’s criterion, Φp(x+1) is irreducible over
Q, and hence so is Φp ∈ Q[x]. We have shown:

Proposition 2.2.5 Let p be a prime and ζp = e2πi/p. Then Q(ζp)/Q is a
splitting field for Φp(x) containing all the pth roots of unity. Q(ζp)/Q is a
Galois extension of degree p− 1 with Galois group (Z/pZ)× given by sending
ζp 7! ζip for i ∈ (Z/pZ)×.

One way these extensions are helpful is in understanding the numbers
cos(2π/p) ∈ R, e.g. we could ask whether it is rational, and if not what its
minimal polynomial over Q is.
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Let us do an example with p = 7; set ω = 2 cos(2π/7), then clearly ω = ζ+ζ−1.
Observe that ω2 = ζ2+ζ−2+2 and ω3 = ζ3+ζ−3+3ζ+3ζ−1 = ζ3+ζ−3+3ω.
But now notice that

0 = 1 + ζ + ζ2 + · · · = 1 + ω + (ζ2 + ζ−2) + (ζ3 + ζ−3)

= 1 + ω + (ω2 − 2) + (ω3 − 3ω),

so f(x) = x3 + x2 − 2x − 1 ∈ Q[x] has ω as a root. On the other hand, if
f is not irreducible then it has a rational root p/q, but then p | 1 and q | 1,
so it would be ±1, but f(±1) ̸= 0. Hence Q(ω)/Q has degree 3 with minimal
polynomial f . Obviously Q(ω) = Q(cos(2π/7)), so the polynomial

f(2x)/8 = x3 +
1

2
x2 − 1

2
x− 1

8

is the minimal polynomial of cos(2π/7) over Q. Let us try to write down all
intermediate extensions of Q(ζ7)/Q. The group part is easy:

(Z/7Z)×

{1, 4, 2} {1, 6}

{1}

2 3

3 2

This is just using that (Z/7Z)× is cyclic of order 6 with generator, say, 5. Now,
{1, 6} = {±1}, and this group fixes the element σ1(ζ)+ σ−1(ζ) = ζ + ζ−1 = ω
from before, so we can write the corresponding extension as Q(cos(2π/7)).
Observe also that the automorphism is complex conjugation, so this extension
is equal to Q(ζ) ∩ R.

Q

Q(ζ){1,4,2} Q
(
cos 2π

7

)
Q(ζ)

2 3

3 2

It remains to determine L = Q(ζ){1,4,2}. We know summing over the
conjugates gives an element:

α := ζ + ζ4 + ζ2 ∈ L.

α will generate L as long as it isn’t in Q; let’s determine α. Since its degree 2,
it has a degree two polynomial; notice that

α2 = ζ2 + 2ζ3 + 2ζ5 + ζ6 + ζ = ζ3 + ζ6 + ζ5 − 1

using Φ7(ζ) = 0. But then α2 + 2 + α = 0, so α = (−1 ±
√
−7)/2. Therefore

L = Q(i
√
7) is the remaining extension, which would actually be somewhat

difficult to guess without Galois theory.
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Later on we will be able to use Galois theory to find a more ’closed form’
solution for ω = ζ+ζ−1. Here’s a preview: First observe that we already know
what the conjugates of ω are. The Galois group of Q(ω)/Q is the quotient
consisting of cosets {

{±1}, {±2}, {±3}
}
,

and therefore the other roots of x3 + x2 − 2x− 1 are

ω2 = ζ2 + ζ−2 ω3 = ζ3 + ζ−3.

Since its a cubic equation, we want to solve it in terms of square and cube
roots; the trick will be to use the normal extension Q(ω, ζ3)/Q(ζ3). Notice
that Q(ω, ζ3) = Q(ω)Q(ζ3) has degree divisible by 2 and 3 and less then 6,
hence it is degree 6, so Q(ω, ζ3)/Q(ζ3) has order 3 with the same irreducible
polynomial x3 + x2 − 2x− 1. The next trick is to consider the element

α = ω + ζ3ω2 + ζ23ω3 ∈ Q(ω, ζ3).

if σ is the generator of the Galois group sending ω 7! ω2, then σ(α) = ζ23α, so
α3 is fixed by σ and hence α3 ∈ Q(ζ3). Since this extension has degree two, a
basis is {1, ζ3}, so we know there are a, b ∈ Q such that

α3 = aζ3 + b.

In practice this is easy for a computer to do because it is just symbolic
manipulation and reducing using the minimal polynomial. But, one must use
α = ω + ζ3(ω

2 − 2) + ζ23 (1 − ω2 − ω); we get a = 21 and b = 14. Now define
β = ω+ζ23ω2+ζ3ω3, then since the ωi are real, β = α, but as −1 = ω+ω2+ω3

we get
3ω = −1 + α+ β.

Now α3 = 21ζ3 +14, so β3 = 21ζ23 +14 = 21(−ζ3 − 1) + 14 = −21ζ3 − 7. This
means that

ω =
1

3

(
−1 +

(
21ζ3 + 14

)1/3
+
(
− 21ζ3 − 7

)1/3)
.

Finally, using the fact that

ζ3 = cos(2π/3) + i sin(2π/3) = −1

2
+

√
3

2
i,

we get a complete solution by radicals. We will soon be able to do this in
more generality when we study the theory of solvable extensions (Sec. 2.5) and
cyclotomic extensions (Sec. 2.4).

2.3 Constructible Numbers

Now we come to an interesting use case of Galois theory which will let us solve a
concrete geometric problem. We want to see what kinds of shapes and numbers
can be constructed using a ‘straightedge/ruler and compass’. A straightedge
lets us draw the unique line segment between any two given distinct points, and
a compass lets us draw a circle centered at one point and containing another.
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Informally, a point (x, y) ∈ R2 will be constructible if, starting from
{(0, 0), (1, 0)} we can realize it using finitely many iterations of the following
steps:

1. Using the straightedge to draw lines between any two previously con-
structed points (which we can make arbitrarily long).

2. Using the compass to draw a circle centered at one previously constructed
point with another one lying on it.

3. Taking intersection points of lines or circles.

These intersections will be the constructible points. Let us rigorize this into a
definition we can work with:

Definition 2.3.1 A point (x, y) ∈ R2 is 0-constructible if it is either
(0, 0) or (1, 0). An n-constructible circle is a circle in R2 centered at an
(n− 1)-constructible point and containing an (n− 1)-constructible point. An
n-constructible line is a line (infinitely extending) in R2 which contains at least
two (n− 1)-constructible points.

A point is n-constructible if it is (n − 1)-constructible or it is obtained as an
intersection point of 2 n-constructible circles, an n-constructible line and circle,
or 2 (n− 1)-constructible lines. A point is constructible by ruler and compass
if it is n-constructible for some n ≥ 0. We denote the set of n-constructible
points as C2

n ⊂ R2, and the set of constructible points as C2 =
⋃

n≥0 C
2
n ⊂ R2.

Note that this recursive definition makes sense because an n-constructible
point relies on n-constructible lines/circles, which only rely on (n − 1)-
constructible points, and we have defined the base case. This definition is
obviously difficult to work with in this state, so half the work will not be
Galois-theoretic but rather geometric.

We will call a number x ∈ R constructible if there is a y ∈ R such that
(x, y) ∈ C2; the set of constructible numbers is C ⊂ R. We may draw the x-
axis using the two starting points, and then construct the circle centered at
(0, 0) and passing through (1, 0) or vice versa. This shows that −1 and 1 are
1-constructible, and like this by induction Z× {0} ⊂ C2.

Next observe that if two points are n-constructible, then their perpen-
dicular bisector, two points along it, and thus their midpoints, are all
(n + 2)-constructible. Indeed, this is obvious from Fig. ??. Therefore,
(−1/2, 0), (1/2, 0) ∈ C, and so two distinct points along the y-axis are con-
structible. Now for any (x, 0) ∈ C2, (0, x) ∈ C2 because the circle centered at
the origin containing (x, 0) intersects the y-axis at (0, x). Hence {0}×Z ⊂ C2.
Of course, the converse is true too.

Proposition 2.3.2 (x, y) ∈ C2 if and only if (x, 0) ∈ C2 and (0, y) ∈ C2. In
particular, C2 = C× C.
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Proof The last sentence follows from what we just said and the first part. If
(x, y) is constructible (and nonzero), then the circle centered at (x, y) passing
through the origin intersects the x-axis at both (0, 0) and (2x, 0), the latter
of which is thus constructible. Hence the midpoint (x, 0) is constructible. The
same logic flipped works for (0, y).

On the other hand, if (x, 0) and (0, y) are constructible, then taking the circle
at (x, 0) passing through (0, 0) gives (2x, 0), and then taking a perpendicular
bisector of the segment between these let’s us construct the vertical line at
(x, 0). Similarly we can construct the horizontal line at (0, y), and then take
their intersection. □

Because of this proposition, we can essentially forget about y coordinates and
focus on C. Observe that if x ∈ C, then −x ∈ C by the circle centered at (0, 0)
and containing (x, 0). The circle centered at (x, 0) containing (0, 0) shows that
2x ∈ C. By taking midpoints x/2 ∈ C. Hence if x, y ∈ C, then by taking
midpoints (x+ y)/2 ∈ C, so x+ y ∈ C.

Unsurprisingly, we can also take products. It suffices to construct squares,
because xy = ((x + y)2 − x2 − y2)/2, for which it it suffices to square x > 0.
We can further assume x > 1, because if not x + 1 > 1, whose square is
x2+2x+1, and we can subtract off 2x+1. To do this, see Fig. ??: Extend the
line from (0, 0) to (1, x), then its intersection point with the vertical at (x, 0)
has y coordinate x2 by similarity of the two evident triangles.

We can use the same trick to divide for which it suffices to construct 1/x. We
can again assume x positive, and even x > 1, because if not just choose an
integer N > 1/x, then Nx > 1, and 1/x = N · 1/(Nx). To do it, draw the
segment from (x, 1) to (0, 0), and the vertical above (1, 0); these two intersect
at (1, 1/x) by similarity.

Theorem 2.3.3 The constructible numbers C form a field, and Q ⊂ C ⊂ R.
In addition:

1. If x ≥ 0 ∈ C, then
√
x ∈ C.

2. C is the smallest extension intermediate to Q ⊂ R closed under positive
square roots.

3. If x ∈ R, then x ∈ C if and only if there is a series of extensions

Q = K0 ⊂ K1 ⊂ · · · ⊂ Kn ⊂ R

such that [Ki+1 : Ki] ≤ 2 for all i and x ∈ Kn.

Proof We just proved the first sentence as C is a field containing Z. First
let’s prove (1): we may assume x > 1 by taking 1/x if necessary. Construct
the midpoint (M, 0) of x and 1, and then the circle centered at (M, 0) and
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containing (M,M). Construct the line x = 1; the equation for a circle shows
that the y-coordinate of an intersection point satisfies

(1−M)2 + y2 = M2 ⇒ y2 = 2M − 1 = x,

since M = (1+x)/2. Therefore one intersection point is (1,
√
x), which is what

we wanted. For the remaining, we show that the following are equivalent for
α ∈ R:

(i) α ∈ C.

(ii) There is a series of extensions Q = K0 ⊂ · · · ⊂ Kn ⊂ R such that
[Ki+1 : Ki] ≤ 2 and x ∈ Kn.

(iii) α is contained in every subfield of R which is closed under taking square
roots of positive numbers.

These equivalences will prove (2) and (3) above. (1) trivially implies (iii) ⇒
(i): Let F ⊂ R be closed under square roots, then we prove (ii) ⇒ (iii) by
induction on n. If n = 0 then x ∈ Q ⊂ F since the characteristic is zero, so
assume n ≥ 1 and that we have proven the n − 1 case. If α ∈ Kn−1 then we
are done, so assume α /∈ Kn−1, and therefore Kn−1(α) = Kn has degree 2
over Kn−1. Suppose x2 + ax + b is the minimal polynomial of α over Kn−1,
so a, b ∈ F by induction. By the quadratic formula, 2α = −a±

√
a2 − 4b ∈ R,

and
√
a2 − 4b ∈ F by assumption, therefore α ∈ F .

Finally, (i) ⇒ (ii) remains. (i) implies that (α, 0) ∈ C2, and thus α ∈ C2
m for

some m ≥ 0. We show (ii) by induction on m. If m = 0, then α = 0 or 1, so
Q = K0 works. Otherwise, assume the m ≥ 1 and that the m− 1 case is done.
By definition, either α ∈ C2

m−1, in which case we’re done, or it is an intersection
point of n-constructible circles or lines. In any of the cases, we will need 4
(m− 1)-constructible points to define these lines, i.e. 8 (m− 1)-constructible
points of the form (a, 0). This gives

Q = L
(i)
0 ⊂ · · · ⊂ L

(i)
k ⊂ R

with each step at most degree two for i = 1, . . . , 8. But given two extension
towers like this we can always make a bigger one containing both desired
elements using the composite:

Q ⊂ L
(i)
1 ⊂ · · · ⊂ L

(i)
k ⊂ L

(i)
k L

(j)
1 ⊂ · · · ⊂ L

(i)
k L

(j)
k′

We know from our results on composites that each step has at most degree two.
Therefore, we may assume that we have already constructed a field Kn ⊂ R
with a degree two tower over Q that contains the coordinates for any of the
four points needed to define α.

If (α, 0) is at the intersection of two lines, the equation is of the form y =
ax+ b = cx+ d with a, b, c, d ∈ Kn, so (d− b)/(a− c) ∈ Kn, and the extension
tower we already have works. If one of the defining shapes is a circle, its
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equation will be of the form

(y − a1)
2 + (x− b1)

2 = r2,

where a1, b1, r
2 ∈ Kn because the center has coordinates in Kn, and the square

of the distance from (a1, b1) to the second point is in Kn. If (α, 0) is at the
intersection point it, in particular, must satisfy this equation. In other words,

a21 + (α− b1)
2 = r2

is a monic degree 2 relation for α over Kn, so Kn(α)/Kn has degree 2 and is
contained in R. This completes the induction step. □

This translates constructibility into a completely algebraic notion, so luckily
we won’t need to do any more geometry. We will use Galois theory to classify
exactly when numbers are constructible. We will also consider the notion of
constructibility of complex numbers, and that will turn out to be the most
practical. The following lemma will do most of the work.

Lemma 2.3.4 Let K be a field with charK ̸= 2 and let α ∈ K. The following
are equivalent:

(i) There is a sequence of extensions

K = K0 ⊂ · · · ⊂ Kn

such that [Ki+1 : Ki] ≤ 2 for all i and α ∈ Kn.

(ii) There is a sequence of extensions

K = K0 ⊂ · · · ⊂ Kn

such that [Ki+1 : Ki] ≤ 2 for all i, and there are αi ∈ Ki such that
Ki = Ki−1(αi) and α2

i ∈ Ki−1, and α ∈ Kn.

(iii) α is contained in normal extension of degree a power of 2.

Proof (i) ⇒ (ii) More generally, we may prove that, in charK ̸= 2, if L/K has
degree 2 there is a primitive element α such that α2 ∈ K. Indeed, choose any
β ∈ K and let x2+ax+b be its minimal polynomial. Then (2β+a)2 = a2−4b by
the quadratic equation, so (2β+a)2 ∈ K, and α = 2β+a generates K(β) = L.

(ii) ⇒ (iii) Suppose we have such extensions {Ki}. We construct a sequence
{Li} of extensions inductively such that (1) Li ⊃ Ki, (2) Li/Li−1 has degree
a power of 2, and (3) Li/K is normal. This suffices because, taking i = n, we
see the degree Ln/K is a power of 2 by induction, it is normal, and α ∈ Ln.

To do this, set L0 = K0 and now assume Li−1 has been defined. Let

{α(1)
i , . . . , α

(k)
i } be the set of conjugates of αi = α

(1)
i over K, and then set

Li = Li−1(α
(1)
i , . . . , α

(k)
i ). Then Li clearly contains Ki, and it is the com-

posite of Li−1 and K(α
(1)
i , . . . , α

(k)
i ) which are normal, so Li/K is normal.
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Finally, since these are conjugate over K there is for any j an automorphism

σ : K ! K such that σ(αi) = α
(j)
i . Since Li−1 is normal over K, σ preserves

it; so since α2
i ∈ Li−1, σ(α

2
i ) = (α

(j)
i )2 ∈ Li−1. Therefore in

Li−1 ⊂ Li−1(αi) ⊂ Li−1(αi, . . . , α+ i(k)) = Li,

each step has either degree 1 or 2, so the overall degree is a power of 2.

(iii) ⇒ (i) Let L/K be normal, degree a power of 2, and α ∈ L. By Prop. 1.5.9,
L/K can’t be inseparable because charK ̸= 2 doesn’t divide [L : K]. Thus
L/K is separable, normal, and finite, so Galois; let G = Gal(L/K). This is a
p-group, so by Lemma 2.2.3 it has an index 2 subgroup. Inductively, we can
create a filtration

G = G0 ⊃ G1 ⊃ · · · ⊃ Gn = {1}
of subgroups where each step has index 2. By the Galois correspondence this
gives a sequence

K = K0 ⊂ K1 ⊂ · · · ⊂ Kn = L
where α ∈ Kn, and each step has degree 2. □

One observes that almost all of this proof works if we replace 2 by some p > 0.
In fact, it is the most trivial step, namely (i) ⇒ (ii), which doesn’t work in
general. But, we will see in Sec. 2.5 that it works if we assume K contains
pth roots of unity. We can now prove our fundamental result on constructible
numbers.

Theorem 2.3.5 The following are equivalent for a real number α.

(i) α ∈ C.

(ii) There is a series of real extensions Q = K0 ⊂ · · · ⊂ Kn ⊂ R where
[Ki+1,Ki] ≤ 2 for all i, and α ∈ Kn.

(iii) α is contained in a normal extension of degree a power of 2.

(iv) The splitting field of α has degree a power of 2 over Q.

The following are equivalent for real numbers α, β.

(i) α and β are constructible.

(ii) (α, β) ∈ C2.

(iii) There is a series of extensions Q = K0 ⊂ · · · ⊂ Kn where [Ki+1,Ki] ≤ 2
for all i, and α+ iβ ∈ Kn.

(iv) α+ iβ is contained in a normal extension of degree a power of 2.

(v) The splitting field of α+ iβ has degree a power of 2 over Q.

Proof We already know most of the equivalences. For part (1), we have seen
(i) ⇔ (ii), and (iii) ⇔ (iv) is trivial because any normal extension containing
α must contain the splitting field, and any subextension must have degree a
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power of 2. The same proof shows (iv) ⇔ (v) in part (2), and we have already
seen (i) ⇔ (ii). Moreover, the previous lemma gives (iii) ⇔ (iv) in part (2).

First, let us show (ii) ⇔ (iii) in part (1). The previous lemma immediately
shows that (ii) ⇒ (iii), so assume (iii). The lemma then gives a chain of fields
Q = K0 ⊂ · · · ⊂ Kn where α ∈ Kn, but each extension may not be contained
in R. Instead, consider the tower

Q = K0 ∩ R ⊂ K1 ∩ R ⊂ · · · ⊂ Kn ∩ R.

We know α ∈ Kn ∩ R, so it suffices to show each extension has degree ≤ 2.
Well, definitely Ki+1 ∩ R/Ki ∩ R is finite because

Ki+1 ⊃ Ki+1 ∩ R ⊃ Q

is a tower of finite extensions. It is also separable, so let β be a primitive
element of Ki+1 ∩ R over Ki ∩ R. Then assuming β /∈ Ki, it satisfies a degree
2 polynomial f ∈ Ki[x], but a polynomial cannot have one nonreal root so
the other root is real. Therefore f ∈ R[x], so f ∈ (Ki ∩ R)[x] is a degree two
polynomial, so the degree of the extension is less than 2. This finishes part (1).

To complete (2), first we do (iv) ⇒ (i). Let L/Q be a normal extension of
degree a power of 2 containing α + iβ. The automorphism Q ! Q that is
complex conjugation must preserve L, so α − iβ ∈ L, and thus α, β ∈ L
by adding/subtracting and dividing by i. Hence α and β are real numbers
contained in a normal extension of Q of degree a power of 2, so by part (1)
they are constructible.

Finally, assume α and β are constructible. Let Q = K0 ⊂ · · · ⊂ Kn and
Q = L0 ⊂ · · ·Lm be the corresponding real sequences from part (1) where
α ∈ Kn and β ∈ Lm. Consider the tower

Q = K0 ⊂ · · ·Kn = KnL0 ⊂ KnL1 ⊂ · · ·KnLm ⊂ KnLm(i).

Each step at the beginning is degree 2, and then

[Li+1Kn : LiKn] ≤ [Li+1 : Ki] ≤ 2,

because Li+1Kn = (LiKn)Li+1. Finally, the last extension obviously has
degree ≤ two because i is a root of x2 + 1. □

This gives us a practically computable to check whether numbers and shapes
are constructible or not. This is useful in some cases, as we will now see in
some examples.

Example 2.3.6 (squaring the circle) An old question was whether one could,
with a ruler and compass as described, construct a square with the area of of
a unit circle. In fact one cannot: the sidelengths would have to be

√
π, and

constructing two adjacent endpoints v⃗, w⃗ ∈ R2 would mean we can construct
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v⃗ − w⃗ = (a, b), and hence π = a2 + b2. This is impossible since π is transcen-
dental; a proof of this fact, which is elementary but somewhat annoying, will
be left to an appendix.

Let us see for which n a regular n-gon in the plane can be constructed by
ruler and compass. We claim this can be done if and only if the complex
number e2πi/n is constructible in the sense of the previous theorem (either
its real and complex parts are constructible, or identifying C = R2 it is con-
structible). Indeed, if ζn = e2pi/n is constructible, then ζkn is constructible for
k = 0, . . . , n − 1, which give the n vertices of a regular n-gon. On the other
hand, if one can be constructed in the plane with center z0 ∈ C and w1, w2

adjacent edges, (w2 − z0)/(w1 − z0) (or the other way around) is equal to
|w1| ζn.

Proposition 2.3.7 Let p ≥ 3 be a prime. A regular p-gon in R2 is con-
structible by ruler and compass if and only if p = 2k + 1 for some k ≥ 1 (i.e.
p is a Fermat prime).

Proof Recall that Q(ζp) is the splitting field of ζp and is a degree p−1 extension
of Q. Hence we are done since ζp is constructible if and only if its splitting
field has degree a power of 2. □

Once we study cyclotomic extensions we can extend this result to all n ≥ 3,
not just primes. The only known primes of this form are 3, 5, 17, 257, 65537,
and it is conjectured that there are no more.1

2.4 Cyclotomic Extensions

The goal in understanding cyclotomic extensions, is to figure out the nth roots
of unity in a field, and their minimal polynomials. So, let K be a field and
consider the polynomial f(x) = xn − 1 ∈ K[x] for n ≥ 2. Its derivative is
nxn−1; if charK | n, then this is zero, and otherwise n is invertible in K so
x
nf

′(x)−f(x) = 1, therefore f is coprime to its derivative. So, there are exactly
n distinct nth roots of unity over K if and only if charK ∤ n. This is the case
we focus on in this section.

Let K be a field of characteristic coprime to n ≥ 2, fix an algebraic closure K,
and let R ⊂ K× be the set of n distinct roots of the equation xn − 1. 1 ∈ K is
such a root, and observe that the product of two roots is clearly a root; hence
R is a subgroup of K× of order n. By Lemma 1.3.10, R is a cyclic subgroup.
Hence we may write

R = {1, ζ, ζ2, . . . , ζn−1}
for some ζ ∈ R of order n. In particular, K(ζ)/K is Galois, so write G =
Gal(K(ζ)/K). We call any generator of R an primitive nth root of unity. The

1If 2n +1 is prime, then in fact n is a power of 2. Indeed, if an odd prime p divides n, so n = pk,
then 2n + 1 = (2k)p + 1 is divisible by 2k + 1.
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number of primitive nth roots is just the order of (Z/nZ)×, i.e. φ(n), the
number of positive integers less than n and coprime to n.

If we fix a primitive root ζ, then all of them are ζi for (i, n) = 1. If σ ∈ G,
then since σ(αk) = σ(α)k and σ is injective, σ preserves the order of elements
of R. Since it is an automorphism, σ permutes the set of primitive nth roots
of unity. Defining

Φn,K(x) :=
∏

i,(i,n)=1

(x− ζi)

for any primitive root ζ, this means Φn,K(x) is fixed by the Galois group
G and hence Φn,K(x) ∈ K[x]. In particular, Φn,K(ζ) = 0, so the minimal
polynomial of ζ divides Φ, so deg ζ ≤ φ(n). If σ ∈ G, then σ(ζ) = ζi for a
unique i ∈ (Z/nZ)×, and if σ(ζ) = ζi and τ(ζ) = ζj then

(στ)(ζ) = σ(ζ)j = ζij ,

mapping ζ to ij (mod n). It follows that any choice of primitive nth root gives
an inclusion G ≤ (Z/nZ)×. Therefore deg ζ | φ(n). We have already seen that
when n = p is a prime and K = Q, then G = (Z/pZ)× and Φn,Q is the
irreducible polynomial of ζn.

There is an interesting fact, namely that Φn,K(x) is actually the same for all
K; more precisely, it is always in the image of the natural map i : Z[x] ! K[x]
factoring through the prime field, and it is always the image of the same
polynomial. To see this, when K = Q we observe that by definition Φn(x) |
xn − 1 over Q, and Φn(x) is monic, so Φn,Q(x) ∈ Z[x].

For general K we do it by induction. Obviously Φ1,K = x − 1 = i(x − 1). If
we’ve proven it < n, observe that each number less than n appears exactly as
a number coprime to a factor of n. Therefore, since xn − 1 is a product of its
linear factors we have

xn − 1 =
∏
i|n

Φi,K(x), (∗)

so xn−1 = i(g(x))Φn,K(x) by the inductive hypothesis. Since we already know
that xn − 1 = g(x)Φn,Q(x), it follows since K[x] is a domain that Φn,K(x) =
i(Φn,Q(x)). So we have shown:

Proposition 2.4.1 The nth cyclotomic polynomial Φn,K is equal to the image
of Φn := Φn,Q ∈ Z[x] under the canonical map Z[x] ! K[x].

These polynomials are important in understanding roots of unity over Q, in
which case we shall see that they are in fact all irreducible. We have already
seen that

Φp(x) = xp−1 + · · ·+ x+ 1
for p a prime is irreducible. Notice that we can use this and formula ∗ to write
down the polynomials inductively using polynomial division. It is easy to see
that Φn is not always irreducible. Most trivially, by adjoining some root ζn we
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get a splitting field of Φn. Note that this can happen even over a field of the
form Fp. For example, over F13, we have

Φ3(x) = (x− 3)(x+ 4),

so the cube roots of unity already exist in this field even though it has no
subfields. Moreover, there are fields K for which Φn doesn’t split but it isn’t
irreducible. We have already mentioned that K(ζn) is always Galois with
Galois group a subgroup of (Z/nZ)×. IfK is so that Φn is irreducible, then this
is the full Galois group, so we have the −1 degree 2 automorphism, whose fixed
field is L = K(ζn + ζ−1

n ). Then K(ζ)/L has order 2, so Φn is not irreducible
over L but does not split.

For the rest of this section, we focus on the case of Q, over which we show
that Φn ∈ Z[x] is irreducible for all n. Recall that over Q, we view ζn = e2πi/n

in the complex numbers. Let us prove this in steps. If it’s not irreducible, let
Φn = fg where f is monic irreducible and g is arbitrary, hence g is monic and
f, g ∈ Z[x]. Since Φn is separable, f is monic irreducible, and our assumption
means deg g ≥ 1, there are ζi ̸= ζj primitive such that f(ζi) = 0 and g(ζj) = 0.
Then f(ζj) ̸= 0 and g(ζi) ̸= 0.

Claim There is a primitive nth root ζ0 and a prime p ≤ n with p ∤ n and
f(ζ0) = 0 and g(ζp0 ) = 0.

Proof Since i, j ∈ (Z/nZ)×, write r = ji−1 (mod n) so that (ζi)r = ζj . Now
write r =

∏m
k=1 pk as a product of primes so that each pk ∤ n since (r, n) = 1.

Of the numbers {(ζi)p1···pk : k = 1, . . . ,m}, take k smallest so that

g((ζi)p1···pk) = 0,

which exists because m is such a k. If k = 1, then take ζ0 = ζi and p = p1;
otherwise, ζ0 := (ζi)p1···pk−1 is still primitive, and is not a root of g so it must
be a root of f , and ζpk

0 is a root of g. □

With this intermediate claim, the rest of the proof of the theorem is easy.

Theorem 2.4.2 Let n ≥ 1. The nth cyclotomic polynomial Φn(x) ∈ Z[x] is
irreducible over Q. In particular, the monomorphism

Gal
(
Q(ζn)/Q

)
↪! (Z/nZ)× σ 7! i s.t. σ(ζn) = ζin.

is an isomorphism.

Proof As before, it suffices to show the first part, and assuming the contrary
we may factor Φn = fg where f is monic irreducible and f, g ∈ Z[x]. By the
previous claim, there is a primitive nth root of unity ζ0 that is a root of f and
p ∤ n such that ζp0 is a root of g. So f(x) = Irr(ζ0,Q, x), and since g(xp) has root
ζ0 we know f(x) | g(xp). Thus there is a q ∈ Q[x] such that f(x)q(x) = g(xp),
so by monicity q ∈ Z[x].
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Now let us reduce mod p: if g ∈ Fp[x] is the image of g, then since the Frobenius
fixes Fp we see

g(x)p =

(∑
i

aix
i

)p

=
∑
i

ai(x
p)

i
= g(xp).

So f(x) | g(x)p over Fp; if w(x) ∈ Fp[x] is any irreducible factor of f̄(x), then
this means w(x) | g(x), so w(x)2 | fg(x) | xn − 1 in Fp[x]. This implies that
Fp[x] is not separable, which is a contradiction since p ∤ n and we already
showed that when charK ∤ n, xn − 1 is separable. □

The extensions Q(ζn)/Q over Q are called the cyclotomic extensions, and we
will use this result many times throughout our study of Galois theory. Our first
corollary relates to constructible numbers as discussed in the previous section.

Corollary 2.4.3 Let n ≥ 3. A regular n-gon is constructible by ruler and
compass if and only if φ(n) is a power of 2.

Proof This is clear from the discussion in the previous section, in particular a
regular n-gon is constructible iff ζn is constructible, if and only if the splitting
field of ζn (which is Q(ζn)) has degree a power of 2 over Q. □

On a very related note, the cyclotomic extensions help us understand the
numbers cos(2π/n) ∈ R; we will write ωn = 2 cos(2π/n), so that ω = ζn+ζ−1

n .
Clearly this is the orbit of the element −1 ∈ (Z/nZ)×, so Q(ω) ⊂ Q(ζn)

{1,−1}.
On the other hand, if σ(ζ) = ζj for some σ in the Galois group, then σ fixing
ω would imply that

ζn + ζ−1
n = ζjn + ζ−j

n = 2 cos(2πj/n).

Since 0 ≤ j ≤ n, the only j for which cos(2πj/n) = cos(2π/n) is j = 1, n− 1.
This implies that the fixed field of {±1} ≤ (Z/nZ)× is exactly Q(ωn), and
so it has degree φ(n)/2 over Q. First of all, this means that cos(2πi/n) is
rational only when n ≤ 3. We also have the following obvious consequence of
our previous work on constructible numbers (Thm. 2.3.3).

Corollary 2.4.4 For n ≥ 3, the real number cos(2π/n) is expressible from
the rationals in terms of standard operations and square roots if and only if
φ(n) is a power of 2.

Example 2.4.5 Everyone knows that cos(2π/3) = 1/2. Let’s write down ω =
ω5 = 2 cos(2π/5) using square roots. φ(5)/2 = 2, so we know ω satisfies a
degree 2 polynomial. Observing that ζ−2Φ5(ζ) = 0, note that

ζ2 + ζ−2 + ω + 1 = 0,
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and ω2 = ζ2 + 2 + ζ−2, so ω2 − 2 + ω + 1 = ω2 + ω − 1 = 0. The positive
solution is ω = (

√
5− 1)/2, so

cos(2π/5) =

√
5− 1

4
.

As we noted previously, the next prime we can do this for is p = 17, and it is
visibly nontrivial that we can write cos(2π/17) using only square roots.

2.5 Solvable and Artin-Schreier Extensions

This section will be about the relationship between solvability of the Galois
group of a polynomial and its solutions. We will see, in characteristic 0, that
roughly a polynomial is solvable using nth roots (for any n) exactly when the
Galois group is solvable. We will in fact be able to get more specific results.

Let us begin with the easy direction: necessity. LetK be a field of characteristic
0, and let α ∈ K be some algebraic element. We will say that α is expressible
by radicals over K if there is a chain of fields

K = K0 ⊂ · · · ⊂ Kn

such that α ∈ Kn, and there are αi ∈ Ki and positive integers ki with Ki =
Ki−1(αi) and αki

i ∈ Ki−1. So, over Q this clearly corresponds to being able to
write α in terms of nth roots for various n. The following definition is central
to this section.

Definition 2.5.1 Let L/K be a Galois extension. L/K is solvable if Gal(L/K)
is a solvable group.

Recall from group theory that all subgroups and quotients of a solvable group
are solvable, and if N ≤ G is a normal subgroup such that N and G/N are
solvable, then G is solvable. Here is the basic consequence:

Proposition 2.5.2 Let L/K be a Galois extension.

1. For any F such that K ⊂ F ⊂ L, L/F is solvable.

2. For any normal intermediate extension F/K such that K ⊂ F ⊂ L, F/K
is solvable.

We write Lα for the the field generated by the conjugates of α, or K(α)nor the
normal closure, or the splitting field of Irr(α,K, x) ∈ K[x]. Lα/K is Galois, so
let G = Gal(Lα/K) be the Galois group. This is a finite Galois extension.
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