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1 Background
1.1 Homological algebra

At least at the beginning, we will take the following very standard inputs from
algebra:

1. The notion of an abelian category, which will usually be denoted by letters
like A, B, etc. Moreover, if we make element-wise arguments then we may
be implicitly using the fact that arguments can be extended via Mitchell
embedding.

2. Elementary homological algebra facts like the five-lemma, the four lem-
mas, the snake lemma, and the fact that a short exact sequence of chain
complexes gives rise to a long exact sequence in cohomology.

3. The spectral sequence associated to a filtration, which is described below.
4. The basic theory of cones, which is described below.

Let A be an abelian category. We denote by Ch(A) the category of Z-graded
chain complexes with values in A, with cohomological indexing convention,
meaning its objects are sequences C® of objects {C? : i € Z} in A with
differentials d: C* — C*! satisfying d* = 0. Its cohomology is denoted H*(C*)
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as usual. The homotopy category K(A) is the category with the same objects
as A, with morphisms as homotopy classes of maps.

1.1.1 Standard spectral sequences

Let C* be an object of Ch(A). A (descending) filtration of this complex is a
sequence {FPC*® : p € Z} of subcomplexes of C'* such that:

(a) FPTLC®FPC® for all p € Z; and
(b) U, FrC* =C".

The filtration is separated if ﬂp FPC* = 0. Given a filtration, we can form
its associated graded grp C* = @, c; gy C*, where g, C* = FPC® /FPHIC*.
For each p,q € Z, write Ef? :== (g}, C*)PT7 = gr,, CPT9. Then the differential
on grh. C' goes between

do: Eg,q — gr% crta ngIJ: Coprtatl — E(z)),q+1’
i.e. it is a vertical differential. Now take cohomology: so,
EPY = HPT(grh O) = HPTI(FPC/FPHLC).

Now there is a natural horizontal differential d;: E? — EP*™9 which works
as in the following diagram:

chp+q+1/Fp+lcp+q+1 Fp+lcp+q+2/Fp+2cp+q+2
do | do |
chp+q/Fp+1cp+q Fp+10p+q+1/Fp+2cp+q+1
doT doT
FrCpta=l/prlCpta—l Frrioprta ) prt20rta

This is part of the Fy page, and to get to E; we take cohomology at each
step. Suppose we have a cocycle in EP'? represented by an element [z] with
x € FPCPT. Since d[z] = 0, dv € FPTLCPT9+L which we claim represents a
well-defined element of EP™"7, Here’s what we have to check:
i. [dx] € FPHICPTatl | ppT2OPTatl s a cocycle: d[dz] = [d?z] = 0.
ii. If z € FPT1CP*4 then dz is by definition in the image of the differential
EPthat | ptba g0 we obtain a well-defined map 277 — EPT14,

iii. Finally, if 2 = dy for y € FPCPT9=1 then dz = 0, so this descends to a
well-defined map d, : BP9 — EPTHY,
Lemma 1.1.1 Let C*® be an object of Ch A and F*C® be a descending

filtration. There is a canonical spectral sequence (Ex®,d,) with initial pages

Eénq — gr% CPta E{Lq — Hp-&-q(grllj7 C'),
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and with dg and dy as described above. In general, the differential has signature
d.: EP1 — Eptra—r+l
: EP i .

This is called the spectral sequence associated to the filtration F' of C*®.

Now we state the standard conditions for convergence. First of all, the filtra-
tion F*C*®, because it respects the differential, induces a descending filtration
F*H*(C) on the cohomology of C, which is induced from the chain map
FPC® — C* as follows:

FPH™(C) = im (H"(F*C) — H"(C)).

We say that the filtration is finite in cohomological degree if for each n € Z,
there are integers a,, < b, such that FPC" = C" for p < a,, and FPC"™ =0
for p > b,. In other words, for every n, the set

{peZ:gh.C" #0}

is finite; equivalently, along each diagonal {(p,q) : p+ ¢ = n} of Z%, E}? is
nonzero for only finitely many terms. So, this includes cases like when Fjy is
contained in the first or third quadrant, or e.g. if it is contained in an infinitely
long horizontal strip but bounded above and below.

Now in general, at a point (p, q), the differentials leaving this point for all r
are of the form (p,q) — (p+ r,q — r + 1), which always adds to p+ ¢+ 1. In
particular, they all lie on a fixed diagonal, and likewise for those differentials
entering (p, ¢). Thus under this condition, the point (p, q) will stop changing
once r > 0 (depending on p and ¢). So in this case, the E, page is well-defined
without having to take any limits.

Lemma 1.1.2 Let C*® be an object of Ch A, let F' be a descending filtration
of C*, and let (E,,d,) be the associated spectral sequence. If F is finite in
cohomological degree, then there is a canonical isomorphism

EPd = FPHPY(C) /PP HPT(C) = grh, HPT(C).
In other words, the spectral sequence converges
E:’q — Hp+f1(0°)

with the associated filtration F of the cohomology.

Recall how this convergence is used: to get information about the nth cohomol-
ogy of C', we look along the diagonal E2:? for p+ q = n, which will necessarily
be contained in the finite horizontal strip a, < p < b,. If we take the direct
sum along this diagonal, we get the graded object grp H™(C) in p.

There are a few immediate deductions: if there’s at most one object E%:? in
the n-diagonal which is nonzero, then H"(C) = E%, because the filtration
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must be of the form
H'=F%"H">...> FPH" > ... Fb» " =0,

where all terms to the right (and excluding) FPH™ are zero, and those to the
left are E2:9. In general, we have to solve some extension problems to conclude:
namely, for each p we have an exact sequence

0— FPHIH™ - FPH™ — ER"P — Q,

and starting with F»H" = 0, so Fb»~1H" = Eon=Ln+1=bn we can try to
solve downwards for FPH™ until we've gotten to F*~H™ = H". In practice,
it is worth mentioning that when we are working with finite-dimensional vec-
tor spaces, we have dimgrp H"(C) = dim H™(C), so it is especially easy to
conclude dimensions from the spectral sequence.

In these notes, we won’t care too much about this spectral sequence in this level
of generality; instead we will use much more the spectral sequence associated
to a bicomplex or double compler. A double complex is a bigraded collection
of objects {C* : i,j € Z} of an abelian category A, equipped with a ver-
tical differential d,, and a horizontal differential dj satisfying the following
properties:

(a) For each (i,7), the vertical differentials
dy: C™ — CHItt JEL
make (C**,d,) a chain complex for all i.

(b) Likewise, the horizontal differentials dj,: C*7 — C**1J for all i, make
(C*J,dy,) a chain complex for all j.

(¢) The differentials satisty d,dy + dpd, = 0 for all i, j.

If C** is a bicomplex with values in A, then there is an associated chain
complex called the totalization, given by

(TotC)" == @ C»,
p+q=n
where the differential (Tot )" — (Tot C')"*! is defined with (p,q)th compo-

nent C77 — @, . ., C™ given by

P Avtdn, CcPtLa g opatl (Tot C«)n+1'
Then (d, + dp,)? = d? + dydy, + dpd, + d2 = 0 by definition.

We will have legitimate interest in complexes which are totalizations of
bicomplexes.

Example 1.1.3 Suppose A has a symmetric monoidal structure compatible
with the abelian structure, and let A, B be chain complexes. There is a natural
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bicomplex given on objects by CP'? := AP®BY?, where the horizontal differential
is

dp =ds ® BY: AP ® B! — APT! @ BY,
and the vertical differential is

dy = (-1)PA? @ dp: AP @ B? — AP ® B!,

Without the sign change on d,, the two differentials would have commuted,
but as defined they anticommute. Thus C'*-* forms a bicomplex, and we define
the tensor product A ® B := Tot C. Explicitly,

(AeB)"= @ A*® B
pt+g=n
with differential d = d4a ® 1 + (—1)P1 ® dp. It would be useful to know
the relation between the cohomology of the tensor product complex and the
cohomologies of the individual complexes.

Now, let C be a bicomplex. There are two natural filtrations of the associated
totalization Tot C', induced by two filtrations on the bicomplex as follows.
Arrange CP+4 in the plane Z?: the horizontal filtration F},C is defined by setting
FPC to be the same bicomplex except we set everything to the left of the line
{(p,q) : q € Z} to zero. Likewise, FIC' is defined by setting everything below
{(p,q) : p € Z} to zero. This induces filtrations on the totalizations:

FP'TotC = Tot F/C  FlTotC = Tot FIC,
which explicitly on nth cohomological components are
FjTotC"= @ ¢  FTotC"= f
ptq=n,p>r ptq=n,q=>s

These filtrations, by virtue of Lemma 1.1.1, are going to induce two spectral
sequences associated to the totalization. Our goal is to compute the Ey, F1,
and Fy pages of these two sequences. From the above description, clearly:

FYY(Tot C)" = CP" =P & FY(Tot C)"

FY(Tot C)* = O™~ %7 @ Fd(Tot C)"
So, if the associated spectral sequences are Iy, , and E, ,, then we will have
EpS = grp, (Tot C)PT9 = OP9 and likewise E;'f = CP9. Thus, it is clear

that the differentials on the first page are just the vertical and horizontal
differentials respectively:

EPS = CPa dv Esvg-"l _ opat! EIP = P dn ETEHL = optla
; : v, v,

This is because we took the totalization differential d, + dj but quotiented
the target of the dp, differential (and likewise for the F, case). Thus we take
vertical (resp. horizontal) cohomology to get to Ej:

EPY = HI(CP*,d,) = HI(CP*) B = HP(C%1,dy) = HL(C*).
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Now return to the definition of the Ej-page differential: we just used the
cocycle condition and took the total differential of the objects before tak-
ing the filtration quotients. This corresponds to simply viewing the horizontal
(resp. vertical) differentials as chain maps and looking at the induced map on
cohomology. Thus our E; differentials are

dp: HY(CP®) — HI(CPTY®)  dy: HY(C®) — HP(C*7T).

In particular, we have shown the following:

Theorem 1.1.4 Let C** be a bicomplex with values in A. There are two spec-
tral sequences (Ep, r,d,) and (Eyr,d,) as described above, which in particular
have Es-pages given by

Epy = Hy(H}(C)  Eyf = HI(H}(C)).

If for each n € Z, {(p,q) : p+ q = n,CP? #£ 0} is finite, then both spec-
tral sequences converge to HPT4(Tot C), where in the first case the associated
filtration is induced by Fy, and in the second it is induced by F,.

Remark 1.1.5 This data comes with some natural ‘edge maps’: for simplicity,
suppose we are in the circumstance where CP'? is a first-quadrant bicomplex.
Let us just consider the first spectral sequence. There are two edge maps

H"(Tot C) — HY(HM(C))  HpPHY(C) — H™(Tot C)

which either project a total cocycle to the (0, n) component, or include an (n, 0)
cocycle in the total cohomology. These natural maps factor through F., and
the filtration on cohomology. So, if some of these edge components survive till
F, then we already know how they are subquotients of the total cohomology.

Example 1.1.6 Suppose we're in the situation of Example 1.1.3. An object X
of Ais flat if X ® (—) is an exact functor. So, if B® is a complex which has no
cohomology (i.e. it is an exact sequence), then X ® B*® also has no cohomology.
Now suppose A® is a complex of flat objects; does the tensor product A ® B
also have no cohomology?

Let’s answer this under the additional assumption that A® and B® are bounded
above complexes. Form the bicomplex C*/ = A’ ® B’ as in Example 1.1.3,
and observe that our hypothesis ensures that the bicomplex is cut off at some
point along the x-axis and the y-axis, so this looks like a shifted third quadrant
spectral sequence. Thus by Thm. 1.1.4, we have a spectral sequence

P = HY(HY(C)) = HPY(A® B).

Note that HI(C')? = HI(AP®@B*,dp) = 0 because each AP is flat, so EY? = 0,
and thus H"(A ® B) is zero for all n € Z. Note that this simple fact would be
somewhat difficult to prove just using the definitions, but has a trivial proof
via spectral sequences.
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Remark 1.1.7 Let us note that Lemma 1.1.2 and Thm. 1.1.4 actually hold in
a slightly more general setting: namely, e.g. for the former, we don’t need the
filtration to be finite in cohomological degree, only bounded towards the right.
In other words, we should have the condition that for fixed n, FPC™ = 0 for
p > 0. In our bicomplex situation, this means that we assume CP""P = (
for p > 0 for the first sequence, or C"~ %7 = (0 for ¢ > 0 in the second one.
However, in this case, to get the convergence result, we need to assume that
countable direct sums are exact in the abelian category. In the examples we're
interested in this will always hold, because filtered colimits will be exact.

The subtlety is that at a given point (p, q) € Z?2, the sequence may not stabilize
anymore. However, the differentials leaving E?'9 are all going further down
and to the right along the p + ¢ + 1 diagonal, so eventually they are zero.
Thus, we do have a well-defined cocycle space ZP:?. To take the image of
the incoming differential, for large enough r we use the image BP9 in ZP:9,
assuming ZP4 = Z8:%. Then BR? = J, BP9, and EpS, = Z57/BE1.

In practice, we usually don’t need to worry about this because we hope that
the whole sequence degenerates quickly. For example, using this we can now
extend Example 1.1.6 to the case where A® is still a bounded above complex
of flat objects, but B® is an arbitrary acyclic complex.

Remark 1.1.8 Again let C*® be a bicomplex. Sometimes we care instead about
the product totalization, denoted Tot™(C),

Tot"(C)" == [] ¢»*
ptg=n
which is defined if A has countable products. The differential component
mapping to CP? for p+ ¢ =n + 1, is given by
(dz)p,qg = dn(Tp-1,9) + do(Tp,g—1),

which we can still write as dj, +d,. Then again d?> = 0 and this forms a complex.
We still want a spectral sequence in this case, so we can use the following trick:
observe that DP9 := C~P-~1? is a bicomplex in the opposite category A°P, and

AP
( Tot gov D'v')": @ C—P—41 — H cra,
p+g=n —p—q=—n

so (Toter D**)" = Tot'; (C**)~™, and the differentials coincide with what
we just wrote down. So, we have two spectral sequences with reversed indices
as before, and let us focus on the first one. The boundedness assumption from
the previous remark was that along all diagonals, we must eventually get zero
if we go far enough to the right. Thus the condition flips, and we obtain the
statement
EYY = HP(HY(C)) = HPT4(TotC)

assuming that for each n, CP""P = 0 for p < 0. If we do the second spectral
sequence, then the condition should be that C"~ %7 = 0 for ¢ < 0. We will
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see an example of this in use when defining the Hom complex. Since we used
the opposite category, in this case we have to assume that countable products
are exact. This will not always be true for the categories we care about, so we
should be careful.

1.1.2 Cones and homotopy

Let’s review some standard facts about cones. Again, fix A an abelian category,
and we generally work in either the category of cochain complexes Ch(A), or
its homotopy category K(A).

Let A be a chain complex. For i € Z, we define A[i] to be (A[i])" = A",
with daf; = (—1)"da. Note that e.g. A[1] is the shift of A to the left, not the
right. This defines a functor Ch(A) — Ch(srcA). It is clear that H™(A[i]) =
H*"(A), and in particular H°(A[i]) = H"(A).

Let f: A — B be a chain map. Then Cone(f) is the chain complex with

—da 0

Cone(f)i =A""eDB dCone(f) - ( f ds

) . Ai-‘rl @Bl N Ai-‘r?@Bi-‘rl
There is a canonical exact sequence

0 — B — Cone(f) — A[1] — 0 (1)

where the maps on the object level are the obvious ones: B* — A**! @ B? and
ATl @ BY — A1 50 this sequence is ‘termwise-split’, but not split globally
because of the extra f component in the differential of the cone. Considering
the corresponding long exact sequence, we obtain

- — H'(B) — H'(Cone(f)) — H™*'(A) & HFY(B) — - -,

where ¢ is the connecting map; it is easy to check in this case that § = f, is
the induced map, and thus we see that f is a quasi-isomorphism if and only if
Cone(f) is acyclic.

Many properties of maps are easily translated into properties of cones. The
following properties are important to define the derived category as a well-
behaved localization of the homotopy category of chain complexes. They will
also be used later to prove that the latter is a triangulated category.

Lemma 1.1.9 Let f: A — B be a chain map. Then there is a natural
homotopy equivalence

Cone(B = Cone(f)) =~ A[1],
where in fact A[l] is a deformation retract of Cone(f).

Proof (Sketch) Let us describe what the deformation retract is:

T . . .
Ai+1 (_f 1 0) Bi+1 @ (Az—i-l EB B’L) (0 1 O) AH_l.
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Then the composite written above is the identity on A[1], and the other com-
posite is a 3x3 matrix which is homotopy equivalent to the identity. O

As in the lemma, let 7: B — Cone(f) be the canonical map. Then we have a
commutative diagram:

A—— B —— Cone(f) Al —L B[

| H Ine H

B —— Cone(f) —— Cone(r) —— BJ[1]

This diagram will tell us that we can shift distinguished triangles in the homo-
topy category. More precisely, we will want to study triangle sequences of the
form A — B — Cone(f) — A[1], and if we ‘rotate’ such a triangle we get

B — Cone(f) — A[l] =, B[1].

The diagram above and the lemma show that this rotated triangle is isomorphic
to a triangle of the first form.

Lemma 1.1.10 Let f: A — B be a chain map, and consider the natural map
n: Cone(f)[—1] — A. Then Cone(n) is canonically homotopy equivalent to
B[1].

Proof Follows from Lemma 1.1.9 and the homotopy invariance of cones under
homotopy equivalences, which is standard. ([l

Next, we will prove a lemma which is explained by the next section:

Lemma 1.1.11 Suppose we have morphisms X Ly & Z, where f is a
quasi-isomorphism. Then we can extend this data to a commutative diagram

Iz
g'i gl
x Ly

in K(A) where f' is a quasi-isomorphism.

Proof (Sketch) Let 7:' Y — Cone(f) be the canonical map. By our previous
results, we have a diagram:

Cone(rg)[-1] —— Z —%» Cone(f) — Cone(rg)

bl

Cone(r)[—1] —— Y —— Cone(f) —— Cone(r)

H -

Y —— Cone(f) — X[1]
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Importantly, the two squares which involve a term that says he,~ only com-
mute up to homotopy, because in fact the truly commutative square is the one
where we replace them by their homotopy inverses. Also, Cone(rg) — Cone(7)
is the natural map, induced by commutativity of the middle upper square, and
this map makes the upper left square commute because we could have added
a downward arrow Z[1] — Y[1] on the right side of the diagram.

To conclude, we want to check that Cone(rg)[—1] — Z is a gis. Since f
is a qis, Cone(f) is acyclic. Then Lemma 1.1.10 tells us that the cone of
Cone(7g)[—1] — Z is homotopy equivalent to Cone(f), hence acyclic. O

Lemma 1.1.12 Let f,g: A — B be chain maps. Then there exists a
quasi-isomorphism q for which qf ~ qg if and only if there exists a
quasi-isomorphism q' for which fq' ~ gq'.

Proof We may assume g = 0. The point is that both conditions are equivalent
to f factoring through an acyclic complex. O

Lemma 1.1.13 Let f, g, h be composable morphisms for which fg and gh are
quasi-isomorphisms. Then g is a quasi-isomorphism.

Proof To check this we have to check it after applying H™ for all n, after which
fg and gh become isomorphisms. But this property is true for isomorphisms
in a category. O

1.1.3 Localizing classes

In this section we define localizations of categories in the case of the existence
of a localizing class. Let € be a category and S a subclass of morphisms. By
analogy with rings, S is multiplicative if it includes all identity morphisms,
and is closed under composition.

Recall the definition of the localization v: € — C[S™!], which is a category
C[S™!] equipped with a functor v such that for every category D, restriction
along v induces an equivalence of categories

4*: Fun(€[S™!], D) = Fun® (€, D),

where Fun® denotes the full subcategory of functors which send elements of S
to isomorphisms. Recall moreover that if we allow locally large categories, then
we can always construct this category with the same objects as €, so that ~ is
an identity-on-objects functor, and v* above is an isomorphism of categories,
not just an equivalence.

The following setup is one way to make localizations behave well (another is to
go directly to triangulated categories, and a third is to use model categories).

Definition 1.1.14 Let € be a category and S C Mor(C) a multiplicative sub-
class of morphisms. S is a localizing class if the following additional conditions
hold:
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(a) For every s € S and map f: X — Y, we can extend this data to a
commutative diagram

T----- > Z X —Y
x Loy Z T

so that in both cases, s’ € S as well.

(b) Given two parallel maps f,g: X — Y, there exists s € S for which
sf = sg iff there exists s’ € S for which fs’ = gs'.

The point of this definition is that we have a very explicit description of the
localization. Let S be a multiplicative subclass of morphisms; a roof diagram

from A to B is a pair of arrows of the form A < X 1, B for which s €S. We
temporarily denote this set Roofg(A, B), then there is a natural equivalence
relation on this set, where

(AL X - B)~ (A< X' — B)
iff there exists a commutative diagram of the form

A X+t vy

’o
L ’

B« X bty
for which t,t' € S.

Now suppose in addition that S is localizing. We are going to construct a
category C[S™!] with objects equal to those objects of €, and morphisms

HOme[S—l](A7 B) = ROOfs(A, B)/N

being equivalence classes of roof diagrams with respect to S. The identity

maps A — A will be represented by the roof diagrams A L AL A The
composition of two roof diagrams is defined by the following diagram:

Z

. - N
s$3 ~
- N

- N
- N

N TN

In particular, we use the first axiom of a localizing class to choose an element
s3 € S and Z — Y as in the diagram, and then our composite is the outer
perimeter of the triangle.
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Lemma 1.1.15 Let S be a localizing class of morphisms in C. The compo-
sition law defined above is well-defined on equivalence classes of roofs and
independent of any choices. With this composition, C[S™1] is a well-defined
category, possibly locally large.

Remark 1.1.16 In general, note that if € was small then the localization is
small. Thus we will ignore all set-theoretic technicalities by subtly referring to
Grothendieck universes.

Given this construction, there is a natural map v: € — C[S™!], which is the
identity on the objects, and on morphisms we send A — B to the roof diagram

A < A — B. Under this map, note that everything in S becomes invertible.
If s € S, the corresponding map A LA B, and we claim the inverse is
BE AL A Indeed, we can take as our composite roof:

A

- N
- N

] 1
1 4 4 1
A B A

The same thing works in the other direction. More generally, if we are given

any roof of the form A <& X ER B, we can always write it as the following
composite:

XL/le\/‘X
SN N

1

In particular, this is equal to y(f) o v(s) ™" as we just showed.

Lemma 1.1.17 Keep the notation above. Then:

(a) Every morphism of C[S™1] is of the form v(f)ovy(s)~! for some morphism
fandse S.

(b) ~ exhibits C[S™1] as the categorical localization of € with respect to the
class S.

Proof We just proved (a). We also showed that 7 sends elements of S to
isomorphisms. To verify the universal property, let F': € — D be a functor
which sends S to isomorphisms. An extension along « is clearly unique by (a),
and moreover, defining F(y(f) o y(s)™!) = F(f) o F(s)™! is (we claim) well-
defined. Checking this comes down to using the equivalence relation on roof
diagrams, and this gives the result. O

Now let us study the basic properties of the roofs more closely. Once again,
we will fix v to be our localization functor. First, if a map g = v(f)7y(s)™*
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is represented by the roof consisting of s and f, then by the first axiom of
localizing classes we can write s’ f = f’s for some s’ € S, which implies that

g =) =) ).

So, any element can also be represented as a fraction with the denominator
coming first as well.

Second, suppose f, g are parallel arrows in C, we want to know when ~(f) =
v(g) holds. According to the roof diagrams, this happens iff there is a

commutative diagram

X5 Ay

U

A1 A B

\_/’
I

with s, s’ € S. Thus s = s’, and so this happens iff gs = fs for some element s,
which happens iff s'g = s’ f for some element s’ € S, by Axiom 2 of a localizing
class.

Third, given morphisms f,g in C[S™!], we can always write them as a roof
with the same denominator, i.e. we can write them in the form

f=v@v(s)™" g=~b)y(s)"!

for a single s (and similarly the other way too). To see this, first write f =
v(a)y(s1)~t and g = v(b)y(s2) ™!, and then by axiom 1 we may write s153 =
sor for some sz, 7. Let s := s1s83. Then

f=(a)v(ss)y(s3) " v(s1) " = (ass)v(s) ™,

and likewise g = v(br)y(s)~!. More generally, we can do this simultaneously
for n elements: in the induction step, we’ll have

fi=v(a)v(s)™"  fa=~0)y()

for i < n — 1, then we do the same trick as in the n = 2 case to obtain the
desired representation.

Lemma 1.1.18 Keep the same notation as above. The following are equiva-
lent:

i. S satisfies the 2-out-of-6 property, namely if f, g, h are composable in C,
then
fg,ghe S = geS.

it. If g is in C and v(g) is an isomorphism, then f € S.

If any of these conditions hold, we say S is saturated. In this case, the
isomorphisms in C[S™| are exactly the elements of the form v(s)y(s") L.

Proof If (i) holds, then it also satisfies 2-out-of-3, because we can take f or h to
be the identity. If g has an inverse of the form ~y(h)y(s)™!, then y(fh) = v(s),
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so fhs' = ss’ € S, hence by 2-0f-3 we have gh € S. Likewise, it has a left
inverse of the form ~(s2)~1v(f), so fg € S as well. Thus g € S.

If (d7) holds, then v(f)v(g) and v(g)y(h) are isomorphisms, so y(g) is both a
split epi and split mono, thus an isomorphism. Hence g € S.

Lastly, if e.g. the second holds, then consider a morphism f = v(g)y(s)™*

which is an isomorphism. Thus 7(g) is an isomorphism, so g € S. O

Lemma 1.1.19 Let C be an additive category and S a localizing class. Then
C[S™1] is an additive category, and the localization functor y: € — C[S™1] is
an additive functor. Addition of morphisms is uniquely specified by the rule

F(H)(s) T (g ()T = (f +gh(s)!
for parallel morphisms f and g in C.

Proof We already know that the specification is unique, because any parallel
arrows in C[S7!] can be written in the form on the LHS. The only thing
remaining to check, in light of the above remarks, is that this is well-defined.
This follows (e.g. one step at a time) from the equivalence relations on roofs.

O

We will very quickly state some final results about localizing subcategories.

Remark 1.1.20 Via opposites (and the symmetry in the definition), it is clear
that everything said here is equivalent if we use ‘right roofs’ instead of left
roofs. So, e.g., morphisms in €[S™!] can be represented as equivalence classes
of diagrams

AL xep
where s € S, where we define things similarly as in the previous case.

Proposition 1.1.21 Let S be a localizing class in C and suppose B C A is a
full subcategory. Suppose S N B is a localizing class in B, and that one of the
following conditions holds:

(a) For any s: X' — X with s € S and X in B, there exists f: X" — X'
with X" in B such that sf € S; or

(b) The same as (a) but with arrows reversed.
Then, writing Ss = S N'B, the canonical map B[S3'] — C[S™Y] is a fully
faithful embedding.

1.2 The Derived Category

Let A be an abelian category, and as usual we denote by K(A) the homotopy
category of chain complexes of A. We will from now also write

K*(4) K (A4) KA
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for the full (additive) subcategories of bounded below, bounded above, and
bounded complexes, respectively. Note that for chain maps inside one of these
categories, taking the cone lands us back inside the same category. Therefore,
Lemma 1.1.11 and Lemma 1.1.12 tell us that the class of quasi-isomorphisms
in K(A) forms a localizing class of morphisms, and from the above remark it
is also clear that the same is true for the three categories written above.

Definition 1.2.1 The additive categories D(A), DT(A), D~ (A), and D°(A)
are all defined as the localizations of the respective homotopy categories with
respect to the quasi-isomorphisms. Any of these is called the derived category
of A. We always consider these categories with their natural functor from K(A)
or Ch(A), or a subcategory of one of these.

Using Prop. 1.1.21, we identify the latter three categories as full subcategories
of D(A). Lemma 1.1.13 with Lemma 1.1.18 shows that the quasi-isomorphisms
form a saturated class in all four of the categories. Thus a map is a quasi-
isomorphism iff it becomes an isomorphism in the derived category.

For the sake of time, we will very briefly state some important results regarding

the homotopy categories and derived categories (to be filled in later).

1.2.1 The triangulated structure

In any of the categories D*(A) or K*(A), a triangle will be a sequence of maps
A— B—C— A[l].

A morphism of triangles is a commutative diagram

A B C All

RS e

A — B — ' — A'[]]

A standard triangle is one of the form

AL B — Cone(f) — A[1],

and a distinguished (or exact) triangle is one isomorphic to a standard triangle.

Lemma 1.2.2 A short exact sequence 0 — A — B — C — 0 of com-
plexes induces a distinguished triangle in D*(A). More precisely, there is a
commutative diagram

A —5 B — Cone(i)

I !

A—B——C

where Cone(i) — C' is a quasi-isomorphism.
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Proof The map Cone(i)" = A"t @ B™ — C™ is given by projecting to the B
factor and applying B — C. This is surjective, and the kernel is termwise of
the form A" @ A™, so we get an exact sequence

0 — Cone(14) — Cone(i) — C — 0.

Since Cone(14) is acyclic the map is a quasi-isomorphism. |

Lemma 1.2.3 Let A © B — Cone(f) — A[l] be a standard triangle in
K*(A). Then the rotations

B — Cone(f) — A[1] =5 B[]

and
Cone(f)[-1] - A — B — Cone(f)
are both distinguished in K*(A). In particular, the same is true in D*(A).

Proof We have already discussed this via a deformation retract. O

Lemma 1.2.4 Every distinguished triangle in D*(A) comes from an exact
sequence in the sense of Lemma 1.2.2.

Proof Every distinguished triangle is isomorphic to a standard triangle, but
it’s also isomorphic to the rotation of some standard triangle. Indeed, if A —
B — C — AJl] is distinguished, then by the above lemma so is C[-1] — A —
B — (C, and thus this is isomorphic to a standard triangle.

In particular, they are all isomorphic to a triangle of the form B — Cone(f) —

All] iy [1], and we know that this comes from the short exact sequence
0 — B — Cone(f) — A[1l] =0
in Ch(A). O

As a special case of this, we see that every distinguished triangle in D*(A)
induces a long exact sequence in cohomology. We will now partially axiomatize
the above results and revisit this more carefully.

Let C be a category equipped with an autoequivalence T: ¢ — €. For sim-
plicity, we will assume T is actually an automorphism. Just as above, we can
define triangles in € to be sequences of the form A — B — C — T(A), and
likewise morphisms.

Definition 1.2.5 A triangulated category is an additive category € equipped
with an additive automorphism T and a class of triangles called distinguished
or exact triangles satisfying the following properties:

(TR1) (a) For Ain €, A -2 A — 0 — T(A) is distinguished.
(b) Any triangle isomorphic to a distinguished triangle is distinguished.
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(¢) Any morphism f: A — B can be completed to a distinguished
triangle A - B — C — T[1].

(TR2) A triangle A - B % C % T(A) is distinguished iff its rotation

B %o ) 1,

T(B)
is distinguished.
(TR3) Given two distinguished triangles as in the diagram below
B C T(A)

A
[ A L)

A — B — ¢ — T(A)

with f and g given, we can find an h making the diagram commute.

(TR4) The octahedral axiom, which we will skip.

One often calls a pre-triangulated category a category satisfying all axioms
except (TR4), and in fact we will mostly just be dealing with pre-triangulated
categories when we discuss basic properties.

Proposition 1.2.6 Let C be a triangulated category.
(a) The composite of any two morphisms in a distinguished triangle is zero.

(b) For any distinguished triangle A — B — C — T(A), we have long ezxact
sequences

= C(X,T"(4) — (X, T(B)) — (X, T"(C)) — (X, T""(4)) —
and likewise in the contravariant direction for any object X in C.

(c) Given a diagram as in (TR3), if f and g are isomorphisms, then h is an
isomorphism.

(d) The distinguished triangle of (TR1) is unique up to a non-canonical
isomorphism.

(e) If in a morphism of triangles, any two of the first three maps are
isomorphisms, the third is an isomorphism.

Proof (a) By rotation, consider A — B — C — T(A) and we show that
A — B — (C'is zero. The axioms imply that we must be able to complete the
diagram below,

AL A—0— T(4)

I

AL B0 — T4

but then A — B — C factors through 0.
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(b) By rotation, we just have to check that if A — B — C — T(A4) is
distinguished, then

Hom(X, A) — Hom(X, B) — Hom(X, C)

is exact in the middle. By (a) the composite is zero. If a: X — B satisfies
X — B — C =0, then consider the diagram of rotated triangles

X —0—TX) — T(X)

o] i l

B— C — T(A) — T(B)
where our assumption means that the first square commutes. Then we win by
using +h[—1].

(¢) By functoriality of T' and the LES of (a), we obtain a diagram of LES’s
and the 5-lemma shows that for every X, Hom(X, h) is an isomorphism. Thus
h is an isomorphism.

(d) It’s unique because if we had two such C' or C’, we can use (TR3) to get
a map between them with maps on A and B being identities, and thus we're
done by (c).

(e) Consider a morphism of triangles:

A B C TA
lf lg lh le
AA— B — O — TA
We have just explained the case when f and g are isomorphisms. If f and h

are isos or g and h are isos, then rotate once to the right or once to the left
respectively to get into that case. (Il

Let € be triangulated and A be abelian. An additive functor F': ¢ — A is
cohomological if for any distinguished triangle A — B — C — T(A) the
induced sequence

F(A) — F(B) — F(C)
is exact in A. Given a distinguished triangle, we can always extend it to a
sequence

= T(A) = TY(B) = T(C) — T (A) = T(B) — -+

9

where any subset of four terms is a distinguished triangle. Thus, a cohomolog-
ical functor induces a long exact sequence in A. For example, we have shown
that Hom(X, —) into abelian groups is cohomological for any X, and so is
Hom(—, X) if we view it as a functor € — Ab°P.

Here are two related notions:

Definition 1.2.7 Let G, €’ be triangulated categories, and A be an abelian
category.
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(a) An ezact or triangulated functor F': € — € is an additive functor F
together with a natural isomorphism

p:FolT T oF
such that whenever A — B — C — T'(A) is distinguished, the induced
triangle
F(A) = F(B) — F(C) = (F(T(A)) & T'(F(A)))
is distinguished.

(b) A morphism of triangulated functors is a natural transformation which
commutes with the natural isomorphisms p above.

(¢) A é-functor G: A — € is an additive functor which assigns to each short

exact sequence
0-A—-B—-C—0
amap §: G(C') — G(A)[1] satistying the following properties:

i. GA— GB — GC % GA[1] is a distinguished triangle.

ii. § is natural with respect to morphisms of exact sequences.

Lemma 1.2.8 Let F': € — @ be a triangulated functor which is also an
equivalence of categories. Then F' is a triangulated equivalence.

Proof After unwinding the definitions, and even making the simplifying
assumption that F' commutes with the translation functor, the main thing to
prove is that if

FAXL, FB . FO - T'(FA) = F(T(A))

is distinguished in €', then A — B — C' — TA was already distinguished.

Indeed, to see this choose a distinguished triangle A EIy Ty BN TA, and
apply F to it; we are going to get a diagram:

S FB — FC — F(TA)

FA |
T
FA — FB — FD — T'F(A)

Since both rows are distinguished we obtain a map FC — F D, which by the
previous proposition is an isomorphism. By full faithfulness, this is of the form
Fi: FC — FD for an isomorphism i: C = D, s0o A - B — C — T A was
isomorphic to a distinguished triangle already. (I

The definition of a d-functor is made so that for every cohomological functor
€ — D, the composite A — € — D is a d-functor of abelian categories. We
will discuss some general properties of such functors later.
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Our main examples of triangulated categories are the homotopy categories
K*(A) and their localizations D*(A). Once we know that they are triangulated,
it will be obvious that the localization map K*(A) — D*(A) is a triangulated
functor.

It will also be obvious that H®: D*(A) — A is a cohomological functor: we may
show the property on the middle portion of the sequence A — B — Cone(f) —
A[1], and then we are done because we know that H°(B) — H°(Cone(f)) —
HC(A[1]) is part of a long exact sequence in cohomology. This gives another
proof of the fact that any distinguished triangle gives a long exact sequence in
cohomology.

Third, it will be clear that Ch*(A) — D*(A) is a d-functor. Indeed, we have
proven in Lemma 1.2.2 that for each SES 0 — A — B — C' — 0, we have a
corresponding exact triangle

AL B Cone(i) — A[1]

induced because of the quasi-isomorphism ¢;: Cone(i) — C. Therefore, A —
B — C — AJl] is an exact triangle in the derived category, and the map ¢ is
the natural map corresponding to Cone(i) — A[1]. This is called the univer-
sal d-functor (not to be confused with universal §-functors between abelian
categories).

Theorem 1.2.9 Let A be an abelian category. The homotopy categories
K*(A) are all triangulated categories with the shift functor [1] and the
distinguished triangles as defined.

Proof (TR1) The cone C(14) is homotopy equivalent to 0, so the standard
triangle A — A — C(14) — A[1] is isomorphic to the triangle A - A — 0 —
A[1]. (b) is obvious, and we have (c) by taking C' = Cone(A — B).

(TR2) We already proved that both rotations of cones are cones up to
homotopy equivalence.

(TR3) By replacing with a homotopy equivalent diagram, we may assume that
C = Cone(A — B), etc. Then h = f[1] @ g and we are done.

(TR4) As usual, we skip the octahedral axiom. O

Let us now state a general means for constructing localizations in the presence
of a triangulated structure on a category. We will say a localizing class on a
triangulated category is compatible with the triangulation if s € S iff T(s) € S
for all s, and if in TR3, when both f,g € S, we can take h € S as well.

Proposition 1.2.10 Let C be a triangulated category, and S a localizing
class of morphisms which is compatible with the triangulation. The localization
C[S~Y] admits a natural triangulated structure making

e — C[S™Y
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a triangulated functor. A triangle in C[S™!] is distinguished if and only if it is
isomorphic to the image of a distinguished triangle in C.

Proof Everything is easy to check using roofs with the exception of (TR4),
which we skip as usual. O

Corollary 1.2.11 Let A be an abelian category. The derived categories D*(A)
are triangulated categories with the shift functor [1] and exact triangles as
defined previously. Moreover, the localization functors

K*(A) — D*(A)
are all triangulated functors. The functors

Ch*(A) — D*(A)
are d-functors, and a triangle in D*(A) is exact iff it is isomorphic to the
image of an ezact sequence in Ch*(A).

Proof We just have to check the hypotheses of the previous theorem for quasi-
isomorphisms. Clearly, a map is a qis iff its shifts are gis’s, and for the (TR3)
property, we have said that we can take f[1]® g to be the third map. If f and
g are qis, then this map is also a qis. We have already explained the second
statement. ]

Any general lemmas about the basic structure of the derived category will be
added here.

Lemma 1.2.12 Let A be an abelian category and f: X — 'Y a morphism in
D*(A). Let Q: K*(A) — D*(A) denote the localization functor. The following
are equivalent:

(a) f is an isomorphism.

(b) f=Q(s)oQ(t)~! for s and t quasi-isomorphisms.
(c) f=Q(s)"toQ(t) for s and t quasi-isomorphisms.
(d) H(f) is an isomorphism in A for all i € Z.

Proof We already know that (a) = (b) because of isomorphisms in a saturated
localization, Lemma 1.1.18. If (c) holds then clearly it is an isomorphism, and
conversely if (b) holds, we can choose a diagram

A=25Y
al i
X -"s B

by Axiom 1 of a localizing class, with ¢ a quasi-isomorphism. Then by 2-out-
of-3 r is a quasi-isomorphism, and we get (c). Finally, if (d) holds, then write
f in the form f = Q(b) o Q(s)™!, so that f o Q(s) = Q(b). Applying H?, this
implies b is a quasi-isomorphism, so we’re in the case of (b). O
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1.2.2 Derived functors

We are now going to define derived functors on the derived categories of an
abelian category A. We will at first not do this using injective/projective res-
olutions, and instead define adapted classes directly. In the next section, we
will explain what assuming the existence of enough injectives (or projectives)
buys us.

Let A be an abelian category, and let F': A — B be an additive functor.
What we say now will depend on a specific parity, so by convention our chosen
‘parity’ is left exact functor, right derived functor, etc., and the other case is
delegated to parentheses.

Definition 1.2.13 Let F: A — B be a left (resp. right) exact functor of
abelian categories. A subclass R C ObA of objects is adapted to F' if the
following properties hold:

(a) R is closed under finite direct sums (meaning it includes 0).

(b) For each acyclic complex C* in Ch™(R) (resp. Ch™ (R)), the complex
F(C*) in Ch™(B) (resp. Ch™ (B)) is acyclic.

(¢) € has enough objects in R, or R is large enough, meaning every object of
C admits a monomorphism into (resp. an epimorphism from) an object
of R.

If R only satisfies conditions (a) and (c), then it is called preadapted,
independent of the functor F.

The main theorem which will allow us to define derived functors is the
following:

Theorem 1.2.14 Let R be a preadapted class of objects of A. Then Sgr, the
class of quasi-isomorphisms between complexes with terms in R, is a localizing
class, and the canonical functor

K*(R)[Sz'] — D*(A)

is an equivalence of categories. Moreover, K™ (R) is a triangulated subcategory
of KT (A), Sg is compatible with the triangulation, and the equivalence above
s an equivalence of triangulated categories.

Proof We do the case that everything has a monomorphism into R. Sz is a
localizing class, because to prove that qis’s were a localizing class in the homo-
topy category we constructed it out of shifts and cones of some maps given. If
those maps lie in K™ (R), then since R is closed under finite direct sums the
cones (and shifts) are also in the same category. Thus Sg is a localizing class
in KT(R).

Claim For any complex A in K*(A) there exists a qis A — R where R is in
KT (R).
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Once we have shown the claim, to check that this canonical functor is fully
faithful, we apply Prop. 1.1.21(b), so we need to show that if s: X — X' is
a gis with X in R, then we can find f: X’ — X" such that fsis a qgis in R.
Indeed, just take f to be a quasi-isomorphism in the claim where R is in R.

Next, to check that this is essentially surjective, the claim says that every
object in DT (A) is isomorphic to an object in K*(R). This means it’s an
equivalence. For the statements about the triangulated structure, note that we
have said K™(R) is closed under shifts, cones (and contains 0 by definition).
This is all we needed to establish the triangulated structure on the homotopy
category. To prove that Sg is compatible, we already said it is closed under
shifts, and the other condition is one on maps, not on objects.

It is clear from this that the natural map is an exact functor of triangulated
categories, and hence it is a triangulated equivalence. Thus we have reduced
to proving the claim. This will be deduced from the following lemma. O

Lemma 1.2.15 Let A be an abelian category, and R a class of objects of A
such that every object of A admits a monomorphism into an object of R. Then
for each A® in Ch™(A), there exists R® in Ch™(R) and a quasi-isomorphism
A® — R*®, which we may take to be a monomorphism. Moreover, if A* =0 for
i < k, then we may assume that R* =0 for i < k.

Proof Assume A® = 0 for i < 0, choose a mono f?: A — RY and take a
pushout as in the following diagram:

1
00— A0 %4 g1 — g1
L A A
0—0— R - P— R!

The bottom composite R — R! is what we define as dOR. Since pushouts of
monics are monic in an abelian category, A’ — P is monic, and thus so are
f% and f'. Now if we’ve constructed the ith step of R already, we do a similar
thing:

A 9y 4 0y ot T g — g
J/fi—l lfz' Fl ‘a J/fi#»l
) ) . r Y )
Ri=1 28y Ri Ty cok(dip!) - Py R
Namely, construct the same pushout, except first pass to the cokernels. This

ensures d2 = 0 because we factor through the cokernel of d*—'. Moreover, we
have the relation dyq = d’y. Then define d'ﬁ = cbp. This construction defines

a map f: A* — R*®. Observe also that if f? is monic, then a is monic, so
fi*! = ca is monic.

We have to show that f is a quasi-isomorphism and that all the f? are monos.
To do this, in the diagram above we are going to show that H'(f) is an
epimorphism, and then that the map cokd, — cok d}é induced by fi*! is
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monic, which will imply that its restriction to the subobjects H*(A) — H!(R)
is monic as well. As explained in the construction this will keep each f* monic.

For the former, let [z] € H!(R) so cbp(x) = 0, so bp(x) = 0, meaning that the
image of (p(z),0) in P is 0. Thus we can find g such that (p(z),0) = (f7,d,)7,

where we may assume J = q(y). Thus (p(z),0) = (f'(3), dy(s)), 50 4] €
H'(A), and = — fi(y) € kerp = imd% ', ie. [z] = [fi(y)].

To show that the induced map fi+! on cokernels is monic, we want to show
that if z € A" maps to the image of d’, then it is in the image of d’y. So
suppose ca(z) = cbp(z), i.e. a(z) = bp(z), then the element (p(y), —x) maps

to zero in P, so is of the form (F, —d!,)z, where we may assume z = ¢(z).
Thus —d'(z) = —x, as desired. O

Here’s another statement about preadapted classes which is sometimes useful.

Lemma 1.2.16 Let R be a (right) preadapted class in A. Let X € K(A)
satisfy the property that

Homg 4y (X, R) =0
for every acyclic R in KT (R). Then the natural map

HOHIK(A) <X7 B) — HOIHD(A)(X, B)

is an isomorphism for all B € KT(R).

Proof Let q¢: B — B’ be a quasi-isomorphism in K™ (R). Then B — B’ —
Cone(q) — BJ[1] is an exact triangle in K(A), so applying the cohomological
functor Homg (4)(X, —) and noting that Cone(q) is acyclic, we deduce that

g+ : Homg4)(X, B) — Homg ) (X, B')

is an isomorphism. Now consider the natural map in the lemma statement:
represent a map X — B by a right roof X — A «— B with B — A a quasi-
isomorphism. By considering A — 7>,,A for m > 0, we may assume A is
bounded below. Choosing a quasi-isomorphism A — B’ with B’ in KT (R), we
may assume we have a roof

X—-B<B
for ¢ a quasi-isomorphism in K™ (R). By the above remark, there’s a unique
map X — B in K(A) making the diagram commute.

Conversely, if a map X — B in K(A) is sent to zero in D(A), we can repeat the
argument above to get a qis ¢: B — B’ in K*(R) such that X — B — B’ = 0.
By the above remark, X — B is zero in the homotopy category. ]

Now we can come to the definition and construction of derived functors in the
presence of an adapted class. As usual, we state the left exact case, where the
other one follows just as well.
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Definition 1.2.17 Let F': A — B be a left-exact functor of abelian categories,
and denote the standard localization functors by

Qa: K*(A) = D" (A)  Qs: K'(B) — DT (B).

A (total) right derived functor of F is a triangulated left Kan extension of
Qs o KT (F) along Q4. More precisely, it is a triangulated functor

RF: DY(A) — DT (B)

equipped with a natural transformation ¢: Qg o KT (F) — RF o0 Q4 with the
universal property that for every triangulated functor G: Dt (A) — D™ (B)
and map 7: Qg o K (F) — G o Q4, there is a unique map n: RF — G such
that

Qg o K+ (F)

s
€

RFoQu 2%y GoQa
commutes.

In particular, the derived functor, if it exists, is unique up to canonical
isomorphism commuting with the natural transformation.

Ezample 1.2.18 The universal property is made exactly so that natural trans-
formations induce natural maps of our derived functors. More specifically,
suppose F, G: A — B are functors for which (RF, ) and (RG, e¢) are derived
functors. Suppose we have a map u: F' — G. Then this induces a natural map
u: KT(F) — K*(G), so by the universal property there is a unique natural
map 1: RF — RG such that

Qs oK' (F) - Qs oK' (G)

Ler |eo

RFoQu —1— RGoQu
commutes. More concretely, for every A® in K*(A), the diagram

F(A®*) —— G(A4*)

l |

RF(A®*) -5 RG(A®)

commutes. Usually, this is the best way to define maps out of/into derived
functors, and in particular out of/into their cohomology.

‘We now show the main theorem of this section, that the derived functor exists
(and how to construct it) in the presence of an adapted class.

Theorem 1.2.19 Let F': A — B be a left exact functor of abelian categories,
and R an F-adapted class of objects of A. Then the derived functor RF exists
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with the following construction: For any choice ® of inverse to the canonical
equivalence of Thm. 1.2.14, define RF' by the diagram:

K*(R) — K*(R)[S'] « D*(fl)

K*m l ‘RF

K*(B) —22 D*(B)

Then there is a canonical construction of € making (RF,€) the right derived
functor of F, which satisfies the property that for each R® in KT(R), the
component

F(R®*) = RF(R®)
is an isomorphism in DT (B).

To prove this theorem, let us make a few observations. Firstly, it is clear
from the definition that for any additive functor F', we have F(Cone(f)) =
Cone(F f) (where we are implicitly using F' for the functor on Ch*(A) and
K*(A) as well). Therefore, since F' preserves acyclics between objects of R, it
preserves quasi-isomorphisms between objects of R. Hence it extends along the
localization K (R) — K1 (R)[Sz'], justifying the left triangle in the diagram
above. Note that this extension is triangulated because F' preserves cones, so
if A— B — Cone(f) — A[1] is distinguished then

FA — FB — F(Cone f) = Cone(F f) — FAIl]

is distinguished. Then Thm. 1.2.14 shows that ¥: D¥(A) — K*(R)[Sz"], so
we can choose a homotopy inverse ®. With this choice, the diagram above
indeed makes sense and we get a well-defined functor RF between the derived
categories. By the above, RF is triangulated because ¥ is a triangulated
equivalence (so ® is one too0).

Now we construct the natural map e. By definition, there is a natural
isomorphism

ﬁ: IdD+(A) - \I/Oq),
so for any A in K'(A), viewed as an object of D" (A), we have an iso-
morphism B4: A = U(®(A)), where ®(A) = Y is some object of K™(R).
On objects, ¥(Y) = Y. Thus we may write 84 = Qa(s)"*Qua(t) for some
quasi-isomorphisms s, ¢, in a commutative diagram

Qﬁ(tl \
QA(S) 1

By taking a quasi-isomorphism X — R for some R in K™ (R) and composing,
we may assume that X is in KT(R). Now define €4 to be

-1
F(A) Qs (F(t)) F(X) Qsz(s)

F(Y) = RF(A),
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viewed inside DT (B), where the second map is defined because s was a qis
between objects of KT(R), so F(s) is a qis. First of all, note immediately
that if A was in KT(R), the left map would also be a quasi-isomorphism so
QsF(A) == RFQ4(A) would be an isomorphism in D (B). Second, we claim
that this map is independent of the choice of middle object X in KT (R).

This is clear, because for any two X; and X5 middle objects over R we can
complete this to a commutative diagram of the form:

X,
2o,

Here X may not be over R, but once we apply F', s; and so become invertible,
so commutativity of the diagram gives the desired statement. It is not difficult
from this to check naturality of . Finally, checking the universal property of
the left Kan extension is also a standard roof argument, where at each step we
can assume our right-roofs have middle term in R. This completes the sketch
of Thm. 1.2.19.

Example 1.2.20 Suppose we are in the situation of Thm. 1.2.19, and A is a
complex for which A® = 0 for i < k. Then H'(RF(A)) = 0 for i < k. Indeed,
by Lemma 1.2.15, we can choose our resolution R® to have no terms below
degree k, and then the cohomology of F(R®) will have the same property.

Ezample 1.2.21 Suppose A and B are complexes. Since Ch*(A) — D*((A)) is
additive, A @ B can refer unambiguously to the termwise direct sum complex.
Since H' is an additive functor (e.g. on complexes or the derived category),
we have H'(A) ® HY(B) = H'(A @ B). Since the derived functors are (in
particular) additive, RF(A @ B) = RF(A) @ RF(B).

In the rest of this section, we discuss what happens when we want to compute
a composition of two derived functors. This is the first place where the derived
category makes something significantly easier than classical derived functors.

Theorem 1.2.22 Consider two left exact functors between abelian categories
AL s S e

Let R 4 be a class adapted to F', and Ry a class adapted to G. If F(Ra4) C R,
then the three derived functors RF, RG, and R(GoF') all exist on the (bounded
below) derived categories, and the natural map

R(GoF) = RGoRF

is a natural isomorphism.
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Proof RF and RG exist by Thm. 1.2.19. Note that R4 is adapted to G o F,
since if A € KT(R4) is acyclic, then F(A) is acyclic and in KT (Rp), so GF(A)
is acyclic. Thus R(G o F') exists; note RG o RF' is exact and the natural maps
eq(B): G(B) — RG(B) and ep(A): F(A) — RF(A) in the derived category
give a composite

ea(FA) RG(er(A))
—_— —_—

w(A) = GF(A)
Hence there is a map R(G o F)) — RG o RF such that

RG(FA) RG(RF(A)).

(GoF)A —— RG(FA)

l |

R(G o F)A —--- RG(RF(A))

commutes in D (C) for each A® in K*(A). If we take A to be in KT(R 1), then
the left map is an isomorphism, and FA — RF(A) is an isomorphism so the
right one is too, and FA is in K (R3) so the top map is an isomorphism too.
Now we are done since every object is isomorphic to one of this form. O

So, in practice, we now have a good idea of how to compute derived functors
in these situations: pick a quasi-isomorphism A® — R® where R® has terms in
our adapted class, and then RF(A) =~ RF(R) = F(R). Finally, let us discuss
the trivial case of the above.

Lemma 1.2.23 Suppose F': A — B is an exact functor of abelian categories.
The class of all objects of A is adapted to F', and the right/left derived functors
of F both exist and coincide with the restrictions of the natural induced functor

F: D(A) — D(B).

Proof This natural functor exists because F' sends acyclic complexes to acyclic
complexes, and hence preserves quasi-isomorphisms. Thus we clearly get a
triangulated functor as above on the full derived category. Now if we restrict
e.g. to DV (A), it is clear that ¢ is an isomorphism of F' and RF because it is
an isomorphism on all objects, since indeed the class of all objects is adapted
by definition. O

1.2.3 Basic objects of the derived category

Here are some useful things to work with the derived category D*(A) of an
abelian category A. First, we have some standard filtrations associated to any
complex A®: The stupid filtrations are o>, A and o<, A, which are given by
truncating the complex.

. 0 1<n . 0 i1<n
RA) = . nA) = ) ,
(02n4) {Al 1>n (0<nd) {A’ 1<n
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and the differentials are the obvious ones. There are some obvious properties,
namely there is an inclusion o>, C — C, and

0 1<n
H'(o5nA) = { kerd® i=n.
Hi(A) i>n

For the upper filtration we likewise have a quotient map C — o<, C and a
similar statement as above. Finally, the main property is that we have an exact
sequence

0— 05p41C — 05,C — C"*[-n] =0
of complexes.

The smart or canonical filtration is 7>,C, defined as follows:

- —0— 0 — cok(d"™!) 2 ot I o2

The differential is well-defined because of d?> = 0 in the original complex, and
now the nth cohomology is

ker d"/ cok(d" ') = kerd" /im (d" 1) = H™(C),

with the natural map C' — 7>,C identifying cohomology > n. There is a
natural map 7>,C — T>p,41C because the diagram

0 — cokdr—! -4 gn+l __, on+2

l L

0 — = cokdr &5 on+2

commutes. This map is surjective, and the kernel is clearly
0[n — 1] — cokd™ '[n] — imd"[n + 1] — 0.
The nontrivial differential is surjective, so the H"*! of this complex is zero,
and H™ = H"(C). Thus the kernel is quasi-isomorphic to H"(C)[—n], and
hence there is a distinguished triangle
H"(C)[-n] = m75n,C = T5p41C — H"(C)[—n + 1]
in the derived category. Likewise, the upper filtration 7<,,C is given by

O 250 S kerd” - 0—0— -

so we have a natural inclusion 7<,C — C preserving cohomology in degrees
< n, and a similar distinguished triangle

T<n-1C = 7<,C = H"(C)[-n] = 7<,—1C[1]
in D*(A).

Ezample 1.2.24 If RF: DY (A) — DT(B) is a right derived functor in the
presence of an adapted class, Example 1.2.20 showed that if A has no terms
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below degree k, then RF(A) has no cohomology below degree k. Now we can
weaken the assumption to A having no cohomology in degree less than k.
Indeed in this case, A — 7> A is a quasi-isomorphism, and Example 1.2.20
applies to this latter complex.

We next would like to discuss complexes concentrated at 0 (called O0-
complexes), and complexes whose cohomology is concentrated in degree 0,
called H°-complexes. Obviously, A — Ch*(A) sending A — A[0] is a fully
faithful embedding. Composing this with Ch*(A) — K*(A) remains a fully
faithful embedding, because a homotopy between 0-complexes must be 0.

On the other hand, suppose A® is an H°-complex. Then A — 75¢C is a quasi-
isomorphism, and then 7<o7>¢0C — 7>0C is a quasi-isomorphism, so A is
isomorphic in the derived category to a complex concentrated in degree zero,
namely HY(A)[0].

Lemma 1.2.25 The natural map A — D*(A) defined by A — A[0] is a
fully faithful embedding, giving an equivalence to the full subcategory of H°-
complexes of D*(A).

Proof Consider the cohomology functor H°: D*(A) — A, and restrict to the
HO-complexes. The composite A — D*(A) — A is the identity, so our functor
is at least faithful. It is also essentially surjective because of the remark made
above.

Now let a: A[0] — BJ0] be a map in the derived category, and write it as a
roof A0] < X % B[0] in the homotopy category. Then X is an H°-complex,
so by precomposing our roof with the natural inclusion 7<(X — X (which is
a quasi-isomorphism here), we may assume X has no positive degree terms.

The quasi-isomorphism X — 750X = H%(X)[0] sends X" to 0 for i # 0, and
X0 — cokd™! = HY(X). On the other hand, since B[0] is concentrated in 0,
the map X — BJ0] satisfies u’d~! = 0, namely u° factors through the cokernel
H°(X). Thus u factors through X — H°(X)[0] and likewise for s, so we have
an equivalent roof

A[0] < HO(X)[0] = BJ0].
Since the left map is a quasi-isomorphism, it must be an isomorphism of

complexes, so we have found the representative u’ o s’ ~! as a chain map for
A[0] — BJ0]. This shows full faithfulness. O

Here is an application. If A and B are objects of A, we define
Ext}y(4, B) = Homp. () (A0} BIi]) i €Z

(as an abelian group), where this is independent of % because the respective
embeddings are fully faithful. Since the shift functors [k] are additive equiva-
lences of categories, it is also isomorphic to look at Homp-(4)(A[k], B[i + k])
instead of 0.
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Lemma 1.2.26 Let A be an abelian category and A, B be objects of A. Then
(a) Extly (A, B) =0 for all i < 0.
(b) ExtY (A, B) = Homu (A, B) = A(A, B).

(¢) Given a short exact sequence 0 — B’ — B — B"” — 0 in A, there is a
long ezact sequence

0— A(A,B) — A(A,B) — A(A,B") — Ext4 (A, B") — - -
of abelian groups.

(d) Given a short exact sequence 0 — A" — A — A" — 0 in A, there is a
long ezact sequence

-+ Exth (A", B) « A(A’,B) « A(A,B) «— A(A",B) — 0
of abelian groups.

Proof We already proved (b) above, and (c¢) and (d) follow from (a) and the
fact that Homs in either variable are a cohomological functor to abelian groups
in any triangulated category. For (a), represent a map A[0] — B[—i] by a roof

Al0] £ x L B[]

with s a quasi-isomorphism. Since 7<cX — X is a quasi-isomorphism, we may
assume X has no positive terms. But B[—i] is concentrated in degree ¢ > 0,
hence f =0, so A[0] — B[—i] is zero in D*(A). O

From the lemma, it is obvious that if Exth (P,B) = 0 for every B in A, then
Hom 4 (P, —) is exact, so P is projective. Likewise, if ExtY (A, 1) = 0 for all A,
then I is injective. We will in greater depth explore the converse in the next
section. These are especially nice functors on the derived category, because
they exist even independently of injective or projective resolutions.

Here are some elementary observations we can make in the case of Ext. The
proofs will also illustrate general techniques for working with roofs. A main
idea will be the following remark: Suppose we have an exact sequence

0—-P'1—-P' 5 A4-0

and amap P~! — B. Then we can extend this to a diagram of exact sequences

00— Pt —P"—A4-—0

Lood

by simply taking B’ to be the pushout (since the pushout of monos in an
abelian category is a mono), where the bottom row is still exact by the pasting
lemma (paste the square with 0, so B’/B = P°/P~! = A). Thus, if we have
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an exact sequence 0 — P~% — ... — PY - A — 0 and a map P~! — B, we
can do the same thing: First split this up into short exact sequences

0P pitl o7l L 0— CF — prtl L okt

ending with 0 — C~! — P% — A — 0. Then fill in each sequence, compose the
squares together, and recombine the exact sequence to obtain a commutative
diagram

00— P ¢ — ... —P" —5A-—0

l Lo
0 B B’ A—0
with exact rows. Now the result:

Lemma 1.2.27 Let A, B be objects of an abelian category A. Morphisms
in the derived category from A[0] to Bli], i.e. elements of Ext'y (A, B), are
equivalence classes of roofs of the form

Alo] £ P — BJi]
where P s concentrated in the _interval [—4,0] and q is a quasi-isomorphism,
with P~ = A and the map P™" — A is the identity.

Proof If a map is represented by a roof A[0] «— @ — BJi], then we may
immediately precompose the roof with the map 7>0@Q — @ (which is a gis since
Q is an H° complex), so we may assume @ is concentrated in (—oo, 0]. Now we
want to factor this roof through the quasi-isomorphism @ — 7>_;Q; the map
@ — A[0] obviously factors through 7>_;Q because A is zero in degree < 0.

For BJi], we are considering a diagram:

Qi1 a7} Q- d’ Q-+

| ls |
B

0 0

The fact that fd=*~! = 0 means exactly that f factors through the cokernel
of this differential, which is how we defined 7>_;@). This gives an equivalent
roof where the middle term is concentrated in [—¢,0].

Equivalently, we may view this as an exact sequence 0 — P~% — ... PO — A
equipped with a map P~% — B, and now by the remark above we can choose
another complex @) concentrated in [—i, 0] with @ — A[0] a quasi-isomorphism,
Q% = B, and a quasi-isomorphism P — @ so that the diagram

P
LN
Al0] +— @ — B

commutes. This shows what we wanted. O
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This lemma shows that elements of Extil (A, B) are roof equivalence classes of
exact sequences,

0—>B=P Pl ... P 5 A0

Let us examine what the equivalence relation is: Two roofs A[0] «— P —
B[—i] and A[0] <« @Q — B[—i] of this form are equivalent iff there are quasi-
isomorphisms ¢g: R — P and r: R — @ making the diagrams

RO _r° QO R-i " Q-
AR
PO 5 A pi B

commute. By the standard trick we may assume R is concentrated in negative
degrees, which as before implies R® — A is an epimorphism. This looks like a
big commutative diagram below, the middle resolution row R is exact, as are
the other two rows. Moreover, the two maps R~* — B on either side are the
same.

Q7 — .. — Q" —A4-—0

Given such a diagram, commutativity means that we may replace R~% with
cok R~*"! — R~ and the lower R terms with zero without changing the dia-
gram. Thus we can also assume R* = 0 for & < —i. Finally, we can use
the same trick from earlier: pushout the map R~% — B along the sequence
0— R — R~ — C — 0. This will give a diagram like this:

00— R"— R — C—0

| : H

-

0 — B --—----- >y X —— C — 0

Now replace R~* — R™*! with B — X, which leaves the middle row exact
and the maps still factor through as desired.

Corollary 1.2.28 Let A be an abelian category with objects A, B. Then ele-
ments of Ext’y (A, B) correspond canonically to equivalence classes of acyclic
complezes P € Chl="Y(A) such that P~* = B and P* = A, as follows:

(a) P,Q are equivalent iff there are morphisms P < R — Q with R also in
Ext’ (A, B).
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(b) Given such an acyclic complex P, and considering the associated quasi-
isomorphism o<oP — A, its Ext class is the one corresponding under

Ext®(A, A) < Homp (A, 0<oP) — Ext'(A, B),

to the identity map, where the second map is Hom(A, —) applied to the
projection o<oP — Bli].

Proof We already proved (a). Note that the arrows in (b) are obtained by
applying Homp4)(A, =) to A[0] <= o<oP — Bl[i], which is exactly the roof
that corresponds to the sequence P. Applying Hom and taking the element
corresponding to 1 recovers the map associated to this roof. (Il

Notice that this puts a natural abelian group structure on the equivalence
classes of exact sequences from B to A. To construct the addition in the general
case is a bit annoying, but we can at least write down the zero element by
copying the proofs above. Namely, we should start with A[0] < A[0] % B [4],
and then pushout repeatedly.

So, if © > 1, then the zero sequence looks like
0-BLBY%0—...50-A45 40
However, if 4 = 1 then we get
0-B—B®dA—A—-0,

the canonical split exact sequence. Moreover, in the Ext! case, note that two
short exact sequences induce the same element of Ext! iff they both connect
to another complex R as in:

00— B—P —A—0

Il

00— B—R—A—0

But by the five lemma, the existence of such a diagram already gives an iso-
morphism P - R, and hence an isomorphism of exact sequences. Thus Ext!
classifies short exact sequences up to isomorphism, with the zero element being
the split sequence. A nice thing in the Ext! case which follows immediately
from (b) of the above corollary is the fact that the extension class of an exact
sequence 0 - B — C — A — 0 is the image of 1¢ under the map

Hom (4, A) % Ext!y (A, B)

in the long exact sequence. In this case, we can describe the addition more
clearly. Recall that in an additive category, to add two morphisms f,g: X —
Y, we use the following recipe:

X2 xexyey Ly
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For addition of extensions of A by B, we do a similar thing. First take the sum
of the two sequences as in the bottom of the diagram:

0 —— B R Q A 0
I ! H
0 —B®B —— P -—---—--- yA——0

00— BB —FOF — A A —0

Then pushout upwards along the addition map V. We claim the resulting
sequence at the top is the sum of E and F. Indeed, this data induces a
commutative diagram:

Hom(A, A) —— Ext'(A, B)
| T
Hom(A, A) —— Ext'(A, B® B)
1 |
Hom(A,A® A) — Ext'(A, B B)

Since Hom and Ext! preserve sums in the second variable, the images of (1,0)
and (0, 1) in the bottom right Ext! respectively are [F] and [F], and the left-
lower vertical map sends 1 +— (1,1). Therefore the upper horizontal map sends
1+ [E] + [F] as desired.

Ezample 1.2.29 (This is misplaced.) Let R be a right preadapted class in A.
Let us prove two easy related statements.

1. If every object of A has a bounded resolution in R, then every complex
in Chb(.A) has a bounded right resolution in R. If every object of A has
R-resolution of length d, then every complex in Chl®”(A) has a right
resolution in Chl***4(R).

Let A* € K™ (A) be bounded, so that A* = 0 for 4 > N, and take a resolution
A — X where X € KT(R). The map AN — X~ composed with d¥ factors
through AN+ = 0, so it factors as AN — kerd¥ — X™. In particular, A — X
factors as A — <y X — X.

Since X can only have cohomology in degrees < N, the second map is a quasi-
isomorphism, so the first one is too. 7< X has all but its last term ker d)l\([ in
R. Take an exact sequence

0—kerdy = Y% —... -Y% 0
with Y’ € R, and then form the new complex
Y::("'—>XN_2—>XN_1—>YOHY1—)"')
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where the middle differential is XV =1 — kerd — Y. Then Y has top degree
N +d, and the obvious map 7<y — Y is a quasi-isomorphism because Y is
exact in [N 4 1,d 4+ N] and has Nth cohomology ker dy /imd¥ ', as desired.

Here’s a less direct statement on the level of cohomology. Now we’ll assume
that R is a right adapted class for a left exact functor F': A — B. If A is an
object of A, its RF-dimension is the largest i for which RF(A) # 0 (or o).
If A® is in Ch"(A), then the RF-amplitude of A is the interval [a, b] in which
RF(A) has nonzero cohomology.

2. If every object of A has finite RF-dimension, then every complex in
Chb(A) has bounded RF-amplitude. If every object of A has RF-
dimension < d, then every complex in Chle?! (A) has RF-amplitude inside
[a, b+ d].

To see this, let A be a bounded complex, and consider the triangle
T<n—14 = T<nA — H"(A)[-n] — T 1 A[1]

in the derived category of A. Applying the triangulated functor RF to this,
we deduce that if 7<,_1A had cohomology concentrated in [a,by + d], and
H"(A)[0] has no cohomology after degree d, then 7<,A is concentrated in
[a,bo + 1 + d]. Thus we conclude by induction.
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1.3 Homological algebra revisited
1.3.1 Basic notions

We now have quite a big toolkit to do homological algebra, and yet we have
gotten no real results. Now we come to this. Let A be an abelian category, and
suppose we have a short exact sequence

0—-—A—B—-C—0

of chain complexes. If F': A — B is a left exact functor with an adapted class
R, then RF exists and is triangulated on the derived categories. In particular
if A, B, C are bounded below, then A — B — C — A[1] is an exact triangle, so
RF(A) — RF(B) — RF(C) — RF(A)[1] is an exact triangle. In particular,
there is a long exact sequence in cohomology:

-+ — H'(RF(A)) — H'(RF(B)) — H'(RF(C)) — H'"(RF(A)) — -+

Likewise, if F' was left exact, and A, B, C were bounded above, then the left
derived functor LF': D~ (A) — D~ (B) exists and we have an exact triangle

LF(A) — LF(B) — LF(C) — LE(A)[1]

in D~ (B), producing a similar long exact sequence in cohomology. In practice,
we usually care most about objects of A themselves, and not chain complexes.
In the situation above, we define the classical right derived functors by

RF =A< D*(A) B p(s) 25 3.

So,if 0 - A — B — C — 0 is an exact sequence of objects in A, then we get
a long exact sequence

O—>F(A)—>F(B)—>F(C)—>R1F(A)—>R1F(B)—>'~

of right-derived functors, natural in the exact sequence. The first few terms of
this are justified by the following lemma.

Lemma 1.3.1 In the situation above, R'F = 0 for i < 0, and there is a
natural isomorphism F - RVF.

Proof For Ain A, e.g. from Lemma 1.2.15 we have a quasi-isomorphism A[0] —
X* with X =0 for i < 0 and X in R for all i. We have the commutative
diagram on the left below,

F(A)[0] — RF(A[0]) F(A) —— ROF(A)
! I | |
F(X) —— RF(X) HY(F(X)) —=» H°(RF(X))

and on the right is what we get by applying HY. First, if we apply H® for i < 0,
then HY(F(X)) = 0 because F(X?%) = 0 for i < 0. The natural map F — R'F
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is the top of the right-hand square. Since F' is left exact, the map
F(A) — HY(F(X)) = ker(F(d%)) = F(ker(d%))

is given by applying F' to the isomorphism A — ker(d%) (since A — X is a
quasi-isomorphism), so is an isomorphism. O

Let F: A — B be a left exact functor, and suppose its right derived func-
tor RF: DT(A) — DV(B) exists. We say an object A of A is F-acyclic if
RIF(A) =0 for all i # 0. F-acyclics behave nicely in long exact sequences:

Lemma 1.3.2 Let F': A — B be a left exact functor and R an F-adapted
class so that RF' exists.

(a) If0 = A — B — C — 0 is an exact sequence of objects of A and A is
F-acyclic, then B is F-acyclic iff C is.

(b) Given a (bounded below) long exact sequence
0—- A" - A - A% — ...
of F-acyclic objects, the corresponding sequence
0— F(AY) - F(A') - F(A?) — ---
is exact as well.

The corresponding statements for right exact functors hold as well.

Proof (a) The LES gives an exact sequence 0 — R‘F(B) — R'F(C) — 0 for
i>0.

(b) Break up the sequence into short exact sequences:

0— A" — At -t —o, 0—-C' 5 AT 0t S0 4> 1.
Since R'F(A%) = 0, F preserves the first exact sequence. Moreover, since
A% Al are F -acyclic, (a) shows that C* is F-acyclic. But inductively, if C? is
F-acyclic, then C**! is too by the second SES and (a). Thus applying F to

all of the exact sequences above we get exact sequences, and then we can put
them back together. |

Next we prove a powerful result about F-acyclics. The first proof is by trickery,
so we provide another direct proof afterwards. We’ll give a third proof in a
special case once we construct Cartan-Eilenberg resolutions.

Theorem 1.3.3 Let F': A — B be a left exact functor and R an F-adapted
class, so that its right derived functor RF: DY (A) — DV (B) exists. For each
complex X*® of F-acyclic objects, the natural map

F(X) — RF(X)  in D*(B)
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is an isomorphism. In fact, if R is the class of all F-acyclic objects, then R is
the unique largest class of objects adapted to F', and it is closed under taking
summands, quotients (of F-acyclics by F-acyclics), and extensions.

Proof 1 The second statement, particularly that R is an adapted class, implies
the first immediately by uniqueness of the derived functor. R contains 0 and
is closed under biproducts. Part (b) of the lemma above was exactly the
statement that F' takes acyclic complexes in KT (R) to acyclic complexes.

Now, if R’ is any F-adapted class, then for C in R/, C[0] is in KT(R'), so
F(C)[0] = RF(CI0]) in the derived category, hence C is F-acyclic. Thus
R’ C R. In particular, R C R, so every object admits a mono to an object
in R. Lastly, the statement about quotients and extensions follows from the

previous lemma, and the statement about summands follows from the fact that
if A® B is acyclic, then 0 = R'F(A® B) = R'F(A)® R'F(B) for i > 0. O

In most cases, we will have either injective or projective resolutions of objects.
Here is the main set of lemmas telling us that they behave well. To make this
especially simple, we first define the Hom complex.

Given A® and B*® in Ch(A), we define the complex Hom 4 (A4, B) by
Hom'; (4, B) = | [ Hom (47, B*),
pEL
(a complex of abelian groups), where the differential is given by
df =dpf — (=1)'f o fa,

or more precisely (df )P = d o fP—(—1)! fP*1od". An element of Hom®(A, B)
is a sequence of maps fP: AP — BP for all p; if df = 0, then df = fd, i.e. f
is a chain map. An element of Hom ' (A4, B) is a sequence of degree -1 maps
hP: AP — BP~1 and if a chain map f is of the form dh, then f = df + fd, i.e.
f is nullhomotopic. In other words,

kerd’ = Homeya)(A,B)  imd ' ={f:A— B: f~0},
so H°(Hom(A, B)) = Homga)(A, B). One checks easily that
Hom(A, B)[n] = Hom(A, Bln]) = Hom(A[—n], B).

Now we construct a bicomplex C** whose product totalization is the Hom
complex. Define CP? :== Homy4 (AP, B?), and let

dy(¢9)=dpod  du(9) = (1) god "

Then in each direction we have d> = 0, and the vertical and horizontal
differentials anticommute. It is then clear from the definition that

Hom 4 (A, B) = Tot™(C).

Therefore we can apply our spectral sequence associated to a product totaliza-
tion. Recall that in this case (e.g. for the first sequence) CP"~P = ( for p < 0.
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This translates to asking for Hom(AP, B"*P) = 0 for p > 0, e.g. if A or B is
bounded above. For the second sequence, we get the condition Hom(A?~", B?)
for ¢ < 0, which is satisfied e.g. if A or B is bounded below. Here, we are using
the fact that arbitrary products are exact in the category of modules. Thus:

Lemma 1.3.4 Suppose A or B is a bounded above complex in Ch(A). Then
there is a spectral sequence

B} = HY (H!(Hom(A®, BY)) —> HY"9(Hom (A, B)).
If A or B is bounded below, then we have a spectral sequence

EP = Hf (Hj(Hom(A", BY))) = H""(Hom, (4, B)).

In both cases, the filtration on the resulting object is described by the
totalization above and Thm. 1.1.4.

Recall that an object I (resp. P) of A is called injective (resp. projective) if
Homy (—,I) (resp. Hom 4 (P, —)) is an exact functor.
Corollary 1.3.5 Let I°* be a bounded below complex of injective objects of A.
(a) If A® is an acyclic complex, then Hom 4 (A, T) is acyclic.
(b) If ¢: B — C is a quasi-isomorphism, then
HomK(A) (Ca I) - HomK(A) (B7 I)
is an isomorphism of abelian groups.

(¢) Any quasi-isomorphism q: I — A has a one-sided homotopy inverse, i.e.
a quasi-isomorphism r: A — I such that rq ~ 17. In particular, a quasi-
isomorphism between bounded-below complexes of injective objects is a
homotopy equivalence.

(d) The natural map
Homg (4)(A, I) — Hompa)(4,I)
is an isomorphism of abelian groups for any A in D(A).
The corresponding statements hold for a bounded-above complex of projectives.
Proof If A® is acyclic, then since I"™ is injective for each n, the sequence
-+ Hom(A"™1, I") « Hom(A*, I") « Hom (A" I") « ...

is exact for all n € Z. Thus H}!(Hom(A*,1™)) = 0 for all n, so by the spectral
sequence of Lemma 1.3.4, Hom(A,T) is acyclic. Since cones commute with
functors, this means that for any quasi-isomorphism B — C, the map

Hom(C,I) — Hom(B,I)



42 Derived categories in AG

is a quasi-isomorphism. Taking H? gives the statement of (b). For (c), we have
an isomorphism of abelian groups

—oq: Homg ) (A, I) = Homga)(1, 1),

so there is a map r: A — [ such that rq ~ 1;. Since ¢ and 1; are quasi-
isomorphisms, r is as well. So, ¢ is a split monomorphism in K(A) and r is a
split epimorphism. In the case that A = I’ is also a bounded below complex of
injectives, r satisfies the same hypotheses and hence is a split monomorphism
itself. Thus r is a homotopy equivalence, so ¢ is too.

For the last result, any map A — [ is represented by a right roof
A-XET

for some quasi-isomorphism ¢. By (c), there is a one-sided homotopy inverse
r: X — I, so we get an equivalent roof (commutative in K(A)):

A—s X L0

\\\\ Tl /
g 17
I

Then the map A — I on the bottom right is equal to the one we started with,
and induced from K(A). Similarly, if a: A — I becomes zero in D(A), then
there’s a quasi-isomorphism ¢: I — X such that the composite 4 = T L X
is 0. Then rq ~ 17 shows that a ~ 0. (Il

The above result will be central to the rest of these notes. Let us start to
deduce some consequences. If A is an object of A, then an injective resolution
is a quasi-isomorphism A[0] — I where I is a complex of injectives with I* = 0
for i < 0. Likewise a projective resolution is one of the form P — A[0] with
Pt =0 for i > 0.

Proposition 1.3.6 Let A be an abelian category. Let A, B € ObA.
(a) An object I is injective iff ExtYy (—, ) = 0 iff Ext’y (—,I) = 0 for alli > 0.

(b) An object P is projective iff ExtYy (P,—) = 0 iff Extly(P,—) = 0 for all
1> 0.
(c) If B[0] — I® is an injective resolution, then there is a natural isomor-
phism
Exty (A, B) =~ H'(Homy (A, I*))
in A. Likewise, if P* — A is a projective resolution, then there is a
natural isomorphism

H'(Homy (P*, B)) = Ext’y (A, B)
mn B.
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Proof The injective and projective statements are dual, so we prove the injec-
tive versions. If I is injective, then I[i] is a bounded below complex of injectives,
SO

Homp-(4)(A[0], I]i]) = Homg ) (A[0], I[i]) =0,
since for ¢ > 0 every chain map A[0] — I[i] is zero.

(¢) If B — I*® is a qgis, then we have isomorphisms
Homp ) (A[0], Bli]) -~ Homp4)(A[0], I]i])
= Homg ) (A[0], I[i])
~ H'(Hom 4 (A[0], 1)),

but since A[0] is a 0-complex, we have Hom'(A[0], 1) = Hom(A, I*) and the
differentials coincide as well. O

Ezample 1.3.7 Tt is not too difficult to show that elements of Ext!(C, A) are
in natural correspondence with extensions of C' by A. Regardless, if 0 — A —
B — C' — 0 is such an extension, then we define the extension class to be the
image of 1¢ in ExtY (C, A) under the induced map:

- — Homy (C, B) — Homu (C,C) % Extl (C, A) —

Note that the extension splits iff the extension class is zero, because the latter
condition is (by exactness) equivalent to the existence of a section of B — C.
So, e.g., I is injective iff every SES with I as the first term splits.

Ezample 1.3.8 Consider the exact sequence 0 — Z 2,7 - Z/2 — 0 over Z.
This is a projective resolution of Z/2, so to compute Ext*(Z/2,Z) we apply

Hom(—,Z)to0 — Z 2,7 — 0to get the same thing back, and the cohomology
of this is

Ext®(Z/2,Z) =0  Ext'(Z/2,Z)=7/2  Ext'(Z/2,Z)=0,i> 0.

Since the sequence above was not split, its extension class was the unique
nonzero element of Ext'(Z/2,7).

Continuing in our development of the theory, we consider the role of injec-
tives/projectives for computing derived functors.

Proposition 1.3.9 Let F: A — B be a left exact functor between abelian
categories. Let R be an F-adapted class, so that RF' exists.

(a) Injective objects of A are F-acyclic.

(b) If I* is a bounded-below complex of injective objects, then the natural map
F(I) — RF(I) in DT (B) is an isomorphism. In particular, if A® — I®

~

is an injective resolution, then canonically RF(A) = F(I).
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In general, the class Ta of injective objects is adapted to any left exact functor
F if (and only if ) A has enough injectives. The corresponding statements hold
for projectives.

Proof (b) immediately follows from (a). For the statement about adapted
classes, consider an exact sequence

019 51t ...
(bounded below) of injectives, and break it up into short exact sequences
0-I"-1"—>Cct—o0 0—C"— [Tt - ¢t .

Applying Ext?(A, —) to the first sequence shows that Ext’(—, C1), i.e. C! is
injective. Doing it to the second sequence shows that C**! is injective if C? is.
Hence by induction, all of the sequences split, so they’re all preserved by F,
and we can recombine. Thus if A has enough injectives Z, is F-adapted for
any F'.

For (a), embed an injective 0 — I — X — Y — 0 for X in R. Then the
sequence splits, so I is a direct summand of X, which is F-acyclic, so I is F-
acyclic. Il

Remark 1.53.10 Let A have enough injectives. Then Z4 is a preadapted class,
so in the composite

K*(Za) — K*(Za)[S7,] — D (A)

the second map is an equivalence. But the first map is also an equivalence,
because all quasi-isomorphisms between bounded above complexes of injectives
are homotopy equivalences. Because of this, much of the work of the previous
(and this) section would be a lot easier if we made this assumption, but we
went to all this trouble because in algebraic geometry one doesn’t have enough
projectives.

FEzample 1.3.11 Let A be a semisimple abelian category, which means that
every exact sequence splits, so equivalently every object is projective, or equiv-
alently every object is injective. Thus K*(A) =~ D% (A) is an equivalence,
and likewise K™ (A) = D~ ((A)). For a complex C*, let H*(C) denote the
complex:
= H'7HC) S H(C) S HYHC) — -

By choosing splittings H'(C) @ imd'~! = kerd’, including into the kernel
gives a map H®*(C) — C*® which is a quasi-isomorphism. Thus every object
in the derived category is isomorphic to a complex with zero differentials. In
the bounded above or bounded below case, we know this must be a homo-
topy equivalence. By definition, for such a complex a nullhomotopic map is
necessarily zero, so this gives an equivalence K¥(A) = DT (A) with Z-graded
bounded above complexes, and likewise in the bounded below case.
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If we look more closely we can get this for the full derived category. The map
H*(C) — C constructed above is a termwise injection, with some acyclic
kernel A as in

0—-H*(C)—»C—A—0.
If we additionally split 0 — kerd® — C? — imd’ — 0, we get isomorphisms

C'=H'(C)®imd ' @imd = H(C) ® A,

where A is the exact sequence imd*~' @ imd’ — imd’ @ imd**! — --- that
is the identity on the common factor and zero otherwise. Thus A is precisely
the cone of the complex

. i1 0 . ;0 . ;
o imdT S imd S imd T — -

Since the sequence is termwise split, there is an exact triangle H(C) — C —

A — H(C)[1] already in K(A) with A =2 0, so H(C) — C is a homotopy
equivalence. (The termwise split detail will be explained later.)

The point of this example is that we will often end up with an object of D(k),
i.e. the derived category of k-vector spaces, and this tells us that two such
objects are isomorphic iff they have isomorphic cohomology.

1.3.2 Classical derived functors

Let us briefly revisit the classical theory of derived functors using our new
language. In the last section, we defined Ext without any reference to derived
functors, so let us explain the connection now.

In the previous section, Cor. 1.3.5(a) showed that if I* € K¥(Z4), then there
is a well-defined functor

mﬂ(_a‘[): D(‘A)Op - D(Z)a

where D(Z) = D(ADb). Likewise, if P was a bounded above complex of projec-
tives, then Hom(P, —) was well-defined on D(A). If I — I’ is a chain map, then
we get a corresponding natural transformation Hom 4(—, 1) — Hom 4 (—, )
on complexes, and thus as functors on the derived category above. Such a
transformation is independent of the homotopy class of I — I’, because
the hom complex is already well-defined on the homotopy categories. So this
construction gives a functor

Hom ,: D(A)°? x KT(Z4) — D(Z)

Thus, if A has enough injectives, then by choosing an inverse DV(A) —
KT (Z4) we get a functor

RHomy : D(A)° x D (A) — D(Z).
The choice of an inverse gives, for each B € K™ (A), a natural map

Hom ,(—, B) — RHom4(—, B)
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of functors, and hence a natural map Hom , (A, B) — RHomy (4, B) in D(Z)
for all A € D(A)°P and B € D" (A). By definition, it is an isomorphism if B
is a bounded-below complex of injectives.

Likewise, if there are enough projectives in A then we get another well-defined
functor
RHomy: D™ (A)°? x D(A) — D(Z)

with the same name. Note that we haven’t really done anything complicated
here: to compute RHom(A, B), say if the right entry is bounded above, take
an injective resolution B — I, then RHom(A, B) = Hom(A,I), the Hom-
complex. The ‘overlapping’ case works as follows: we will stick to the case
where we are assuming enough injectives, however.

RHom(A, B) — RHom(A, I) = Hom(A, I)

L ks .
RHom(P, B) — RHom(P,I) == Hom(P,I)

IR

=

Hom(P, B) —— Hom(P, 1)

In the diagram, since we’re taking the injective definition, our definition for
RHom(A, B) is to first take an injective resolution B — I and compute the
Hom complex. Now if P — A is any quasi-isomorphism, then the manipu-
lations on the right side are valid. If P — A is a bounded above projective
resolution (e.g. even if A is unbounded in both directions), then the bottom
steps are valid. This shows that as long as we replace one of the entries, we
can compute using whatever resolution we want.

Retain the assumption of enough injectives. As we have already seen, taking
cohomology of RHom computes maps in the derived category:
H'(RHom(A, B)) = Homg ) (4, Ii])
= Hompa)(A, Ii])
= Homp4)(A4, Bli])
(for possibly unbounded A, and bounded below B). Likewise, if we have enough

projectives, the same thing works via the first variable for bounded above A
and possibly unbounded B.

Proposition 1.3.12 Suppose A has enough injectives. For any object A of
A, the functor

RHom(A, —): DT (A) — D' (Z)
is canonically the right derived functor of Hom(A,—): A — Ab. Its classical
right derived functors agree with Ext:

H'oRHom(A, —) = R'Hom(A, —) = Exty (4, —).

Likewise, a similar statement holds if A has enough projectives.
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Proof Since A has enough injectives, the supposed right derived functor is
well-defined. The natural map Hom(A, —) — RHom(A, —) is an isomorphism
on bounded above complexes of injectives, and we claim the same is true
for RHom(A, —) — Hom(A, —). Indeed, putting in a complex I of injectives
we obtain Hom(A[0],I) = Hom(A, I*) as desired. The second statement is a
consequence of the fact that we showed Ext? could be computed by an injective
resolution in the second variable. ]

The tensor product is a bit more intuitive. The fundamental lemma we need
is something we proved a long time ago:

Lemma 1.3.13 Let A be endowed with a compatible monoidal structure, and
let P be a bounded above complex of flat objects. Assume that taking countable
direct sums in A is exact. Then P® A =2 A ® P is acyclic for any acyclic
complex A.

Proof This was Example 1.1.6. O

Since the tensor product complex commutes with cones (check this), the func-
tor P ® (—) preserves quasi-isomorphisms if P is a bounded above complex of
flats. In particular, for each such P we get functors

P®(—),(-)®P: D(A) — D(A)

on the full derived category. Now assume R denotes the class of flat objects,
and assume A has enough flat objects so that R is a preadapted class. Then
we have a triangulated equivalence

K™ (R)[Sz'] = D™ (A).

The functor K™ (R)xD(A) — D(A) (and the flipped one) satisfies the property
that for P a bounded above acyclic complex of flats, and B € D~ (A), P® B
is acyclic. Indeed, take a quasi-isomorphism @ — B with @ € K™ (R), then
P ®@Q — P ® B is a quasi-isomorphism, but P is acyclic so P ® @ is acyclic.
It follows that we get a functor:

(=)@ (=): D™(A) x D™(A) — D~ (A).
Let us further assume that tensoring with a fixed object is right exact (e.g.

our category is closed monoidal). Then we have:

Lemma 1.3.14 Keep the notation and assumptions as above. For X,Y, Z in
D= (A):

(a) We have natural isomorphisms X @Y =Y @b X.

(b) We have natural isomorphisms (X @t Y) @l Z =2 X @ (Y ot 2).

(c) If A is an object of A, then the functor A QY (—): D=(A) — D~ (A) is
the left derived functor of A® (—): A — A, a functor for which R is an
adapted class. The same holds the other way around.
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Proof (a) If P* — X* is a flat resolution, then
Xe'Y=2PeYy=YeP=Ya"X.
For (b), let P — X and Q — Z be flat resolutions, then by functoriality
Xyl ze(PelY)etZx (PatY) et Q.

The latter expression is equal to (P®Y)® @ which is P® (Y ® @), and then
we are done by the same argument backwards.

For (c), note that indeed R is an adapted class: a special case of what we have
said above is that tensoring with A sends bounded above acyclic complexes of
flats to acyclics. O

In light of this, we denote the higher left derived functors by
TOTZI(A’_) :LZ(A®_) TOI%(—,B) :Ll(_®B)7
both of which coincide with H*(A @ B).

Lemma 1.3.15 In the situation above, for all A, B in A:
(a) Tor'y (A, B) =0 fori >0, and Tor"(A,B) = A® B
(b) Tor'y(A, B) = Tor'y (B, A) for all A, B.

(¢c) An object A is flat iff Tor'y(A,—) = Tory(—,A) = 0 for i < 0, (iff
Tor,' (A, —) = 0). Consequently, any projective object is flat.

Proof (a) is because Tor’s are the classical left derived functors of a functor,
and (b) is a direct consequence of Lemma 1.3.14(a). For (c), if Tor™ ! is zero
then tensoring with A is exact by the LES. Conversely, an object of the adapted
class for F' is always F-acyclic. O

Example 1.3.16 Suppose 0 — A — B — C' — 0 is an exact sequence in A and
C is flat. For any X in A,

0 = Tor' (X, C) — Tor'(X, A) — Tor’(X, B) — Tor'(X,C) =0

is exact, so the natural map Tor’(—, A) — Tor’(—, B) is an isomorphism for
all © < 0. Therefore B is flat iff C' is flat.

Moreover, for any such X, the first part of this sequence is
0=Tor Y(X,0) = X®A—-X®B—-X®C 0,

so tensoring any object with the sequence is exact if C' is flat. Note that we
are using the symmetry of Tor in a crucial way here.

Remark 1.3.17 If we didn’t yet know that projectives were flat, but we had
enough projectives, then we note that projectives are automatically an adapted
class for A ® (—) for all A in A, so we could still define the derived functors
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Tor*(A, —) and say Tor*(—, A)". But, it’s not true that projectives would have
to be flat, and thus it’s not true that these two functors would coincide.

Ezample 1.3.18 Let’s compute Z/m®YZ/n in the derived category D~ (Z). We
can pick one of them to resolve, but for fun let’s resolve both simultaneously
and take the tensor product complex:

Z/m@ " Zn=(0—-2"7Z—0)®(0—2Z"7Z—0)

(m  —n)T m)

72

=(0-7% Z —0),

where the rightmost Z has degree 0. If m,n # 0 and d = ged(m, n), then the
cohomology of this complex is

Tor’(Z/m, Z/n) = Tor™ " (Z/m,Z/n) = Z/d Tor~“(Z/m,Z/n) = 0, > 2.

Example 1.3.19 Let k be a field, consider the ring A = kle]/(€?), and view
k = A/(e) as an A-module. Consider the sequence

~-—>Ai>Ai>A—>A/(e):k—>0.

The kernel of the last map is (€), which is the image of the previous map. But
e: A — A has a kernel: €(a + be) = ae, so its kernel is (¢). Thus this repeats
and we get an infinite free resolution as above. Therefore,

ke"k=k@[ - —AS5AS A0
[ =2k LE—0)],
because € acts by zero on k. Thus k @ k = @, k[i] has cohomology in
every degree < 0. As we will discuss, we have just computed the derived self-

intersection of a point inside a double point. This also gives an example of a
module with infinite Tor-dimension, and hence infinite projective dimension.

Now let us study what we can say given two adjoint functors F': A — B : G
with F' 4 G. Given complexes A® and B*®, we have a natural isomorphism

Homg (F(AY), B"") =~ Homy (A%, G(B")),

and naturality in both components means that this commutes with the
differential. It follows that we get a (natural) isomorphism

Hom (F(A), B) = Homj (4, G(B))
of Hom complexes. If we take zero-cycles or H°, we obtain
Homey,(g)(F(A), B) = Homcy 4 (A, G(B))

and

Homy (3)(F(A), B) = Homk ) (4, G(B))
respectively, so we expect these adjunctions to pass to the derived category.
If we had been working with unbounded derived functors, this would be a lot
easier. In our setting, we will not be able to get this in full generality, because
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our derived functors aren’t even defined on the same categories. However,
if we assume e.g. that B has enough injectives, then we can say something
substantive.

Theorem 1.3.20 Let F': A = B: G be an adjunction between abelian cate-
gories A and B. Assume F has a (left) adapted class Rp and B has enough
injectives, so that the derived functors

LF: D (A)— D™ (B) RG: DT (B) — D1 (A)
both exist. Then for A € D~ (A) and B € D'(B) there is a natural
isomorphism
HOHID(-B) (L.F(z‘l)7 B) = HOHID(_A) (A, RG(B))
If A has either enough injectives or enough projectives, then there is a natural
isomorphism

RHomg (LF(A), B) = RHomy (A, RG(B))
in D(Z) for A€ D™ (A) and B € D' (B) as well.

Proof Let X — A be a qis with X € K™ (Rp) and B — I a qis with I a
bounded below complex of injectives. Then

HomD(ﬁ)(LF(A)a B) = HomD(ﬁ)(F(X)a I)
= HOII’IK(B)(F’(AX)7 I)
Note that if C is an acyclic complex in K™ (R ), then
because F'(C) is acyclic and I is K-injective. Hence by Lemma 1.2.16, we have
HOHIK(A)(X, G(I)) = HomD(A)(Xv G(I)) = HomD(A)(Av RG(B)),

so this proves the first statement. For the second one, note that we need
enough injectives or projectives in A simply to define RHom. Since LF' pre-
serves bounded above-ness and RG preserves bounded below-ness, the two
sides of the desired isomorphism are defined.

Almost all of the steps we did before still work:
RHomg (LF(A), B) = RHomg (F(X), I)

and we have the canonical map
Hom 4 (X,G(I)) — RHom4(X,G(I)) = RHomy4 (A, RG(B)).
Combining these gives a natural map

RHomg (LF(A), B) — RHom4 (A, RG(B))
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which we claim is an isomorphism. We can check this after applying H* for all
1 € Z, which gives the map

Homp(s)(LF(A), Bli]) — Hompa)(A, RG(B)[i]).

Since RG(B)[i] = RG(DBi]), it is easy to see that this recovers the isomorphism
proved in the first part. O

Remark 1.3.21 Here is an even easier case than the above where we can say
something much stronger. Suppose we have an adjunction F: A = B: G
as before but F is an exact functor and B has enough injectives. Then F
descends to D*(A) — D*(B), and in particular D*(A) — D*(B). Moreover,
G preserves injective objects because

Homy (—, G(I)) = Homy (F(—), 1)

is a composition of exact functors if I is injective in B. Moreover, if I* €
K*(Z3), we have F(RG(I*)) «+ FG(I*) — I* on the homotopy category with
the left map an isomorphism, and thus we obtain a natural map F(RG(B)) —
B natural in B € DT (B). Therefore this induces a natural map

HOIHD+(A)(A, RG(B)) — I‘IOIIID-#(A)(.FA7 F(RG(B))) — HOHID+(B)(FA, B)

on Homs in the derived category, which we claim is an isomorphism. Indeed to
check this we may assume B = I* € KT (Zg), and A = A® and then it follows
from

Hom p () (A%, G(I*)) = Homyes ) (A%, G(I°))
= Homg+ () (F'(A*%), I°)
= Homp+(g)(F(A*),1°),

since G(I*) is also a bounded below complex of injectives. Therefore in this
situation we get an actual adjunction F' 4 RG on the bounded below categories
induced by units and counits. Moreover, the units/counits also induce maps
between RHom, so it is clear by the same proof as above that we will have a
natural isomorphism

RHom.4 (A, RG(B)) > RHoms (F(A), B)

between RHom'’s.

To conclude this section, we are going to state an important result which holds
in the case of enough injectives, which is the existence of a Cartan-FEilenberg
resolution. From this we will deduce a very important spectral sequence which
relates the classical higher derived functors to the cohomology of the derived
functor applied to a complex. A special case of this will be the Grothendieck
spectral sequence. The existence theorem, whose proof is purely classical, will
be discussed in the next section.
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Definition 1.3.22 Let A be an abelian category and C*® a bounded below
complex. A Cartan-FEilenberg resolution of C'is a bicomplex I*® equipped with
a morphism e: C* — I*0 of complexes satisfying the following properties:

(a) IP7 =0 for ¢ < 0, and there is k such that I”9 = 0 for p < k and all q.
(b) The natural maps CP[0] — IP»* are injective resolutions for all p € Z.
(¢) The natural maps
ker d?,[0] — kerdy®  imd% '[0] — imd}*
are injective resolutions for all p € Z.
(d) The maps H?(C) — H} (I**) are injective resolutions for all p € Z.

A dual definition is made in the projective/bounded above case.

The point is to have an object-wise injective resolution which remains an
injective resolution after taking cohomology. The picture is as follows:

T T T

R L L O L L
T T T

R L N L L

s ol P oPtL

So, each vertical sequence provides an injective resolution of CP. Once we take
horizontal cohomology everywhere, so that there are only vertical differentials
remaining, we will obtain an injective resolution of H(C?). Note also that (a)
in the definition implies that the bicomplex is a shifted first-quadrant complex.

Theorem 1.3.23 Let A be an abelian category with enough injectives. Then
every bounded below complex admits a Cartan-FEilenberg resolution. Likewise,
if A has enough projectives, then the same holds for bounded above complezes.
Moreover, it can be chosen functorially.

The idea of the proof is simple, namely split up the complex into pairs of short
exact sequences, choose compatible injective resolutions of each term, and then
glue this data together. Since we will need some standard lemmas, we push
this to the next section.

If we're given a Cartan-Eilenberg resolution C' — I*0, the totalization behaves
nicely as well. First, since it’s a shifted first-quadrant complex, the totalization
Tot I involves only finite direct sums and therefore always exists. Moreover,
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we have a canonical map

on AN In,O PN @ Pa

ptg=n

which commutes with the differentials, hence a chain map ¢: C' — Tot I. Note
that each term in Tot I is an injective object. Now take vertical cohomology,
so we can apply the first spectral sequence associated to a bicomplex. Since
the resolutions are exact at degrees 1 and beyond, only the first row remains,
and the canonical maps C? — Ef’o are isomorphisms. Thus C*® = E;’O, and
the sequence degenerates at Fo:

EPY=HP(C) EYT=0 ¢>0.

The edge maps induce ¢: HP(C) =~ HP(TotI) an isomorphism, hence the
natural map € is an injective resolution of C.

Theorem 1.3.24 Let F': A — B be a left exact functor of abelian categories
with an adapted class R, so that RF exists. Suppose e: C* — I*0 is a Cartan-
FEilenberg resolution of a bounded below complex C. The two spectral sequences
associated to the bicomplex F(I**) are bounded, and satisfy

Ep{ = RIF(C?) = HP"Y(RF(0))
E)§ = RPF(HY(C)) = HPYI(RF(C))
each converging to degree-wise finite filtrations.

Proof Tt is clear from the definition that F'(Tot I) = Tot(F'(I)) since F' is addi-
tive. We have just shown that C' — Tot [ is an injective resolution, and both
sequences converge to the cohomology of Tot F'(I) = F(TotI) = RF(C), so
both RHS’s above are correct. For the first sequence, if we apply F' and sim-
ply take vertical cohomology, this is just taking the cohomology of F' applied
to an injective resolution of CP, which is exactly RIF(CP).

Now let’s take horizontal cohomology first. Our Ey page has the portion
F(IP=%9) — F(IP9) — F(IP*19), and the underlying I differentials come
with an exact sequence

0— imdﬁfl’q — ker dﬁ’q — H,’Z(I"q) — 0,

where our assumption is that all three of these terms are injective. In particular
the sequence splits, so applying F' keeps it exact. Therefore, the E; page looks
like:

. . .

RN F(Jp—l,q+1) F(Jp7q+1) F(Jp-l-l,q-i-l) ..
T T T

RN F(Jp—Lq) F(JP1) F(Jp-irl,Q) ..



54 Derived categories in AG

Here, JP% = H}(I*7), so as g varies these are the terms in a vertical injective
resolution for H?(C'). Hence, when we take vertical cohomology to get to Ea,
the (p, ¢)th spot will become RIF(HP(C)). The indices of this second spectral
sequence get flipped, so this gives the statement in the theorem. O

We will often directly use the first spectral sequence in the theorem, even when
we are interested in eventually computing classical derived functors themselves.
The reason is that we can try to find a resolution P®* — A of an object A, and
then the theorem gives us a spectral sequence

EP? = RIF(PP) = HP*9(RF(P)) = RPTF(A).

This is especially nice because we even know the (horizontal) differentials on
the first page, namely they are RYF applied to the differentials in P. This
technique is useful because we usually can’t write down injective resolutions,
but we can write down e.g. locally free resolutions.

We can also use the first sequence when we want hypercohomology, which
we’ll do when discussing Hodge-to-de-Rham. The second sequence gives us the
Grothendieck spectral sequence.

Corollary 1.3.25 Let F': A — B and G: B — C be left exact functors of
abelian categories such that Ry is an adapted class for F, and B has enough
injectives. Assume that for each X € Rp, F(X) is G-acyclic. Then there is a
bounded spectral sequence

EYY = RPG(HY(RF(A))) = HPT(R(G o F)(A))

for every A in Ch™(A) (converging to a finite filtration). In particular, if A is
an object of A, then

EDPT = RPG(RQF(A)) — RPYY(GF)(A)
as a special case.

Proof Since B has enough injectives, RG exists and we may define it with the
maximal adapted class R¢ of all G-acyclic objects in B. Then F(Rr) C Rg,
so by Thm. 1.2.22 we can identify RG o RF = R(G o F). Let A € Ch™(A).
Then RF(A) in D' (B) has a Cartan-Eilenberg resolution by Thm. 1.3.23 since
B has enough injectives, so applying the second sequence of Thm. 1.3.24 to
C = RF(A), we are done. O

Ezample 1.3.26 Let us demonstrate an example showing that, in spite of
the Grothendieck spectral sequence, knowing R?IF(A) does not determine
R"(GF)(A). We will instead do it using left derived functors. First some
elementary observations: if R — S is a ring map, then the functor

F=(-)®gS: Mod(R) — Mod(S)
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preserves free modules, which are an adapted class for tensor products on both
sides. Using this and the fact that restriction of scalars is exact, it follows that
LF(A)|gr = A®% S for any A € D™(R).

Now let S = k[e]/(€?) which is a quotient of R = S[t] by t. Moreover, k is a
quotient of S by (¢). Consider the functors
F=(-)®gS: Mod(R) — Mod(S) G = (—-)®s k: Mod(S) — Mod(k).

Lastly, consider the R-modules M = R/(e —t) and N = R/(t,€) = k. The
consideration about free modules above shows that the composition satisfies
the hypotheses for composing derived functors, and the Grothendieck spectral
sequence.

Now let’s compute: ¢ is a nonzerodivisor on R, so S = [R 5 R] in D~ (R).
Thus the underlying R-modules of LF (M) and LF(N) are

MeksS=[M5M=[SSS]
because k[e,t]/(€2,t — €) = kle]/(¢?) as S-modules. On the other hand,
N@%5=[k>k =kakl]

So, L°F(M) = L~'F(M) = k and lower degrees are zero, and the same is true
for N. However, we showed previously that LG (k) has cohomology in every
degree, so the same holds for LG(LF(N)). On the other hand, our presentation

for M ®}% S is already a free resolution, so applying LG gives k 2 k, which
has cohomology in only two degrees.

Let us see what is happening in the Grothendieck spectral sequence, which by
construction has the same Fs-page in both cases:

-3 -2 -1 0]
ko k k k[0
ko k  k k|-l

The differentials go 2 spaces to the right and 1 down, and since this is a spectral
sequence of k-vector spaces the differentials between nonzero terms are each
either 0 or isomorphisms. In either case the sequence will degenerate on Ej.
Now we can see that in the case of M, all of the nonzero differentials have to
be isomorphisms so that we end up with only k£ at (—1,0) and (0,0). For N,
all of the differentials are 0, so this is already F., and we get the expected
two-dimensional cohomology in all strictly negative degrees.
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1.4 Appendix: Classical homological algebra

This appendix will have a few short sections discussing some basic results
from the classical theory (in contrast to the previous section, which recast
the classical theory in our new language). In the last section, we will discuss
any results from commutative algebra which are helpful in establishing the
cohomology theory which we would like to set up in the next chapter.

1.4.1 More on resolutions

In the previous section we stated Thm. 1.3.23 on the existence of Cartan-
Eilenberg resolutions. In this section, we will complete the proof of this and
introduce some useful homological techniques along the way.

A short exact sequence 0 — A - B £ C — 0 of complexes is termwise
split if 0 - A* — B — C' — 0 is a split exact sequence for each i € Z.
These behave especially nicely because the connecting map in the long exact
sequence already exists in the chain complex category.

To see this, choose a splitting B = A*®C" and let s°: C* — B and 7’: B? —
A? be the splitting maps. Then we claim that the family of maps

" =" odhos": C — A™T!

defines a morphism ¢: C' — A[1] of complexes. To see this, first compute the
matrix of the differential A’ ® C* — A" @ C**! of B: on the A’ component,
we have dgi = id4 i.e. the canonical injection. On the C* component the map
is dps, which has components

p(dps) =deps = do wdgs = 0.

_(da o
dp = < 0 dB> '
Doing matrix multiplication, d?> = 0 implies that

0=dad+ dde = 7dA[1]5 + dde,

This shows that

so indeed §: C — A[1] is a chain map. From the explicit differential, we imme-
diately conclude that B = Cone(—d)[—1] compatible with A, so there is an
exact triangle
C =% A[1] — Cone(—4) = B[1] — C[1]

in K(A). Shifting and rotating this we obtain A — B — C LN All], thus a
termwise split sequence gives an exact triangle in K(A). Conversely, we know
that all triangles are of this form up to isomorphism, because 0 — B —
Cone f — A[l] — 0 is a termwise split exact sequence.

In particular, if we pass to the derived category our triangle has the same form,
so applying the cohomological functor H gives the usual long exact sequence
with the connecting map being induced by §. Of course, this is non-unique and
depends exactly on the choice of splitting.
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Lemma 1.4.1 Let A be an abelian category.

(a) If ¢: B — C is a quasi-isomorphism which is a termwise epimorphism,
then ker diy — ker dic s an epimorphism for all i.

(b) If i: A — B is a quasi-isomorphism which is a termwise monomorphism,
and I € Ch™(Zy), then every map A — I extends to B.

Proof (a) Consider the commutative diagrams with exact rows:

B' — imdy — 0 imdiy ' — kerdly — HY(B) — 0
] ] ! ]
C" — imd,, — 0 imds ' — kerdy, — HY(C) — 0

The left-hand diagram shows that the map on coboundaries is an epi for all
i, and then the diagram on the right proves the claim by the epimorphism
4-lemma.

(b) Then Hom ,(B,I) — Hom,(A,I) is a quasi-isomorphism, and it is a
termwise epi because Hom(C?, I**%) — Hom(B?, I*+?) is surjective. Thus this
induces a surjection on 0-cocycles by (a), i.e.

HomCh(A) (B, I) — HomCh(ﬂ) (A, I)
is surjective, so every map lifts as desired. O

We are going to apply this to the following powerful resolution extension
lemma, which is the key step in finding Cartan-Eilenberg resolutions.

Lemma 1.4.2 Let A be an abelian category, with0 - A — B —- C — 0 a
short exact sequence in Ch™(A). Let

A—>Il C‘—>13

be injective resolutions with I,Is € Ch*(Z4), and assume the latter is a
monomorphism. Then there exists Iy € Ch™(Z4) and a commutative diagram

0 A B C 0
Lod
00— -1 - 13— 0

of complexes in Ch™(A) with exact rows, such that B — Iy is an injective
resolution. If I, Is are concentrated in [a,b], then we may assume Iz is as well.

If the given sequence was split, then we could just take the direct sum of the
injective resolutions. We can’t reduce to this case, but we can reduce to the
case that it is termwise split, where we can take the direct sum termwise, and
then modify the differential.
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Proof (of Lemma 1.4.2) First take the pushout in the category of complexes
(which is done termwise), so that we get a commutative diagram of exact
sequences of complexes:

00— A— B —C —0

Lood

00— -->P—C—70

By triangulated 2-out-of-3 in D" (A), the map B — P is a quasi-isomorphism.
Since I; is termwise injective, the bottom row is termwise split, so by choosing
a splitting P! = I{ & C*, we can take the map J: C' — I;[1] as above. This
identifies P = Cone(—§)[—1]. We construct a resolution for the bottom row
termwise as follows:

00— —IaC — C"— 0

H l [

0— I — Lol — I — 0

All we have to do is equip 1§ == I} @ I} with a differential so that P — I is a
chain map: Once this is done, triangulated 2/3 will say that this is a diagram
of quasi-isomorphisms, and then by composing it with the initial diagram we
are done.

By the lemma we just proved, the map §: C — I[1] extends along the
quasi-isomorphic inclusion ¢: C — I3 to a map dy: I3 — I1[1]. In other
words, (17,(1),¢) is a morphism of arrows § — d2, so this induces a map
Cone(—9)[—1] — Cone(—d2)[—1] which componentwise is exactly the middle
map of the diagram above. O

At last, we finish the proof that Cartan-Eilenberg resolutions exist in an abelian
category A with enough injectives.

Proof (of Thm. 1.3.23) We use B and Z notation for coboundaries and cocy-
cles. Assume for simplicity that our complex C has C* = 0 for i < 0, and we
inductively construct compatible resolutions for ¢ > 0. For simplicity, in this
proof we use the word ‘resolution’ to mean injective resolution of an object of
A which extends only to the right (so is termwise injective).

For the ith step, we’ll use the exact sequences
0—2"'!'-Cc!' =B -0 0— B'— 7' — H(C) — 0,
and assume that we are given a resolution Z‘~1[0] — J;_l" from the previous
step. Choose a resolution B‘[0] — J5°, and using our lemma extend this to a
diagram of extensions like so:
0— J, " - I s T3t — 0
T l T

0— Z-1 — -1 — Bt — 0
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Of course, if i = 0 then we take the left two vertical maps and the resolution to
be zero. To construct the next Jy resolution, choose a resolution H*(C)[0] —
J5* and extend over the second sequence:

00— Jp* - Jp* - y It —— 0
0 B Zi Hi(C) — 0

Now we are done: pasting the successive diagrams of exact sequences of the
first kind together gives a commutative diagram with vertical maps e: C*[0] —
I"* injective resolutions, so that when we take coboundaries, cocycles, and
then cohomology, we get the injective resolutions J%, J%, Ji. This gives us a
bicomplex up to our sign convention, so we should flip the sign of the vertical
differential in the odd columns. (]

1.4.2 Cohomological d-functors

Here we quickly discuss the classical topic of d-functors, and then relate it
to what we defined as a d-functor from an abelian category to a triangulated
category.

Definition 1.4.3 A (cohomological) §-functor T: A — B between abelian
categories is a sequence (T");> of additive functors T%: A — B equipped with
maps

§=0s_poc:THC)—TH(A) i>0
for every short exact sequence 0 - A — B — C' — 0 in A, such that:

(a) For every short exact sequence 0 - A — B — C — 0 in A, the sequence
0— T9(A) = T°(B) — T9(C) & T (A) — - --
is exact in B.
(b) Given a morphism

0—A—B—C—0
1 1 1

0—A—>B —C'—0
of short exact sequences in A, the corresponding diagram
THC) —2= THY(A)

l |

T(C") 2 T (A"
in B commutes for all 4 > 0.

Note that in particular if T is a J-functor, then TY has to be left exact. The
primary examples of §-functors come from the triangulated §-functors in the
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sense of Def. 1.2.7. Namely, if A — € is a d-functor from an abelian category
to a triangulated category €, and H: € — B is a cohomological functor, then

Ti=A e, g

is a cohomological d-functor, essentially by definition. So, for example:

(a) Since Ch*(A) — D*(A) are §-functors, whenever we have a cohomological
functor D*(A) — B we get a d-functor Ch*(A) — B.

(b) Since the inclusion A — D*(A) is a §-functor, any cohomological functor
on the derived category gives a d-functor A — B. For example, using the
functor Homp-(4)(A[0], —) produces {Ext; (A, —)} from A to Ab.

(¢) In particular, if F: A — B is a left exact functor of abelian categories
admitting an adapted class, so that RF: DT (A) — DT (B) exists, then
the classical derived functors

(R'F)i>o RF:A—B
form a J-functor, because they are the following composite

HO%[4

B prp) =25 B,

A — DV (A)
where the composition of the first two functors is a triangulated J-functor
since the first one is, and RF is triangulated.

Definition 1.4.4 Let T and S be cohomological §-functors from A to B.

(a) A morphism f: T — S is a sequence of natural transformations f*: 7% —
S% such that the diagram

T(C) s TiH1(A)

£l 1

Si(C) 255 Sit1(4A)
commutes for every exact sequence 0 - A — B — C' — 0 in A.

(b) The d-functor T is called universal if for every d-functor S and morphism
fO: 79 — SO there is a unique morphism f: T — S extending f°.

Clearly, a universal J-functor is uniquely determined by its first component,
meaning that if T, S are universal, and T° =2 S°, then there’s a unique isomor-
phism T = S of é-functors extending the given one. In the special case of the
d-functor associated to classical derived functors, we have some kind of uni-
versal property but it is a universality among exact functors of triangulated
categories.

Sometimes, it is enough to check things on the level of classical derived func-
tors to get information about the derived category, and to construct maps
between such functors we don’t want to have to start out with the full data
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of a triangulated functor. For example, if A, B are objects of A and there is a
map A — B such that R'F(A) — R'F(B) is an isomorphism, then we already
know that RF(A[0]) — RF(B]0]) is an isomorphism (because it is one on
cohomology). We need one final definition before proving the main result.

Definition 1.4.5 An additive functor F': A — B of abelian categories is
effaceable if for each A in A there exists a monomorphism i: A — X for some
X in A such that F (i) = 0.

The following is the main theorem on d-functors.

Theorem 1.4.6 Let T be a 6-functor from A to B, and suppose that T* is
effaceable for i > 0. Then T is a universal §-functor.

Proof Let S be another §-functor and assume we have a natural transformation
fO: 7% — 89 Suppose inductively that we have constructed a natural map
fr: T™ — S™. To define f**! on an object A, let A — X be an effacement (of
degree n+ 1), i.e. a mono as in the definition of effaceable. We have a diagram
of exact sequences

T™X —3 T"C — T A Oy prtlx

Aol

"X — S"C — S"HIA — SntlX

(without the dotted line). The 0 means that 7! A is the cokernel of the map
T"X — T"C, and any dotted map filling in the square would have to factor
through the cokernel of S"X — S™C, so it is uniquely determined. We are
going to define this as f**! and demonstrate the required properties, but note
that this morphism is already unique for any extension of f™ to a morphism
of é-functors.

1. fn*tl s independent of the chosen effacement. Suppose we are given two
(degree n + 1) effacements A — X and A — X’. Form the pushout P,
then we still have a mono A — P, and let D = P/A so that we have a
morphism

0 —2A—X—C—0

| \ 1
0 —A—P—D—0
of exact sequences. If we consider the associated long exact sequences, we
get a commutative diagram:

T"X — T"C — T"HA ——— 0

- - - -
? ? ? ?
+ 4 + +

S"P —— S"D —» §ntlg 5 gntlp

There are two natural choices for the middle row: either we apply T to
the bottom row, or we apply S to the top row. The first choice, since
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T is a d-functor, shows that A — P is also an effacement. That f” is a
natural transformation is exactly the statement that the first two vertical
composites T"X — S"P and T"C — S™D are the same no matter which
middle row we take. It follows from the same argument above that any
two maps T"T1A — S"*1A filling in the diagram are equal.

For the two choices of middle rows, the possible composites are
THA S A - SHA T A S g A S A
)

where in the first case the second map is induced by the effacement A —
P, and in the second the first map is induced by the effacement A — X.
Therefore these two effacements induce the same morphism f"*!. Since
the same argument applies to 0 - A — X’ — X’/A — 0 instead of the
current top row, this shows that A — X and A — X’ induce the same
map fotL.

. Y commutes with 6. Start with a sequence 0 — A — B — C —

0, and choose an effacement B — X. The composite A — X is again
a monomorphism, so writing D = X/A we have a morphism of exact
sequences:

0 —A—B—C—0

| 1 3
0 —-A—>X—D—0
One portion of the long exact sequence is the diagram

T A — TB

H lo

Tn+1A N Tn+1X

which shows that A — X is also an effacement for X. We have another
commutative diagram as follows:

TTC — T"D — T"1A

l | l

S"C — S"D — S"tiA

The right-hand square is the definition of f**! using A — X, and the
left-hand square is naturality of f™. However, since we have a morphism
of exact sequences, the composites of both rows are exactly the § maps
for T and S, which is what we wanted.

. f"*1 is natural. This is similar to Step 1: Given an effacement A — X

and any map A — B, push out along the map to obtain a morphism of
exact sequences:

0 —A4—X —C—0
ol l

0—B—P —C—0
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The long exact sequence gives us:

™X — T"C — T A — 0

v v v
? ? ?
+ + g

s"p — S"C — S"*'B

As before, we have two ways to fill this in, either applying T to the
bottom row or S to the top row. In either case, naturality of f™ shows
that the two maps T"X — S™P and T"C — S™C have to coincide, so
any two extensions filling in T"*'A — S"*1B are the same. But these
two possibilities are exactly:

n+1 n+1
Tn-i-lA _ Tn-i-lB f Sn+lB Tn-‘rlA / Sn+lB N Sn+1B

Filling in the diagram in the second case is by definition of f**!, but in
the first case we are applying part (2) to deduce that the bottom right
square commutes. It follows that the above maps are equal, which is what
we wanted.

We have constructed f7*! given f”, which completes the induction step, and
we have already explained why it is uniquely determined by f™. In particular,
all the f* are uniquely determined by f°, so this shows T is universal. O

Corollary 1.4.7 Let A,B be abelian categories, F: A — B a left exact
functor which admits an adapted class. The classical higher derived functors
(R'F);>0: A — B form a universal §-functor.

In particular, if T = (T%);>0 is a universal §-functor from A to B, and the
functor T® admits an adapted class (e.g. A has enough injectives), then the
canonical map T — (R'T);> is an isomorphism.

Proof The second statement is simply uniqueness of universal d-functors. To
check universality, we need to show that the higher derived functors are efface-
able, which is clear because members of an adapted class are F-acyclic. (Il

Remark 1.4.8 Note from the proof here that derived functors with an adapted
class satisfy a much stronger condition than effaceability: we found a mono to
a single object which made all higher functors vanish, whereas we only needed
it to send the map to zero, and the effacement was allowed to depend on the
degree. Thus, this gives a general criterion to check whether a J-functor is
given by a derived functor.

Remark 1.4.9 We note in passing that, as is immediate from the definition,
we can always precompose or postcompose a d§-functor with an exact functor
and get a §-functor.
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1.4.3 Modules over a ring
Let R be a ring. Recall that we have made the following definitions so far:
(a) I is injective if Homp(—, I) is exact.

(b) P is projective if Homp (P, —) is exact.

(c) Fis flat if F ®p (—) is exact.

Mod(R) denotes the abelian category of R-modules. We have shown that I is
injective iff Extlé(—J) =0 for i > 0, and P is projective iff Ext}z(P, -)=0
for i > 0. Observe that if P is a free module, i.e. P = R®! for some index set
I, then P is projective because

Hompg (P, M) = HHomR(R, M) = HM,
I I

and it is clear that this functor is exact: if M — N — 0 is a surjection, then
we can lift a sequence (y;);c; termwise to a sequence in M. Moreover, every
module M admits a surjection from a free module, namely RM) — M — 0,
so Mod(R) has enough projectives.

Note that R @ M = (R®@ M)®! = M®! and this functor is clearly exact,
because if M C N and a sequence (x;);cr is zero in M, then it is zero in
N too. Thus Mod(R) has enough flats by virtue of having enough frees, so
Tor is well-defined and satisfies the standard properties. In particular, projec-
tive modules are flat. In this section we will use the notation Tor®(M, N) =
Torg/[’;)d(R)(M, N). We have also shown that F is flat iff Torf(F,—) = 0 for
1> 0.

In such a setting we have also demonstrated the following equivalent conditions
for injectivity, projectivity, and flatness; I is injective iff every short exact
sequence of the form 0 — I — M — M" — 0 splits, P is projective iff every
short exact sequence of the form 0 — M’ — M — P — 0 splits, and F' is flat
iff for every short exact sequence 0 — M’ — M — F — 0, the sequence

0-M®&N-—->MN-—-FN -0

is exact. From this we deduce that a module P is projective iff it is a
direct summand of a free module, where the second direction follows from
Ext'(P @ P, M) = Ext' (P, M) @ Ext'(P’, M) and the fact that free modules
are projective. The first goal of this section is the following theorem:

Theorem 1.4.10 Let R be a ring. Then Mod(R) has enough injectives.
Moreover, injective embeddings can be chosen functorially.

We will deduce this by first studying abelian groups. To do this, we will use a
few times the right adjoint to restriction of scalars: recall that if R — S is a
ring map, then we have a canonical functor

Hompg(S, —): Mod(R) — Mod(S5),



Vihaan Dheer 65

where for an R-module M we view Hompg(S, M) as an S-module by pre-
multiplication in the first factor. The adjunction gives isomorphisms

Homg (N, Hompg(S, M)) = Hompg (N, M)
of restricted R-modules, or of S-modules by doing the same thing as above on
the RHS. Here are some basic properties:
Lemma 1.4.11 Let R be a ring.
(a) A product of injective modules is injective.

(b) If R — S is a flat map, and E is injective over S, then E|g is injective
over R.

(¢) Let R — S be an epimorphism of rings and E an S-module. If E|g is
injective, then E is injective.

(d) If R — S is a ring map and E is injective over R, then Hompg(S, E) is
injective over S.

Proof (a) Note that Hom(—,[[, E;) = [[,Hom(—,E;), and we already
explained why taking products was exact.

(b) We have Homp(M, E|g) = Homg(M ®r S, E), and both M — M ®g S
and Homg(—, F) are exact.

(¢) The forgetful map Homg(M, E) — Hompg (M, E|r) is of course injective,
but it is surjective as well by assumption.

(d) Note that Homg(—,Homp(S,M)) = Hompg(—,M) as functors of S-
modules, and restriction of scalars on the right is just Hompg((—)|r, M). O

A less trivial characterization is the ideal-wise criterion for injectivity:

Lemma 1.4.12 Let E be an R-module. The following are equivalent:
(a) E is injective.

(b) For any ideal I C R, every map I — E extends to R.

(¢) Exth(R/I,E) =0 for every ideal I C R.
Proof (a) = (b) Hom(—, E) is supposed to preserve 0 — I — R.

(b) & (c) We have an exact sequence

Hom(R, F) — Hom(I, E) — ExtR(R/I, E),

so surjectivity of the first map is controlled by Ext' = 0.
Let us add our own extra statement:

(b') For a strict inclusion M C N and map ¢: M — E, there exists M' C N
with M C M’ and ¢': M' — E extending ¢.
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(') = (a) Let M C N and ¢: M — E. Consider the set of pairs {(M’,¢')}
with M € M’ C N and ¢'|5;» = ¢, which is nonempty. Order this by inclusion
on the first factor and agreement of restriction on the second. Clearly if we
have an ascending chain of submodules then we can extend our map to the
union. We are done by Zorn’s lemma, because the hypothesis guarantees that
a maximal element must be N itself.

(b) = (V') Take x € N \ M and consider the ideal I = {r € R:rx € M}. The
map I — E given by 7 — ¢(rz) can be extended to ¥: R — E, and it is easy
to check that the extension M + () — F sending a+rz +— ¢(a)+1(r) works,
so we are done. ]

Recall that if R is a domain, then an R-module M is divisible if for each
nonzero r € R and x € M there exists y € M such that ry = x.

Corollary 1.4.13 Let R be a domain. Then an injective R-module is divisible.
If R is a PID, then any divisible R-module is injective.

Proof For nonzero r € R, we have an exact sequence 0 — R - R — R/(r) —
0, and thus an exact sequence:

Hom(R, E) — Hom(R, E) — Ext'(R/(r), E) — Ext'(R, E)

H H |
E—"9 L F 0
The 0 on the right is because R is projective. Divisibility is the statement
that for all 7, the left-hand map is surjective, i.e. Ext'(R/(r), E) = 0. If F is
injective then this holds; conversely if R is a PID, then all ideals are either zero
or of this form. But for the zero ideal, Extl(R, E) is already 0, so we conclude
by Lemma 1.4.12. (Il

FEzample 1.4.14 Tt is clear from the definition that a quotient of a divisible
module is divisible. If R is a PID, then Frac(R) is injective, because it is clearly
divisible; thus the same is true of any R-quotient of it. In the case R = Z, this
provides the two most important injective abelian groups, Q and Q/Z. This
also gives us an example of an injective resolution 0 — Z — Q — Q/Z — 0.
Note that this is also a flat resolution of Q/Z.

Example 1.4.15 Here are some weird properties of the groups mentioned above.
Consider the sequence 0 — Z — Q — Q/Z — 0. It is a trivial exercise
that Hom(Q,Z) = 0 and Hom(Q, Q) — Hom(Z, Q) is an isomorphism, so we
deduce Hom(Q/Z, Q) = 0. More difficult is the group G = Hom(Q, Q/Z): One
description is via the sequence

0—Q— G — Ext;(Q,Z) — 0,

which splits because Q is injective. It is a theorem that Ext'(Q,Z) = R, then
G = Q@ R = R. Alternatively, one can use the simple fact that Q/Z =
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lim Z/nZ as the colimit of its n-torsion parts, and then
—n

Hom(Q/Z,Q/Z) = lim Hom(Z/nZ, Q/Z) = lim Z/nZ = Z.

n n

We can combine this with the exact sequence
0 — Hom(Q/Z,Q/Z) = Z — Hom(Q, Q/Z) — Q/Z — 0,

which exhibits R as an extension of Q/Z by Z.

Let R be a ring, and M be an R-module. Via the unique map Z — R, we
define the R-module MV = Homgz(M,Q/Z), which is naturally a functor
Mod(R)°? — Mod(R). This is exact because Q/Z is injective over Z. Note
that RY is injective over R by a previous lemma.

The double dual (MY)¥V = Homgz(MY,Q/Z) has for each x € M a dis-
tinguished element ev(z): MY — Q/Z given by ¢ +— ¢(z). This defines a
homomorphism ev: M — (MY)Y, which is in fact a monomorphism.

Claim: ev: M — (MVY)V is monic.

Indeed, if x # 0, then let G C M be the abelian subgroup generated by .
Then either G = Z/nZ or G = Z. In the former case, a nonzero map G — Q/Z
is given by choosing an n-torsion element, such as 1/n. In the latter case, any
nonzero element gives such a nonzero map. By injectivity, this extends to a
nonzero Z-map M — Q/Z, and therefore ev(x) is nonzero.

Using this, we can immediately deduce the existence of enough injectives in
Mod(R). If we cared, we could note easily that the construction is functorial.

Proof (of Thm. 1.4.10) Take a surjection @; R — M"Y — 0, and apply the
exact functor (—)V to obtain an injection

(MY)" — Homz (@D R,Q/Z) = | [ Homz (R, Q/Z) = [ R.
I I I

We just proved that M injects into the LHS, and on the other hand the RHS
is a product of injective modules R, hence injective. Lastly, it is clear from
the constructions that this is functorial. O

Now all of our derived functor theory from the previous section applies. One
difference is that we now view RHom as a functor on the derived category of
the ring itself, rather than to abelian groups. (...finish this discussion...).

Some finiteness conditions

Let us briefly define some conditions and prove basic properties that we will
return to later. A module M is pseudo-coherent if it has a resolution by finite
projective modules. It is finitely presented if there is an exact sequence F' —
F' — M — 0 where F,F’ are finite free, i.e. there is a sequence 0 — K —
F — M — 0 where F' is finite free and K is finitely generated.
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We are going to use frequently and without mention that the forgetful functor
Mod(R) — Set creates filtered colimits. Recall that an object M is compact
if Homp (M, —) preserves filtered colimits as a functor to Set, which by the
above remark is equivalent to Hompg(M, —) preserving filtered colimits. It is
clear that the class of compact objects is closed under finite colimits because
filtered colimits commute with finite limits (in Set or Mod(R)).

Ezample 1.4.16 All finitely presented R-modules are compact. Indeed, observe
that Hompg(R, —) = Id so R is compact, hence finite free modules are compact,
and a finitely presented module is a cokernel of a map between finite free
modules.

Lemma 1.4.17 FEvery R-module is a filtered colimit of its finitely generated
submodules. Each R-module is a filtered colimit of finitely presented modules.

Proof The first claim is elementary. For the second, let M be an R-module.
Consider the collection of pairs (S, E) where S C M is a finite subset of M,
and - letting K5 := ker(R®S — M) - E is a finite subset of K.

Let (S,E) < (S',E’) it S C §’, and the image of E C Kg under the natural
map R®S — R®5 is contained in E'. For each (S, E), let Cs x be the cokernel
of the natural map R®¥ — R%5 so Cg is finitely presented. If (S, E) <
(S, E’), then by construction we get a commutative diagram:

R®E —— R®S —— Cgp — 0

[ . 1

v

R®F 5 R®S' — Corr — 0

The maps R®S — M send the relations Kg to zero, hence factor through
maps Cs g — M. We claim lii)n(s B) Cs,g — M is an isomorphism. Taking
the filtered colimit of the above diagram of exact sequences, we get the exact
sequence
R®K — R®M — lim Csp — 0

s,

(8,E)
where K is the kernel of the map R®M — M, so we're done. (Il

Lemma 1.4.18 Let M be a finite R-module. Then there is a finite filtration
M=>MyC---CM,=M
such that M;1/M; =2 R/I; for some ideals I; C R.

Proof We induct on the number of generators of M, the case of a cyclic mod-
ule being clear. If M = (z1,..., %), then take a filtration by induction for
M/ (x1), which is of the form

0:N0/<J)1> CN1/<3?1> - CM/<$1>
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with cyclic quotients, then we win by taking
0OC(z;)CcNyC---CN,CM

with the same quotients. O

We say that M is FP, if there is an exact sequence
P —...P' 5 M—0
with each P? finite projective. For example, if R is Noetherian (or more gen-
erally coherent), then any finitely generated module M is FP,,, because if we
have a free resolution R™ — --- — R™ — M the left-hand kernel remains
finitely generated so we can extend it.
Proposition 1.4.19 Let R be a ring.
(a) Ext?(M,—) preserves arbitrary products for all j.
(b) Ext?(—, N) preserves arbitrary coproducts for all j.
(¢) If M is FP,11, then the functors
Ext(M, —),Ext' (M, —-),...,Ext"(M, —)
preserve filtered colimits.
(d) If M is FP,11 and Q is flat, then we have
Ext'(M,N ® Q) = Ext'(M,N) ® Q
fori=0,...,n. If Q is finite projective and M 1is arbitrary, then
Ext! (M ® QV,N) = Ext'(M,N ® Q) = Ext' (M, N) ® Q
for every i > 0, where Q¥ = Hompg(Q, R).
(e) If R — S is a flat map and M is FP,.1, then
Exto(M,N)®p S = Ext5(M ®p S, N ®@r S)
fori=0,...,n as S-modules.

Proof (a) and (b): For the former, let P* — M be a projective resolution, so
that Ext*(M, N) is the cohomology of

0 — Hom(P°, N) — Hom(P~ ' N) — ---

If N =1]], Na, then we can move this out of the Hom and use the fact that
products are exact (so commute with cohomology). Likewise, if N — I® is an
injective resolution, then Ext*(M, N) is cohomology of

0— Hom(MJO) — Hom(M7[1) — e,

and taking M = @, M, we conclude in the same way as above.
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(c) We may choose a projective resolution P®* — M so that P? is finite for
—i <n+1. Let N, be a filtered diagram of modules, then to compute Ext we
take cohomology of:

0 — Hom(P°, N,) — Hom(P~* N,) — - -

Since P~ is finite projective for ¢ < n, it is finitely presented hence compact, so
Hom(P~*%, —) preserves filtered colimits. Since filtered colimits are exact (hence
commute with cohomology), for the terms 0, ..., n we can take cohomology to
obtain the result.

(d) For the first part, just as in (c¢) (because (—) ® @ is exact) we reduce
immediately to showing that

Hom(M,N ® Q) = Hom(M,N) ® Q

if @ is flat and M is finitely presented. There is an obvious natural map from
the RHS to the LHS, and let R? — R — M — 0 be a presentation, and now
for any P we have an exact sequence

0 — Hom(M, P) — P" — P1.

On one hand, we could set P = N and tensor by @, so the right two terms
become (Q ® N)" — (Q ® N)4. On the other hand, we could set P = N ® @
and the right two terms become the same thing.

For the second part, again because @ is still flat, we reduce to showing that
Hom(M ® Q¥, N) = Hom(M, N ® Q) = Hom(M,N) ® Q

with no hypotheses on M. The point is to reduce to the free case: For the first
equality, note that

Hom(M ® Q", N) = Hom(M, Hom(Q", N)),

and if Q ® Q' = R" is free, then R = (R™)Y = QY & (Q')" implies Q" is
still finite projective. Thus by replacing ) with its dual we may show that
QY ®N = Hom(Q, N). There’s an evaluation map «g in the forward direction
which is natural in Q; choosing @’ such that Q @ Q' is free we see agag =
ag @ ag is an isomorphism, so ag is an isomorphism.

For the second equality, there’s a canonical map
Bgo: Hom(M,N) ® Q@ — Hom(M, N ® Q)

which is natural in Q. If Q = R"™ were finite free, then this map would be the
isomorphism

Hom(M,N)® R"™ = Hom(M,N") = Hom(M,N").

So for @ finite projective there exists Q" such that Bo @ SQ’ is an isomorphism,
hence B¢ is an isomorphism.
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(e) Observe that if R — S is a map, then we have
Extly (M, N|p) = Extis(M @r S, N)

by reducing to the case of Homs and applying the extension-restriction adjunc-
tion. Thus we conclude by applying this to (d). |

As an example of how to use this, we’ll prove the basic structure theorem on
finite projective modules.

Theorem 1.4.20 Let M be an R-module.

(a) If M is (finite) projective, then M[S™1] is (finite) projective over R[S™!]
for any S.

(b) Every finite projective module over a local Ting is finite free.

(¢) If M is finitely presented, then M is finite projective if and only if My is
finite free.

(d) M is finite projective if and only if there exist f1,..., fn generating the
unit ideal of R such that My, is finite free.

Proof (a) If M®P = R®! is (finite) free, then M[S~1|@ P[S™!] = (R[S~1])®L.

(b) Let (R, m) be local, M finite projective, and choose {z1,...,z,} a minimal
generating set, which defines an exact sequence 0 — K — R" — M — 0.
Thus R" = K ® M; if (r1,...,7r,) € K, then

rry+ -+ rpr, =0

by definition, so none of the r; are units by minimality. In particular K C m™,
which means K C mK @ mM, so K/mK = 0. Since K is finitely generated, it
is zero by Nakayama’s lemma.

(c) One direction is (a) and (b), and the other is the fact that as functors
Homp(M, —), = Homp, (Mp, (=)p)s

so if M, is finite projective over A, for all p, then the functor above is exact
for all p, hence Homp (M, —) is exact.

(d) In this case Spec A = |J; D(f;), so for all p let My, be free over Ay, for
p € D(fi), then M, = (My,), is free over A,. Conversely, suppose M is finite
projective, so M, is finite free for each p. Consider a basis A} — M, which by
clearing denominators we may assume is the localization of a map A™ — M.
The cokernel C' is a finite module so its support is closed, and thus there is
some f such that A}‘ — My — 01is exact. Its kernel is another finite projective
module, and since its support is closed there is some g such that A?g — Myq
is an isomorphism.
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Basic results on flatness Now we’ll discuss some basic properties of Tor,
which will give some nice flatness criteria. As in the last statement, we really
want to be making many of these statements in the derived category of
modules.

Lemma 1.4.21 Let R be a ring. For any M the functors
Tor® (M, —) Torf(—, M) i>0
preserve filtered colimits.

Proof Let (N;);er be a filtered diagram. Let P®* — M[0] be a flat resolution,
then

Tor, (M, lim N;) = H™"(P* ®r (@Ni)) = lim H"(P* ®r ;)
7 3 K3

because cohomology commutes with filtered colimits. O

As an example, we will prove the following result. I like this result because
the statement is simple yet it demonstrates nice properties of classical derived
functors.

Proposition 1.4.22 Let M be an R-module. The following are equivalent:

(a) M is flat.

(b) For all finitely generated ideals I C R, the map I @ g M —= IM is an
isomorphism.

(¢) Torf(R/I, M) =0 for all finitely generated ideals I C R.

Proof For an ideal I, consider the sequence 0 — I — R — R/I — 0. Tensor
this with M to obtain

0 = Tor®(R, M) — Tor¥(R/I,M) - @M — M — M/IM — 0.

The image of I® M — M is IM, so (b) is equivalent to saying I @ M — M is
injective for finitely generated I. Thus (b) is equivalent to (c) by the sequence,
and clearly (a) implies (c). Assuming (c), let I be any ideal, then I = lim  J is
a filtered colimit of its finitely generated submodules, so by exactness R/I =
lim  R/J, and hence Tor'(R/I, M) = 0 for all I by the lemma.

Now, for any finite module N, take a filtration
0=NgC---CN.=N

with cyclic quotients by Lemma 1.4.18. For each ¢ > 0, there is an exact
sequence

Tory (N;, M) — Tory(N;y1, M) — Tor1 (R/I, M)
for some ideal I. The third term is zero, and inductively assuming that
Tory (N;, M) = 0 the middle term is zero. Thus Tor; (N, M) = 0 for every finite
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module N. Since any module is the filtered colimit of its finite submodules,
Tory (N, M) =0 for all N, and thus M is flat. O

Corollary 1.4.23 Let R be a Bézout domain (e.g. a PID). An R-module M
1s flat iff it is torsion-free.

Proof A module M is torsion free iff the map M - M is injective for all
nonzero r € R, which is (=) ® g M applied to the exact sequence 0 — R 5
R — R/(r) — 0. Thus

0 — Tory (R/(r)) = M 5 M
is exact, and all finitely generated ideals of R are principal, so we’re done by
the ideal-wise criterion for flatness. O
Here’s an easy observation. If F' is flat, then
MUINOF)=Me"N@VF=(MeF)@VN=(Me"N)®F.
Since (—) ® F' is exact, it commutes with cohomology, so
Tor'(M ® F, N) = Tor'(M, N ® F) = Tor'(M,N) ® F
foralli > 0. If R — S is a flat map so (—) ®g S is exact, then
(M@% N)orS=(M®gS) ok (N®gS),
and therefore
Tor®(M,N)®@r S = Tor{ (M ®r S,N ®g S)
as S-modules. In particular,
Tor/ (M, N), = Tor;"* (My, Ny) ~ Torf/(M, N); = Tor;* (My, Ny)

for all f € R and p C R prime. We have the following immediate corollary:

Proposition 1.4.24 Let M be an R-module. The following are equivalent:
(a) M is flat.

(b) M, is flat over Ry for all primes p (or m mazimal).

(c) My is flat over Ay for all f € A.

(d) My, is flat over Ay, for (fi,...,fr) = (1) a Zariski cover.

Proof Immediate from the above, because these properties all correspond to
criteria for a module to be zero. O

A map M — N is universally injective if M @ P — N ® P is injective for all
P. More commonly we say M is a pure submodule of N, and e.g. if 0 - M —
N — P — 0 is exact, we say it’s pure-exact if M C N is pure.
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Lemma 1.4.25 Let 0 — M’ — M — M"” — 0 be an exact sequence of
R-modules. The following are equivalent:

(a) 0= M — M — M" — 0 is pure-ezact.
(b) For every finitely presented module F,
0 — Hompg(F, M") — Hom(F, M) — Hom(F, M") — 0
15 exact.
(c) There is a filtered family of split exact sequences
0— M — M, - M'—0
whose filtered colimit is 0 — M’ — M — M" — 0.

Proof Note that (c) easily implies (a), because tensor products commute with
filtered colimits and tensoring with a split sequence remains split, and (b)
because F' is compact so Hompg(F, —) preserves the filtered colimit (and split
sequences).

(a) = (b) Let S* be the exact sequence viewed as a bounded acyclic complex,
so that purity is equivalent to @ ® S® being acyclic for all Q. If F' is finitely
presented, then let Q1 — Q2 — F — 0 be a (finite free) presentation of F', so
that Hompg(Q;, —) = Q) ®g (—), then choose a cokernel C' as

OHFV*)Q;*)Q}/HC*)O,
Now apply Hompg(—, S®) to the original presentation to obtain
0 — Hompg(F,S*®) — Q; ®prS* — Q}/ ®RrS*—C®rS*—0.

Exactness is checked termwise, and on the right four terms is by right-exactness
of tensor product and the cokernel sequence above. By assumption, the right
three complexes are acyclic, so the first one is too.

(0) = (c) Write M” = lim M;" as a filtered colimit of finitely presented
modules. We can pull back the exact sequence along the natural maps M;" —
M; to obtain a commutative diagram of exact sequences as follows:

00— M — M, -+ M/ — 0

i
0O— M — M — M'—0
By functoriality of pullback, the top row is a filtered diagram of exact
sequences. Note that if we apply hl% the 5-lemma shows that lim M; = M
and we obtain the original diagram. To see that each of the top sequences
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splits, apply Hom(M]’, —):

Hom(M/', M;) — Hom(M]', M!") — BExt' (M}, M;)

| l H

Hom(M/', M) — Hom(M/', M") —2 Ext' (M, M)

Our supposition is that the bottom left map is surjective, so that the bottom
right map is zero. Thus the top right map is zero, which means that the Ext!
class of each top sequence is 0. [l

This gives us a nice way to characterize various properties of purity, but most
importantly gives a new flatness result.

Corollary 1.4.26 Let F' and P be R-modules.

(a) If F is finitely presented, then every pure exact sequence 0 — M’ — M —
F — 0 splits.

(b) P is flat iff every exact sequence 0 — M’ — M — P — 0 is pure ezact.
(c) A finitely presented module is flat iff it is (finite) projective.

(d) If P is flat, then a short exact sequence 0 — M’ — P — M" — 0 is pure
ezxact iff M is flat. So, pure submodules of flat modules are flat.

Proof (a) If F is finitely presented and the sequence is pure, then the map
Hom(F, F) — Ext!'(F, P') is zero, so the extension is trivial,

(b) We already know one direction. Pure exactness is trivially equivalent to
Tory (M, N) — Tor (P, N) — 0 being surjective for all N. In particular, if we
choose M — P to be a surjection from a free module, then Tor; (P, N) = 0 for
all N so N is flat.

(¢) If P is finitely presented flat, take a presentation 0 - K — FF — P — 0
with F' free. Then this is pure, hence split, so P is a summand of a free module.

(d) One direction is known, and the other is by the condition in (b). O

Ezample 1.4.27 Let R = C*°(R) be the ring of smooth functions on R, and
m:={fe€R:f(0)=0} I={f€eR:3>0,f(x)=0V|z| <€}

Consider the finite module M = R/I. We claim M is R-flat but not projective.
Note that the R-map R — Ry, has kernel those f which are annihilated by an
element of R —m, i.e. f such that gf =0 for g(0) # 0. If f is zero in a nbhd of
0, then we can clearly arrange this, and conversely if this holds, then f is zero
on the nbhd g~!(R —0). Thus we get an injective map M < Ry, and if f/g is
an element of the codomain, with g(0) # 0, then we can find a function h which
agrees with f/g on a nbhd of 0, hence gets sent to f/g under localization.
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M is flat because it is a localization. If M were projective, then I would be a
summand of R, so R — I — R would give an idempotent e which generates I.
If €2 = e, then e(e — 1) = 0 as functions, so e = 0 or 1. This is a contradiction,
because I # 0 and I # R.
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2 Derived categories of schemes

2.1 Sheaf cohomology

In this section, we are going to discuss the basic theory of sheaf cohomology
using the language of the previous section. The category we will focus on is
Mod(Oyx), the category of sheaves of Ox-modules, where (X, Ox) is a ringed
space. In passing we will also care about PMod(QOx ), which is the category of
presheaves of O x-modules. We will consider the derived categories D*(Ox) =
D*(Mod(Ox)), and the derived functors of standard functors associated to
maps of spaces, global sections, and tensor product. We will also construct
Cech cohomology as a means for computing sheaf cohomology.

2.1.1 General setup

Let us recall the basic setup of the theory of ringed spaces. Let (X, Ox) and
(Y, Oy) be ringed spaces. If f: X — Y is a morphism of ringed spaces, then
we have the pushforward map

fix: Mod(Ox) — Mod(Oy)
defined the same way on presheaves. We also have the inverse image map
=t Mod(Oy) — Mod(f~'0y),
which is an exact functor, along with the pullback map
f*: Mod(Oy) — Mod(Ox)

obtained by base change f_l}'®f_1oy Ox along f’: f~'0y — Ox. We have
an adjunction f* - f,, so f* is right exact and f, is left exact. If U C X is an
open subset, then we have the sections functor

(U, —): Mod(Ox) — Mod(Ox (U)),

which is left exact. Slightly more generally, we usually consider the case
where Ox is a sheaf of algebras over some base ring R, i.e. Ox(X) is an R-
algebra, in which case we consider the composition of the functor above with
Mod(Ox (U)) — Mod(R) by restricting scalars. The same functor as given on
presheaves is by definition exact.

The categories are also naturally symmetric monoidal, with tensor products
F ®oy G given by sheafifying the sectionwise tensor products. Likewise we
have an internal hom given sectionwise by

Homox(}—a g)(U) = HomOXlu(f|Uag‘U)'

This satisfies a tensor-hom adjunction, an internal tensor hom adjunction, and
SO on.

Consider the case of an inclusion j: U < X of an open subset, where U is
considered as the ringed space (U, Ox|y). Then we have some more explicit
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formulas
GFV)=FUNV) 7 'F=Flv jF=F,

where the second equality is to be interpreted alongside the fact that the
natural map j~'Ox — Oy is an isomorphism. Thus in this case, j* is an exact
functor, and this is exhibited by an explicit extension by zero functor which is

left adjoint to j* = j 1,

j1: MOd(OU) — MOd(Ox),
defined on F as the sheafification of the presheaf jF by:

F(V) VvcU

G F)) = {0 ven

In particular j.F has stalks either F, if z € U, or 0 otherwise. This is witnessed
by the counit map ;1 F|y — F which is an isomorphism in U and zero else-
where. Note in particular that j is an exact functor by the explicit description
of its stalks.

We also mention that if Z denotes the constant sheaf at Z, viewed as a sheaf of
rings on X, then Mod (X, Oz) is just the category Ab(X) of sheaves of abelian
groups on X. In this special case, we use f~! and f* interchangeably, and all
of our functors go between Ab(X) &= Ab(Y).

We recall in this case that more can be said for closed embeddings i: Z — X
where the unit map i~ 1i,F — F is a stalkwise isomorphism inside Z, and
i+F|x—z = 0. Thus in this case, i, is an exact functor. The inverse image
and pushforward functors yield an equivalence of categories between abelian
sheaves on Z and abelian sheaves on X supported in Z.

To define the derived functors of all of the objects above, we want to have
enough injectives and projectives. Sheaf categories unfortunately don’t have
enough projectives, but since all of the non-left exact functors above were
defined with tensor products, it will suffice to consider flat resolutions. On the
other hand, they do have enough injectives.

Theorem 2.1.1 The categories Mod(Ox) and PMod(Ox) have enough
injectives. In both cases, an injective embedding can be chosen functorially.
Moreover, the inclusion functor Mod(Ox) — PMod(Ox) preserves injectives.

To prove this (and other things), we will make a simple observation: If F': A &
B : G is an adjunction between abelian categories (so F' 4 @), and F is an
exact functor, then GG preserves injectives. Indeed, if I is injective in A, then

Homg (—,G(I)) = Homy (F(—),I)

is a composition of two exact functors. As an example, since sheafification
is exact, we deduce immediately that the inclusion Mod(Ox) «— PMod(Ox)
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preserves injectives. A second example is that if f: X — Y is a flat morphism
of ringed spaces, meaning that f* is exact, then f, preserves injectives. Another
useful fact is that an arbitrary product (which exists) of injectives remains
injective. Indeed,

Hom(—, H I,) = H Hom(—, I,,)

o [e%
as abelian groups, and arbitrary products of abelian groups are exact.

Proof (of Thm. 2.1.1) The presheaf and sheaf cases are similar in structure
but the former is sectionwise and the latter is stalkwise. Let’s start with
presheaves: For each U C X, the sections over U functor I'yy: PMod(Ox) —
PMod(Ox (U)) is exact on presheaves. Define a functor

QU: MOd(Ox(U)) — PMOd(OX)

by sending
M UcCV

Qu(D)(V) {0 i
(note the difference in direction from extension by zero). It is easy to check
that maps F — Qu(M) are in correspondence with maps F(U) — M,
and hence that I'y 4 Qpu. To conclude, fix a presheaf 7 and an inclusion
F(U) — Iy into an injective Ox (U)-module. Then Qy (I7) is injective by the
aforementioned adjunction property, and it is equipped with a canonical map
F — Qu(F(U)) — Qu(Iy). This induces a map

F— ][ Quiv)

vcx

where the RHS is injective, so it suffices to show that this is a monomorphism.
That is clear because over each open set, one of the factors in the product is
the inclusion F(U) C Iy.

For the sheaf case, the stalk functor (—),: Mod(Ox) — Mod(Ox ) is exact.
If i,: {x} — X is the inclusion, and we view {z} as a ringed space with
structure sheaf Oy ., then the stalk functor is i; ! =¥, so its right adjoint is
iz,%, Which is the skyscraper sheaf construction. Thus i, . preserves injectives;
fix F a sheaf and for each x choose a monomorphism F, — I, where I, is an

injective Ox ,-module.

We have a natural map F — iy +Fy — iy «lz, which in particular induces a
map into the product

F = ] iwsla;

reX
where the RHS is injective. We can check that this is a mono sectionwise: over

U, the map is

FO) = [[ Fe = ] L

zeU xeU
where the first map is monic for sheaves, and the second one is a product of

monomorphisms of modules.
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Note that in each case, as long as we chose the injective embedding of F(U)
or F, functorially, as we may do for modules over a ring (Thm. 1.4.10), it is
clear that the resulting injective embedding of F is functorial. (]

While we're at it, let us also discuss the existence of enough flat objects, whose
proof has a very similar structure to the one above. Recall that a sheaf F is
flat if F ® 0, (—) is exact. Note that because tensor products commute with
taking stalks, F is flat iff F, is flat for all . From this definition and the
tensor hom adjunction, it is clear that a direct sum of flats is flat.

Lemma 2.1.2 The category Mod(Ox) has enough flat objects. The same is
true for PMod(Ox). In both cases, a surjection from a flat object can be chosen
functorially.

Proof Start with Mod(Ox): for each jy: U < X, the extension by zero jy,1Ovy
is flat, because its stalks are either Ox , or 0. By adjunction,

Homox(j!OUw]:) g}IOI’HOU(([)Uw]:‘U) :]:(U)7

so each section s € U gives a map fys: ju, Oy — F. On stalks, this is either
the zero map, or if z € U then it is the map Ox , — F, sending 1 — s,.
Consider the induced map

f: @ jvaOv - F

(U,s)

from the coproduct, where the LHS is flat. To show surjectivity, check at a
point z € X: each s, € F,, coming from s € F(U), is in the image of the
corresponding map fy s on the stalk at z € U, so we are done.

In the case of presheaves of Ox-modules, repeat the same proof as above,
but replace jy; with j&!, and note that for presheaves, flatness is checked
sectionwise. But the map we constructed above from the coproduct is clearly
surjective sectionwise in the presheaf case. Lastly, it is clear that this construc-
tion is functorial in either case. ]

We will study the derived functors that the preceding two results give us in
more detail in the next section. In this section, we will focus on derived global
sections: if (X, Ox) is a ringed space, and I'y is the sections-over-U functor,
we denote the corresponding right derived functor

RI'(U,—): D" (Ox) — DT (Ox(U)).
If A® is a bounded above complex of Ox-modules, we usually write
H (U, A®) :== H'(RT(U, A®))

and call this the hypercohomology of A over U. In the special case A®* = F[0]
is just an object of Mod(Ox), we write

H'(U,F) = H'(RT(U, F[0]))
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for the classical higher derived functors and call this the sheaf cohomology of
F over U.

First of all, let us see that our notation is not ambiguous. Let j: U — X
be an inclusion, so that j* is the restriction functor (—)|y on Ox-modules.
Since j* is right adjoint to the exact functor ji, it preserves injectives. Suppose
V Cc U C X. Then we have a commutative diagram

Mod(Ox ) —— Mod(Ox |v)

U

Mod(Ox (V))

of functors. Since j* is exact, 7* descends to the derived category, and since
J* preserves injectives, we deduce that the diagram

D*(Ox) = D*(Ox|v)

Rm lRF"

DT (Ox(V))

commutes. In particular, R['(V, —) depends only on (V, Oy ) and not the ambi-
ent space; likewise for H*(V,—). Since H°(U, —) coincides with the global
sections functor on sheaves, it is customary at this stage to write H? for
sections.

Next, viewing I'y and T'y as functors on Mod(Ox) with V' C U, restric-
tion provides a natural transformation I'y — I'y, and hence a natural map
RI'(U,—) — RI(V, —) which is restriction on a bounded below complex of T'-
acyclics. Thus we obtain maps H"(U, F) — H"(V, F) natural in F*, which by
the above description form a presheaf:

H" (X, F*) = (U — H"(U, F*)).

These are called the hypercohomology presheaves. Here is the basic observation:
let i: Mod(Ox) < PMod(Ox) be the natural inclusion, which is left exact
because it is right adjoint to sheafification. We have already discussed the fact
that ¢ preserves injectives.

Thus, if F* — Z° is an injective resolution, Ri(F*) = Z°® as a complex of
presheaves, and the nth cohomology of this is a presheaf satisfying

U+ ker (Z*(U) — 2"(U)) /im (Z" 1 (U) — I(U)),
but the RHS is H™(T'(U,Z°*)) = H"(U,F*), which shows that we have a
canonical identification
H"(Ri(F*)) = H" (X, F*),

and in particular R"i(F) = H"(X,F). In the rest of this section, we will
consider the theory of flasque sheaves. We will consider applications of flasque
sheaves in the section on derived functors of sheaves.



82 Derived categories in AG

Let F be an object of Mod(Ox). F is called flasque if for each V' C U, the
restriction map F(U) — F(V) is surjective. Equivalently, all restriction maps
F(X) — F(V) are surjective, because we can lift to F(X) first and then
restrict down to F(U).

Flasqueness is a very non-geometric condition on a sheaf, since we usually
expect to obtain more ‘functions’ when we restrict to a smaller open. We
care about flasque sheaves mainly because they are I'-acyclic, so we can com-
pute e.g. hypercohomology on flasque resolutions. The following is the main
structure theorem on flasque sheaves:

Lemma 2.1.3 Let X be a ringed space.
1. A finite direct sum of flasque sheaves is flasque.
2. If F is flasque, then F|y is flasque for every U C X.

8. If f: X — Y is a morphism of ringed spaces and F is flasque, then fiJF
1s flasque.

Let 0 - F' — F — F" — 0 be an exact sequence of Ox-modules.
4. If F' is flasque, then
0—F(U)—FU)—-F"U)—0
1s exact for every U C X.
5. If F' and F are flasque, then F"' is flasque.

6. In the situation of (5), if f: X — Y is a morphism of ringed spaces, then
0— fuF' — fuF — foF"" — 0 is an exact sequence of Oy -modules.

Proof (1) A direct sum of surjections is a surjection. (2) Flasqueness of F|y
is included in the definition of flasqueness of F. (3) The restriction maps
HO(U, f.F) — H°(V, f.F) are just the restriction maps

HO(f7HU), F) = H(f7H(V), F)

of F, which are surjective. (5) assuming (4): We have a commutative diagram
involving the restriction maps

FU) — F'(U)

|

|
F(V) — F'(V)

where the horizontal maps are surjective by (4), and the left-hand vertical
map is surjective. Thus the right-hand one is too. (6) This is a sequence of
flasque sheaves by (3), hence it is exact over every open set by (5), thus exact
as Oy-modules.

(4) We may take U = X; let s € F(X) be a section and consider the collection
{(U,t)} of opens U C X and sections t € F(U) such that ¢t — s|y. Order this
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collection by setting (U,t) < (U’,t') if U C U’ and t'|y = t. The fact that
F — F" is surjective means that the opens in this collection cover X. Also,
given a totally ordered subset {(Us, t)} of this collection, the sections ¢, glue
to a section ¢ over |, Uy, by definition of the ordering.

Thus there is a maximal element (U, t) by Zorn’s lemma, so assume for con-
tradiction U # X. Then we can find an element (U’,t') such that U’ C U,
sot—t' — s—s=0over UNU’, which means there exists r € F'(UNU")
such that r — t — t’. By flasqueness, extend 7 to a section over U’, and con-
sider its image i(r) € F(U). Then ¢ and ¢’ + i(r) have the same restriction to
U NU’, so they glue to a section of F over U U U’. The image of this section
in F/(UNU’) is s, because the composite 7/ — F — F" is zero, which con-
tradicts the maximality. O

Corollary 2.1.4 Let X be a ringed space. An injective Ox -module is flasque.
Moreover, the flasque Ox-modules form an adapted class for ', and f. for
any morphism f: X — Y. In particular, any flasque Ox-module is T'- and
f«-acyclic.

Proof Let U C X and j: U — X be the inclusion, then 7Oy — Ox is a
monomorphism, so

Home, (10y,Z) = Home,, (Oy,Z) = Z(U) — Home, (Ox,Z) = Z(X)
is surjective for any injective sheaf Z, i.e. Z is flasque.

To show the second claim, note that the flasque sheaves are a (right)
preadapted class by Lemma 2.1.3(1) and what we just proved. Thus, let F*
be a bounded below acyclic complex of flasque Ox-modules; we have to show
I' and f, preserve acyclicity.

Assume F' = 0 for i < n, and split into exact sequences
0 N gz N J—_'i—i-l _ gi-i—l N 0

where G® = F™ and the lower G’ are zero. Since G" is flasque, by induction
and Lemma 2.1.3(5), all G* are flasque. Thus I' and f, preserve each sequence
above, by Lemma 2.1.3(4) and (6), and hence they both preserve acyclicity of
the original complex. O

Here’s an example of how to use this, which we will see more of in two sections.
Suppose i: Z — X is a morphism of ringed spaces which is a ‘closed topological
embedding’, meaning the underlying map of spaces is a closed embedding.
Then we know that 4, is an exact functor, because (i,JF), is either 0, or
F, if x = i(z). Thus this descends to a functor on the derived categories
ix: D*(Oz) — D*(Ox).

Moreover, this comes with a natural ring homomorphism Ox(X) — Oz(Z),
along which restriction of scalars is exact. Thus this gives a map D*(0z(Z)) —
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D*(Ox (X)) on the derived categories, which is simply termwise restriction of
scalars. We can use this to formulate a basic ‘change of scalars’ result:

Lemma 2.1.5 Let Z and X be ringed spaces and i: Z — X be a closed
topological embedding. Then the diagram

DH(0y) —=— D*(Ox)

RF\L lRF

D*(0z(2)) — D*(0x(X))

commutes (up to natural isomorphism). In particular, there is a canonical
identification

H™(Z, F*) = H"(X,i,F*)
of hypercohomology for all n > 0.
Proof We claim both directions of the square are the derived functors of the
composite Mod(Oz) — Mod(Oz(Z)) — Mod(Ox(X)). One way is clear
because the second functor is exact, so all modules are acyclic for it. For the
other way, note that the composite is equal to

Mod(0z) £ Mod(Ox) — Ox (X)

But flasque sheaves form an adapted class for both i, and RI', and i, pre-
serves flasque sheaves, so we are done by the results on composition of derived
functors. (]

Remark 2.1.6 Note that if f: X — Y is any map of ringed spaces, then the
exact same proof can be repeated with f instead of i, except pushing forward
may not be exact, so we have to replace the top functor with

Rf*Z D+(Ox) — D+(Oy)
and we’ll get a similar commutative diagram. In this case,
H™(X, F*) = H"(Y, Rf.F*)

for all n > 0. We will study the properties of derived pushforward in the next
two sections.

Ezample 2.1.7 Suppose we have a morphism O; — O of sheaves of rings on
X. Then this gives a morphism of ringed spaces (X, 0;) — (X, 03), which
on underlying spaces is the identity map. Thus the lemma applies, and shows
that the hypercohomology of a complex of Oz-modules viewed as an O (X)-
module, is the same as its hypercohomology by first viewing it as a complex of
O1-modules. If we take Z — Ox, then this shows that the underlying abelian
group of cohomology as Ox-modules agrees with abelian sheaf cohomology.
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2.1.2 Cech cohomology
Recall that in a category with enough injectives, we defined
RHomy : D(A)°? x DT (A) — D(Z)

via the equivalence K*(Z4) -~ D% (A), and showed that it can be computed
via an injective resolution in the second factor, or a projective resolution in
the first factor. If we consider A = Mod(Ox ) or PMod(Ox), the hom complex
functor Home, , (—,Z) factors through Mod(Ox (X)) because each Hom group
is an Ox (X)-module, so we can consider RHom as a functor

RHomp, : D(Ox)° x DT (Ox) — D(Ox(X)),

and likewise for the derived categories of PMod(Ox). This is because any
relevant exactness/acyclicity is checked on the underlying abelian group. Via
the exact restriction of scalars functor D(Ox (X)) — D(Z), the diagram

(Ox)()p X D+(Ox) — D OX ))
\ l

commutes (and again, likewise for PMod(Ox)). This is because, if we fix 7 a
bounded below complex of injectives, the functor is just the one induced by
Hom(—,7) on the localizations. Note that in particular, if A, B € D*(Ox),
then

H°(RHomo, (A4, B)) = Homp+ (0, (A, B)
naturally has the structure of an Ox (X)-module.

Almost all of the properties of RHom carry over even when we consider it as
an Ox (X)-module. For example, for a fixed sheaf 7, RHom(F, —) viewed as
a functor DT (Ox) — DT (Ox (X)) is still the right derived functor of the left
exact functor

Homoe, (F,—): Mod(Ox) — Mod(Ox(X)).

We prove this the same way as before: the right derived functor on the derived
category RHomp,, (F, —) exists, and on the equivalent category K+(IM0d(o <))
it is isomorphic to Homp, (F, —), but the same is true for Hom(F[0], —) =
Hom(F, —). Likewise, the same holds for PMod(Ox). Combining the above
remarks shows that hypercohomology of a complex F* is just maps Ox — F*
in the derived category. Also, by this discussion we view Exti(}" ,G) as an
Ox (X)-module.

Now, let 4 = {U;} be an open cover of the ringed space X. For indices
10, ..., %p, We use the notation

Uiy...i,, = Uy,

AN---NU,

ip*
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If F is an object of PMod(Ox), we define
cru,F)= [] FUi.i,) p=0.

We make this into a complex in Ch™(Ox (X)) by defining the differential as

p+1
- § : _1)k ~
d(s)(i05~~~7ip+1) - ( 1) Si()'“ik'--ip+17
k=0
where on the RHS we implicitly consider the restriction of the section s to the
open Uy,...;,,, . Here is d* = 0:
p+2
2 _ 2 : l .
d (s)io---ip+2 - (*1) d(s)io~~-il~~-ip+2
1=0
p+2
— k+l L _1\k+I o
=3 (D s 2D s )
1=0 k<l k>l
_ Z DrHs, - - Z \k—1+1 o
10 Gt ip 2 + ( 1) SiO"'iL"'ik"'ip+2
k<l k>l
— k-‘rl L _ § _1\k+l R
Z zo Uiy lp g2 ( 1) siO"‘ik"'iL---ip+2
k<l k<l
=0.

For the third equality, we re-indexed k to k+ 1, and for the fourth we flipped k
and [. Thus, C'* (U, F) is a complex, called the Cech complex of F with respect
to U. We write
HP(U,F) = HP(C*(U,F))

for its cohomology, called the Cech cohomology of F with respect to U.
Cech cohomology behaves well with respect to products. Indeed, since tak-
ing sections of presheaves (or sheaves) commutes with arbitrary products, and
products commute with products, we have

[ 7o) =[] Cc W, Fo).

Since arbitrary products are exact in the category of modules, we conclude
H*U,[], Fo) =11, H"U, F,) for all n.

Our next goal is to relate this cohomology to the sheaf cohomology defined
above, which will be through a spectral sequence. Cech cohomology is not
itself a derived functor on Mod(Ox), but it is one on PMod(Ox). The result
is the following: Let j;,: U; — X be the inclusion, and consider the presheaf
extension-by-zero functors j;,. We write Op° for the image presheaf of the
canonical map

@jggom — Ox

3
induced by the counits j¥,0py, — Ox, i.e. the sectionwise image. Then:
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Proposition 2.1.8 The diagram of functors

PMod(Ox) %25 Ch* (Mod(Ox (X))

l |

D*(PMod(Ox)) — D*(Ox(X))
RHom® (Ou/, )

commutes up to canonical natural isomorphism. Moreover, there is a canonical
identification Hom{y® (Oy, —) = H°(U, —). Therefore

RHO(Z/[7 *) = EXtI()Qri’n(OU; 7) = Hn(uv 7)

for allm > 0.

Let us demonstrate this in two simple steps. First, since we are working in the
presheaf category, Ox is projective, because it is projective sectionwise. So,
Oy is projective in PMod(Oy ), and since j; is a right adjoint to restriction,
which is exact, j¥ Oy is projective.

Now, let jj,...;, be the inclusion of Uy,...;,. Write
= D O,
05y 7177,

so each K~™(U) is projective. Moreover,

Hom (K70, 7) = ] Howl{ (., 100y, F)

10;-eeyn

H Hom™ (Ou..,, F
0 in

AAAA

Usgooin)

Il
’.:1
o
S

Q
S
<
N

for any presheaf F, by adjunction. Since the Cech differential C™(U, —) —
C™Y (U, —) is natural, it corresponds by Yoneda to a map K~ ""'(U) —
K~"(U), which also satisfies d> = 0 by Yoneda. We modify this differential by
multiplying the —pth one by (—1)P, so that

Hom(K*(U),F) = C*(U, F)

holds as complexes (according to our convention for Hom complexes). Since
K* is a bounded above complex of projectives, we may replace the left-hand
side with RHom (K (U), F) after passing to the derived category. It remains to
show that K({{) is isomorphic in the derived category to O)°.

This is the second step: form the augmented complex

= K2U) — K U) — K°U) = @ 7,0, — Oy — 0
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We claim this is an exact sequence of presheaves; if this holds, then by applying
Hom(—, F) and using one-sided exactness, we deduce that Hom(Oy, F) =
H OU,F) as both sides are kernels of the same map. To prove the claim,
we may show that evaluating the sequence at each open set W produces a
contractible complex of Ox (WW)-modules.

Proof (of Prop. 2.1.8) This proof is essentially copied from Lemma 01EM in
the Stacks Project. As above, fix an open set W, and let I be the collection
of indices {4} such that W C Uj, so that by definition of the functors ji’, the
augmented complex above becomes:

D oW @ oxn—
90, ipr1 €1 10,.ip €L

The differential here is

p+1

d(S)iO‘..ip = Z Z(_l)jsio"‘ijfliij'“ip'

j=0 i€l
Now, choose an element ¢ € I which we will use to define the contracting
homotopy. Set:

Sy, G0 =1
ot ) io £ 0
Then it is an elementary check that

dh + hd(s)zozp = Sig--ip

h(s)

by splitting the sum into components where ig = £ and iy # £, where the two
sums cancel as in the proof that d? = 0. (]

Here are some immediate deductions from this result. In fact, these can be
deduced in a more direct way by explicitly constructing homotopies, which we
will do e.g. in the case of the alternating Cech complex.

Ezample 2.1.9 Let U be an open cover of X, and suppose that X € U is itself
one of the elements of the cover. Then for each presheaf F, the Cech complex
C*(U, F) just has a zeroth cohomology group H°(U, F) = F(X) with higher
cohomology all zero. Indeed, in this case the presheaf O} is (by definition)
all of Ox, and Hom""°(Ox, —) is the global sections functor which is exact on
presheaves. This will be the key observation in the proof that quasicoherent
sheaves on affine schemes have vanishing higher cohomology, which is because
of the fact that standard affine covers of local rings have an element which is
the whole space already.

In fact, in this case C*(U, F) ~ F(X)[0] already in the homotopy category:
indeed, we just showed that

K(U) ~ Oy[0] = Ox|0]
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in the homotopy category, so applying Hom]gi (=, F) gives homotopy equiva-
lences

C(U, F) = Homp': (K (U), F) =~ Homgy', (Ox, F) = F(X)[0]

as desired.

Ezample 2.1.10 One also might want to know the relation between Cech com-
plexes when we add an open set. Let &/ be an open cover of X, and Y UV =
UU{V} be the cover obtained from adding V. Alsolet UNV = {UNV : U € U}
be the open cover of V obtained by restricting /. From the definition it is clear
that we have a canonical inclusion O} C O}, of presheaves.

This data gives a natural map O @ jy,,Ov — Opy, which is surjective by
definition of the relevant objects, and we wish to compute the kernel. Fix an
open set W C X and consider the map on sections. The codomain is Ox (W)
if W is contained in V or an element of U, and zero otherwise. The domain is
Ox (W) if W is contained in an element of & but not V, zero if W is contained
in neither, Ox (W) @& Ox (W) if W is contained in an element of & and V', and
Ox (W) if it’s contained in V' and not an element of Y.

Based on this explicit description, it is easy to see that we have an exact
sequence

0= j0.1 Oy — Og" ® jv,0v — Oy — 0
of presheaves on X, and hence an exact triangle in the derived category.

pre

Applying RHomg, _(—, F) gives an exact triangle
CUUV,F) = CU,F)o F(V)0] - CUNV,Flv) = CUUV,F)[1]

in the derived category of Ox (X). For the second term, we used the fact that
JiOv was a projective object, hence RHom could be computed using Hom.

This is called the Cech Mayer-Vietoris sequence. Thus we get a long exact
sequence which looks like this:

0— HUUV,F)— HWU,F)oF(V) - HWUNV,F) —
HWUUV,F)— HU,F) - HUNV,F) - HUUV,F) — ---

As a sample application, let’s show by induction on n that a cover U consisting
of n opens has vanishing Cech cohomology in degree > n. In the case n = 1 we
can apply the previous result that the Cech complex only has H°. Assuming
the result for covers with n elements (for all spaces and presheaves), let U =
{U1,...,Up}, V= Uyy1, then for all i > 0 there are exact sequences

HUNUpi1, Flu,,,) = HTHUUUpia, F) — HTHU, F).

Since U and U N U, 41 are covers consisting of n elements, for all ¢ > n the
left- and right-hand terms in the sequence above are zero. Thus the middle
term is zero, proving the claim. We will prove shortly a much stronger result
by exhibiting a homotopy equivalent complex which has only n terms in it.
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We now use what we have shown to relate Cech cohomology to sheaf cohomol-
ogy, which was the point of introducing it. We’ll give two different methods of
doing this, the latter of which will illustrate a slightly more general technique.

Theorem 2.1.11 Let X be a ringed space and U an open cover of X.
(a) There is a natural map C(U,—) — RT(X,—) in DT (Ox(X)).
(b) For each Ox-module F, there is a bounded spectral sequence
EY = HP(U,HY(F)) = H'YI(X,F)
converging to a finite filtration on the RHS, which is natural in F.

In particular, if the restrictions of F to all ﬁm‘tg intersections of elements
of the open cover U are T'-acyclic, then the map C(U,F) — RI'(X,F) is an
isomorphism in DT (Ox(X)).

Proof Consider the composition of functors

Mod(Ox) X5 PMod(0x) 247

Mod(Ox (X)).
First observe that H°(U, F) is the kernel in

0—HU,F) - [[Fw:) = [[FW:nU;)
i i,
where ‘Ehe second map is the same one as in the sheaf condition, by inspection
of the Cech differential. Thus this gives a natural map H°(X, F) — H°(U, F)

induced by restriction, which is an isomorphism iff F satisfies the sheaf
condition for the cover U. So, H*(U,—) oix =T'(X, —).

We know Mod(Ox) and PMod(Ox) have enough injectives and that ix pre-
serves them, so the theorem on a composition of derived functors says that
R = RHO(LL—) o Rix. The natural map ix — Riyx provides a natural
transformation

CU,—)=RH(U,~)oix — RHU,—) o Rix = RI.

The spectral sequence is exactly the Grothendieck spectral sequence for a
composition of right derived functors, and our explicit computation of RPix
as cohomology presheaves. For the last remark, we have

EYY = CP(U, H(F)),

so by assumption for ¢ > 0 and p > 0, this is zero. Thus the spectral sequence
degenerates at E5, with only the first row

EY® = HP(U,H°(F)) = H" (U, F)

being nonzero. Thus HP (U, F) — HP(X,F) is an isomorphism, so the map of
(a) is a quasi-isomorphism. We are talking about the same map because of the
description of edge maps in the Grothendieck spectral sequence. O
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The spectral sequence in the theorem above is called the Cech-to-derived spec-
tral sequence. We will give a different proof and slight generalization shortly.
First, some other results on Cech cohomology:

Ezxample 2.1.12 If F is a flasque Ox-module, then ﬁ"(b{,f) =0forn>0
and any open cover U (and H°(U, F) = F(X), since F is a sheaf). Indeed, any
restriction of a flasque sheaf is flasque, so by the theorem its Cech cohomology
agrees with its sheaf cohomology.

Lemma 2.1.13 Let F' be an Ox-module such that H (U, F') = 0 for every
cover U in a cofinal system of open covers of X. Then for any exact sequence
0—-F —F—F'"—=0 of Ox-modules,

0 — F'(X) — F(X) = F'(X) =0

is an exact sequence of Ox (X)-modules.

In this context, a cofinal system of open covers is a collection of open covers
such that every open cover has a refinement in the collection.

Proof We just have to check surjectivity of F(X) — F"(X), so let s € F’(X)
be a section. Then there’s an open cover {U;} and sections t; € F(U;) such
that ¢; — s|y,, and by restricting we may assume that this cover is in the
given cofinal system. For each i, j, t; —t; — s — s = 0, so there is a unique
rij € F'(Uij) such that r;j — t; —t;. Thus r = (r;;); € C'({U;}, F'), and we
claim it is a cocycle. Indeed,

d(r)ijk =Tjk—Tik + 7y =0
holds because of injectivity of 7/ — F and
d(r)ijk — b — tj — (tk — ti) +tj —t;, =0

over F(U,ji). Hence by assumption there exists ¢; € F'(U;) such that ¢; —¢; =
ri; for all 7, j. Letting f be the map F' — F, consider the sections t; — f(g;).
Then

ty = fla;) = (ti = fl@)) =t; —t; = f(rij) =0
over U, so these sections glue to an element of F(X). This maps to s because
it does so on an open cover. (Il

FEzxzample 2.1.1/ Suppose F is an O x-module such that for all U C X and open
covers U of U, HP(U, F|y) = 0 for p > 0. Then H?(X, F) =0 for p > 0. We
prove this by induction on p. Choose an exact sequence 0 - F -7 — G — 0
with Z injective, so that H*(X,G) =~ H'T1(X, F) for i > 0. Moreover, since
HY(X,Z) = 0, Lemma 2.1.13 shows that H'(X,F) = 0, which is the base
case. For the general case, Lemma 2.1.13 shows that this sequence is in fact an
exact sequence of presheaves, and since Cech cohomology is a derived functor
on presheaves, H(U,G|y) = HT'(U, F|y) = 0 for i > 0 since T is flasque.
Thus by the inductive hypothesis applied to G, we are done.
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A very slight generalization of the argument above will give us affine cohomol-
ogy vanishing for quasi-coherent sheaves, and gives a more practical criterion
for checking cohomology vanishing.

Lemma 2.1.15 Let X be a ringed space and F an Ox-module. Assume there
exists a basis B such that for each U € B, there is a cofinal system of open
coverings Covy of U such that:

(a) ForU € Covy, Ui,...;, € B.
(b) ForU € Covy, HP(U,F|y) =0 for p > 0.
Then HP(U, F) =0 forp >0 and all U € B.

Proof We proceed by induction on p > 0 over all F simultaneously. Choose
an exact sequence 0 — F — Z — G — 0 where Z is injective. First of all, this
gives an exact sequence

and since the first Cech cohomology vanishes on a cofinal system of open covers
of U, we conclude H!(U,F) = 0 by Lemma 2.1.13. This is the base case. For
p > 1, note moreover that HP~1(U,G) =~ HP(U,F), so it suffices to show
that HP~1(U,G) = 0, for which it suffices to show that G satisfies the same
hypotheses as F in the assumptions.

To check this, for each U and U € Covy, the sequence of sheaves induces a
sequence

0— C*U, Flu) — C*U,I|y) — C*(U,Glv) — 0 (%)
of complexes which we claim is exact. Since products of modules are exact, this
reduces to showing that 0 — F(V) — Z(V) — G(V) — 0 is exact, where V is
of the form Uj,...;,. But then V' € B, so this follows again from Lemma 2.1.13
as before.

The exact sequence * of complexes gives an exact sequence
H"(U,I|y) — H"U,Glv) — H" (U, Flv)

in Cech cohomology for every n > 1. The left term is 0 because Z|y is flasque,
and the right term is zero by assumption. Therefore the middle term is zero,
so G satisfies the same hypotheses as F. O

Now we come to the second method for relating Cech cohomology to derived-
functor cohomology. The idea is to sheafify (not literally) the Cech complex
into a complex of sheaves.

Continue the assumptions that X is a ringed space and U is an open cover of
X. Let F be a presheaf, and define the complex of presheaves

CP(U, F) H Jigeip s Flusg oy = | dreFlor,
L(I)=p
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where we are using the obvious convention for the second notation, noting
that I runs over tuples of the form I = (ig,...,ip) and its length ¢ is p,
not p + 1. We define the differential component-wise as before: to give a map
CP(U, F) — CP*Y (U, F) we have to give maps CP(U, F)|y, — F|u, for each I
of length p, and restricting commutes with the product so we define

p+1

ASivipr = D (D S5

k=0

sectionwise. Moreover, this is natural in F, so if F*® is a complex of presheaves,
we can define a bicomplex C’(u ,F*) by the same formula levelwise, except
that we should twist the vertical differentials by (—1)? to agree with our
convention for bicomplexes. Finally, note that there is no ambiguity about
sheaves/presheaves because arbitrary products in the two categories agree.

Lemma 2.1.16 With notation as above, let U be an open cover, F be an
Ox -module, and F* a bounded above compler of Ox-modules.

(a) As defined above, C(U, F) is indeed a complex, and C(U, F*) is indeed a
bicomplex.

(b) The identities
L(V.CU, F)=CUNV. Fly)  CUF*)ly =CUNV,Fly)
both hold for every open subspace V. C X.
(¢c) The natural morphism of compleves F[0] — C*(U,F) is a quasi-
isomorphism. More generally, the natural morphism of complezes
F* — TotC*(U, F*)
18 a quasi-isomorphism.
In light of (c), we usually call C(U,F) or C(U,F*) a Cech resolution of F or
F* respectively.

Proof (a-b) Note that the first claim in (b) holds by definition of j.. Thus the
second claim of (b) holds for a single sheaf, and so it’s clear for a complex of
sheaves. For (a), the second claim follows from the first, and the first follows
from (b) applied to every open and the fact that the regular Cech complex is
a complex.

(c) The natural map F — [, ji«F
maps. We need to show that

0—F—C'UF)—CUF)—--

U, is the one induced by the restriction

is an exact sequence of Ox-modules. It suffices to show this after restricting
to an open cover, namely U, so by the second part of (b) we may assume that
X € U. Then, by the first part of (b), evaluation on every open V produces an
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exact sequence, because the augmented Cech complex is exact when the cover
contains the whole space. This proves the first part of (c).

For the second part, the natural map above extends termwise to a map F* —
CoO(U, F*) — Tot C*(U, F*). On the other hand, we have the spectral sequence

EP? = HIHY(C*(U,F?)) = HPT9(TotC*(U,F*)).

The LHS is 0 for p > 0, and H?(F*) by the first part, so this coincides with
the cohomology of the totalization, and the induced map

HIY(F*) — HY(TotC*(U, F*)) = HI(F*)

is an isomorphism. O

This gives us a very easy way to formulate the Cech to sheaf cohomology map.
Namely, we have the natural transformation I' — RI'; and thus a commutative
diagram:

NXxX,F) — C*(U,F)

e

RI(X,F) — RI(X,C*(U,F))
To check that this coincides with the comparison map we defined earlier, we
have to show that

CU,F) L(CWU,F))

| !

RH(F) — RH o Rix(F) — RT(C(U,F))

commutes. We first claim that C*(U,F) is a complex of H®(U,—)-acyclic
objects for any presheaf F. Indeed, since Cech cohomology commutes with
products, we may show that for j: V — X an inclusion,

H* U, jy.Flv) =0 p>0

where V' is contained in an element of ¢/; this is clear because CU, jy.FIV) =
CUNV,Fly), and the latter complex only has zeroth cohomology since V' is
an element of U N V. To apply this fact in showing that the two comparison

maps agree, we consider the following diagram:

HY(F) ——— RH% x(F) ——— RI(X,F)

l l I=

HO(CU,F)) —=> RH(C(U,F)) — RI(X,C(U,F))

Since F is a sheaf, the outer composites agree with the natural maps I' —
RT because of the uniqueness statement in the universal property of derived
functors. The bottom left map is an isomorphism because we just showed that
C(U,F) was a bounded below complex of RH®(U,—). So, what we have to
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show is that the identification of RHix (F) with C(U, F) under the map to
RH°(C(U, F)) agrees under the displayed isomorphism with H°(C(U, F)) =
C’(U ,F). This is evident from the bifunctoriality of RHom and the projective
resolution of O}/°.

The Cech resolution gives a more natural way to describe the Cech-to-derived
spectral sequence, and we will state a slightly more general version of it.
Proposition 2.1.17 Let X be a ringed space, F* € Ch™(Ox), and U an
open cover of X.
(a) There is a natural bounded spectral sequence
EPT = HP (U, H(F*)) = HPTI(X,F*)
converging to a bounded filtration on the hypercohomology.

(b) Suppose f: X — Y is a morphism, and that U is finite. Denote the
composite Uyy..;, — X — Y by fi,....,. There is a bounded spectral
sequence

EP? = @ HY(Rfiyiy

.....

) = HPTIRf.(F®)

Uig---ip
converging to a bounded filtration on the derived pushforwards. Here the

E: differential is the Cech differential on the higher pushforwards.

Proof (a) This is just the spectral sequence associated to a bicomplex, where
we take vertical cohomology first. Namely, choose an injective resolution
F* — I°, and consider C*(U,T*). Since restriction to an open set is exact,
the right adjoint j, preserves injectives. Since arbitrary products of injectives
are injective, it follows that é'(u ,Z*) is a bicomplex of injective objects, and
hence so is the totalization.

By Lemma 2.1.16, this means that we have isomorphisms
RT(X,F*) = I'(X,ZI%) = T'(X, Tot C(U,T*)) = Tot C(U,T*)

and likewise on open subsets. Computing vertical cohomology for C* Uu,z%)
first, we obtain

HY(CPU,T*)) H HYT*(Usy..i,))

H HI Uiy, F*),

and so the corresponding spectral sequence will give
HP(U,HY(F®*)) = HPTTotC*(U,ZI°),
but we showed above that the RHS is RPTIT(X, F*®) as desired.



96 Derived categories in AG

(b) We argue the same way as before, except that while products of R-modules
are exact, products of Ox-modules aren’t. Once again consider C*(U,Z*),
which is a bicomplex of injectives, and therefore

Rf.F =5 f,I° = f, Tot(C(U, T*)) = Tot £.C(U,T*).

This will take care of the RHS of the spectral sequence. For the LHS, note that

f* u Il @ fzo7 i Iq|Ui0_..ip7

0,

so taking vertical cohomology and using the fact that sums commute with
cohomology, we obtain the desired spectral sequence. ([l

To conclude this section, we discuss an often-used variant of the Cech complex,
which is more convenient when actually computing with small open covers.
This is the ordered Cech complex, denoted C* (U, F), where U = {U; : i € I}
is an open cover of X and [ is an ordered set. Then we define

crau,F) =[] FUi.i,)

o< <ip

and so égjd(u,f) = 0 if |U| < p. We use the same differential as in the
standard Cech complex, which still works because if (ig,...,%,) is in strictly
increasing order, then (ig, ... ,iAk, ...,1p) is also in strictly increasing order.
Thus we have a new chain complex, and this admits a natural map C* (U, F) —
C* (U, F) which forgets the components that aren’t in strictly increasing

ord
order. The main point is:

Lemma 2.1.18 Let X be a ringed space, U an ordered open cover of X, and
F an object of PMod(Ox). The natural map

C*(U, F) — CoqU, F)
is a homotopy equivalence.
Proof Recall from Prop. 2.1.8 that we defined O}, constructed a projective

resolution K*(U) — OF/°[0], and saw that Hom(K*(U),F) = C*(U,F). To
prove this lemma, we can make an almost identical definition

ord @ -77,0 zn, vip )

10 < <ty

ord(u)7]:) = Oc:rd(u7f)' Itis
also clear that the canonical projection as in the lemma statement is induced
(after applying Hom(—, F)) by a canonical inclusion K2 4 (U) — K*U). It
suffices to show that this map is a homotopy equivalence. Since these are
complexes of projectives, we may show it is a quasi-isomorphism.

The key point is that K°(U) = K 4(U), and so the corresponding definition

for O}/ is the same in the ordered and unordered case. Therefore, we just

and it is just as clear from earlier that Homgy: (K3
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need to show that the augmented complex

- — K_2(L{) — Ko_mli(lzl) —

ord

ordU) — O =0
is exact. We now basically use the same proof as in Prop. 2.1.8, whereby we
fix an open W C X, and consider the set I’ of indices for which W C U;. Over

W, the augmented complex becomes

- — @ Ox(W) — @OX(W)*)OX(W)*)()’

io<i1 €I’ io€l’

(assuming I’ # &). We can use almost the same cone contraction as ear-
lier, except that placing a fixed index at the beginning might not retain the
ordering. Thus, choose £ € I’, and define a homotopy by

(_1)7“5]‘0..45;...]‘1)_*_1 EI]T =/ )
0 otherwise

h(s)jO"‘jp+1 = {

Now, just as in the earlier proof, hd + dh = 0 follows from breaking the sum
into terms including components with index ¢ and excluding them, and those
including ¢ cancel out. O

This gives another proof that if ¢ is a cover with n elements, then H? Uu,r) =
0 for p > n. Note also that since the ordered Cech cohomology is identified
with the unordered one, we also have properties such as a cover being ordered
Cech-acyclic if one of the opens is the whole space. Using this, we can make
the construction sheafy:

Remark 2.1.19 We may make a corresponding definition C3.4(U,F) for the
sheaf Cech complex by only including terms with strictly increasing indices.
Then the same argument we used earlier shows that the augmented complex
F[0] — V(:rd (U, F) is exact, provided F is a sheaf. Moreover, the corresponding
projection map C*(U, F) — V;rd (U, F) is therefore a quasi-isomorphism.
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2.2 The derived category D(Ox)
2.2.1 The main derived functors

In the previous sections we focused on RI" and Cech cohomology. Now we will
describe the other derived functors, such as

Rf. Lf* (=) ®gx (-) RHom Ext

to name a few. We will discuss their relation to RI', and some basic com-
patibilities that they have with each other. Often, we can say a lot more if
we consider certain objects in DT (Oy) that satisfy more hypotheses, such
as ‘pseudo-coherence’ or ‘perfectness’, which we will study more in the next
section. Examples are the consideration of duals, projection formulae, and so
on.

The most important derived functor is Rf, for f: X — Y a morphism of ringed
spaces. We showed in Remark 2.1.6 that if f: X — Y is such a morphism,
then there is a commutative diagram

D+ (0x) — D+(0y)

RF\L lRF

D¥(0x (X)) — D*(Ox(Y))

where the bottom map is the restriction of scalars functor induced by
Ox(X) — Oy (Y). Thus, the natural map f, — Rf. induces a comparison
map

RU(Y, f.F*) — RU(Y,Rf.F*) = R['(X, F*)
which is an isomorphism, e.g., if 7* is a bounded above complex of f,-acyclics.
Here is a much more general statement:

Theorem 2.2.1 Let f: X — Y andg: Y — Z be morphisms of ringed spaces.
(a) There is a canonical identification
Rg.oRf. = R(go f)«
of pushforwards Dt (Ox) — D1 (Og).
(b) For A € DT (Ox), there is a bounded spectral sequence
Ey? = HP(Rg. HY(Rf.A)) = H"*9(R(go f).A)

converging to a finite filtration on the RHS. In particular, if F is an
Ox -module, then we have a spectral sequence

RPg, (qu*]:) = RPMI(gf),F.
This is called the Leray spectral sequence.

Proof This is a composition of derived functors and the corresponding
Grothendieck spectral sequence. We have to check that f, sends e.g. injectives
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to g«-acyclic sheaves. Indeed, injectives are flasque, g. preserves flasqueness,
and flasque sheaves are g, acyclic. O

Sheaf cohomology is a special case of derived pushforward. If X is a ringed
space, the unique map p: X — * extends to a map of ringed spaces by viewing
(x, Ox (X)) as aringed space. Then Mod(O,) = Mod(Ox (X)), and the functor
Py coincides with T,

Other useful results are the ‘hypercohomology spectral sequences’, for which
we apply Thm. 1.3.24. If F* is a bounded below complex of Ox-modules, this
gives us bounded spectral sequences

EPY = RIf,FP —> HPYIRf.(F*)

and, for R,

EY? = HY(X, FP) = HPTI(X,F*).
This gives a way to convert results about cohomology of a single sheaf to results
about arbitrary objects of the derived category. We also have the corresponding
secondary sequences on cohomology:

EP? = RPf,(HIA) = HPTIRf,(A)

and

EP = HP(X, HI(A)) — HPYI(X, A)
for A € DT (Ox). In applications to algebraic geometry, we will often want
to argue about complexes which have quasicoherent or coherent cohomology,
and this spectral sequence lets us translate sheaf level statements about such
things to bounded below statements.

The following result, called the Mayer-Vietoris sequence, is a good demonstra-
tion of how to formulate results in the derived category:

Proposition 2.2.2 Let f: X — Y be a morphism of ringed spaces, and A €
DV (Ox). Let U,V C X be open subsets, and denote by fu, fv, and funy the
composites of f with the inclusions of U, V', and U NV into X respectively.
Then there is a distinguished triangle

11T 1-1
Rf. A au, Rfu.Alu @ Rfv.Alv -9, RfvavsAlunv — Rf.A[1]

in Dt (Oy) which is natural in A.

Proof Choose a quasi-isomorphism A -~ 7* with I* € K*(Zo,), then the
(augmented) ordered Cech complex for Z*® with respect to U,V is the exact
sequence of complexes:

o DT o e (1) .
0—=ZI° —— juL®lu ® jv:L®lv — junvasIpny — 0
This gives an exact triangle

A = Rju.Alu ® Rjv«Alv — RjunvA — All]
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in DT (Ox). Now apply Rf. to this. O

The following observation justifies the name: take f to be the identity, apply
RT', and then the long exact sequence in cohomology is

= HY(X,A) - H(U,A) e H(V, A) —» H(UNV,A) - HTH X, A) — -
mirroring the Mayer-Vietoris sequence in topology.

We next discuss the locality of derived pushforward, and a fundamental
computation which expresses pushforward in terms of cohomology. First, let
f: X — Y beamap and U C Y an open subset. Let f|;-1y denote the
restricted map f~1(U) — U. Then by definition we have an equality of functors

(o fu=(flg1v)s o (=)fu-

Now restriction is exact, and we showed that it preserves injectives. It follows
that we have a canonical identification

(RfA)|lu = R(flp-10)«(Alp-10),

and therefore

(RPfo F)|u = RP(flp-10)«(Flp-10)  p=0

for F an Ox-module. This means that whenever we are checking a property
which is target local, we may always check on an open cover. For example, if
U CY we see that

RU(U, Rf.A) = RU(U, R(f|-10)A) = RU(f71(U), A),
viewed in the derived category of the ring Ox (f~1(U)) by restriction of scalars.
Next let us consider a seemingly stupid composition of functors:

Mod(Ox) L5 Mod(Oy) 25 PMod(Oy ) 2 Mod(Oy)

Sheafification a is exact, and the composite of the last two functors is the
identity. Thus the whole composite equals f.. Since everything is a-acyclic,
this implies that

Rf. =aoR(iy o fs) =ao Riy o Rf,,
where in the second equality we have used the fact that a flasque sheaf is iy-
acyclic. That is the case because RPiy(G) = HP(G) =0 as HP(U,G) =01if G
is flasque. Therefore, for A € D (Ox), we have
HP(Rf.A) = aHP(Riy(Rf.A)) = aHP(Rf.A)
=a(U — HP(U,Rf.A))
=a(U— HP(f'(U),A)).

Once again, we are implicitly viewing U +— HP(f~*(U), A) as a presheaf of
Oy-modules via restriction of scalars.
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Ezample 2.2.83 Take A = F[0] and f = 1x. Then this says that 7 = a(U —
H°(U, A)), which we already know, and

0=a(U — H(U,F)) = aH?(F)

for p > 0, which is new. In other words, each cohomology class in HP(X, F)
restricts to zero in a nbhd of every point. This is a reincarnation of the fact
that taking sections is locally exact, but globally not right exact.

(Perhaps reorganize to add something more apt here.)

We now discuss a useful criterion for derived pushforward and cohomology
commuting with filtered colimits. First of all, exactness of a sequence of sheaves
is checked on stalks, which is a certain colimit, and filtered colimits commute
with colimits; therefore taking filtered colimits of Ox-modules is exact. It
follows that on each of the derived categories we obtain a functor

lim?: D*(Mod(Ox)") — D*(Ox),

where we use the superscript D to distinguish this from some kind of colimit
inside D*(Ox). If we restrict to the bounded above (or below) case, we know
that this can be computed by any preadapted class in K*(Mod(Ox)!), where
I. We usually take this class to be the pointwise injectives. Every object of
Mod(Ox)! admits a monomorphism into a pointwise injective object because
we have functorial injective embeddings in Mod(Ox).

This preadapted class has good properties. Even if its elements are not
themselves injective objects of the functor category, we note that exactness
in a functor category is checked pointwise. So, given a left exact functor
F: Mod(Ox) — A, the induced functor F: Mod(Ox)! — Al is also left
exact, and given an acyclic complex of pointwise injective objects A, F(A)
is acyclic, because F(A)(i) = F(A(4)) is acyclic as A(¢) is an acyclic com-
plex of injectives. This means that we can define the right derived functor
RF: D*(Mod(Ox)) — D+ (AL).

Remark 2.2.4 More generally, here is what we have just said: If A is an abelian
category and R is a preadapted class with functorial embeddings, then for
any small category C, the class R¢ forms a preadapted class in AY. Next,
if R is adapted to a left exact functor F: A — B, then RE is adapted to
F¢: A9 — BY 50 that we can define the derived functor RF®: DT (A%) —
D+ (BY). Lastly, suppose A* € Cht(AY), and choose a resolution A* — X*
with X*(c) € KT(R) for each ¢ € C. Then RF®(A) = F(X) pointwise and
termwise, i.e. RFC(A)(c) = F(X(c)*®). Since the evaluation functors are exact,
A*(c) — X°*(c) is also a quasi-isomorphism, and RF(A*(c)) = F(X(c)*).
Therefore, RF(A) is represented by the object ¢ — RF(A(c)), where if ¢ — ¢
is a map in C, then the corresponding map RF(A(c)) — RF(A(c")) is given
by functoriality of RF' and the fact that A(c) — A(c’) is a chain map. Another
way to say this last part is that the derived functor RF¢ factors through

D+(AC) —>D+(A)C N D+(‘BI)
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where the first map is induced by the exact evaluation functors.

We can combine these two observations above to discuss how filtered colimits
interact with sheaf cohomology.

Proposition 2.2.5 Let Y have a basis of qcqs opens, X have a basis of qua-
sicompact opens, and f: X — Y be a qcqgs morphism of ringed spaces. For any
filtered category I, the diagram

lim P

D+ (Mod(Ox)) — DT(Ox)

Rf! l Rf*l
lim?

D+ (Mod(Oy)T) —1» D*+(Oy)

commutes up to canonical isomorphism. In particular, if F(—) is a filtered
diagram of Ox-modules, then:

(a) With the assumptions on f as above, the natural map

lim R? f.F (i) — RP f.(lim F(i))
el i€l

s an isomorphism for all p > 0.
(b) If X is gegs and has a basis of quasicompact opens, then the natural map

lim HP (X, F(i)) — HP (X, lim F(i))
i€l el

s an isomorphism for all p > 0.

Therefore, in the circumstances described above, the functors RPf, and
HP (X, —) preserve arbitrary coproducts for all p > 0.

Proof Consequence (a) follows directly from the diagram and the fact that Rf}
is computed pointwise, which was discussed above. If we take Y = (%, Ox (X)),
then f qcgs means that X is qeqgs, and we get (b). The fact about arbitrary
coproducts holds because a coproduct is a filtered colimit of biproducts (or
empty, in which case we already know the functors preserve 0).

Now the main result. First let us show that under the assumptions of the
proposition, lim  f, (F(i)) = f.(lim, F(i)). Since Y has a basis of qcgs opens
and f is qcgs, we reduce immediately to showing that lim  H (X, F(i)) =
H°(X, lim, (i)) is an isomorphism whenever X is qcgs and has a basis of qc
opens. So, consider each F (i) as a sheaf on the basis of all qc opens, which is
closed under finite intersection by assumption.

We claim that the presheaf filtered colimit U+ lim F(i)(U) (for U quasi-
compact) is already a sheaf on the basis, which completes the proof since X
is quasicompact, and the sheaf colimit is the sheafification of the presheaf col-
imit. To demonstrate the sheaf condition for an open cover {U;} of some qc



Vihaan Dheer 103

open U, it suffices to show the sheaf condition on any subcover, and hence we
may assume {U,} is finite. Thus the sheaf condition for each F(7) is the exact
sequence

0— F@)U) — @B Fi)U;) — P F6@)(U; nU),
J gk

and taking filtered colimits gives the sheaf condition for (lim F(2))(U).

This shows that f, commutes with filtered colimits, and so the underived
version of the diagram in the proposition commutes. To conclude, we apply
composition of derived functors. By the discussion above, it suffices to show
that if Z(—) is a filtered diagram of injective objects, then lim Z(i) is f.-
acyclic. By the description of RPf, as a sheafification, we may show that
HP(f~Y(U), lim 7 (i)) = 0 for all p > 0 and U C Y qcgs. Then F~Y(U) is qegs,
so we reduce to showing that H”(X,lim Z(i)) = 0 for p > 0 whenever X is
qcgs and has a basis of quasicompact opens, and Z(—) is a filtered diagram of
injectives.

We show this using Cech cohomology. Let I be a finite open cover of a quasi-
compact open U C X by qc opens. Since U; is still gcgs and has a basis
of qc opens, we have

0 ip

hi>n HO(UiO“‘ip ’ ]:(7’)) - HO(UiO'“ip ’ h_r>n ‘F(Z))»

icl iel
so lim, CP(U,Z()|y) == ép(u,@i Z(i)|y) by finiteness of U. Since filtered
colimits are exact, this statement holds on the level of Cech cohomology. Since
each Z (i) is injective, the cohomology on the LHS vanishes, which proves that

AU I()) =0 p>0
i€l

for every finite open cover U of U by qc opens. Since such coverings form
a cofinal system, we conclude by Lemma 2.1.15 that higher cohomology of
lim 7 (i) vanishes for all qc opens in X. O

Our next topic is RHom, which we will define in the exact same way as RHom.
We will see, however, that to prove the relevant properties of RHom, many
specific properties of sheaves are needed; namely, what follows is not just an
obvious generalization of RHom.

Let F*,G* be (possibly unbounded) complexes of Ox-modules, and define
Homp, (F*,G°) = [ [ Homoy (F?,G"*7),
PEZ

with differential given by the same formula df — (—1)" fd, where this formula
makes sense on every open and hence as sheaves. So,

H° (U, Homy,  (F*,G*)) = Home,, (F*[v,G°|v)
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as complexes of Ox (U)-modules since products commute with sections, from
which we immediately deduce e.g. that the definition above actually gives
a complex. More generally, most facts that we prove about the sheaf hom
complex will pass through the formula above. For example, we get for free that

Homy  (F*,G°[K]) = Homp  (F*[-K], G%) = Homo, (F*,G°)[K]

because it is true on every open.

Lemma 2.2.6 Let X be a ringed space. In what follows,
F* L, FL,6%,.61.G5
are all possibly unbounded complezes of Ox-modules.
(a) Hom naturally defines a functor
Ch(0Ox)°? x Ch(Ox) — Ch(Ox).
This restricts to Ch™ (Ox)°P x Cht(Ox) — Ch"(Ox). Moreover, these

are homotopy invariant, meaning that both restrict to functors
K(Ox)OP X K(Ox) ad K(Ox) Ki(OX)Op X K+(Ox) — K+(Ox)
on the homotopy categories.

(b) For any map ¢: Gy — G3, there is a canonical identification
Homg,  (F*, Cone(¢)) = Cone (7—[07m29X (F*, go))
For any map ¢: Fy — F3, there is a canonical identification
Hom (Cone(4),G*) = Cone (Hom, (6,6°))
as well.
(c) If I* € K" (Zo, ) and ¢: Fp — F3 is a quasi-isomorphism, then
Homo, (F1, 1) — Homp  (F2,1°)
18 a quasi-isomorphism.

(d) If I* € K(Zoy), then Homg (F*,Z%) is a complex of flasque Ox-
modules. If in addition F* is a complex of flat Ox-modules, then
Homg,  (F*,Z°) is a complex of injectives.

Proof (a) The first part is from functoriality of sheaf hom and of products.
Note that if the first argument is zero after degree ¢ and the second is zero
below degree r, then whenever n < —qg+ 1, either p >qorn+p<n+q<r,
so Hom(FP,G"P) = 0 either way. For homotopy invariance, note e.g. that a
homotopy Gt — G3~! induces a map Hom(F?,G]""P) — Hom(FP,Gy P,
and hence a map

Homp  (F*,GY) — Hom$, (F*,G3) neZ
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which is a homotopy by functoriality. Likewise for the first argument.

(b) This is true after taking sections over every open set, and the identification
is compatible with restriction. Here we are using the fact that Hom preserves
finite biproducts in either variable.

(c) It suffices by (b) to prove that if F* is acyclic, then Homg, (G*,Z°) is
acyclic. But to show exactness we may show exactness on sections over every
open set, and indeed Hom, (F*|r,Z%|v) is acyclic for all U because Z°|y is
a bounded above complex of injectives.

(d) Note that a product of flasque sheaves is flasque, because products com-
mute with sections, and products are exact for modules over a ring. Thus we
may show that Home, (F,Z) is flasque for Z an injective sheaf. Indeed, for an
open inclusion j: U — X, applying Home, (—,Z) to the injective morphism
I F|u — F gives the exact sequence

Homox (F,I) — Homox (j!]:|U,I) = HOmoU (f|U,I|U) — 0
by adjunction. This shows flasqueness.

For the second statement, we once again reduce to showing that Homo , (F,T)
is injective if F is flat and 7 is injective, because products preserve injectives.
But by the tensor-hom adjunction,

Homep (—,Homox (F, I)) >~ Homop, ((—) ®o, F,Z),

so the LHS is a composition of two exact functors. O

By part (a) of the lemma, the sheaf hom complex gives a functor K(Ox )P x
K*(Zo,) — K(Ox), which by (c) descends to a functor D(Ox)°P x
K*(Ox) — D(Ox). Via the equivalence K™ (Zp,) — D*(Ox), we get a
functor

R?—lom@X: D(Ox)Op X D+(Ox) — D(Ox)
By part (c) of the lemma, the functors

RHomo, (4, —) RHomeo, (—, B)

are both triangulated for any A € D(Ox) and B € D" (Ox). Note that by (a),
if A€ D™ (Ox), then this lands in D" (Ox). Lastly, the choice of an inverse
equivalence DT (Ox) — K1 (Zp, ) comes with a natural transformation which
induces a natural morphism

Hom — RHom

of bifunctors, which on the bounded below complexes of injectives in the second
variable is an isomorphism.

Proposition 2.2.7 Let X be a ringed space.
(a) IfU C X, then
R’Homox (A, B)‘U = RHom@U (A|U, B‘U)
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for any A € D(Ox) and B € D*(Ox).
(b) For F € Mod(Ox), there is a canonical identification
RHomo, (F,—) = RHomo, (F[0], —)
of the right derived functor with sheaf RHom.

(c) There is a canonical identification
RT (X, RHomo, (A, B)) — RHomo, (A, B)

in DY(Ox (X)) for A€ D~ (Ox) and B € D" (Ox).

Proof (a) Replace B by a bounded below complex of injectives, then we con-
clude by exactness of restriction and the fact that the restriction of a bounded
below complex of injectives still has the same property.

(b) Since RHom(F[0], —) is triangulated, and due to the natural map from
Hom(F[0], —) = Hom(F, —), there is a natural map in the direction specified
by the universal property of derived functors, making the obvious diagram
commute. This is an isomorphism on K (Ze, ), and hence on D (Ox).

(¢) Note that T'(X, Hom (A, B)) = Hom(A, B), so we have some natural maps
RHom(A, —) « Hom(A, —) — RI'(Hom(A, —)) — RT'(RHomo, (A, —))

in the derived category of Ox(X). Testing on K™ (Zo, ), the left- and right-
hand maps are isomorphisms, and the remaining map is an isomorphism as
well because Hom(A,Z*) is flasque, by Lemma 2.2.6. O

In light of (b) above, we write
&ty (=, =) = HP(RHomo ((—)[0], (-)[0]))

for the classical right derived functors of Homo, (F,—), so these form
bifunctors

Mod(Ox ) x Mod(Ox) — Mod(Ox).
Then by (c), or simply the fact that Hom(F,Z) is flasque if Z is injective, we
have the following spectral sequence:

HP(X, &xtd, (F.G)) = Extl Y(F,Q)

This is called the local-to-global spectral sequence. More generally, instead of
applying the Grothendieck spectral sequence, we can use the main ingredient
in its proof, which gives a spectral sequence

HP(X7 Hq(R”HomoX(A,B))) — Hompoy) (A, Blp + q))

of Ox(X)-modules, for A € D (Ox) and B € D*(Ox). The point of
introducing RHom is that it is in fact usually much easier to compute,
and as we will see it behaves a lot more like classical RHom’s for modules.
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For example, we know that RHome, (Ox,—) is the identity functor while
RHomp, (Ox, —) is RT. Thus the spectral sequence above is a generalization
of the hypercohomology spectral sequence.

Another reason that RHom is more similar to the module case is because we
can often compute it using resolutions in the first variable. Let us temporarily
call an Ox-module internally projective if Homeo,, (F, —) is exact. Thus in this
case &xt? (F,—) = 0 for p > 0, and conversely if Ext? (F,—) = 0 for p > 0, then
an exact sequence 0 — G; — Go — G3 — 0 induces a long exact sequence

0 — Hom(F,G1) — Hom(F,Ga) — Hom(F,Gs) — Eut' (F,G1) =0

by exactness of RHom. So being internally projective is equivalent to having
Ext?(F,—) = 0 for p > 0. For example, a finite locally free sheaf is internally
projective.

Example 2.2.8 If F is an internally projective module, then the local-to-
global spectral sequence for Exts immediately gives a natural identification
HP(X, Hom(F,—)) = Extg, (F,—). For instance if 7 = £ is finite locally free,
then HP(X,£Y ®oy G) = Extg, (£,G).

Ezample 2.2.9 Just as in the case where the target is modules, Hom (F*®,G*®) is
the product totalization of the bicomplex CP'? = Homeo, (F P, GY), so there is
an associated spectral sequence. However this doesn’t automatically converge
to what we expect since products aren’t exact; so, assume either that F® €
Ch®(Ox) and G* is arbitrary, or F* € Ch™(Ox) and G* € Ch™(Ox). Both of
these ensure that the products taken are finite, so we get spectral sequences

Hy (Hi(Homo (F*,G%))) = H""(Homo, (F*,G°))
and

HP (H}(Homo (F*,G%))) = HPT(Homy (F*,G%)).
So, for example, if F* is a bounded above complex of internally projective
sheaves, then for G* a bounded below acyclic complex, Homo, (F,G*) is

acyclic. Thus the first spectral sequence degenerates to 0 and the total complex
Home, (F*,G*) is acyclic.

Lemma 2.2.10 Let F* be a bounded above complex of internally projective
modules. Then the natural map

MOX (‘7:.’ 7) - R,Homox (-7:., 7)
is an isomorphism of functors KT (Ox) — DT (Ox).

Proof Let G* € Kt (Ox) and G* — Z*® be a qis with Z* € KT (Zo, ). Then the
diagram
m@x (]:.7g.) — RHomOX (f.7 g.)

| I

Home , (F*,Z°%) — RHomo, (F*,I°)
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commutes by naturality in both variables, and we already know that the right
and bottom maps are isomorphisms. By Lemma 2.2.6(b) and the fact that
Home  (F*®, —) preserves acyclics, the left map is also an isomorphism. O

Here’s how this occurs in practice: we often care geometrically about comput-
ing RHomop, (F,G), e.g. where F is some coherent sheaf, and we have a finite
resolution of F by vector bundles. So, we can first compute RHomo,, (F,G)
which is just Hom applied to the resolution, and then compute cohomology
and use the local-to-global spectral sequence. We will return to internally
projective sheaves in the next section.

Now let’s discuss Lf* and the derived tensor product. First, the latter; we
know that Mod(Ox) is closed symmetric monoidal and has exact arbitrary
sums, and enough flat objects, so the entire discussion about (—) @ (-)
already applies. By convention, we denote the corresponding Tor sheaves as
Toro, (F,G), instead of Toryjq(o ) (F, G), though they mean the same thing.

Ezample 2.2.11 Let A, B € D~ (Ox), and represent them by complexes F* —
A, G* = B where F* is a bounded above complex of flats. Then we defined the
complex F*®G* as the (sum) totalization of the natural bicomplex. Since this
is a shifted third quadrant bicomplex, we have the associated spectral sequence

HYHY(F ©G%) — HPY(F* ©G°).

Since each F' is flat, we have H(F* ® G*) = F* @ H?(G*). Thus the LHS
above is HP(F* ® H?(G*)). Therefore, this gives a bounded spectral sequence

HP(Awg, HI(B)) = H"" (A, B),

which is called the hyper-Tor spectral sequence. In particular, if A = F is
represented by a single sheaf, then

Tor?(F,HY(B)) = HP'(F®%_ B).

The general version is useful because it relates the cohomology of A (X%X B,
which isn’t a derived functor of anything, to the cohomology of something
which is a derived functor, since

A@b, H(B) = L((-) @0, H'(B))(A)
as HY(B) is just an Ox-module.

FEzxzample 2.2.12 We can repeat the same trick as above for RHom, but we
have to make sure the first argument is bounded above as explained earlier.
Soif A€ D7 (Ox) and B € D¥(Ox), then by replacing B with a bounded
below complex of injectives we obtain a spectral sequence

HP(RHome, (H 9(A), B)) = HFYI(RHomoe, (A, B)),
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so in particular
Exty, (H™1(A),G) = HP(RHomo, (4,G)).
The same thing of course works for regular RHom, so we have
HP(RHome, (H™%(A), B)) = HP*Y(RHomo, (4, B))

and likewise an Ext version as above.

The nice property of the derived tensor product is that it behaves well with
respect to stalks. First of all, since the stalk functor (—);: Mod(Ox) —
Mod(Ox ) is exact, it induces a termwise map on the derived categories
(—)z: D*(Ox) — D*(Ox 4). Then, here’s a simple lemma about flat sheaves.

Lemma 2.2.13 Let X be a ringed space. An Ox-module F is flat if and only
if Fz is flat over Ox .

Proof We already know the < implication. For the other direction, we just
need to know that for any Ox , module M there is an Ox-module with stalk
M at x. So take the skyscraper sheaf corresponding to M at x. O

Remark 2.2.14 In the tensor product case, we want to (as before) assert the
existence of a map
(—) ®8, (=) = (=) ®ox (-)

natural in both variables, of functors K™ (Ox) x K™ (Ox) — D~ (Ox). This is
more delicate than the RHom case because we don’t have enough projectives
(actually, that case was a bit delicate too, so I should go back and fix it); so, if
R is the class of flats, while we have a map K™ (Ox) — K™ (R)[S"], we don’t
automatically have a map K™ (Ox) — K™ (R) coming from a choice of inverse.

So here’s what we can do instead: By construction, for each F, the functor
F®g, (=) as D™(Ox) — D™ (Ox) is a left derived functor of F ® (—) using
an adapted class, so we have a natural map F @ (=) — F ®oy (—) of

functors K™ (Ox) — D~ (Ox). Since a morphism F — F’ gives a natural
transformation F ® (—) — F’ ® (—), there is an induced morphism of left
derived functors making the diagram

Fel(-) — Fa(-)
\ \
Fat (o) = F e ()
commute. We know that if G®* — B is a flat resolution, then the comparison
map is induced by F@¥B = F®G®* — F® B; now if F* is any bounded above

complex, the differentials induce commutative diagrams like the one above,
and by taking direct sums we get a map of totalizations

F* @6, B=Tot(F*©G*) — F* ® B,
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This is exactly the desired map of complexes. If B is a bounded above complex
of flats, then this is obviously an isomorphism, and if F* is a bounded above
complex of flats, then tensoring with it preserves quasi-isomorphisms.

Remark 2.2.15 Here is another thing we are using to construct natural maps
when comparing derived functors. If R is a (say left) preadapted class, then we
know that the natural map @: K™ (R) — D~ (A) is a localization by the quasi-
isomorphisms. This means that restriction along () induces an equivalence

Q*: Fun(D~(A), C) — Fun® (K~ (R), €),

where Fun® denotes the full subcategory of functors which send quasi-
isomorphisms in K™ (R) to isomorphisms. By currying/product-hom adjunc-
tion, this also induces an equivalence

Fun(D~(A) x €,D) — Fun®*} (K~ (R) x €, D),

where the RHS denotes the full subcategory of bifunctors G for which G(—, C)
sends quasi-isomorphisms to isomorphisms for every C' € €. Therefore, to pro-
vide natural transformations between functors in the LHS, we can precompose
with ) and then provide natural transformations there.

The natural map (—) ®6, (=) — (—) ®oy (—) gives rise to a zig-zag of maps
()85, (9) = (2 @0, (D)o = (e €. (e

because regular tensor product commutes with stalks, all landing in D~ (Ox ).
Now in the first variable, place a bounded above complex F* of flat sheaves.
The left hand map becomes an isomorphism because the same was true before
taking stalks. The RHS is an isomorphism because F; is a bounded above
complex of flat Ox ,-modules. Therefore, as functors K™ (R) x D~ (Ox) —
D~ (Ox,z), the LHS and RHS are isomorphic, so the same is true on D~ (Ox ) x
D~ (Ox) by the remark above. We have shown:

Lemma 2.2.16 Let A,B € D~ (Ox). For all x € X, there is a canonical
identification

(A®G, B)o = A, ®%, By
in D™ (Ox ). In particular, for F,G € Mod(OXJ), the natural map

Tor9X(F,G)s — Tor9%=(F,,G,)
for every x € X andn € Z.
Now we discuss derived pullback. Let f: X — Y be a morphism of ringed
spaces. Consider the class R of flat Oy-modules, which we already know
is preadapted. We claim it is adapted to the pullback functor f*. If F* is

a bounded above acyclic complex of flat Ox-modules, then apply f*, and
consider the resulting sequence on stalks at a point = € X:

n—1 n
B ]:f(z) R0y sy O = Ffa) Q0y o) Oxw = -+
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Since each }'J?(m) is flat over Oy, y(,) and the sequence is bounded above, the
sequence above is in fact exact (by a result early on in the discussion of derived

tensor product). Therefore f*F* is an acyclic complex, and we deduce that R
is an adapted class, so the derived functor Lf*: D~ (Oy) — D~ (Ox) exists.
Here are the very basic properties:
Proposition 2.2.17 Let f: X — Y be a morphism of ringed spaces.
(a) If g: Y — Z is a morphism of ringed spaces, the natural map
L(go f)" — Lf* o Lg”
is an isomorphism of functors D~ (Oz) — D~ (Ox).

(b) LetU C Y be an open subset, and f\f_1(U) denote the restricted morphism
f~YU) — U. Then there is a canonical identification

L (A1) = L(fl - @0))" (Alv)

m D7(0X|f*1(U)) for A € D7(0y)

(c) For any A€ D~ (Oy) and x € X, the natural map
* L
Lf*(A)z — A OOy, (2 Ox.

s an isomorphism, where on the RHS we mean the derived functor of the

base change by Ox , defined previously.
(d) For any A, B € D~ (Oy), the natural map

Lf*(A®g, B) — Lf*(A) @, Lf*(B)
s an isomorphism.

Proof (a) If F is flat over Oy, then f*F is flat over Ox, because its stalk at x
is the base change F () ®oy. ;) Ox,» and flatness is stable under base change.

(b) This follows from the commutative diagram

)

U
U

of ringed spaces, (a), and the fact that pulling back along an open inclusion is
just restriction.

(c) First of all, recall that we justified the notation on the RHS because the
restriction of scalars (which is exact) of the derived base change is indeed the
derived tensor product. The statement is derived functors of the composite in
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the commutative square:

Mod(0y) 25" Mod(Oy. u))

f*l l®OY,f(E)OX“T
Mod(Ox) % Mod(Ox..)
Taking stalks is exact, so the only thing to do is find a preadapted class on
Mod(Oy) whose stalks land in an adapted class for base change to Ox ., for
which we can take the flat Oy-modules.

(d) We have maps
Lf*(A®g, B) = Lf*(A®o, B) — f*(A®o, B)
and maps
Lf*(A) @8, LI*(B) — f*(A) @, [*(B) = [*(A) ®ox [*(B),

all of which are natural in A and in B. The two RHS’s are naturally isomorphic
in A and B. If we take A and B to be bounded above complexes of flat
sheaves, then the first maps in the bottom and top row are isomorphisms. The
second in the top row is also an isomorphism because the tensor product of flat
sheaves is flat, and the second in the bottom row is an isomorphism because
the pullback of flat modules is flat. Thus we obtain a canonical isomorphism
on D_(Oy) X D_(Oy) O

Remark 2.2.18 Let A — B be a morphism in D(Ox), and suppose that
A, — By is an isomorphism in D(Ox ;) for every x € X. Since taking stalks is
exact and termwise, this implies that H"(A) — H"(B) is a stalkwise isomor-
phism, and hence an isomorphism of sheaves. Thus A — B is an isomorphism.
Therefore we can often argue on stalks even in the derived category.

Remark 2.2.19 Let A — B be a morphism in DT (Oy), and suppose that
RT(U, A) — RI'(U, B) is an isomorphism in D" (Ox (X)) (or DT (Ox(U)), or
even DT (Z)) for every open U C X. We claim A — B is an isomorphism.
We may assume A = Zp and B = Z3 are in K™ (Zp, ), and then since Z3 is a
bounded below complex of injectives, the map Z{ — Z3 comes from a chain
map. Then for each n, I7'(U) — Z¥(U) is an isomorphism for every U, so
T, = T, in KT(Ox), which implies the result.

Note that for this result, we only need to check on all opens U in a basis for
X, because that is all we used in the last step of the proof. Moreover, it is of
course enough to show that H" (U, A) — H"(U, B) is an isomorphism for all n
and all U in a basis, because that implies the condition in the statement.

Remark 2.2.20 Let ¢: O7 — O be a morphism of sheaves of rings on X, so
that we get an associated morphism f: (X,03) — (X, 01) of ringed spaces.
We have already discussed the fact that f, is exact in this case and is just
restriction of scalars. Since f~! = Id, f*(F) = F ®0, Oz is extension of
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scalars. Then we have a canonical identification f.(F ®o, O2) = F ®0, Oz,
where on the RHS we mean as O;-modules. Since f, is exact, this implies that
foLf*(A) = A®p, Oy, so we often write (—) ®, Os, for derived change of
scalars.

Now let f: X — Y be a morphism, and observe that the functor f~! is exact,
so descends to the derived categories. We may write f as the composite

(X,0x) = (X, f1(Oy)) = (Y, Oy)

where the first map is induced by f~'Oy — Oy, and the second is given on
spaces by f and the morphism of sheaves f 1Oy — f~1Oy is the identity.
The second map is flat, so we are justified in writing

Lf*(A) = [7HA) ®F-10, Ox
according to the convention above.

A simple and practical example of a left derived functor is the closed-
embedding projection formula. Let ¢: Z — X be a morphism of ringed spaces
which is a closed embedding on the underlying topological spaces. If F is a
sheaf on Z and G is a sheaf on Y, then since i*(i.F ® G) = i*i,F ® i*G, the
counit map induces a morphism i*(i,F ® G) — F ® i*G, and thus a morphism
i F QG — i (]:® i*g) by adjunction.

Consider the stalk at a point z ¢ i(Z): the RHS is 0, and the LHS is 0@ G = 0.
On the other hand, if © = i(z), then the stalk at = on either side is

fz ®OX,i(z) gi(z) - fz ®Oz,z (gz ®OX,i(z) OZ,z)a

which is an isomorphism. Thus the natural projection map is an isomorphism.
Since i, is exact, this likewise induces natural morphisms

i+(A) ®%, B— i.A®oy B2i,(A®p, i*B) —i.(A®%, Li*B).

If we replace B with a bounded above complex of flat modules, the left map
is an isomorphism, and i*B is a bounded above complex of flat Oz-modules,
so the right-hand map is also an isomorphism. Thus we deduce the derived
projection formula:

Lemma 2.2.21 Let i: Z — X be a closed topological embedding, and A €
D= (0z), Be€ D~ (Ox). Then the natural map

i A®g, B — i, (A®, Li*B)

is an isomorphism.

Because of this result, combined with the fact that hypercohomology is invari-
ant under pushing forward by closed embeddings, we often drop the 7, and
just implicitly view an object A € D™ (Oz) as an object of D™ (Ox). It is sep-
arately also true that i,: D7 (Oz) — D~ (Ox) is a fully faithful embedding,
but we won’t discuss this yet.
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Ezample 2.2.22 Since i, is exact, it commutes with cohomology (of com-
plexes), and so

HP(i,A®%, B) =i HP(A®p, Li*D).
In particular, for sheaves F and G we have
Tor$* (i, F,G) = i, Tors ? (F, Li*G)

for all p. Now on the other hand, we have shown that i, actually commutes
with RT. So, suppose that A®g _Li*B € D’(Oz). Thus when we apply i, we
land in D*(Ox), and therefore

RI(X,i,A®p, B) =RI(Z,A®p, Li*B)
viewed in DT (Ox (X)).

FEzxample 2.2.23 Suppose i1: Z1 — X and iy: Z5 — X are two closed embed-
dings, and consider the structure sheaves i1 .0z, and iz Oz, as sheaves on
X. In scheme theory, we often want to think of their derived tensor product as
a derived intersection product, which generalizes the fact that their ordinary
product is the structure sheaf of their scheme-theoretic intersection. Then the
projection formula shows that:

. L . . L Sk .
Z1,*(9Z1 ®(9X Z2,>s<(9Z2 = Zl,*(OZl ®(’)Z1 LZl'LQ,*OZg)
= i1, (Liji2,.Oz,)
=iy, (Li3i1,.Oz,)

In particular, we can compute the derived intersection by pulling back Oz, to
Zy or pulling back Oz, to Zs, and we get the same answer.

For example, suppose Z; and Zs are effective divisors on a scheme X. Then
we have two term resolutions

il,*OZl ~ [Ox(le) — Ox] [1] i27*022 ~ [Ox(fzg) — Ox] [1]

by line bundles, which are in particular flat resolutions. So we have a few
options for computing the derived intersection. If we replace both sides in the
definition by resolutions, then we will obtain a three term complex

[Ox(le — ZQ) — Ox(Zl) D OX(ZQ) — Ox] [2]

by definition of the tensor product. This is most ideal if we need to compute
something like RHom or further pullback, because it is a complex of locally
frees. Alternatively, we can directly apply e.g. Li} to this, which gives the
complex

[OX(722)|Z1 - OZI] [1]5
which is best suited for directly computing cohomology.

The most interesting statements usually arise from relating left and right
derived functors. This often happens through adjunctions. For example, let
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f: X — Y be a morphism, then we have the standard adjunction f* = f,.
Therefore, by our results on derived adjunctions, for A € D~ (Oy) and
B € Dt (Ox) we have a canonical isomorphism

RHomoe, (Lf*A, B) 2 RHome, (A, Rf.B)

in DT (Oy(Y)), where the LHS is viewed via restriction of scalars along
Oy (Y) — Ox(X). We would like to generalize this statement to something
on the level of sheaves.

To do this, first consider the sheaf-level adjunction; given a morphism f: X —
Y, applying the sheaf adjunction to f~1(U) — U and recalling the behav-
ior of pullback and pushforward with respect to this, we deduce a natural
isomorphism

Homo, , , (f*Fly=1 @), Glp-r ) == Homoy, (Flu, foGlu)-

This commutes with the restriction maps (i.e. is natural in U as well), so it
induces an isomorphism

fe Homoy (f*F,G) == Homo, (F, £.G)

of Oy-modules, by definition of the relevant objects, again natural in F and G.

By taking direct sums of both sides, this immediately generalizes to the case

where F* is in K~ (Oy) and G* € K*(Ox). Now, we have natural morphisms
fuHomo, (f*F*.G*) ——— Homo, (F*. £.G*)

| |

Rf. Homo, (f*F*,G*) Homeo,, (F*, Rf.G*)
! !
Rf. RHomo, (f*F*,G°) RHome, (F*, Rf«G*)

l

Rf. RHomeo, (Lf*F*,G*)

as functors K~ (Oy) x KT (Ox) — D+ (Oy). If we take G* to be a complex of
injectives, then the two upper-most maps on the left are isomorphisms, the first
one because Homp, (—,G*) is flasque by Lemma 2.2.6. If we also take F* to
be a bounded above complex of flats, then Lf*F*® — f*F*® is an isomorphism,
so the bottom map on the left is an isomorphism. Therefore, this induces a
natural map

Rf.RHomo, (Lf*A, B) — RHomoe, (A, Rf.B) (%)

in DT (Oy), natural in A € D~ (Oy) and B € D*(Ox). We note at this stage
that it does not obviously follow from the diagram that this is an isomor-
phism; a bounded above complex of flats in the first variable doesn’t necessarily
compute RHom, and it is not clear if the pushforward of a bounded below
complex of injectives (which is only a complex of flasques) computes RHom.
Yet nonetheless we still can prove the following theorem by indirect means:
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Proposition 2.2.24 For A€ D~ (Oy) and B € D" (Ox), the map (x) is an
isomorphism

Rf.RHomo, (Lf*A, B) = RHomo, (A, Rf.B)
in D*(Oy), natural in A and B.

Proof We are going to apply Remark 2.2.19, which allows us to check this after
applying RI'(U, —) for every U C Y. But because of the properties we have
proven regarding the relation of pushforward and pullback with restriction,
doing this gives a map

RHOHl@fﬁl(U) (Lg* (A|U), B|f*1(U)) — RHOIHOU (A‘U, Rg*(B|f71(U)))

where g is the restricted map f~(U) — U. This is the same map as the derived
adjunction applied to g, because both were defined using the adjunction g* -
g, as one can check easily. O

We note that this is a nice example of using derived categories, because its
statement was not trivial after replacing with a complex of injectives or flats.
We also note that, because we have ignored unbounded derived categories,
the isomorphism is not induced by any unit or counit map, but instead we
describe it as the unique extension of the underived formula upon restricting
to injectives and flats.

Example 2.2.25 Let A = F be a sheaf, and take the map f to be the inclusion
xz — X of a point where the domain has structure sheaf Ox .. Then f* is the
functor (—), which is exact, and f, is the skyscraper sheaf functor, which is
also exact. So, both commute with cohomology, and since sheaf ext on a point
is just module ext, we get

FoBxt)  (Fo, M) = Exthy (F, f.M)

for any Ox ,-module M, so Extg,  (Fo, M) = &xtg, (F, fM),. In particular,
if F is internally projective, then F, is projective for every z € X. E.g. if F is
also of finite presentation and X is a locally ringed space, then F is a locally
free sheaf of finite rank. So, being internally projective is usually equivalent to

being a vector bundle.

Ezample 2.2.26 Let us record the fact from the example above that if we
denote the skyscraper sheaf functor by Sk,, which descends to the derived
category, then

Sk, RHomo, , (A, B) = RHomo, (A, Sk, B)

for Be€ D*(Ox,,) and A € D™ (Ox). In particular, suppose A is itself of the
form Sk, A for A € D~ (Ox ), then

Sk, RHomo, , (A, B) = RHomo, (Sk, A, Sk, B).
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As an aside, we note that the usual derived adjunction formula tells us that
RHomoy ,(Az, B) = RHomoe, (A, Sk, B), which is an incarnation of the fact
that skyscraper sheaves are (clearly) flasque.

Remark 2.2.27 Let A be a bounded above complex of flats, and B a bounded
below complex of injectives. Now we can verify that

Home, (A, f+B) — RHomo, (A, Rf.B)
is in fact an isomorphism. Indeed by Prop. 2.2.24, it suffices to check that
Home, (f*A, B) — Rf. RHomo, (Lf*A, B)

is an isomorphism, which we already showed in this case.

For the last result in this section, let us show the easier proposition that
the tensor-hom adjunction derives well. Recall that from the adjunction, one
immediately proves

Homo (Fi B Fo, Fa) = Homo(F1, Homo (F2, Fs))
Now suppose Fr, Fs, and Fy are (arbitrary) complexes of Ox-modules. Then

Homox( @ ‘7:%7@0)(‘73"7;:)% H HOmOX(F{)(@OX‘Fg"Fg)
ptg=n pt+qg=n

H Homox(}'{’, Homo, (Fi, fg))

ptg=n

1

Now take the product over all n, and set r = n + m; thus we will get

Hom, (F} ©oy F3,F3) = [ Homo(F, Homo  (Ff, FLT ™))

p.q

= Hﬂomox(ff,%im%t(m(]:g,}_g))
P

= Hom3 (F1, Home (73, 73)),

which gives a tensor-hom adjunction in the category Ch(Ox). Now we bring
this to the derived category.

Proposition 2.2.28 Let X be a ringed space. There is a canonical isomor-
phism

Rtomo, (A®%, B,C) = RHomoy (A, RHomo, (B, C))

in DY(Ox) natural in A,B € D~ (Ox) and C € D*(Ox).

Proof We will do this more quickly than the previous results. Choosing rep-
resentatives, the natural maps A ®%X B — A®p, B and the natural maps
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from Hom to RHom, induce maps
Homy (A ®o, B,C) — RHomo, (A®4, B,C)
and

'HomOX(A,’HomOX (B, C)) — RHomo, (A, RHomo, (B, C’))

By the result in Ch(Ox), the two LHS’s are identified. Now, take B to be a
bounded above complex of flat Ox-modules, and C to be a bounded below
complex of injectives. Then the top map is an isomorphism. Moreover, by
Lemma 2.2.6(d), each Hom, , (B, C) is a bounded below complex of injectives,
so the bottom map is an isomorphism too. (Il

In particular, under the same assumptions for A, B, C, we have
RHomp (A (X%X B, C) =~ RHomgp,, (A, RHomo, (B, C))

This is a result that we already knew if B € Mod(Ox), so this is a direct
generalization of that.

2.2.2 Appendix: Cohomology of a Noetherian space

The goal of this short section is to prove the following theorem:

Theorem 2.2.29 Let X be a ringed space whose underlying space is Noethe-
rian, and suppose dim(X) = d. Then HP(X,F) = 0 for all p > d and
F e MOd(OX)

Corollary 2.2.30 Let X be a Noetherian ringed space of dimension d.

(a) For A € DI*"(Ox), RI(X,A) € Dleb+d(Ox(X)). In particular RT
restricts to a functor D*(Ox) — D*(Ox(X)).

(b) Suppose f: X — Y is a morphism. For A € D*"(Ox), Rf,A €
Dleb+d(Ox). In particular Rf. restricts to a functor D*(Ox) —
Db (Oy).

Proof (a) is a special case of (b). For each F, RP f,(F) is the sheafification of
U — HP(f~Y(U),F), which for p > d is zero since f~!(U) is a Noetherian
space of dimension < d. Thus the result follows from Example 1.2.29. (]

The proof of the main result is by some trickery. First, to simplify notation, we
may assume that Ox = Z, so that all sheaves considered are abelian (because
cohomology commutes with change of ring). Thus all sheaves and ringed spaces
in this section are considered abelian. Also, the number in the theorem (namely
dim(X)) is definitely achieved, as e.g. the example of P™ will show.

For this section, we will use the following special notation: for an open set
U C X, we write Zy; == jiZ where j: U — X.If F is an abelian sheaf and {s;}
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is a collection of local sections with s; € F(U;), we say that F is generated by
{s;} if the induced map

Pz, - F—o0

i

is surjective. Warning: a sheaf generated by finitely many local sections need
not be of finite type (e.g. Z;; itself has support U, so on a connected space it
can’t be of finite type).

But, what is true is that every sheaf F is a filtered colimit of sheaves gen-
erated by finitely many sections. Indeed, let {F,} be the collection of all
subsheaves generated by finitely many sections of F, considered as a filtered
system with inclusion maps. Then the natural map h_H}l Fo — F is an iso-
morphism. Indeed, it’s injective, and surjectivity can be checked on stalks; but
this is clear because a local section s € F(U) generates a subsheaf of F which
is generated by finitely many sections.

The main lemma which actually does real ‘work’ is somehow the following
simple one. We will explain how to prove the theorem after stating the lemma,
and then prove the lemma at the end.

Lemma 2.2.31 Let X be an irreducible Noetherian space and F C Z an
abelian subsheaf generated by finitely many local sections. Then there is a
filtration

0=FpC---CFp=F
such that for 0 < ¢ < n, there are open sets U,V C X and an exact sequence

of the form 0 — Zy — Zy, — Fi/Fi—1 — 0.

Intuitively, this lemma says that we can finitely filter the sheaf F so that the
filtration quotients are generated by one local section with one local relation.
As mentioned, let’s prove the main theorem. The main trick we’ll apply aside
from the lemma and the previous remark is that for a Noetherian space, as we
showed, cohomology over all opens commutes with filtered colimits of sheaves.

Proof (Thm. 2.2.29) The proof is a sequence of a bunch of reductions. We
prove by induction on d that if dim(X) < d, then all sheaves F satisfy
H?(X,F)=0for p > d.

1. We may assume X is irreducible. Indeed, induct on the (finite) number of
components and assume the base case is done. Let X; U---U X, = X be
the components and write U = X\ X7, then we have the extension-by-zero
sequence

0 —>jU,!]:|U - F = in,*]:|X1 — 0.
Then jyF|u is supported in U C XoU---UX}, and ix, +F|z is supported
in X7, so both are pushed forward from a Noetherian space of lower or
equal dimension, and with strictly fewer irreducible components.

2. Now if dim(X) = 0, then since X is irreducible it is the only nonempty
closed set: if there were another one Z, then it would contain some
nonempty irreducible component Z;, and then Z; C X would contradict
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dimension 0 unless Z = @. But then X has only one nonempty open, so
every sheaf on X is flasque.

3. For the remainder of the proof, assume X is irreducible and d > 0. Since
cohomology commutes with filtered colimits, we may assume F is gen-
erated by finitely many local sections, say {si1,...,s;}. If we let G C F
be the subsheaf generated by si,...,Sr_1, then in the exact sequence
0— G — F — F/G — 0 the left and right sheaves are generated by
strictly fewer than k local sections. Thus inductively we may assume F
is generated by one local section.

4. We claim that we can actually assume that F is of the form Z,,. Indeed,
by (3) there is an exact sequence 0 — G — Z;; — F — 0 for some open
set U C X, so under such an assumption HP(X,F) -~ HPT1(X,G) for
p > d, and hence by replacing F with G we may assume F C Z;; C Z.
Once again by writing F as a filtered colimit of its subsheaves generated
by finitely many sections, we may assume F C Z is generated by finitely
many sections. Thus we have a filtration 0 C F; C --- C F,, = F where
the lemma and claimed assumption show that HP(X,F;/F;_1) = 0 for
p > d. Thus the sequence 0 — F,_y — F; — F;/Fi—1 — 0 shows
inductively that HP (X, F;,) = 0 for p > d, which includes the result.

5. Thus, let V' C X be a nonempty open and consider the extension-by-zero
sequence 0 — Z;, — Z — G — 0 where G is supported on the closed
subset X'\ V. Since X is irreducible, and V' is nonempty, dim(X\V) < d—
1, and hence H?(X,G) = 0 for p > d. Thus, H?(X,Z,,) =~ HP(X,Z) =0
for p > d, however Z is flasque because every open set of X is irreducible
and hence connected.

This proves the induction step as desired. O

We will see a few arguments of this form in the sequel, where we argue by var-
ious inductions and sub-inductions, and keep reducing cohomology statements
via exact sequences until we get to something trivial. Finally, the lemma:

Proof (of Lemma 2.2.31) Since X is irreducible, F(U) C Z for all U, so F
is generated by (Ui, m1),..., (U, ng), where we may assume n; > 0 for all 4.
Note that for any subcollection {(U;,n;) : ¢ € I'} of these generators, F ([, U;)
contains the ideal (n; : i € I) = (d) where d = ged(n; : @ € I); so by adding
all such opens and geds over all T C {1,...,k}, we may assume that for each
z € X, ged(n; i € {i:x € U,;}) is attained by some (U;, n;) containing .

Let Fo = 0 and for each n let F,, be generated by {(U;,n;) : n; < n}. Thus we
get an ascending filtration as in the lemma statement which ends at F. Write
U<y, = Uzngn U;, and note that

(F)e=m;:{i<n:zelU})=gedn; : {i <n:zelU})Z.

(Fr)e = (Fno1)e =0if 2 ¢ U<y, and (Fp,)y = (Fn—1)s if # € U<;,—1, because
in the latter case the gecd already occurs as a generator at x with value < n—1.
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In the remaining case (F, ), = nZ but (F,—1), = 0. Thus, the section n over
U<y generates F,/F, 1, and the kernel of Z;;_,, — F,/Fn_1 — 0 is exactly
the subsheaf Z;;_ . - O
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2.2.3 Pseudocoherent and perfect complexes

In this section, we start to focus on more advanced notions regarding the
derived category D(Ox) where X is a ringed space. Pseudocoherent objects of
the derived category will be a generalization of finitely presented Ox-modules,
and perfect objects will be a generalization of finite locally free O x-modules. In
practice, pseudocoherence will not be very different from a finite type assump-
tion because we mostly care about Noetherian schemes. Perfect complexes will
not be very different from bounded complexes of vector bundles.

Before moving forward, let us also make the following convention: so far
D%, D~ and D’ have referred to the localizations of the respective homotopy
categories. We now will use these to refer to the essential images of these
subcategories in D(Ox). In other words, these are the subcategories with coho-
mology bounded below, above, or in both directions. Indeed, one direction is
clear, and for the other observe that the map from/to the smart truncation
7 will be a quasi-isomorphism. We may also use the notation D[“’b}(OX) for
objects whose cohomology is concentrated in the interval [a,b]. We want to
start to view the derived category D(Ox) more abstractly, and think of its
objects as more than just complexes. So, we use letters A, B € D(Ox) when
talking abstractly about its objects, and F*,G*® € K(Ox) when thinking about
chain complexes of Ox-modules.

Here are the major definitions of this section.

Definition 2.2.32 An Ox-module & is strictly perfect if it is a direct sum-
mand of a finite free O x-module. An object £* € Ch(Ox) is strictly perfect if
it is bounded, and E™ is strictly perfect for all n € Z.

Definition 2.2.33 Let X be a ringed space.

1. A complex F* € K(Ox) is perfect if there is an open cover {U;} of X such
that for each i, there exists a quasi-isomorphism £* — Fly, in Ch(Oy,)
such that & is strictly perfect.

2. An object A € D(Ox) is perfect if it is represented by a perfect com-
plex. We denote by Perf*(Ox) C D*(Ox) the full subcategory of perfect
objects.

Definition 2.2.34 Let X be a ringed space and n € Z.

1. A complex F* € K(Ox) is n-pseudocoherent if there is an open cover
{U;} of X such that for each 4, there exists a morphism £* — Fly, in
Ch(Ox) with & strictly perfect, such that HP(E®) — HP(F*|y,) is an
isomorphism for 7 > m and an epimorphism for 7 = m.

2. A complex F* € K(Ox) is (—oo)-pseudocoherent, or just pseudocoherent,
if it is n-pseudocoherent for all n € Z.

3. An object A € D(Ox) is n-pseudocoherent if it is represented by an
n-pseudocoherent complex for n € [—o0, 00).



Vihaan Dheer 123

Remark 2.2.35 Here are some basic observations about these definitions. First,
a strictly perfect sheaf is clearly finitely presented, and thus over a locally
ringed space it is finite locally free. In that case, it doesn’t change anything if
we define perfectness and pseudocoherence using finite free sheaves, or finite
locally free sheaves. Second, if X is quasicompact, then a perfect object A is
in D*(Ox), because there is a finite open cover {U;} such that HP(A)|y, = 0
for p > 0 and p < 0. Similarly, if X is quasicompact then a pseudocoherent
object A is in D~ (Ox).

Here are the basic properties of strictly perfect complexes.

Lemma 2.2.36 Let X be a ringed space.

1. If ¢: E3 — &3 is a morphism of strictly perfect complexes, then Cone(¢)
1s a strictly perfect complez.

2. If £1,E5 are strictly perfect complexes, then E7 @ &3 is strictly perfect.

8. If f+ X — Y is a morphism of ringed spaces and E® is strictly perfect
on'Y, then f*E® is strictly perfect on X. In particular if £® is strictly
perfect, then E®|y is strictly perfect for any U C X.

4. A strictly perfect complex is a bounded complex of internally pro-
jective sheaves. In particular, if £° is perfect, then the natural map
Home (€%, —) — RHomo (£°, —) is an isomorphism in D(Ox).

Proof 1t is clear from the definition that the direct sum of two strictly perfect
O x-modules is strictly perfect. Therefore (1) is trivial. This also reduces (2) to
showing that if F, G are strictly perfect then 7 ® G is. Indeed if F @ F' = O%
and GBG' = O, then taking the tensor product of both sides and distributing
has one summand as F ®G, and on the RHS we have OR". (3) is clear because
f* takes OF to O%, and preserves direct sums. For (4), note that if F & F' is
finite free, then Ext? (F, —) @ &xt?(F',—) = 0 for p > 0. O

Next we have some results that we aim to apply to the strictly perfect case,
but we can prove in more generality about internally projective objects.

Lemma 2.2.37 Let ¢: £* — F* be a morphism of complexes with £° a
bounded above complex of internally projective objects. Assume we’re in one
of the following situations:

(a) a € Z is such that EP =0 for p < a, and HP(F*) =0 for p > a.
(b) E° is bounded, and F* is acyclic.

(¢c) F* is acyclic and bounded below.

Then there is an open cover {U;} of X such that ¢|y, is nullhomotopic.

Proof We claim that in any of the cases, H"Hom (€, F*) = 0. For cases (b)
and (c), we showed this in Example 2.2.9. For (a), just use the same spectral
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sequence of Example 2.2.9 slightly more carefully, which converges as expected
because £° is bounded.

Now, observe that HOHomoX (E°, F*) is the sheafification of the presheaf
U — H°Hom, (E°|v, F*lv) = Homg o, (E%|u, F*lu),

so the fact that this is zero means that every global section of this presheaf is
ZEro ON an Open Cover. O

Corollary 2.2.38 Let £° be a bounded complex of internally projective objects
and F* a complex.

1. Suppose E* € K[“"’O)((’)X), and let ¢: G®* — F* be a morphism of com-
plexes for which HP(¢) is an isomorphism for p > a, and an epimorphism
for p = a. Then for any map a: E* — F°, there is an open cover {U;}
of X and maps B;: E*|y — G®|uy such that ¢|lyf; = o in K(Oyp).

2. For any a € Hompp,)(E%, F*®), there exists an open cover {U;} of X
such that a|y, is given by a morphism of complezes E°|y, — F°|u,.

3. If a: E* — F* is a morphism of complexes which becomes 0 in D(Ox),
then it 1s locally nullhomotopic.

Proof (1) The distinguished triangle G®* — F* — Cone(¢) — G°*[1] shows that
HP(Cone(¢)) = 0 for p > a. This also induces an exact sequence

Homg o) (E*|v,G%v) — Homg (€°|v, F*|v) — Homk (£°|y, Cone(¢)|v)

because restriction is exact. By the lemma part (a), the composite map £* —
Cone(¢) is locally 0, so on any such open cover, the exact sequence says that
we can lift it to a map €|y — G°*|v.

(2) Write « as a roof £* — G* & F* where q is a gis. Applying (1) to q, we
can locally lift against ¢ to get £°|y — F*|y making the diagram commute,
which is therefore a representative for a.

(3) A map becomes zero iff there is a roof £* — G* <& F* with the first map
being zero, commuting with . Again by (a) we can locally lift against ¢, which
means that a has to locally be 0. ]

Now we are going to apply these results to m-pseudocoherent and perfect
complexes. We'll first focus on m-pseudocoherence. First of all, as we have
already explained, the condition in the definition of m-pseudocoherent on the
map £* — Fly is equivalent to the cone having no cohomology in degrees
> m. We’ll use this all the time.

Lemma 2.2.39 Let X be a ringed space and E € D(Ox).

(a) Suppose that for each U in an open cover of X, there is a strictly per-
fect complex €* € K(Oy) and a morphism E* — E|y whose cone
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is in D<™(Oy). Then E is m-pseudocoherent. Moreover, any complex
representing E is m-pseudocoherent.

(b) Suppose that for each U in an open cover of X, there is a strictly perfect
complex E* € K(Ov) such that E|y is isomorphic in D(Oy) to £*. Then
E is perfect. Moreover, any complex representing E is perfect.

Proof In either case, choose a representative F* for E, and consider the tri-
angle £* — F*|y in D(Oy). It suffices to show that F* is m-pseudocoherent
or perfect. By Cor. 2.2.38, we may shrink U and assume £®* — F*|y is repre-
sented by a morphism of complexes, with the same hypothesis that either the
cone is in D<"(Oy) or it is 0. This is the definition of m-pseudocoherent or
perfect, and the representative was arbitrary. O

Next, there are some obvious properties of pseudocoherence which we write
down.

Lemma 2.2.40 Let X be a ringed space and E € D(Ox).

(a) If E is m-pseudocoherent, then it is k-pseudocoherent for all k > m.
(b) If E is m-pseudocoherent, then E[n] is (m — n)-pseudocoherent.

(¢) If E € D<"™(Ox), then E is m-pseudocoherent.

(d) If E is perfect, then it is pseudocoherent.

Proof (a) and (d) are by definition. (b) Locally £°[n] — E|y[n] — C[n] —
has C[n] € D<™~" since C' € D<™. (c¢) The triangle 0 - E — E — 0 has
E e D<™, ]

Remark 2.2.41 In the following discussion, we will use the following facts (that
we have essentially already discussed) often. First, a left derived functor LF (in
the presence of an adapted class) sends D<"(A) — D<™(B). The proof is that
if we choose a representative in K<™ (A), then we can choose the resolution in
the adapted class to be in KS™ as well. Next, specializing to Mod(Ox), the
derived tensor product and RHom preserve the following categories.

(=) ®&, (=): D=%(Ox) x D=*(Ox) — D="*(0x).

Indeed, we can choose a bounded above complex of flats in KS%(Ox) for the
first variable, and a representative in K=° for the second, then the tensor
product lands in KS**°. Similarly,

RHom: D=%(Ox)°° x D=*(Ox) — D™T(0x),

because choosing a bounded below complex of injectives in K=?(Ox) for the
second variable and a representative in K=¢ for the first, any m > b—a satisfies
either p > a or p < m+b.
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Lemma 2.2.42 Let A - B — C — A[l] be a distinguished triangle in
D(Ox).

(a) If A is (m + 1)-pseudocoherent and B is m-pseudocoherent, then C is
m-pseudocoherent.

(b) If A and C' are m-pseudocoherent, then B is m-pseudocoherent.

(c) If B is m-pseudocoherent and C 1is (m — 1)-pseudocoherent, then A is
m-pseudocoherent.

In particular, if any two of A, B, and C are pseudocoherent, then the third is
pseudocoherent as well.

Proof The conclusion follows immediately from the three statements, and
observe that (b) and (c¢) follow from (a) by rotation and the fact that A[1] is
m-pseudocoherent iff A is (m + 1)-pseudocoherent.

For (a), fix x € X so that on a nbhd U we have maps as in the solid part of
the following diagram:

Fe® - > G —---5 > H® ----+ F*[1]

L {

A|U — B|U — ClU — A|U[1]

So, here F*,G* are strictly perfect, and the maps to A|y and B|y preserve
cohomology in degrees above (m + 1) and m respectively, and are surjections
on those degrees. By throwing out lower degree terms we may assume F*® €
K="*1 Now represent B by a complex (but we use the same letter).

By further shrinking U, we may assume that the composite F* — Bly is
represented by a morphism of complexes (Cor. 2.2.38(2)). Likewise, we may
assume that G* — B|y is represented by a morphism of complexes by shrinking
again. By the condition on G®* — By, the composite F* — B|y lifts to a map
F --+ G by again shrinking U, by Cor. 2.2.38(1).

By the triangulated structure, this data can be completed to a morphism of
triangles as shown in the diagram, where H® is strictly perfect as a cone of
morphisms of strictly perfect complexes. Now consider the diagram of long
exact sequences: the epimorphism 4-lemma shows that H™(H®*) — H™(C|y)
is surjective, and the 5-lemma shows that H?(H®) — H?(C|y) is an isomor-
phism for p > m. O

This is a useful lemma because often we will try to prove things by inducting
along smart truncation triangles. Also, note that in particular, the pseudoco-
herent complexes form a full triangulated subcategory of D(Ox ). The same is
true for Perf*(Ox), though this is much easier; we reduce immediately to the
case of strictly perfect complexes, and we already know they are closed under
cones. Here is one application:
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Lemma 2.2.43 For m < 0, an Ox-module F is m-pseudocoherent if and
only if for each point there is a nbhd U and an ezxact sequence

opm — Ot — . S O = O = Flu — 0
of finite free modules.

Proof Since a finite free module is strictly perfect, such a local resolution
implies m-pseudocoherence. We remark that the only reason this isn’t trivial
is because we may not be in the locally ringed case. Conversely, note that if
F is O-pseudocoherent then it admits a surjection from a strictly perfect (so
finite type) module, hence is finite type. So 0-pseudocoherent is equivalent to
finite type.

To complete the proof, suppose that there is a resolution as in the lemma
statement of length m, and assume F is (m — 1)-pseudocoherent. Split up into
short exact sequences

0—>gi*1—>o’(}i—>gi—>0

where G° = Fly. It suffices to show that G™~1 is finite type, ie. 0-
pseudocoherent. Each sequence corresponds to a triangle in D(Ox), each
Op is (—oo)-pseudocoherent, and G° is (m — 1)-pseudocoherent. Thus G' is
m-pseudocoherent, G2 is (m + 1)-pseudocoherent, and so on, so G™~! is 0-
pseudocoherent. O

So, in particular, for modules 0O-pseudocoherent is finite type, and (—1)-
pseudocoherent is finite presentation.

Example 2.2.44 Let A € D<%(Ox) be m-pseudocoherent with m < a. Then
in fact H*(A) is of finite type. Indeed, by assumption 7<,A = A, so we have
an exact triangle

TeaAd — A — HY(A)[—a] — 1< A[1].

Since m < a, A is a-pseudocoherent, and so is 7., A, thus H*(A)[—a] is a-
pseudocoherent, so H*(A) is 0-pseudocoherent.

Proposition 2.2.45 Let A € D=%(Ox) and B € D=b(Ox).
(a) If A and B are perfect, then A ®% B is perfect.

(b) If A is m-pseudocoherent and B is n-pseudocoherent, then A ®%X B is
max(a + n, b + m)-pseudocoherent.

(¢) Nowlet f: X — Y be a morphism of ringed spaces and A € D~ (Oy). If
A is m-pseudocoherent (resp. perfect), then Lf*(A) is m-pseudocoherent
(resp. perfect).

Proof For (a), we may choose U in an open cover so that A|y and B|y are
isomorphic in D(Ox) to strictly perfect complexes. Then by locality of tensor
product, flatness of strictly perfect complexes, and the fact that strictly perfect
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complexes are preserved under tensor product (Lemma 2.2.36), we are done.
For (c) in the perfect case, the same thing works as f* preserves strictly perfect
complexes.

For (c¢) in the m-pseudocoherent case, let F* be strictly perfect on U so that
we have a triangle 7* — A|y — C — F*[1] with C € D<™(Oy). Applying
Lf* gives the distinguished triangle

ffF* = Lf*(A)y — Lf*C —
and we conclude because f*F* is strictly perfect on f~1(U), Lf*(C) €
D<m(0f71(U)).

Now do (b): we’ll suppress open sets. We may also assume that n < b; if not,
then a +n > a + b, and since A ®%X B € D=ttt is automatically (a + n)
(hence max(a+mn, b+m))-pseudocoherent. Locally on X, we have distinguished
triangles & — B — C; — and & — A — (Cy — with £ and &3 strictly
perfect, and C; € D<™, Cy € D<". Since n < b, Cy € D<°, s0 £3 € D=P.

By exactness of ®%, we get three distinguished triangles:
£ @6, &5 — ARG, £ — C1®6, €5 —
ARy, E — A®H, B— ARy, Cy —

E R, £ — ARG, B— Cy —
Here, C1 ®% &5 € D<™*" and A @p  Cy € D<*'", so both are in
D<max(atnm+b) By the octahedral axiom, there is a distinguished triangle

C1®6, & — C3 — ARy, Cy —,
so C3 € D<max(atnm+b) Byt &8 @4 €3 = £ ® 3 is strictly perfect by

Lemma 2.2.36, so we are done. O

Now let us prove a lemma which will be the key method in which we actually
use pseudocoherent and perfect objects of the derived category.

Lemma 2.2.46 Let F7*,G*, H® € Ch(Oy), and let f: X — Y be a morphism
of ringed spaces.
(a) There are canonical natural maps
ev: Homp, (F°*,G°) @ F* — G°
Homp, (F*,G°) @ H® — Home, (F*,G° @ H®)
F* @ H* — Hom(Hom(F, Oy ), H)
[THomeo, (F*,G°%) — Home  (f*F*, f7G°)

all induced by the relevant adjunctions.
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(b) If g('_) 18 a complex of filtered diagrams of sheaves, then there is a
canonical map

lim Homy, (F*,G;) — Home, (F*,lim G7)
il i€l

where on either side we mean the termuwise filtered colimit.

(c) Assume that F*® is a bounded complex of finitely presented modules. Then
the map of (b) is an isomorphism. If H® is a complez of flat sheaves, then
second map of (a) is an isomorphism. If f is a flat morphism, then the
fourth map of (a) is an isomorphism. In particular, the canonical map

Homep, (F*,G*%)y — Homy (Fy,Gy)
18 an isomorphism for ally € Y.

(d) If F* is strictly perfect, the second, third, and fourth maps of (a) are
tsomorphisms. In particular, F* is dualizable, meaning that the natural
map

F*— M(m(f.a OY)70Y)

18 an tsomorphism.

(e) If F* is bounded, and H® is strictly perfect, then the second map of (a)
18 an tsomorphism.

Proof (a) Recall that we have already shown the internal tensor hom adjunc-
tion for complexes. The external version of this (i.e. the actual adjunction) is
obtained by taking zero-cycles. The counit of this adjunction is the first map
(and it is also natural in F*). Now take the first map and tensor both sides
with H®. Then the tensor-hom adjunction produces the second map. For the
third map, we have a natural map

Homeo, (F*,G°%) — Homeo  (F*, [ f7G%) = fuHome  (f*F*, f7G*)

where the first one is induced by the unit map G* — f, f*G® of the standard
pull-push adjunction on complexes. Therefore by the same adjunction this
corresponds to the desired map. (b) just follows from the universal property
applied termwise.

(c-e) Let us first prove all of these statements in the case of single sheaves,
and then we’ll generalize this to complexes. Throughout, note that if we have
a natural transformation « of additive functors and argg is an isomorphism,
then ar is an isomorphism. This is because e.g. we can consider the kernel and
cokernel. Therefore, to prove the strictly perfect case for sheaves we usually
only need to consider the finite free case.

First, consider the natural map
Hom(F,G) @ H — Hom(F,GH).

If F = OF, then this reduces to G" @ H — (G ® H)™ which is an isomorphism.
Hence this works if F is strictly perfect too. Likewise, if H = O%, then the
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map reduces to Hom(F, G)™ Tor Hom(F,G"™) which is also an isomorphism. So
we’re done if H is strictly perfect as well. Finally, let F be finitely presented
and H be flat. Since the question is local, we may assume there is a presentation
0% — 0% — F — 0, then we obtain a commutative diagram:

00— Hom(F,G)QH — G"H —— G"H

l bk

0 — Hom(F,GOH) — (GRH)™ — (GRQH)"

The two right-hand maps are isomorphisms because tensor products commute
with sums, so the left-hand one is.

Next consider the single sheaf case of the fourth map of (a). If F = OF, then
this becomes the map f*(G"™) — (f*G)™. This proves the statement when F is
strictly perfect. Now assume f is flat and F is finitely presented. Just as above,
we may assume that we have Oy — Oy" — F — 0, and then applying either
f*Hom(—,G*) or Hom(f*(—), f*G) preserves exactness by flatness and gives
the result by the finite free case. In particular, if we take f = {y} — Y, which
is flat because taking stalks is exact, we get that Hom(F,G), = Hom(F,,G.)
when F is finitely presented.

This last fact proves that (b) is an isomorphism in the case of sheaves with
F finitely presented, because stalks commute with filtered colimits of sheaves,
so we are reduced to the case of rings. But we have shown previously that
finitely presented modules over a ring are compact. Note that this implies that
Hom(F,—) commutes with arbitrary direct sums if F is finitely presented.

Finally, consider the third map of (a) in the sheaf case and assume F is finite
free. Then it is just the map

H" — Hom (0%, H) = Hom(Oy , H)"

which is an isomorphism. Thus the isomorphism holds in the strictly perfect
case, which completes all proofs in the case of individual sheaves.

It remains to reduce all claims to the sheaf case. Let’s start with the sec-
ond map of (a), and note that in all cases we are assuming F* is bounded,
so the products in the hom complexes become sums. Consider the chain of
isomorphisms:

(Hom, (F*,G°) @ H*)" = @D Hom?, (F*,G°) @ H" P
P

= B Hom(F,G"P) @ H" P
P

~ @ Hom(F",G"TP @ H"P)

P
= P Hom(F", PG @ H"P)

p
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= @’Hom(}"r, (G* @ H®)"t™)

= Homep,, (F*,G* @ H®).

Here, in any of the three cases we are considering, the third step follows from
the individual sheaf case. Now the fourth step: in two of the cases, F" is
finitely presented, so Hom(F",—) preserves arbitrary sums as explained. In
the remaining case, H*® is bounded, so there are only finitely many p for which
G™P ® H"™ P is nonzero.

Next consider the fourth map of (a). Again in the cases we consider, F* is
bounded so the products turn into sums, and f* commutes with sums. So
termwise, we have

[ Hom™(F*,G%) = @D f* Hom(FP,G"*)
= (P Hom(f*FP, f*G"7)
p

= Hom" (f*F*, [*G°),

as desired, by the sheaf cases. The stalkwise consequence follows by taking f
to be the inclusion of a point, as before.

For the map of (b), note that we reduce immediately to the sheaf case because
finite direct sums commute with filtered colimits, so the Hom complex doesn’t
affect anything. All that remains is the third map of (a) when F* is strictly
perfect. Indeed,

(Fron) =PFreoH"?
P
o 69’Hom(7-1/,0771(]:1”7 Oy),H"™P)

p

= @ Hom(Hom P (F*,Oy), H"™P)

p

= @ Hom(HomP (F*, Oy ), H"P)
P

= Hom" (Hom(F*,Oy), H*),

as desired, where in the fourth step we just replaced p with —p. O

It is a good moment to quickly discuss the relationship between some of the
conditions on sheaves we have been discussing. The upshot is that, in the
algebro-geometric setting, considering objects which are locally isomorphic in
the derived category to bounded complexes of finite locally free sheaves is
really the most general nice situation we can get for computing RHom in the
first variable. Thus, hereafter, we will forget about the notion of internally
projective sheaves.
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Proposition 2.2.47 Let X be a ringed space and F an Ox-module. We
have the following implications: F locally strictly perfect —> F internally
projective = F stalkwise projective —> F flat. Moreover:

(a) If F is of finite type, then the first implication may be reversed.

(b) If F is of finite presentation, then the second and third implications may
be reversed as well.

Now suppose X is a locally ringed space. Then F finite locally free <— F
locally strictly perfect. Moreover:

(a) If F is of finite type, then F stalkwise projective implies F stalkwise free.

(b) If F is of finite presentation, then F flat implies F locally free, i.e. all
assertions are equivalent.

Proof In the first part, we have proven all of the starting implications. If F is
finite type and internally projective, then we can find a surjection Ofy — F —
0 and thus an exact sequence

Homo,, (Flu, Of) — Homo, (Flu, Flu) — 0.

Thus by further restricting U we can lift the identity section, which gives a local
splitting. Next, suppose F is of finite presentation. Then since Hom (F, (—)), =
Homoy , (Fz, (—)z), the RHS being an exact functor for all 2 implies that
Hom(F,—) is an exact functor. If F is flat and finitely presented, then the

same is true of 7, over Ox , for each z, which implies that F, is projective.

Now let X be locally ringed. If F is finite locally free, then clearly it is locally
strictly perfect. Since being locally strictly perfect implies being of finite pre-
sentation, proving (b) will prove the other direction. Note that (a) holds
because F, is a finite projective module over a local ring for each z. For (b),
we may assume F is stalkwise free.

Fix z € X; choose a basis for F, over Ox ,, then by finiteness we can lift
this to a map OF — Fl|y whose stalk at « is an isomorphism. Considering
the cokernel OF — Fly — G — 0, G is of finite type so its support is closed,
and G, = 0, so by shrinking U we may assume OF — F|y — 0 is surjective.
Consider the kernel K, which is of finite type since F is of finite presentation,
hence its support is closed. Again IC; = 0, so by shrinking U again O}, — F|y
becomes an isomorphism. O

Now we come to some applications of pseudocoherence and perfectness to
derived notions. We will not do things in full generality right now, and instead
will prefer to discuss perfectness in more detail until after we have talked about
tor-dimension.

Proposition 2.2.48 Let Y be a ringed space with A € D~ (Oy) and B €
DZ(Oy).
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(a) Assume that F* € Ch=*(Oy) is a bounded complex of flat sheaves. There
18 a morphism

RHomoep, (A, B) ® F* — RHomo, (A, BRo, F°*)
in D(Oy) natural in A and B.
(b) Assume that f: X — Y is a flat morphism. Then there is a morphism
f*RHomo, (A, B) = RHomo, (f*A, f*B)
natural in A and B.
(c) Let I be a filtered category. Then there is a morphism

li—n)liDeI RHomoe, (A, B;) — RHomo, (A, 11_1’1)1? B,)

natural in A and Bs € DT (Mod(Oy)!).

(d) Let A be m-pseudocoherent. Then the morphism of (a) induces an iso-
morphism on HP for p > m 4+ a+ b and a monomorphism on H™+0,
The morphism of (b) induces an isomorphism on HP forp > m+b and a
monomorphism on H™T. In particular, if A is pseudocoherent both are
isomorphisms.

Remark 2.2.49 We are going to ignore (c¢) for right now, but it’s easy to prove
with the same arguments as in (a) and (b). It is interesting to note that it
implies, in the case e.g. of a qcgs scheme, that RHome, (A, —) commutes
with filtered colimits for A pseudocoherent. So for example in that case A is
‘derived-compact’.

Proof (a-b) Note that since F* is a bounded complex of flat sheaves, (—) ® F*
preserves arbitrary quasi-isomorphisms. Likewise, the same holds for f* as it
is exact. We have a natural map

RHom(A,B) @ F* «— Hom(A, B) @ F* — RHom(A, B® F*)

where the second map factors through Hom (A, BQ F*). When B is a complex
of injectives the left map is an isomorphism, so we obtain the desired map.
Similarly we have

*RHom(A, B) — f*Hom(A, B) — Hom(f*A, f*B) — RHom(f* A, f*B),
and the left map is an isomorphism when B € K*(Oy)

(d) Let’s do e.g. (b), and the proof of (a) will be the same. The statement is
local on Y, so by replacing f with f~1(U) — U, we may assume there is a
triangle £* — A — C' — £°*[1] with C' € D<™(Oy) and &°* is strictly perfect.
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By naturality, we get a morphism of distinguished triangles:

— f*RHom(C,B) —— f*RHom(A,B) —— f*Hom(E*, B)

l l l

— RHom(f*C, f*B) — RHom(f*A, f*B) — Hom(f*E®, f*B)

Here we are using the fact that the pullback of strictly perfect complex is
strictly perfect, and that a strictly perfect complex computes RHom in the
first variable. The right-hand map is an isomorphism by Lemma 2.2.46 for two
separate reasons, and both of the objects in the left-hand map lie in D<t*+m™,
Therefore the 5-lemma and the monomorphism 4-lemma provide the result
regarding the middle map. O

We record the important consequence that if A is m-pseudocoherent and B €
D=% then we get a natural isomorphism

HP(RHomoy (A, B)), =~ HP(RHomo, , (Az, Bz))

for p > m+b. So RHomo, (A, B), = RHomo, , (A., B;) in the pseudocoher-
ent case, which is important because on Ox , we have enough projectives, so
we can use alternative techniques to compute things there. Note in particular
that for individual sheaves F, G, we have

Extg, (F,G)e = Exty  (Fu, Ga)

, T

for p > m, where F is m-pseudocoherent.

Before moving to tor-dimension, let us prove a few more results which allow us
to relate pseudocoherence to having pseudocoherent terms or pseudocoherent
cohomology.

Lemma 2.2.50 A direct summand of an m-pseudocoherent object of D(Ox)
is m-pseudocoherent.

Remark 2.2.51 Here we will use that the direct sum of exact triangles is exact.
This is true in any triangulated category, but in K*(A) or D*(A) for an abelian
category A, this is especially easy because cones commute with direct sums of
morphisms.

Proof Suppose A @ B = C is m-pseudocoherent. We have distinguished trian-
gles A— A — 0 — A[l] and B> B — B B[1] — B[], which add up to
the triangle:
C —C— B& B[l] — C[1].
Thus B @ B[1] is m-pseudocoherent. Applying this same result inductively to
B @ BJ[1] shows that B[n] ® B[n + 1] is m-pseudocoherent. Now consider the
triangles
B[n] — B[n]® B[n—1] — B[n—1] — B[n+ 1]

coming from the corresponding split short exact sequence. Since this is local
we may assume B is bounded above (since C is). Thus for n > 0, B[n] is in
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D<™ and hence is m-pseudocoherent. Thus B[n — 1] is m-pseudocoherent, and
so inductively B is m-pseudocoherent. O

Lemma 2.2.52 Let X be a ringed space.
(a) If F* € K™ (Ox) and F* is (m — i)-pseudocoherent for all i, then F* is
m-pseudocoherent.

(b) If A€ D=(Ox) and H'(A) is (m — i)-pseudocoherent for all i, then A is
m-pseudocoherent.

Proof We prove (b), and (a) follows from the same trick but using stupid
truncations instead of smart ones. For every p € Z, use the canonical truncation
triangle
T<p1A4 = Top A — HP(A)[—p] — 7<, 1 A[1].

By assumption, H?(A)[—p] is m-pseudocoherent for all p. Also, for p < 0,
T<p—1A will also be m-pseudocoherent (e.g. for p < m). Thus at that point
T<pA is m-pseudocoherent, and 7<,11 A4 is as well, and so on. Now for p > 0,
A = 7<pA so we're done. O

Now we will discuss a nice condition on complexes which is that of having
finite tor-dimension or having bounded tor amplitude. An object A € D(Ox)
has tor amplitude in [a,b] if it is bounded above and A ®§ F € Dbl (0y)
for each Ox-module F. In particular, it must in fact be bounded. An object
A has finite tor dimension if it has tor amplitude in [a, b] for some a, b.

The good behavior of tor dimension comes from the following result.

Proposition 2.2.53 Let X be a ringed space.

(a) Let F* be a bounded above complex of flat Ox-modules. If F* has tor-
amplitude in [a,b], then cok (F*~' — F®) is flat. In particular, F* —
T>aF* 15 a quasi-isomorphism and 7>, F° is a bounded complex of flat
modules.

(b) An object E € D(Ox) has tor amplitude in [a,b] if and only if it is
represented by a complex of flat O x-modules in Ch[a’b](OX).

(¢) Let Rpar C Mod(Ox) denote the preadapted class of flat Ox -modules. Let

Dt[‘;f’](ox) and DY (Ox) be the full subcategories of D(Ox) of objects
with tor amplitude in [a,b], and finite tor dimension respectively. Then
the natural maps

K" (Rpo) = DN (Ox)  K'(Rpar) — DY, (Ox)

tor
are triangulated localizations by the quasi-isomorphisms.

Proof By assumption, F* is exact in degrees < a. Therefore

s Fo?2 L Fol L FO s cok(dT) — 0
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is a flat resolution of the cokernel, so Tor(}i (cok(d*~1), G) is isomorphic to the
cohomology of

FPRGFTleG - FURg.
in the middle (for any G). But

H Y (F oG =H"(F 6,6 =0

since F* has tor amplitude in [a,b], so '7'07“&< (cok(d*~1),G) = 0 for every G.
For the second statement, the map is a quasi-isomorphism because F* only
has cohomology in degrees > a.

(b) One direction is obvious because a bounded complex of flats computes
®I(§X. For the other direction, by (a) we may choose a complex of flats F*
concentrated in [a,00). Since it can’t have cohomology in degrees > b, the
sequence

0 — kerd® — F’ — F*tt — 0
is exact, and thus ker d® is flat. Thus T<pF* — F* is a quasi-isomorphism and
T<pF has the desired properties.

(¢) Let us prove the bounded case, which is the one that we’ll actually use.
Consider the functor K®(Rgat) — D~ (Ox), which has essential image D? . by
(b). Thus we have to show it is fully faithful. Since R is preadapted, we already
know that quasi-isomorphisms form a localizing class (compatible with the

triangulation) in the source category, so we apply the criterion of Prop. 1.1.21.

Namely, we want to show that for any quasi-isomorphism F; — G°® in
K™ (Raas) with F7 in Kb(Rﬂat), there is a map G®* — F3 with F3 € Kb(Rﬂat)
such that the composite is a quasi-isomorphism. Assume F7 is concentrated in
degrees > a, then the map G* — 7>,G* satisfies these hypotheses by (a). O

Remark 2.2.54 (experimental) Take the unbounded tensor product functor
K(Ox) x K(Ox) — K(Ox), and restrict it to the two subcategories

K(Ox) x K®(Rfiat) — K(Ox)  K’(Rju) x K(Ox) — K(Ox).

Now if F* € K’(Rfiar), then we know that (—) @ F* preserves quasi-
isomorphisms of unbounded complexes, because in fact we showed this for
all bounded above complexes of flat Ox-modules. But now suppose G® is an
unbounded complex, then we claim G* ® (—) preserves quasi-isomorphisms in
Kb(Rﬂat). Note that it is closed under cones, so we may show it preserves
acyclics. But both spectral sequences for a totalization apply here, because
the corresponding bicomplex looks like either a vertical or horizontal strip.
Thus taking cohomology of G® ® F™ first shows that the totalization is acyclic.
Therefore this descends to a bifunctor

() ®6 (—): D(Ox) x D, (Ox) — D(Ox),
and likewise for the one in the other direction.

Thus, we can take derived tensor products when one of the factors has finite tor
dimension; but we should be very careful using this because we haven’t proven
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many properties of it. However, in general, almost everything carries over with
similar proofs as long as two unbounded complexes are not interacting with
each other. For instance, it is easy to see from the corresponding properties
that A @%x B=B ®5X A if A has finite tor dimension (in the sense of the
two functors above). Similarly,

(A@p, B) @6, €= A®g, (B@g, C)

if e.g. both B and C' have finite tor dimension, so that both sides above make
sense.

Remark 2.2.55 We note that in the real world (i.e. under Noetherianity
hypotheses), pseudocoherence is usually not a real condition beyond finite-
type/coherence properties. But having finite tor dimension is a subtler
condition. For example, let X = Speck[e]/(e)?> and Z = V(e) C X. We
essentially showed earlier that Oz has infinite tor dimension on X; let us
demonstrate this again. Indeed, we have an infinite resolution

-—>OXL>OX—>02—>O

where each map corresponds to multiplication by e and the final map is the
canonical quotient. The section € is zero on Z, so

Oz®éXOX2[—>OZE>OZg>Oz—>O]

=P oz,

n>0

iLe. Toryy(0z,0z) = Oz for all n > 0. Here, the point is that infinite tor
dimension is a detector of singularities. We will see later that sheaves supported
in the regular locus of a scheme tend to have finite tor dimension, and those
whose support intersects the singular locus have infinite tor dimension. Thus,
in general, we cannot expect sheaves to automatically have finite tor dimension
unless we are working over a regular scheme.

Lemma 2.2.56 Let A € D(Oy) have tor-amplitude in [a,b].
(a) For any f: X =Y, Lf*(A) has tor-amplitude in [a,b].

(b) For any B € D(Oy) with tor-amplitude in [c,d], A ®% B has tor-
amplitude in [a + ¢, b+ d).

Proof Represent A by a complex £ € Chl® of flats. (a) Then Lf*(A) is
represented by f*£®, which is still a complex of flats in [a, b]. (b) Represent B
by a complex of flats F* in [c,d], then £* ® F* represents the derived tensor
product, the totalization is concentrated in [a + ¢, b+ d] by definition, and the
tensor product and direct sum of flat sheaves is flat. (Il

Let f: X — Y be a morphism of ringed spaces. We say f has tor-dimension
<n if Lf*(F) € DI="%(Ox) for every F € Mod(Oy).
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Lemma 2.2.57 Let A € D(Ox).

(a) A has tor-amplitude in [a,b] if and only if Ay, € D(Ox.,) has tor-
amplitude in [a,b] for all x.

(b) If f: X — Y is a morphism, then f has tor-dimension < n if and only if
Ox has tor-amplitude in [—n, 0] as an object of D(f~*(Oy)), if and only
if Ox o has tor-amplitude in [—n,0] as an object of D(Oy f(y)) for x.

Proof (a) One direction follows from (a) of the previous proposition. For the

other, note that an object being in D!l (Ox) can be checked on stalks, and
®gx commutes with taking stalks.

(b) The same proof as in (a) shows that f has tor dimension n iff (Lf*F), =
Frz) ®%Y,f(w) Ox  is in D=0 for every 2 and F. The other condition in (b)
says that M @%Y’m) Ox, is in D= for every = and Oy, f(,-module M.
Thus the question is whether or not every Oy, y(;)-module M is of the form

F(z) for some sheaf F. This is true because we can take the skyscraper sheaf
of M at f(x) and apply f~1. O

Ezample 2.2.58 Leti: Z — X be a closed embedding on the underlying spaces.
By the projection formula, 7,0y ®%X G = i,Li*G for every G on X. Thus
i+Oz has tor amplitude in [—n, 0] iff i, Li*G is in D[_”’O](OX) for every G, iff
Li*G € Dm0l (Oy) for every G. Thus the tor dimension of .0 coincides with
the tor-dimension of i.

Lemma 2.2.59 Let A — B — C — A[1] be a distinguished triangle in D(Ox)

(a) If A has tor-amplitude in [a + 1,0+ 1] and C has tor-amplitude in [a,b],
then B has tor-amplitude in [a,b].

(b) If A and C have tor-amplitude in [a,b], then B has tor-amplitude in [a, b].
(¢) If B has tor amplitude in [a,b] and C' has tor-amplitude in [a — 1,b — 1],
then A has tor-amplitude in [a,b).
Proof Note that (—)[1] takes D%l to Dle=1b=1 Thus it suffices by rotation
to prove only one of the statements, and we’ll do (b). For each sheaf F,

AV F - BeY F - Ce F— Al eV F

is exact, and the first and third objects lie in DI*?! so the middle one does
too, completing the proof. O

Next we prove the main structure result relating perfect complexes to finite
tor dimension. The main element is the following trivial observation: if A — B
is a map in D(A) and B € D="(A), then the map factors as A — 7>, 4 — B.
Proof: Consider the canonical triangle 7<,,-14A — A — 7>, 4 — and apply
the cohomological functor Hom(—, B) to get an exact sequence

Hom(7>pA, B) — Hom(A, B) — Hom(7<,—14,B) =0
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where the 0 is because 7<,,_14 € D="=1 and B € D2".

Lemma 2.2.60 Let E € D(Ox) have tor amplitude in [a,b]. Then the
following are equivalent:

i. E is (a — 1)-pseudocoherent.
1. E is perfect.
1. E is pseudocoherent.
. E is locally isomorphic to a strictly perfect complex concentrated in [a,b].

Proof The obvious claims are (iv) = (1) = (#¢) = (i), so assume (i) and
we prove (iv). The claim is local so assume there is a map £* — E inducing
isomorphisms on HP for p > a with £°® strictly perfect and EP = 0 for p < a.
Since E € D>, this map factors as £* — 7>,E®* — FE so the second map is
an isomorphism. Moreover, by Prop. 2.2.53 75,£°® is a complex of flats. By
definition we have an exact sequence

gl g0 (156€°%)* =0

which shows that (7>,€°)% is (—1)-pseudocoherent, i.e. finitely presented. Thus
(1>6€°%)% is locally strictly perfect (Prop. 2.2.47), so by restricting further
T>qE® is strictly perfect.

Now we know that E can be locally represented by a strictly perfect complex
E® concentrated in [a,c0). In particular it is exact in degrees > b, so we have
an exact sequence 0 — (7<,E®)° — Y — €71 — 0, and hence (7<,E*)? is flat.
Since £ and £°F! are pseudocoherent, it is also pseudocoherent, hence finitely
presented, hence locally strictly perfect. So by restricting, E = 7<;,£€® becomes
an isomorphism with a strictly perfect complex concentrated in [a, b]. O

Corollary 2.2.61 An object E € D(Ox) is perfect if and only if E is
pseudocoherent and locally has finite tor dimension.

Proof (=) Clear because E is locally isomorphic to a strictly perfect complex.
(<) The question is local on X, and thus the claim follows from Lemma 2.2.60.
(Il

Definition 2.2.62 If X is a ringed space, we define Perf’(Ox) := Perf(Ox)N
D! (Ox) to be the full subcategory of D(Ox) of perfect objects with finite
tor dimension.

In particular, this is not the category of bounded perfect objects. However, in
practice this is not a big restriction because e.g. if X is quasicompact, then
Perf?(Ox) = Perf(Ox) by the above corollary.

Ezample 2.2.68 Perfect objects have the 2/3 property for distinguished trian-
gles. Indeed, we showed pseudocoherent objects do and it holds for finite tor
dimension too. Another property is that a direct summand of a perfect object
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is perfect, because we showed this for pseudocoherence, and it’s obvious for
finite tor dimension.

Now let’s use this formalism to prove stuff. We showed earlier that if C' €
D! (Ox), then there is a natural map

RHomo, (A, B) % C — RHomo, (A, Ba%, C),
and that if A is pseudocoherent then it is an isomorphism.

Now assume that A € Perf’(Ox), so it has tor amplitude in [a,b], and hence
is locally a strictly perfect complex in [a, b]. It follows that RHome, (A, Ox)
is also locally a strictly perfect complex in [—b, —a], i.e. RHomo, (A,0x) €
Perf’(Ox). If (and only if) A € Perf®(Ox), we define

AV = RHomo, (A, Ox) € Perf’(Ox)
to be the dual object of A. Also, perfect objects (or just objects of D (Ox))

tor

have the property that tensoring with them sends D?(Ox) — D?(Ox), which
we will also use. First, by the tensor-hom adjunction,

Hompoy)(AY ®5, A,Ox) =2 Hompo,)(AY, AY)

if A € Perf’(Ox), which makes sense because of what we have just said. Thus
we obtain a natural map ev: AV (X%X A — Ox called the evaluation map.
Now, for B € D~ (Ox), this gives a natural map

AV®{5XB®{5XA—>B

by associativity. If we assume B € D®(Ox), then the tensor-hom adjunction
makes sense and gives a natural map

AV @8, B — RHomo, (A, B).

We claim this is an isomorphism; indeed, on an open set where A" is strictly
perfect, this reduces to Lemma 2.2.46(d). Now, if C € D~ (Ox), consider the
associativity isomorphism

(AV @k, B)oh, C =AY eh (Beh, C).

Thus if we assume B,C,B®g C € D*(Ox) to be safe, we obtain a natural
isomorphism

RHomo, (A, B) ®éx C = RHomoy (A, B ®%x 0).

E.g. if we assume C' € D! (Ox) then this is a special case of what we showed

before, but otherwise this is more general.

Now return to the evaluation map. Since A" is in Perf®(Ox), (AY)Y is also in
Perf’(Ox), so the tensor-hom adjunction also gives the natural double-dual
map

A— (AY)Y
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corresponding to AY ®5X A — Ox. This is also an isomorphism: on an open
set where A is a strictly perfect complex, the question reduces to the corre-
sponding statement in Lemma 2.2.46(d). Thus perfect complexes are dualizable
in D(Ox). Therefore, we have a natural isomorphism

Ay, B (AY)Y @p, B = RHomo, (A, B)
For any B € D" (Ox).

Let’s play around with this some more. Under our hypotheses, as long as A
and C' are bounded, the natural map

RHomo, (A, B) ®%X C — RHomoy (A, B ®gx C)

is an isomorphism if C' € Perf’(Ox) (meaning we don’t need to assume A is
pseudocoherent). To see this, recall that we showed this in Lemma 2.2.46(e) for
C strictly perfect and underived, so the only issue is that B ®%X C may not be
a bounded above complex of injectives even if C is perfect and B is a bounded
above complex of injectives. The trick is that B ®%X C =2 RHom(CV, B), and
CV € Perf’, so locally on X it restricts to Hom(E®, B|y) where £° is strictly
perfect. But since £°® is a complex of flats, this is a complex of injectives.
Therefore in fact B @ C does compute RHom after restricting to a small
enough open set.

Now let’s add in the sheafy derived tensor-hom adjunction. Assume that
A,B € D*(Ox) and E € Perf’(Ox). Then:

RHomo, (A(X%X EY,B) = RHomoe, (4, E®éx B) 2 RHomop, (A, B)®gx E

We sometimes like to write the first isomorphism in more perverse ways, like
an inverse tensor-hom adjunction:

RHomo, (RHomo, (E, A), B) 2 RHomo, (A, E ®% . B)

Next we investigate the consequences of the derived pull-push adjunction under
the assumption of perfectness. First of all, let f: X — Y be a morphism and
suppose A € D®(Oy) is such that Lf*(A) € D*(Ox) (for whatever reason,
e.g. A or f have finite tor-dimension). Then by adjunction there is a canonical
unit map A — Rf.Lf*(A) corresponding to the identity Lf*A — Lf*A. In
the special case that A = Oy, this gives a map Oy — Rf.Ox, so

RHome, (E,Oy) — RHomoe, (E,Rf.Ox) 2 Rf. RHomo, (Lf*(E),Oy)

for any E € D~ (Oy). Now suppose E € Perf’(Oy), so that the RHom’s on
both sides are finite, since Lf*E is also in Perf?(Oy ). Then this by adjunction
induces a map

Lf(EY) — (Lf(B)"
which we claim is an isomorphism. Indeed, look on an open nbhd where
E is strictly perfect; then Lf*(E) and RHom(E,Oy) are strictly perfect,
so they compute RHom and Lf* respectively. Therefore this reduces to
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Lemma 2.2.46(d). Now it’s easy to generalize this isomorphism: For any
B € D¥(Oy) for which Lf*B € D¥(Ox), this means

Lf*RHomo, (E,B) = Lf*(EY ®g, B)
~ Lf*(BY) &%, Lf*(B)
~ Lf(B)Y @5, Lf*(B)
= RHomo, (Lf*(E), Lf*(B)),
extending the already-known case when f is flat.

Now, we finish this section with a discussion of the projection formula. Let
f: X — Y be a morphism, and let A € D’(Ox) be an object such that
Rf.(A) € D*(Oy). Then by adjunction there is a morphism Lf*Rf.A — A
in D(Ox), so we get a morphism

Lf*(Rf.A®%, B) = Lf*Rf.A®p, Lf*B — A®%, Lf*B

for any B € D™ (Oy). Now assume B = E € Perf’(Oy), so that Rf,A ®6, E
and A (X%X Lf*FE are bounded. Thus we get by adjunction a morphism

Rf.(A) @6, E — Rf.(A®6, Lf*(E))
called the projection map. We claim it is an isomorphism. The proof is easy:
Rf.A®, E=RHomo, (EY,Rf.A)
~ Rf. RHomo, (Lf*EY, A)
=~ Rf.(A®g, LI*E)
by the previous result. As a concrete application,
RI(X,A®% Lf*E)=RI(Y,Rf.A®Y, E)

on the level of sheaf cohomology.

Remark 2.2.64 The remark about tor-dimension also applies to derived pull-
back along morphisms f: X — Y: f having finite tor dimension, and L f*(B)
being bounded for some B, is a delicate question relating to singularities. For
example, if p € X is a point of a scheme, then Spec k(p) — X has finite tor-
dimension essentially exactly when p is singular. However, asking for Rf. A to
be bounded is not a real condition; e.g. it’s satisfied for any bounded A with X
Noetherian, or any A with quasicoherent cohomology and f a qcgs morphism
of schemes.

To conclude this section, we will summarize all of the results that we just
proved for perfect objects.

Proposition 2.2.65 Let E € Perf’(Ox) and A, B € D*(Ox). Then we have
the following canonical isomorphisms as described above:

(a) E®% B —>RHomo, (EY,B).
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(b) EY ®% B -~ RHomo, (E,B).

(¢) RHomoy (B, A)@p, C == RHomo, (E, AQ%  B) assuming AQ% B €
D*(Ox).

(d) RHomo, (A, B) %, E = RHomo, (A, B E).

(e) RHomoy (A®%, EY,B) = RHomoy (A, E @, B).

Assume that f: X — Y is a morphism, E € Perf’(Oy), B € D*(Oy), A €

D*(Ox). Then:

(a) Lf*RHomeo, (E,B) = RHomo,(Lf*E,Lf*B), assuming Lf*B €
D*(Ox).

b) Rf.AL E=Rf.(A®% Lf*E), assuming Rf.A € D*(Oy).
Oy OX
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2.3 The classical theory

In this section, we will specialize our discussions above to the case where the
ringed space X is a scheme. In the first section we will prove the foundational
results which allow us to work properly with the derived category of a scheme.
In the following sections, we will begin to do some basic algebraic geometry,
however the most interesting results and applications of derived categories will
need to wait until after an in-depth section on commutative algebra.

Let X be a scheme. In this case, we give the privileged notation D*(X) =
D*(Ox) to differentiate it from the case of a ringed space. We write D7.(X) C
D*(X) to mean the full subcategory of objects A such that H?(A) € QCoh(X)
for all p € Z. Likewise, D}, (X) C D*(X) means the full subcategory of
D*(X) of objects A such that H?(A) € Coh(X) for all p € Z. We will have to
work a bit to relate this to D* QCoh(X) and D’ Coh(X), so we will care more

about Dy and Dcon for now.

At the very least, however, by the embedding of Mod(Ox) C D(X) as
HP-objects, we do have a canonical embedding QCoh(X) C Dj.(X) and
Coh(X) C D}, (X). More generally, since the kernel and image of a map of
quasicoherent sheaves is quasicoherent, a complex F* of quasicoherent sheaves
has F* € Dgc(X). The inclusion QCoh(X) — Mod(Ox) is also exact, so we

do have a natural map D*(QCoh(X)) — D (X).

The categories D .(X) C D(X) form triangulated replete subcategories.
Replete is clear, and closed under shifts is clear. If A — B — C — A[1] is an
exact triangle with A, B € D;.(X), then consider the exact sequence

H"(A) — H"(B) — H"(C) — H"*(A) — H"*!(B)
which we can split up into:
H"(A) - H'(B) = F—=0 0—G— H""(A) - H""(B) =G —0

and

0—-F—H"(C)—G—0.
The first sequence shows that F and G are quasicoherent, and thus the second
sequence shows that H"(C) is quasicoherent.

2.3.1 Cohomology of quasicoherent sheaves

Theorem 2.3.1 Let X be an affine scheme and F a quasicoherent sheaf.

(a) For an arbitrary cover U of X by quasicompact opens, HP(U,F) =0 for
all p > 0.

(b) HP(X,F) = 0 for all p > 0. More generally, if {Fo} is a family of
quasicoherent sheaves on X, then HP(X, ][], Fa) =0 for all p > 0.
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Proof (a) First assume that the cover U by quasicompact opens is finite. Then
in the Cech resolution of Lemma 2.1.16

0=F— [ irsFlo, = ] draFlo, — -,
2(I)=0 oI)=1

we can write each product as a direct sum. All opens in an affine scheme are
separated, so for each I the inclusion j;: U — X is in particular a qcgs map,
80 jr,«F|u, is quasicoherent. Thus each term in the exact sequence above is
quasicoherent, so taking global sections shows that F(X)[0] — C*(U,F) is a
quasi-isomorphism. We’ll come back to the case that U is infinite momentarily.

(b) If {F4} is a family of quasicoherent sheaves on an affine scheme, then
HPU,T], Fo) = [1, H?(U,F,) = 0 for every (e.g.) finite affine open cover
U, by (a). Since X is separated, the affine opens form a basis of X which
is closed under finite intersection. Therefore by Lemma 2.1.15 we conclude
HP(X,]], Fa) =0 for all p > 0.

(a) Now we do the infinite case. Consider the same Cech resolution as writ-
ten above; even though the terms aren’t all quasicoherent, it is a resolution
of F by products of quasicoherent sheaves, namely a I'-acyclic resolution.
Thus H*(X, F) coincides with the (complex) cohomology of I'(X,C(U, F)) =
C(U,F),ie H*(U,F), so we are done by (b). O

We say that a scheme X is semiseparated if the intersection of any two affine
opens is affine, i.e. if the diagonal map X — X x X is affine. Note that:

separated = semiseparated = quasiseparated

The first implication is clear, and the second follows from the fact that an affine
morphism is quasicompact. We don’t really care about the difference between
semiseparated and separated schemes, but instead the terminology helps us
remember how things are proved. We also sometimes say that a morphism of
schemes is semiseparated if f~1(U) is semiseparated for every affine open U.
In particular a separated morphism is semiseparated.

Corollary 2.3.2 Let X be a scheme and F* a bounded below complex of
quasicoherent sheaves.

(a) If X is affine then the canonical map T'(X,F*) — RI(X,F®) is an
isomorphism in D(Ox (X)).

(b) If f: X — Y is an affine morphism, then the natural map f . F* — Rf.F*
is an isomorphism in D(Y'). In particular, the natural map

RT(Y, f+F*) — RT(Y,Rf.F*) = RT'(X,F*)
is an isomorphism in D(Oy (Y)).

(c) Suppose {U;} is an affine open cover of X such that Us,..;, is affine
for all indices ig,...,1,. If F is a quasicoherent sheaf, the natural



146 Derived categories in AG

map C*({U;}, F) — RI(X,F) is an isomorphism, so the natural maps
HP({U;}, F) — HP({U;}, F) are isomorphisms for all p > 0. More gen-
erally, this holds if F is replaced by an arbitrary product of quasicoherent
sheaves.

Proof (a) Then F* is a bounded below complex of I'-acyclic sheaves. (b) To
prove both claims it suffices to show that RP f,F = 0 for F quasicoherent and
p > 0. Indeed, RP f,F is the sheafification of the presheaf

U HP(f7H(U), F)

on Y, yet on the basis of affine opens this presheaf is zero because f~1(U) is
still affine. (c) This follows from Thm. 2.1.11, because if [[, Fo is a product
of quasicoherent sheaves, and U is affine, then ([[, Fa)lv = I, Falu, so
H?(U,T], Fa) =0 for all p > 0. O

Corollary 2.3.3 Let X be a scheme and A € DT (X).

(a) There are natural maps HP (X, A) — H°(X, HP(A)). If X is affine and
A € D}.(X), then these are isomorphisms.

(b) If f: X — Y is a morphism of schemes, then there are natural maps
HP(Rf.A) — f.HP(A). If f is affine and A € DI (X), then these are
1somorphisms.

Proof Let Z® be a bounded below complex of injectives. Then there is the
natural sheafification unit map given by Hpg, (Z®) — HP(Z*®), and hence
HP(Z*(X)) — HP(Z*)(X). This induces the desired map. Likewise for (b), this
construction gives a map HP(Z*(f~Y(U))) — HP(Z*)(f~Y(U)) for al U C Y,
and thus
HP(f.I°%) — f.HP(Z®),

so this gives the desired map. To prove the isomorphisms, consider the two
spectral sequences:

EDT = HP(X, H9(A)) = HPTI(X, A)
EVY = RPf,(HY(A)) = HPTIRF,(A).

By cohomology vanishing for quasicoherent sheaves and the fact that the con-
structed maps are the edge maps of the spectral sequences we conclude. (Il

Note that in (c), if X is a semiseparated scheme, then every affine open cover
satisfies this property. Thus for such schemes we may compute sheaf cohomol-
ogy of quasicoherent sheaves using Cech cohomology with respect to an affine
open cover. A useful observation is that an open U C X of an affine scheme
is, even if not affine, separated. Therefore we still have control over the higher
terms in the Cech spectral sequence.

Lemma 2.3.4 Let X be a scheme and {Fu,} a family of Ox-modules.
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(a) If X is semiseparated and each F, is quasicoherent, then the natural map
1 (X, [[Fa) = [[ HP (X, Fa)

s an isomorphism for all p.

(b) Suppose f: X — Y is a quasicompact semiseparated morphism of
schemes. If each F is quasicoherent, then the natural map

R [ ([ Fa) = ] B £u(Fa)

18 an isomorphism for all p.

(c) If X is qegs, then the natural map
D (7o) — H (D Fa)

s an isomorphism for all p.

(d) If f: X =Y is a gegs morphism of schemes, then the natural map
D rf.(Fa) = B 1. (D Fo)
18 an isomorphism for all p.

Proof (c), (d) We know these results because schemes have a basis of
qcgs opens, and because of our result on cohomology and filtered colimits
(Prop. 2.2.5).

(a) By Cor. 2.3.2(c), by choosing an affine open cover we may replace both
sides by Cech cohomology. But then we are done because Cech cohomology
commutes with arbitrary products.

For (b), note the extra quasicompactness. We have:

w1 5) = a - 10, T[ )

[

~a(Uw— [[H(f'(U), Fa))

a(U — HHO(U, RPf.F.))

=a(Uw HU,[[ " f.F0))

[T 77 1.(Fa)

[e3%

where we are considering sheafification over the basis of affine opens of Y.
Here, the second step is by part (a) and the fact that f~(U) is semiseparated,
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and the third step is by quasicoherence of higher direct images, which will be
proven in Prop. 2.3.9. ]

Remark 2.3.5 Recall that for (¢) and (d), we actually know that cohomology
and derived pushforward (in the qcgs cases) commute with all filtered colimits.

Let X be a scheme. Observe from the definition that X is semiseparated iff
for each affine open U, the map U — X is an affine morphism. So, let F be a
quasicoherent sheaf and consider the Cech resolution:

0= F = [la-iF = T] drwiiF =
i IT]=1
If X is semiseparated, then HP(X, j; .j*F) = HP(Ur, Flu,) = 0, so by our
results above, the complex above is a resolution of F by I'-acyclic objects.
Now if X is quasicompact and semiseparated, then we may even assume that
the open cover above is finite, so each term above after F is a quasicoherent
I'-acyclic sheaf. Thus this gives a functorial resolution by I'-acyclic sheaves.

Lemma 2.3.6 Let X be a quasicompact semiseparated scheme. Denote by
Tyc the sections functor QCoh(X) — Mod(Ox(X)). Then the collection of I'-
acyclic quasicoherent sheaves is a right adapted class for I'qc, and hence the
derived functor

RTy.: DT QCoh(X) — DT (Ox (X))
exists and makes the diagram

D+ QCoh(X) — D*(X)

m lRF

DT (Ox (X))
commautes.

Proof We just showed above that upon choosing a finite affine cover, the first
map in the Cech resolution gives an embedding of any quasicoherent sheaf
into a I'-acyclic quasicoherent sheaf. Both the I'-acyclics and quasicoherent
sheaves are closed under finite direct sums. If F* is a bounded below com-
plex of quasicoherent I'-acyclics, then of course applying I'q. gives an acyclic
because I'qc = I'. This proves the first claim. Finally, since the inclusion func-
tor DT QCoh(X) — DT (X) sends the adapted class to T-acyclic sheaves we
are done. O

Next we discuss boundedness of cohomology, i.e. the fact that for the schemes
we care about, all quasicoherent sheaves have cohomology vanishing in large
enough degree.

Lemma 2.3.7 Let X be a scheme.
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(a) If X is Noetherian of dimension d, then HP(X,F) =0 for all p > d and
all Ox-modules F.

(b) If X is quasicompact semiseparated, then HP(X,F) = 0 for all p > d
and quasicoherent sheaves F, where d+ 1 is the minimal size of an affine
open cover.

(c) If X is qcgs, then there exists d such that HP(X,F) =0 for allp > d and
all quasicoherent sheaves F.

Assuming the number d as in all three cases above, RI' maps Dgé’b] (X) to
D[a’b+d](0X(X)).

Proof (a) is known from Thm. 2.2.29. (b) Note that if we use the ordered Cech
complex for a cover of size d + 1, then C* (U, F) = 0 for p > d + 1, so the

result follows from Cech cohomology. (c) Consider the Cech spectral sequence

EP? = HP(U,HY(F)) = HM(X,F)

for a finite affine cover Y. For p > 0 and all ¢, E5'? = 0 (e.g. once p exceeds
the size of the cover). For each i, ..., i, Uj,...;, is a quasicompact subscheme
in an affine scheme, hence quasicompact separated. Hence by (b), for fixed p,
the presheaf HY(F) for ¢ > 0 gives zero when evaluated on all Uj,...;,. This
means that E5'? is contained inside some large rectangle, and so the spectral
sequence above gives the result.

For the final statement, if A € D([lac’b] (X), then consider the hypercohomology

spectral sequence

HP(X,H1(A)) = HPTI(X, A).
Then p is concentrated in [0, d], and ¢ in [a, ], so the resulting diagonals have
nonzero range in [a,b + dJ. O

Now we come to the result on higher pushforwards. The proof is simple, and
to simplify it even more one can use the following observation:

Remark 2.3.8 Suppose ERY — HP*4 is a bounded spectral sequence of
sheaves converging to a bounded filtration on an object HP™4. Assume that
EL:% is quasicoherent for all p, . Then in fact EP*? is quasicoherent for all r >
ro, and H" is quasicoherent for all n. Indeed, the first claim is inductively clear:
the kernel and image of a morphism of quasicoherent sheaves is quasicoherent,
and quasicoherent sheaves have the 2-out-of-3 property. Now, we have a finite
filtration H" = FeH™ D> Fot1H" ... 5 FPH™ = (0 such that

0— FPHIH™ » PPH™ — PP ()
is exact. By boundedness, EL:"~P is quasicoherent, so if FPTLH™ is quasico-

herent then FPH™ is as well. By induction, F*H™ = H" is quasicoherent.

Proposition 2.3.9 Let f: X — Y be a qegs morphism of schemes. For A €
DI .(X), we have Rf.(A) € DF.(Y). In particular, for each affine open U C 'Y,
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the natural map
HP(f~H(U), A) — H°(U, H (R, A))
is an isomorphism of Oy (U)-modules for all p.

Proof We may assume A = F is a quasicoherent sheaf, because in general this
case and the hypercohomology spectral sequence for pushforwards, i.e.

RPf.(H(A)) = H"MRf.(A),

along with Remark 2.3.8 imply that Rf,A has quasicoherent cohomology. We
will apply the spectral sequence of Prop. 2.1.17 associated to a finite cover
{U;} on X:

IS @ Rifr.Fly, = RFFUfF

|I|=p
Since the claim is local on Y, we may assume Y is affine, and hence X is qcgs,

so we can take an affine open cover and consider the spectral sequence.

Now if X was semiseparated, then each morphism f; would be a map of affine
schemes, so R?f; . F|y, = 0 for ¢ > 0 and R°fr . F|y, = fr«F. Thus in this
case it follows from Remark 2.3.8 that RP f,F is quasicoherent for all p. Now,
if X is only qcgs, then each map fr: Uy — Y is qcgs out of a quasicompact
semiseparated scheme, and thus RYfr . F|u, is quasicoherent by the first case.
Thus we conclude again by Remark 2.3.8.

Now to establish the second claim, we apply Cor. 2.3.3: Since U is affine and
RfAly = Rf.(Alp-1 ) € DL(U),

HP(f~1(U),A) = H?(U,Rf.A) — H°(U, H?(Rf.A))
is an isomorphism. (Il

Example 2.3.10 Let X be a qcqs A-scheme and p: X — Spec A be the struc-
ture map. If F is a quasicoherent sheaf, we can consider M = H"(X,F) as an

A-module. Then the above result says that R"p,F = M. We will give a more
functorial way to view this shortly.

Here is another example of this technique.

Lemma 2.3.11 Let f: X — Y be a qcgs morphism. If Y is quasicompact,
then there exists d > 0 such that RPf.(F) = 0 for all quasicoherent F and
p>d.

Proof By replacing Y with elements of a finite affine open cover we may assume
Y is affine. We again use the spectral sequence

By = @ Rf1.Flo, = RVVLF
[7=p

associated to some finite affine open cover {U;} of X, but this time its alter-
nating version, so that EY*? = 0 once p exceeds the size of the cover. If X is
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semiseparated, then each fy: Uy — Y is a morphism of affine schemes hence
affine, so terms with ¢ > 0 are zero, proving the result in this case. In the
general case, note that f;: Uy — Y is a morphism between quasicompact sep-
arated schemes, so for each of the finitely many columns with nonzero entries,
vertical entries are zero for ¢ large enough, independent of F. Therefore the
spectral sequence is contained in a rectangle with size independent of F and
we are done. (]

In the remainder of this section, we want to show that the derived category
constructions of the previous section are affine local, meaning that for an affine
open they just give the corresponding construction in the derived category of
the ring. At the very end, we will show that this holds for the actual derived
category itself, with some difficulty.

Ezample 2.3.12 Note that if Y = Spec A is affine, then an A-module M is flat
if and only if M is a flat sheaf over Oy. This is because flatness is checked
stalkwise in both cases, and both have the same stalks as A,-modules. There-
fore, given a module M, we can choose a flat resolution of M by quasicoherent
sheaves; so if f: X — Y is any morphism, Lf*(M) can be represented by a
complex of quasicoherent sheaves, and hence is in D¢ (X). So, if f: X — YV is
an arbitrary morphism of schemes, and F is a quasicoherent sheaf on Y, then
by locality of derived pullback, Lf*(F) € D (X).

Next suppose A € D! (Y'). We could use the canonical truncations
T<n—14 = 7<nA — H"(A)[—n] — 1<, A[l]

and induct starting at the bottom nonzero cohomology group of A: then since
Dy.(X) is triangulated, induction will show that Lf*(7<,A) € Dqc(X) for all
n, and hence Lf*A € Dy (X).

Finally, assume A € D (Y) is possibly unbounded. For each n € Z we have
the canonical truncations

T<p—14A = A — >, A — 1<, 1 A[1],

so applying Lf* gives a new triangle. Note that Lf*(7<,_14) € DS""1(X),
so HP(Lf*(A)) = HP(Lf*(t>nA)) for p > n. But 75,4 is in D} (Y), so
HP(Lf*A) is quasicoherent for p > n. Since n was arbitrary we are done. Note
that in this argument, we couldn’t have naively applied a spectral sequence
here because we don’t have enough projectives.

Ezample 2.3.13 We can get away with using spectral sequences in the case
of derived tensor products. First, the same argument as before by using a
flat resolution on affine opens, shows that if F and G are quasicoherent, then
F ®%X G has quasicoherent cohomology, i.e. Tor' (F,G) is quasicoherent for
all n. Now recall the hyper-tor spectral sequence (Example 2.2.11):

HY(A®g, HI(B)) = H""(Awg, B)
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First, if A = F is quasicoherent and B € D_.(X), then this shows that .7:®5X
B € D_.(X). By commutativity, we can reverse the logic: if A, B € D (X),
then A®%, HY(B) € D (X) by the first case, so A®g B € Dy (X) by the
spectral sequence. We remark that everything still works if we take one of the
arguments to have finite tor dimension and the other one to be unbounded.

So, in the last two examples we have shown:

Lemma 2.3.14 Let A, B € Dy (Y), and let f: X — Y be a morphism. Then
A®p, BeDL(Y), and Lf*(A) € Dy (X).

Next we will give another example, which involves pseudocoherence. Observe
that if A € D(X) is m-pseudocoherent, then HP(A) is locally isomorphic
to HP(E®) for £° a strictly perfect complex for p > m. Hence HP(A) is
quasicoherent for p > m, so if A is pseudocoherent then A € Dy (X).

Lemma 2.3.15 Let A € D™ (X) be pseudocoherent and B € DJ.(X). Then
RHomoy (A, B) € D{.(X).

Proof First consider the case A = £° of a strictly perfect complex, which is in
particular bounded with each term finite locally free. Since the claim is local,
we may assume that each term of £° is finite free; choose B = F*, then we
claim Hom, (€°, F*) has quasicoherent cohomology. Since £° is bounded, all
products in the totalization are sums, and we can consider the corresponding
spectral sequence, which gives

EP? =Homo, (€77, HY(F®)) = H"™(Hom, (€%, F*))

since Homo, (7P, —) is exact. Then the LHS is of the form H(B)™ since E~P
is finite free, so E}"? is quasicoherent for all p, . Thus the RHS is quasicoherent.

Now we do the general case, so again since the claim is local, consider an exact
triangle of the form £* — A — C — &£°[1] with C' € D<™ and &°® strictly
perfect. Then

RHomo, (A, B) — RHomep, (€%, B) — RHome, (C, B)[1] —

is exact. If B € DZ°, then RHom(C, B)[1] € D>*=™~1. Thus right-hand map
above is an isomorphism on H? for p < b—m—1. In particular, RHome, (A, B)
has quasicoherent cohomology in degrees < b — m — 1. Since this holds for
every m, we are done. O

Remark 2.3.16 We can extract a slightly more specific statement from the
proof of the lemma. Namely, let A € D~ (X) be m-pseudocoherent and
B € Dz!(X), then what we really showed is that H?(RHomo, (A, B)) is qua-
sicoherent for all p < b—m — 1, i.e. T<p—m—1 RHomo (A, B) € Dyc(X). So,
e.g., if F is (—d)-pseudocoherent and G is quasicoherent, then

&ty (F,G), ... ,&ctg—xl (F,G)
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are all quasicoherent sheaves.

Now we come to an important result, which is the fact that the bounded below
derived category is affine local. Let X = Spec R, and recall that we have an
adjunction -

(=) Mod(R) = Mod(Ox) : T'(X, —)
where (=) is an exact functor. Therefore, (—) extends to D*(R) — D*(X),
and by Remark 1.3.21 we obtain a derived adjunction

(=): D™(R) = DT(X): RT'(X, —) (%)

which comes with a unit and counit map. Since the original map factors
through QCoh(X), the left-hand functor factors through D} (X).

Proposition 2.3.17 Let R be a ring and X = Spec R. The adjunction (x)
restricts to an equivalence
(=): DT(R) = D}.(X) : RT(X, —)

of triangulated categories.

Proof First consider the unit of (%), which is the map A — RT(X, A). We
claim this is an isomorphism; indeed, writing A = M*® this map is given by

M* — (X, M*) — RT(X, M*),
and the first map is an isomorphism since Mod(R) — Mod(Ox) is a fully

faithful adjoint, and the second map is an isomorphism since M*® is a bounded
below complex of quasicoherent sheaves. Now consider the counit

RI'(X,B) - B  Bec D 0Ox)

and restrict B to lie in D(TC(X ). We may show it is an isomorphism after
applying HP, giving the map

—_~—

Hr(X, B) — H?(B).

Since both sides are quasicoherent, this reduces to showing HP(X,B) —
H°(X,H°(B)) is an isomorphism, but this is exactly the isomorphism of
Cor. 2.3.3(a). O

It is in fact true that even the unbounded version (—): D(R) — Dgy(X) is an
equivalence, but its proof is much harder since we haven’t set up unbounded
derived category theory. We will anyway give a self-contained proof of this in
an appendix to this section by introducing some ideas.

But, we anyway use this result to convert local questions about the derived
functors to commutative algebra. For example, this implies that if p: X —
Spec A is the structure map of a qcqs A-scheme, then for A € D&(X): Rp,A

is just (=) applied to RI'(X, A). Another example is the following: If R is a
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ring, A € D™ (R), B € D™(R), and suppose A is pseudocoherent. Then the
natural map

RHompg(A, B) — RHomo, (A, B)
is an isomorphism, where X = Spec R. Indeed, since we know the RHS is in
DT(X), we may show this after applying RT, and then after applying H?,
from which we obtain

Homp(g) (A, Bli]) — Homp__(x)(4, Bi)).

This follows from our result if A is bounded, and will follow from the
unbounded result once we prove it. We are also interested in the correspond-
ing results for tensor product and derived pullback. To get this, we will want
to apply the functor from the proof of the unbounded case, so we will prove
this case later.

2.3.2 Unbounded right derived functors on schemes

The point of this section is to extend the result of the previous section to show
that D(R) = Dqyc(Spec R). The idea behind the proof is to try to construct
an inverse by extending RI" to all of Dy.(Spec R), which we will do by taking
a derived limit of the smart truncations 7>_,, A of an object as n — oo. It
will therefore require a short detour into the theory of derived limits of inverse
systems.

Let D be a triangulated category and consider an inverse system (K,) of
objects, which means a countable sequence

Kk, 2k
of objects and morphisms as above. Suppose that the product [], K; exists in

D; then this system induces a canonical map s: [], K; — [], K; so that the

nth component [[, K; — K, is given by [[, K; — K41 ELN K,,. The derived
limit of the system is an object K of D, equipped with an exact triangle

K — 1] QHKZ- — K[1]
7 %

in D. In this case, we write K = Rliﬂli K;, and we view K to be equipped
with the maps K — [[, K; — K.

Remark 2.3.18 Here’s why we make this definition. Suppose (K,) is an inverse
system in Mod(R), then it is easy to check from the universal property that
lim_K; is canonically the kernel of the corresponding map I K 1, IL K
as defined above. When we're in the case of a module category, we write
R! @z K; to denote the cokernel of the map 1 — s, so that we have a sequence

OﬁliLHiKi—)HKil;s?HKi—)RlliLniKi—)()
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that is exact. We could, but at the moment will not consider this as a derived
functor of anything, and instead just view this as notation.

This construction in a triangulated category has an extremely weak kind of
universal property. Suppose C' € D and that we have maps g,: C — K,
compatible with the (f;). It follows that the induced map g: C — [[, K;
satisfies gs = ¢, i.e. g(1 — s) = 0. Now applying the homological functor
Hom(C, —) to our distinguished triangle, we obtain the exact sequence:

Homqp (C, K) — l_lHornrD(C’7 K;) (e, HHomD(C, K;)

In particular, such a system (C,g,) is induced by a morphism C' — K, but
this is certainly not unique.

Note that for each C, Hom(C, K;) is its own inverse system, and the kernel of
the middle morphism above is liﬂli Hom(C, K;) in the category Ab. Therefore
we have an exact sequence

0 — R'lim. Hom(C, K;[—1]) — Hom(C, K) — lim. Hom(C, K;) — 0
—i —

by splitting into short exact sequences. Note e.g. that if K were the categorical
limit then the right-hand map above would be an isomorphism, but here it’s
only surjective; the ambiguity is controlled by R! @z We call this the Milnor
sequence.

Ezample 2.3.19 Consider the case D = D(R) for a ring R. For L € D(R), we
know that H*(L) = Hompg)(R[—i],L). Thus given a system (K, f;) which
has a derived limit, we can take C' = R[—i] in the Milnor sequence to obtain
an exact sequence

0— R'lim H"YK,) — H(K) —lim H'(K,)—0
“—n —n
in Mod(R) in cohomology.

Now let us study the basic properties of this operation. We do this by reducing
to the case of modules or abelian groups. For an inverse system (A4,) in a
category, it is called eventually constant if there exists k such that the maps
fn are isomorphisms for n > k.

Lemma 2.3.20 Let (A,) be an inverse system in Mod(R).

(a) Removing finitely many terms doesn’t change lln or R 1&1 More
precisely, for any k the natural maps

lim 4; — lim 4; R'lim A; — R'lim A4;
— «— «— —
i>1 i>k i>1 i>k

are isomorphisms.



156 Derived categories in AG

(b) Suppose (A,) is eventually constant. Then R1@,Ai = 0, and if k is
such that f, is an isomorphism for n > k, then 11311, A; — Ag is an
isomorphism.

Proof (a) We can just do the case where we go from ¢ > k to i > k + 1. There
is a commutative diagram of exact sequences:

00— A, — HiZkAi — HiZkJrlAi — 0

ll \Llfs \Llfs

00— A, — HiZkAi — HiZkJrlAi — 0

The kernel and cokernel of the left-hand map are zero, so by the snake lemma
the induced maps on kernels and cokernels of 1 — s are isomorphisms.

(b) By (a), we may assume all maps in A,, are isomorphisms, and thus iden-
tities, so that A,, = A for all n. The claim that the limit is A is clear in any
category since this is a connected diagram of identities. For the claim about
R! }iin, we must show that

HAi 1;S> HAZ (az)z > (ai — ai+1)i

is surjective. Indeed if (b;) € []; As, then let a; = 0, and inductively a;41 =
a; —b; for all 4 > 1. O

In the next result, we use the following construction: suppose (K,) and (L,,)
are inverse systems in a triangulated category, then a morphism of such systems
is a system of maps g;: K,;) — L; where a(1) < a(2) < --- is an increasing
sequence of numbers, so that these commute with the defining morphisms. This
data defines a morphism g: []; K; — [], L; by first projecting to [ [, K,(;) and
then taking the product morphism. On the other hand, we can define another
map ¢’ with nth component

a(n+1)—1
g;L: HKZHLH gno( Z HKZ—>KP—>K¢1(TL))
4 p=a(n) 1

This is a telescoping sum and one easily checks that it satisfies g/, 0 (1 —sg) =
(1 —sg) o g, so we obtain a diagram

7 s ls !

—1
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of triangles. Thus by axiom there is a lift on RliLn’S. Again, this is non-unique,
but a defining feature of this is that we get a morphism

0 — R'lim D(C, Ki[-1]) — D(C,Rlim_K;) — lim D(C, K;) — 0
1 1 1

l H l

0 — R'lim D(C, L;[-1]) — D(C,Rlim, L;) — lim. D(C,L;) — 0
—1 1 1
of exact sequences in Ab for all C € D.
Corollary 2.3.21 Let (K,) be an inverse system in a triangulated category
whose Rlim exists.
—
(a) For any k, RliLniZk K; exists, and any induced natural map Rliini K; —
Rlﬂlizk K; is an isomorphism.
(b) Suppose (K,,) is eventually constant. If k is such that f, is an isomor-
phism for n >k, then the Rliili K; — Ky is an isomorphism.

Proof (a) This follows from the morphism of exact sequences above, the
corresponding result for abelian groups, the five lemma, and the Yoneda
lemma.

(b) Consider the canonical exact sequence (e.g. the top row of the morphism
of exact sequences above). Then the R! @ term is zero by the abelian groups
case, and so we have isomorphisms

D(C,Rlim_ ;) — lim D(C, K;) — D(C, Kj,)

where the composite is the map induced by R@i K; — K. Thus we are done
by the Yoneda lemma again. ]

Now let us apply this to the case of derived categories. The first step is to
know that the categories we care about actually possess the relevant countable
products, and hence derived products. To do this, recall that if A is an abelian
category, then an object I* € K(A) is K -injective if for every acyclic complex
A®, Homg4)(A*, I®) = 0. The following lemma is just summarizing some facts
we already know:
Lemma 2.3.22 Let A be an abelian category.

1. A bounded below complex of injectives is K -injective.

2. The following are equivalent for a complex I°:

(a) I* is K-injective.

(b) The map Hompg 4)(A®, I*) — Hompa)(A®,I*%) is an isomorphism
for all A* € K(A).

(¢) Hom ,(—, I*) preserves acyclics.
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(d) Hom ,(—,I®) preserves quasi-isomorphisms.

In particular, a quasi-isomorphism between K -injective complexes is a
homotopy equivalence. More generally, an isomorphism in D(A) between
K-injective complezes is represented by a homotopy equivalence.

3. A (termwise) product of K-injective complezes is K -injective.

4. If I* is K-injective, then I°®[n] is K-injective for n € Z.

5. If A* — B* — C* — A*[1] is a distinguished triangle in K(A) and any
two of the three objects are K-injective, then the third is as well.

Proof (1) and (2) were proven in Cor. 1.3.5 (for (2), the proof carries over to
K-injectives without change). For (3), it is clear that

MA(*,HIE)%HMA(*J{)

because the same is true on individual homs, and products commute with
products. The result follows since products are exact in Ab.

(4) This follows from the fact that Hom(—, I*[n]) = Hom(—, I*)[n] and since
[n] preserves acyclicity.

(5) By rotation, we may assume A® C*® are K-injective. For any acyclic
complex K°, the functor Homg A)(K *,—) is homological, so it follows that
Homg (4)(K*®, B*) = 0 as desired. O

By the way, observe that categorical products in Ch(A) and K(A) are indeed
termwise. This follows because Hom ,(—, —) preserves termwise products in
the second variable, and the fact that products are exact, which means that
taking zero cycles kerd® and H° both commute with products. But these
constructions produce Homcy,4) and Homg () respectively.

Lemma 2.3.23 Let A be an abelian category with countable products.

(a) Let (A;)i>1 be a family of objects of D(A) such that each A; is repre-
sented by a K-injective complex I?. Then ], A; exists in D(A) and is
represented by the K -injective complex [[, I?.

(b) If A has enough injectives, then D(A) admits all products of objects in
DT (A). In particular, D(A) admits derived limits of all inverse systems
in DV (A).

Proof (a) The product of K-injectives is K-injective by Lemma 2.3.22(3), and
since this is also the product in K(A), we have

Hompa)(X*, [] 17) = Homgay (X*, ] 1?)
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= [ [ Hompa(X*, 17)
i

and thus we have the statement. (b) follows directly from (a) and the fact
that a bounded above complex of injectives is K-injective. Indeed, once the
relevant products exist we can always take cones and rotate. O

Remark 2.3.24 We usually write K(Iff ) for the K-injective complexes, and
our results above show that this is a triangulated subcategory. Suppose (K,)
is an inverse system in D(A) for which each K, is represented by a K-injective
complex I». Then each map f,: K,11 — K, is represented by a morphism
gn: Inyy — Iy in K(A), and the map 1 —s: [[, I? — [], I} represents the

corresponding map 1 —s: [[, K; — []; K;. Therefore we may form its cone C
in K(A), and rotate to obtain the triangle

_>H1;1;8>H1;_>C

in the homotopy category. It follows that C[—1] is a K-injective complex rep-
resenting Rliili K. Observe that if each I? was termwise injective, then the
same is true of the product, and hence of the cone C.

Here is the main situation we are going to be interested in. Let A be an abelian
category with countable products and enough injectives. Let A € D(A) be an
object, then we have canonical truncation maps A — 7>_,A and 7>_,,_14 —
T>_pnA. Thus there is a natural inverse system

T> 1A = Tx pAd = Ts gA -
which is called the Postnikov tower of A.

Write A, == 7>_,4, so A, € DT(A) for each n. Thus by the lemma we may
form Rlim A,, € D(A) equipped with its natural triangle and hence maps
Rm A ., T>_nA. Moreover, the canonical morphisms A — 7>_, A are
Clearly compatible with the morphisms in the inverse system, thus we obtain
some non-unique morphism A — Rllnn A, making the diagram

A~y Rhm A,
T>— n

commute for every n. Note that the following are equivalent:
(a) An induced map A ~ Rlim A,, is an isomorphism.
—n

(b) An induced map A ~» Rlim A, induces epimorphisms HF(A) —
H"”‘(RliLnn A,) for all n.

(c) For all n, Rlim A, — 7>_,A induces isomorphisms on HF for k > n.
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(d) For each k, there exists some n > —k such that the maps Rli£1n A, —
T>_nA induce monomorphisms H’“(Rlinn Ap) — HF (15, A) = H*(A)

Proof All of these follow from the fact that in the situation of the above
diagram, for all kK > —n we get an induced map

H*(A) ~ H*(Rlim A,) — H"(1>_,A)

where the composite is an isomorphism (i.e. the identity). The induced map
is an isomorphism iff it is one on all cohomology; the sequence shows that the
first map is a split monomorphism, and the second is a split epimorphism. So,
the first is an epimorphism iff the second is a monomorphism iff they’re both
isomorphisms. (Il

In particular, whether A ~~ R}iLnn A,, is an isomorphism is independent of the
chosen map, and in fact it’s independent of the choice of Rlim, because any
two choices admit an isomorphism commuting with the maps to 7>_, A. Thus,
we will signify this situation by saying that ‘the map A ~~ Rliinn T>_pAisan
isomorphism’, and this statement is independent of all choices.

Ezample 2.3.25 This is a warmup for the main result. Suppose A = Mod(R)
for a ring R. Then for any A € D(R), we claim that A ~ Rlim 7>_,Ais an
isomorphism. By considering the Milnor sequence for Homp gy (R[—Ek], —), we
obtain a commutative diagram

HMA) === H"(4)

H l

0+ R'im H"'(15>_;A) + H*(Rlim (7> ;A4)) » lim, H*(7>_;4) + 0

with the bottom row exact. But now H* !(r>_;A) and H*(r>_;A) are
eventually constant inverse systems, so the R! hm term is zero, and the right-
hand vertical map is an isomorphism. Thus {he middle vertical map is an
isomorphism as desired.

Finally, we prove the case of interest below, which will require computing the
derived limit in K(X) and then passing to the derived category. To do this,
observe the following: if j: U — X is an open inclusion, then we know that
Homo, (710y, F) = F(U), thus if F* € K(X), we have canonically

Homy,, (1O, F*) = F*(U) = Homyx)(iOuv[—p], F*) = H?(F*(U))
by taking HP? of both sides.

Theorem 2.3.26 Let X be a scheme and A € Dy.(X). Then the map
A~ Rlim _,A
—n =

is an tsomorphism.
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Proof Following Remark 2.3.24, represent A, = 7>_,A € Dq(X) by a
bounded below complex of injectives Z?, and write Z*® for the K-injective
complex fitting into

> ]zn =[]z — 711

in K(X), so that Z* = Rlim A, in D(X). For each open U C X, the Milnor
sequence in either K(X) or D(X) (since the targets are K-injective), applied
to 71Oy [—p] gives the exact sequence

0— R'lim HP~'(D(U,Z3)) — H"(D(U,T%)) — lim HP(D(U,Z3)) — 0
by the remark above. In other words:
0— R'lim H'(U, A,) — HY(D(U,1%)) — lim HP(U, A,) — 0
If U is an affine open, then we know that
HP (U, 75, A) = H°(U, H? (15, A)),

since A, € Dg(X), so this system is essentially constant with value
H°(U, H?P(A)), and likewise for p — 1. Thus the exact sequence shows that the
canonical map

H°(U,H?(A)) — HP(T(U,T*))
is an isomorphism for all U C X affine. We are trying to show that
HP(A) — HP(Z°) = H?(Rlim Ay) is an isomorphism for all p, and we have
a commutative diagram

HO(U,H?(A)) — HP(T(U,Z°*))

~ |

HO(U, HP(Z*))

for affine opens U. Taking the filtered colimit over the basis of affine opens
of this diagram identifies the two right-hand terms, because HP(Z®) is the
sheafification of U +— HP(U,Z°®). Thus H?(A), =~ HP(Z®), for all z, so
HP(A) = HP(I*). O

The operative result here is already contained in the proof of the above
theorem. Namely, it says that if X is affine, A € Dy.(X), and Z°® is the K-
injective representative for Rlim 7>_,A induced by injective resolutions for
T>_nA, then I'(X, HP(A)) = HP(T'(X,ZI°)).

Now the remaining proofs will be trivial using this. We use two basic general
observations. First, let F': D — & be an exact functor of triangulated categories
and (K7,) be an inverse system in D. Assume that Rlim K, and Rlim F(K},)
both exist. Then the maps Rliinn K, — K, induce a comparison map

FRlim K,)— Rlim F(K,)
«—n «—n
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making the obvious diagrams commute. The second simple fact that we will
use is that the canonical map A — 7>_, A induces the map

Hompa)(7>-nA, B) — Homp (4, B)

which is an isomorphism if B € D=~"(A). We have discussed this before, and
it’s true because HomD(A)(D<’”,DZ’”) = 0 and the canonical truncation
triangle

Teend = A— 1> A — 17 A[l]
for any abelian category A.

Corollary 2.3.27 Let R be a ring. The functor
(=): D(R) — Dqc(Spec R)
s an equivalence of categories.

Proof Since (—) is exact, it commutes with the canonical truncation functors
and cohomology. Let A € Dg.(Spec R), then we have the inverse systems
T>_nA and RI(7>_,A). First, consider the Milnor sequence

0 —R'lim HP"'(RT(r>-,A)) — HP(Rlim RI(7>_,A))
—lim HP(RI(7>-nA)) — 0
over D(R), but then H?(X,7>_,A) = I'(X, HP(A)) for n > 0, so the left-
and right-hand systems are essentially constant. Thus R! @ vanishes, and we
obtain isomorphisms H?(Rlim RI'(7>_,A)) = T'(X, H?(A)). Applying (—)
to both sides and using quasicoherence of HP(A) shows that

P

H(Rlim RI(r>_,A)) == HP(A).

On the other hand, we may consider the canonical comparison map

e~ e~

Rlim RI'(7>_,A) — Rlim RI(7>_,A)=Rlim 7>_,A=A4,

where the two equalities follow from the bounded below theorem and
Thm. 2.3.26. Taking cohomology produces the isomorphism above, and hence
this is an isomorphism in D(Spec R). This shows essential surjectivity.

It remains to show that if M, N € D(R), then the map
HOIDD(R)(M, N) — HOIHD(X)(M, ]’\7)

is an isomorphism. This is true if M € DT (R), because in that case the remark

above identifies both sides with the Homs from 7> _,, M and TZ_nM , and then
the result follows from the bounded below case. In the general case, we can



Vihaan Dheer 163
write n = Rlilnn T>_pn and N= Rlilnn TZ_nN = R}iinn 7'2/_\”/]\7, SO

R'lim D(R)(M,r>_,N[-1]) - D(R)(M,N) - lim D(R)(M,7>_,N)

| | |

—~— ~ ~ ~

R'lim D(X)(M,>_,N[~1]) + D(X)(M,N) + lim D(X)(M,>_,N)

commutes with exact rows (with the four zeros, but they didn’t fit into the dia-
gram). By the bounded case, the left- and right-hand maps are isomorphisms,
so we are done by the five-lemma. a

This was the main result we cared about, but we can now use the theory above
to discuss some aspects of unbounded derived category theory. We will use the
notation Ky (X) C K(X) for the full subcategory of objects with quasicoherent
cohomology.

Corollary 2.3.28 Let X be a scheme.

(a) For each F* € Koc(X), there is a morphism F* — I* in Kq.(Ox) which
is a quasi-isomorphism and I°® € K (I)Ig) Moreover, we may choose I®
to be termuwise injective, and F* — I°® to be termwise injective.

(b) The natural functor Kqo(X) — Dgc(X) is a triangulated localization by
the quasi-isomorphisms and the induced map Kqe(ZX) — Dye(X) is a
triangulated equivalence.

Proof (a) Choose an isomorphism F* — Rlim 7>_,F* in Dgyc(X), then we
already explained that we can choose the Rm to be represented by a K-
injective complex Z*®. Thus the corresponding map F* — Z* is induced from
the homotopy category and is a quasi-isomorphism.

(b) The first claim is just because Kq(X) is saturated under all quasi-
isomorphisms, so the standard localization subcategory criterion applies. For
the second statement, the same criterion and (a) imply immediately that
Kqo(ZB) — Dgye(X) is fully faithful, and then (a) implies again that it is essen-
tially surjective. O

Remark 2.3.29 Since we already proved Postnikov completeness in D(R) for
a ring R, the same argument shows that all M* € K(R) admit a quasi-
isomorphism to a K-injective complex of R-modules, and K(Zg) — D(R) is
a triangulated localization. Note that this is not automatically implied by the
affine equivalence because a priori, K-injective representatives could live in
MOd(Ospec R)-

Write Qx: Kqc(X) — Dgo(X) for the localization functor, and suppose
F: Kq(X) — € is an exact functor of triangulated categories. A right derived
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functor of F is an exact left Kan extension of F' along Q) x. In more detail, it
is an exact functor RF': Dqc(X) — € equipped with a natural transformation

e: FF— RFoQx

satisfying the following universal property: for every triangulated functor
G: Dyc(X) — € and map n: F' — G o Qx, there is a unique map u: RF — G
such that n = u@Qx oe. Of course, if a right derived functor exists then it is
unique up to canonical isomorphism.

Lemma 2.3.30 Any ezact functor F: Kq(X) — & has a right derived
functor, which in fact satisfies the left Kan condition against all functors
Dyo(X) — E. The canonical morphism F — RF o Qx 1is an isomorphism on
the subcategory Kqc(ZX).

Proof Choose an exact inverse S: Dgyo(X) — Kqc(Zx) and an isomorphism u
from Id to Dge = Kge(Zx) — Dee(X). Define

RF = Deo(X) 2 Koo (Tx) = Koo(X) 5 €,
and for each F* € Ky (X) we have a natural map ug (rey: F* — S(F*)
in Dyc(X). Since S(F*) is a K-injective complex, this comes from a unique
map vre: F* — S(F*) in Ky (X). v is a natural transformation because the
naturality condition is equality of two maps to a K-injective complex, so it
follows from naturality of u. Define e = F'v, giving a natural transformation

e:Fold=F — Foi10S=RF.

Note that RF' is a composition of exact functors, hence exact. Also, the restric-
tion of @xe to Kqc(X) is the isomorphism v in Dqc(X), and since the source
and target are K-injective, [k, is also an isomorphism.

To check that (RF,¢) is a left Kan extension, suppose G: Dqc(X) — € is a
functor with a map n: F — G o Qx. Again letting ¢: Kqc(Zx) — Kqc(X) be
the inclusion, we obtain a map ne: Fit — G o Qxt, and ev: Fit =2 RF o Qxu,
and since Qxt¢ = 1 compatibly, we induce a unique map RF — G with the
desired properties. O

Remark 2.5.81 Note that in the proof, we didn’t need to use the fact that &
and F were triangulated except to assert that the resulting derived functor was
triangulated. Thus the result more generally allows us to Kan extend functors
along the localization map @ x.

In particular, since the functors I': Kyc(X) — D(Ox (X)) and fi: Kgo(X) —
D(Y) for a morphism f: X — Y are triangulated, we obtain unbounded
derived functors

RT: Dye(X) = D(Ox (X))  Rf.: Dge(X) — D(Y).

It is safe to use the same notation as the derived functors we have been working
with thus far, because the natural map from the bounded below versions to
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the restrictions of the unbounded ones are isomorphisms, as is checked on the
bounded below complexes of injectives. Of course, the definitions above all
apply dually, and to any triangulated subcategory of K(A) for any abelian
category. When there are enough K-injectives, then the above proof applies
as well.

Ezample 2.3.32 Suppose F: A = B : G is an adjunction between abelian
categories and suppose that F' is exact. Then G preserves K-injectives. Indeed,
this is because termwise application of F' and G descends to an adjunction
on the homotopy category, and exact functors preserve acyclic complexes. For
example, we can use this to see that the restriction functor (—)|y preserves
K-injectives, and hence unbounded RI' and Rf, behave well with respect to
restriction.

To actually reason about these functors, it will be easiest to reduce them to the
bounded below cases using derived limits. Thus we should discuss and prove
some compatibilities.

Corollary 2.3.33 Let X be a scheme. Let (K,,) be an inverse system in
Dy (X).
(a) gl(l)?;”oducts of objects of Dgc(X) exist in D(X), and Rlim K, exists in

RI(X,Rlim K,) — Rlim (RT(X,K,))
—n —n

. .
(c) There is a canonical hypercohomology Milnor sequence
0 — R'lim H* YU, K,) — H*(U,Rlim K,)— lim H*U, K,) — 0
—n —n —n
for each k and U induced by any presentation of R@n K, € Dy.(X).
Remark 2.3.3/ In (c), if Rlim K, is not necessarily in Dg(X), then

we still have such a sequence except one replaces the middle term with
HomD(U)(Oleiiln K,lv).

Proof (a) This follows from Lemma 2.3.23, since every object of Dq.(X) has
a K-injective representative.
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.
y n R

Rlim K, — [[Zr — [[Zr — Rlim K,[1]

(¢) A presentation is of the form

Rlim K, — HKn - HKn — Rlim K,[1],
n n

so take the Hom-Milnor sequence for jiOp[—k]. It remains to observe that
Hompx)(j1Ov, A) = HO(U, A)

for A € Dgyo(X). Indeed, this result is already known to us on K(Zx). In the
remaining case of the remark, just ignore this observation in the middle part
of the sequence. O

Remark 2.3.35 TODO: The reason for the crossed out text is that I naively
claimed that RI" and Rf. commute with products. At this stage, my argument
was wrong because there’s no guarantee that e.g. [],, f«(Z) represents the
product in €. Instead, we would want to use e.g. that Lf* 4 Rf, which is not
available yet. However, I didn’t cross out part (b) from the statement because
I think we could still prove it using one of the examples below.

Remark 2.3.30 What-we-showed-in—{b}shouldreallybe broken—up-into-the

Ezample 2.3.37 If X = Spec R is an affine scheme, let A € Dy.(X) and write
A= Rlilnn T>_pnA. Then for each k,

H (X, 750) = HO(X, HY (rs_, A)) = H'(X, HY(A))

for n > 0. Thus the Milnor sequence gives H*(X, A) = H°(X, H*(A)) for
all k, extending the bounded below result. Thus, now let X be arbitrary and
consider the map H¥(U, A) — H°(U, H*(A)) for A € Dy.(X). Since it is an
isomorphism on the basis of affine opens, we deduce that aH" (A) = HF(A)
is an isomorphism of sheaves.
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There is a similar statement for pushforward; note that if Z¢ is in Kqc(Zx),
then we have maps

HP(D(f~1(U),1%) = HP(T(U, f.(Z%))) — T(U, H?(£.Z%))
where the last map is the sheafification unit. Therefore we have a natural map
HP(f~H(U), A) — HP(U, H?(Rf..A))

for A € Dy (X), i.e. a morphism f,HF(A) — HP(Rf.A) of presheaves on
Y. This morphism is a sheafification, meaning the induced map af.HP(A) —
HP(Rf,A) is an isomorphism, because on K-injectives it is so by definition.

Remark 2.3.38 In the situation of Remark 2.3.36, RF': Dq.(X) — D(B) is
called left t-ezact, which means that it sends DZ"(X) to D="(B) for all n.
This is clear because to compute RF' on D(%"(X ) we can just use the classical
bounded below RF'. We can also say something in the opposite direction, which
will be the next focus.

Lemma 2.3.39 Let X have globally finite QCoh-dimension (e.g. X is qcgs).
Then for each A € Dq(X) and k € Z, the inverse system (T>_pA), is
eventually constant. In particular, the natural map

HY(X, A) = lim H*(X, 7>, 4)
is an isomorphism for all k € Z.

Proof The first statement (applied to k& — 1) implies the second by the
hypercohomology Milnor sequence. For the first, consider the truncation
triangle

H™A)n] - m>_nA— 1m>_pnp1Ad— H "(A)[n+1],
which induces an exact sequence
H"™(X,H"(A)) = B (1> -nA) = H* (1511 4) — H*"H(X, H"(A))

for every k (where the X’s are suppressed in the middle). For fixed k, the
middle map is an isomorphism for n > 0, because H*™"(X, H "(A)) and
HFHL(X H~"(A)) are zero once n + k exceeds the global QCoh dimension
bound. 0

Lemma 2.3.40 Let f: X — Y be a qcqgs morphism of schemes. Then Rf,
maps

Rf.: Dge(X) — Dy (Y).
Furthermore, if d > 0 is such that RP f,F = 0 for allp > d and F € QCoh(X),
then Rf. maps D3(X) to DZPT(Y). Such a d exists for instance if Y is
quasicompact, or X is Noetherian.

Proof We are going to first prove the boundedness result, and then use it to
establish quasicoherence of unbounded pushforward. We have seen that such
a d exists if X is Noetherian or if Y is quasicompact. We have also seen
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previously that this condition on d implies the result in the bounded below case
by considering the spectral sequence on the pushforwards of the cohomology.

Now suppose A € D<Y(X). Then Rf.(r>_n,A) € DS+4(Y) for all n. For every
affine open U C Y, we know from Prop. 2.3.9 that

HP(f~H(U), 7>-nA) = H(U, H?(Rfu>_ A)) = 0
for p > b+ d. Therefore, by Lemma 2.3.39,
H(f71(U), A) = lim HP(f7H(U), 7>-nd) = 0

for p > b+ d and U affine, since f~1(U) is qcgs and hence has globally finite
QCoh-dimension. Since HP(Rf.A) is the sheafification of the presheaf U —
HP(f~1(U), A) on the basis of affine opens of Y, we conclude HP(Rf.,A) =0
forp > b+d.

It remains to prove quasicoherence of cohomology of Rf.A for arbitrary A €
Dy(X). This is local, so we may assume Y is quasicompact and thus some d
as in the first part exists. By the triangle

TenA — A — >, A — 72, AL,
exactness of Rf, and the result we just proved shows that
HP(Rf.A) = HP(Rf.7>,A) p>n-+d.

Note that HP(Rf.T>,A) is quasicoherent because of the bounded above case,
and since n is arbitrary we can make p arbitrarily small by reducing n. ]

Remark 2.8.41 Let f: X — Y be a qcgs morphism of schemes and A €
Dy (X). Then we have the canonical map

HP(Rf.A) — lim H?(Rf.75_, A)

which we claim is an isomorphism. Indeed, restriction commutes with limits
(since e.g. it is a right adjoint), so the statement is local on Y. Thus we may
assume Y is quasicompact and then this is eventually constant as explained
at the end of the proof. This is a simple result which allows us to reduce to
the bounded below case when we’re working with natural maps. For example,
the following corollary.

Ezample 2.3.42 Suppose f: X — Y is a morphism of schemes. The argument
(verbatim) of Cor. 2.3.3 using K-injectives instead of bounded above complexes
of injectives shows that there are natural maps HPoRf, — f.oHP forp € Z. If
f is affine, then these are isomorphisms. Indeed, f is qcgs, and by the remark
above and naturality we reduce to testing on D (X), which was Cor. 2.3.3(b).

Corollary 2.3.43 Let f: X — Y be a qcgs morphism of schemes.
(a) Let g: Y — Z be qcgs as well. Then the natural map
R(fog)x — Rf.o Rg.
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is an isomorphism of functors Dgc(X) — Dgc(Z).
(b) AssumeY (and hence X ) is qcqs. Then the natural map
RT'(X,A) — RT(Y,Rf.A)
is an isomorphism in D(Oy (Y)).
(c) For each affine open U C Y, the natural map
HP(f1(U), A) — HP(Rf, A)

s an isomorphism. In fact, the natural map

—~—

RE(f71(U), A) = Rf(Alg-1wv))
is an isomorphism in Dqc(U).

Proof Throughout this proof, we are suppressing some implicit change of
scalars morphisms, which is harmless because these functors are exact and
hence behave well on the unbounded derived category, and when applying
them after unbounded derived functors.

(a) The natural map is induced by the universal property. We have a
commutative diagram

HP(R(g o f)«A) —————— HP(Rg.(R[.A))

I |

lim HP(R(go f)u(t>-nA)) — lim HP(Rg.(Rf.(1>_nA)))

by naturality. The bottom map is an isomorphism by the bounded below case,
and the left-hand map is the above remark. To see that the right-hand map is
an isomorphism, note that it suffices to show

HP(Rg.Rf.(T«_pA) =0 n>0

for all p, locally on Z. We can thus restrict to a qcgs open of Z, and thus
assume Z and Y are qcgs since g is qcgs. Thus X is qcgs as well since f is qegs.
Then both Rg,. and Rf, increase cohomological amplitude by finite numbers,
and the claim follows. This implies that the top map of the diagram is an
isomorphism for all p.

(b) Same argument as (a), but for the left side use Lemma 2.3.39. Then for the
right side, use the fact that Rf, and RT'(Y, —) (since Y is qcgs) both increase
cohomological amplitude on the right by finite numbers.

(¢c) For the first part, we can argue directly from the bounded below case by
applying both the remark above and Lemma 2.3.39. For the second part, by
replacing Y with U we have to show that the sheafification of RI'(X, A) in
D(Oy(Y)) is Rf.A. But by the equivalence D(Oy (Y)) = Dy (Y) for affine
schemes, it suffices to show that

RT(X, A) = RU(Y, Rf.A),
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which is part (b). O

Remark 2.3.44 Note that this is the first stage where we proved some results
strictly less general than what we could state in our framework. Indeed, part
(a) is true without g being qcgs, and part (b) is true without Y being qcgs. But
these are drawbacks associated with avoiding general existence results for K-
injective complexes. In any case, this won’t really matter because real results
usually rely on schemes being qcqgs.

Ezample 2.3.45 Of course, if X is affine and F* is a complex of quasicoherent
sheaves on X, then I'(X, 7*) — RI'(X, F*) is an isomorphism, because F* =
M* and then both sides are M* by the affine equivalence D(R) = D(Spec R).
It follows that if f: X — Y is an affine morphism and F* is a complex of
quasicoherent sheaves on X, then f,F®* — Rf,F*® is an isomorphism. Indeed,
the claim is local on Y so assume X and Y are affine, then (c) of the above
corollary reduces us to the initial observation.

Example 2.83.46 If f: X — Y is affine, then Rf,: Dqc(X) — Dqc(Y) is con-
servative. Indeed, by choosing triangles it suffices to show that ker(Rf.) = 0.
If Rf.A =0, then for each affine open U C Y,

0=Rf.Alu = Rft-1v) (Al -1 1)

so we reduce to the case where X and Y are affine. But in this case Rf,
computes RI'(X,—) and then restricts scalars to Oy (Y'), and both of these
functors reflect zero as X is affine.

Ezxzample 2.8.47 Here is a more specific variant of the previous result; suppose
again that f: X — Y is affine. Then in fact

Rf.(DY (X)) c Dlatl(y)  Rf7Y(Deb(v)) ¢ Dlatl(X)

where a and b can possibly be infinite. Indeed, the left-hand statement follows
immediately from Example 2.3.42, and the right-hand one also follows from
Example 2.3.42 and the fact that f.: QCoh(X) — QCoh(Y") reflects 0, clear
by checking on an affine cover of Y.

Finally, let us briefly discuss unbounded RHom. This will be especially diffi-
cult to work with since we need strong hypotheses for it to be quasicoherent.
We have already discussed one case when this works, which is when the first
argument is pseudocoherent, but in that case the second argument must be
bounded below anyway. The new case we will get is when the first argument
is perfect. Then the new formalism will allow us to remove some boundedness
hypotheses on our earlier work with perfect objects.

As usual, we start by considering Homy, as a functor on the unbounded
homotopy categories, and then restrict to a functor

K(Ox) X KqC(Ix) — K(Ox)
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When the second variable is fixed, it sends acyclics to acyclics by the criterion
for K-injectivity, and therefore (after choosing a quasi-inverse) we obtain an
unbounded functor

RHomo, : D(X) x Dge(X) — D(X)

In parallel, we do the same thing for the functor RHome, , and we obtain a
functor

RHomop, : D(X) X Dgc(X) — D(Ox(X)).
We know from before that these are exact in each variable. Now fix F* € K(X);
the functors

RHomo, (F*,—) RHomp, (F°*,—)

are exact, and we have constructed them exactly as in the construction of
a derived functor from K-injectives. Therefore these coincide with the right
derived functors of

Hom(F*, —): Kqe(X) = D(X)  Hom(F*, —): Kqe(X) — D(X),
and we obtain canonical maps (between functors out of Kq.(X))
M(f.,—) —>RH0m@X(.F.,—) @OX(F',—) —>RHOH1@X(./—‘..,—)

which are isomorphisms on the K-injectives. By the universal property of right
derived functors, a map F* — G°® induces a unique natural transformation
between these functors. By uniqueness this gives natural maps

Homey, — RHomo Hom,, — RHomp,

of bifunctors K(X) x Kq.(X) — D(X), which is an isomorphism when the
second variable is K-injective. Importantly, and simply by construction, these
agree with the derived functors we defined for ringed spaces earlier.

We will wait for the next section to prove any serious results about these
functors in the unbounded case. However, since the restriction of K-injective
complexes with quasicoherent cohomology retains the same property, we can
at least assert that RHom behaves as expected upon restriction. What we will
show is the following important case where the unbounded RHom works well.

Lemma 2.3.48 Let E € D(X) be perfect. Then RHomo, (E,B) € Dqc(X)
for each B € Dy (X).

Proof The claim is local on X, so we may assume F is strictly perfect, thus in
particular a bounded complex of locally frees. Write B = Z°® as a K-injective
complex with quasicoherent cohomology. By boundedness in the first variable,
the Hom-totalization spectral sequence only involves direct sums, so it applies
and converges to the cohomology of RHom. We claim that the Es-page consists
only of quasicoherent sheaves. Indeed, by further restricting, each object in E5
is the cohomology of a sequence of the form

Hom(O%, 7" ') — Hom(O%,7") — Hom(O%,7"),

and thus it is a finite power of a quasicoherent sheaf. [l
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Now suppose X is qegs and E € Perf(X). There is a natural map
RHome, (E, B) — RI'(X,RHome, (E, B))

which we know is an isomorphism in the usual case, and we are going to use
techniques introduced in this section to prove it in this case as well. First, since
X is qcgs, there is a global cohomological QCoh-bound d. Since E is perfect
and X is qc, it has amplitude in [a, b]. Note that from the spectral sequence
in the proof above, it is clear that RHomo, (F,C) is in DS""% whenever
C € D=,

The observations above show that RI" and RHom(E, —) only increase bounded
above amplitude by a finite number, so by the truncation triangle

T<«—nB — B — 7>_,B — 7«_, B[1]
we deduce that for fixed p,
HP (RHomoy (E, B)) — H?(RHomoy (E,7>_,B))
is an isomorphism for n > 0.

Now let’s consider RHomop, (F, B). We claim that for each p, the inverse
system H?(RHomoe, (E,T>_,B)) is eventually constant. Indeed, considering
the standard sequential truncation triangle shows that the obstruction to the
maps of the system being isomorphisms lives in specific cohomology modules
which have to be zero once n > 0 because X has bounded QCoh-dimensions.

Since this applies to p — 1, the corresponding Milnor sequence has vanishing
R'lim, and thus gives an isomorphism

H? RHom(E, B) = lim H?(RHom(E,>_,B)),
and the right-hand system is eventually constant. Therefore combining the two
results gives us the desired property. We’ve shown:
Lemma 2.3.49 Let X be gegs and E € Perf(X). Then the natural map
RHomoe, (E, B) — RI'(X,RHome, (E, B))
is an isomorphism in Dy (X) for all B € Dy (X).

2.4 Unbounded derived categories for schemes
2.4.1 Unbounded left derived functors on D(Ox)

Now we discuss the unbounded versions of Lf* and (—) ®%X (—). This will be
very different from the prior discussion in two respects: First, even though we
don’t have K-projectives, it will be much easier and much more general (in
particular we will be able to construct this on the whole category D(Ox) of a
ringed space). Moreover, we will usually just be able to give direct arguments
for compatibilities among the left derived functors, and can avoid derived
colimits of truncation towers.
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The downside is that the left derived functors are in some sense more classical
and less interesting. They behave very well with stalks and thus one can usually
reduce them to the case of modules. On the other hand, the way we constructed
the unbounded right derived functors was heavily reliant on affine cohomology
vanishing, which will not matter in the left case. The main motivation for
constructing left derived functors is that they will be adjoint to our right
derived functors, and thus we can use them to argue about the right functors.
In this sense, we will give new proofs of various facts from the previous section.

We will repurpose our definition from the previous section of a derived functor
of an exact functor K(Ox) — & from K(Ox) (or a triangulated subcategory),
to a triangulated category €. But we consider the dual case, so now we consider
right Kan extensions along the localization map @: K(Ox) — D(Ox). We
note that for the first part of this section, we have in mind an arbitrary ringed
space (X, Ox), not necessarily a scheme.

Definition 2.4.1 Let X be a ringed space. An object F* € K(Ox) is K-flat
if the complex F* ® G*® is acyclic for every acyclic object G* € K(Ox).
Lemma 2.4.2 Let X be a ringed space.

(a) A bounded above complex of flat Ox-modules is K -flat.

(b) If F*,G* are K-flat, then F* ® G* is K-flat.

(c) If f: X — Y is a morphism and F* is K-flat over Oy, then f*F* is
K-flat over Ox.

(d) If F* is K-flat, then F®[n] is K-flat for every n.

(e) If F? — F3 — Fy — Fr[1] is a distinguished triangle in K(Ox) and any
two of the three are K-flat, then the third is K-flat.

(f) F* is K-flat iff Fo is K-flat over Ox 5 for every x € X.

(9) An arbitrary termwise direct sum of K-flat complexes is K -flat.

(h) A termuwise filtered colimit of K-flat complexes is K-flat.

Proof (a) We have shown this already using a spectral sequence. (b) This
follows from associativity of tensor product of complexes.

(f) Since stalks commute with sums, they commute with tensor product of
complexes. Since stalks preserve and jointly reflect exactness, it is clear that
Fs being K-flat for all z implies that F* is K-flat. Conversely, if F* is K-flat
and M* € K(Ox ;) is acyclic, then Sk, (M*®) is also acyclic, thus F*®Sk, (M*)
is acyclic and we conclude by taking its stalk at x.

(c) By (f), we reduce to showing that if A — B is a ring map and M* is K-flat
over A, then M*® ® 4 B is K-flat over B. Indeed, for an acyclic complex N,

(M®*®4B)®g N* = M®*®4 N*®
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holds as underlying A-modules, so the LHS is in particular acyclic.
(d) This is clear because F*[n] ® G* = (F* ® G*)[n].

(e) We have shown previously that (—) ® G* commutes with cones, and hence
is triangulated. Thus the result follows from the 2/3 property for acyclicity.

(g) Since coproducts commute with each other, it follows that (—)® ® G* com-
mutes with termwise sums. Then the result follows because direct sums are
exact in Mod(Ox). O

Remark 2.4.3 Let A be an abelian category. Then if K2 € Ch(A), it is clear
that
Hom* (P K7, L*) = [ [ Hom* (K7, L°)
n

n
since products commute with one another, where @, K, denotes the termwise
sum. Since products of abelian groups are exact, taking zero cycles and zeroth
homology shows that €,, K is also the coproduct in Ch(A) and in K(A).
Similarly, if {K? : ¢ € I} is a diagram of complexes, denote by h_n}li K; the
termwise colimit. Then

Hom(lim K7, L*) = lim Hom (K, L®)
[ P—
i€l i€l

since limits commute with products, and since limits commute with kernels we
can take zero cycles to show that h_rr;l K? is also the colimit in the category
Ch(A). However, this does not pass to the homotopy category.

As an application of this, we see that a termwise filtered colimit of K-injective
complexes is K-injective. Indeed, a termwise filtered colimit of acyclic com-
plexes is acyclic because filtered colimits are exact. Then, by the tensor-hom
adjunction in Ch(Ox), (—) ®G*® commutes with colimits, so the result follows.
Lemma 2.4.4 Let X be a ringed space.

(a) The map K(Ox) — D(Ox) preserves arbitrary coproducts.

(b) For a direct system (Fn) in Ch(Ox), the canonical sequence of complezes
0P DA i, 70
n n

is exact, where lim F~ is the termwise filtered colimit.
—n

Proof (a) Let {F? : i € I} be a collection of complexes, and consider maps
fit F — G* in D(Ox); represent this by maps

K3
o di T-e J?z °
FréFe flge
in K(Ox ) where the ¢;’s are quasi-isomorphisms, and then since direct sums are

exact, this induces a roof @, F? a P, f; ER G*® with ¢ a quasi-isomorphism,
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and it’s clear that the corresponding map in D(Ox) shows the existence part
of the universal property.

For uniqueness, suppose we have a map @, 77 — G* in D(Ox) such that the
composites

Fr-@rLg

f

are all zero. Represent f by a roof @, F; = G* L g* with q a quasi-

isomorphism, then the composites

Fr-@rLa
i
exist in K(Ox) and become 0 in D(Ox). This means that there are quasi-
isomorphisms F* <5 F® whose composites with the above pair are zero

K3 1
in K(Ox). Again by exactness of coproducts, this means that the induced

diagram -
Pr-Prlaie

1 1
has the properties that s and g are quasi-isomorphisms and the composite of
the first two maps is 0 in K(Ox). If we invert the last map in D(Ox) this
shows that fos=0in D(Ox), hence f = 0.

(b) (This is unrelated, so I'm not sure why it’s in this lemma.) This sequence
is exact on the right, because we can check this after taking Hom’s, which
recovers the universal property that to map into hi)nn Fr we give a sequence
of maps into the F; compatible with the maps F; — F,_ ;. For injectivity,
since everything is termwise we can assume these are single sheaves. The tuple
(Zn)n>1 maps to

(w1, 20 — fi(z1), 23 — fa(2),...),

so if this is zero, then x; = 0, so 22 — 0 = 0, and so on. ]

Remark 2.4.5 The argument above shows that if A is an abelian cate-
gory which admits ezact coproducts indexed by a set I, then D(A) admits
coproducts indexed by I, and they are computed on any representative.

In particular, D(Ox) has arbitrary direct sums and they are computed
termwise on any representative. Also, for any collection {A,} in D(Ox), the

natural map
D a7 a) - B (P A.)

is an isomorphism. Indeediy this follows by chogsing representatives for the A,
and then noting that cohomology of complexes commutes with termwise direct
sums because they are exact. It follows e.g. that Dyc(X) for X a scheme also
has arbitrary direct sums.

If € is a triangulated category and (K,, f,) is a direct system in &, then we
define the homotopy colimit of the system to be its derived limit in the opposite
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category. In other words, it is an object K equipped with a distinguished

triangle:
P r. = P K. — K — P K]

In this case, we WritenK = hocolimnn K,,. The dual gf the theory we constructed
in the previous section applies. For instance, every L € & provides a Milnor
sequence

0 — R'lim Homg (K,, L[-1]) — Homg (K, L) — lim Home (K, L) — 0

of abelian groups. Again, all of the same non-uniqueness issues apply from
before. We note immediately that in D(Ox) (or Dg.(X) for X a scheme),
homotopy colimits for all systems exist and are computed by taking the
appropriate direct sums and then the cone.

Here is another approach to computing a homotopy colimit. If (Fp), is a
system of complexes, equipped with actual chain maps f,: F; — F3,, then
the exact sequence of the previous lemma gives a distinguished triangle

(A 1-s, P 7 —timrr — P Frll
in D(Ox) where lim 3 is the termwise direct colimit. Therefore, we have
hocolim,, F = lim Fn
—n

as objects in the derived category. Note that since filtered colimits are exact,
this proves that the canonical map

lim H?(A,,) — H?(hocolim,, A,,)
R

n

is an isomorphism for all p € Z and systems (A,), in D(Ox). Dual to the
case of derived limits, if A € D(A) is an object, then the maps

T<1A — T<9gA — T7<3A — -+

form a canonical directed system, so we have induced maps hocolim,, 7<, A —
A and we can ask whether these are isomorphisms. For the same reason as the
limit case, even though these maps aren’t unique, the condition that they be
isomorphisms is independent of the choice of presentation of homotopy colimit
and choice of map.

Lemma 2.4.6 Let X be a ringed space.

(a) For F* € Ch(Ox), the canonical map from the (termwise) colimit

lim 1<, F* — F
is an isomorphism in Ch(Ox).
(b) In particular, if A € D(Ox), then the canonical map

hocolim,, 7<, A ~» A
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is an isomorphism in D(Ox).

Proof (a) Since it is termwise, we just have to show lim | T<nFE 5 FF for
all k. This is true because this system is eventually constant (i.e. after n > k),
and that implies the stated result as can be seen e.g. by applying Hom’s and
using the corresponding statement for inverse limits.

(b) By choosing a representative A = F* and the remark above, (a) finishes
the proof since the system lifts to Ch(Ox). O

Lemma 2.4.7 Let X be a ringed space and G* € Ch(Ox). For each n > 1,
there is a bounded above complex F, of flat Ox-modules and a commutative
diagram

FT F3 F3
Tglg. — ngg. — ngg. —_—
such that the vertical maps are surjective quasi-isomorphisms.

Proof We showed that Ox-modules admit surjections from flat Ox-modules
functorially, meaning that there’s a functor F': Mod(Ox) — Mod(Ox) and
a natural transformation F' — Id giving the surjection. Therefore, since our
explicit construction of bounded above resolutions for adapted classes is also
functorial, there is a functor F': Ch(Ox) — Ch(Ox) with a natural trans-
formation F' — Id that is componentwise a surjective quasi-isomorphism.
Applying this to the system (7<,G*) gives the result. O

The previous lemma is the key observation allowing us to construct useful
unbounded left derived functors.

Corollary 2.4.8 Let X be a ringed space.

(a) For each G* € K(Ox) there is a surjective quasi-isomorphism F* — G*®
in K(Ox) such that F* is K-flat.

(b) Denote by K(Fo, ) C K(Ox) the full (triangulated) subcategory consisting
of K-flat complexes. Then the natural map

K(Fox) — D(Ox)
18 a triangulated localization by the quasi-isomorphisms.

Proof Observe that by Lemma 2.4.2, K(Fp, ) is indeed a full triangulated
(replete) subcategory, and we have seen many times why the result of (a)
implies the localization statement of (b), from the localization of subcategories
criterion.

For (a), we apply the above lemma and set F* := hi>n Fo to be the termwise
filtered colimit. Then we get an induced map F — h_H)ln T<nG® = G°, which
is first of all surjective because filtered colimits are exact, and is also a
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quasi-isomorphism, e.g. because F*® and G*® represent the hocolim of the two
isomorphic systems in D(Ox). O

We are now going to quickly generalize our proof of the universal property for
K-injectives as discussed in the previous section, to use a framework which
applies to K-flats.

Remark 2.4.9 This is a brief recap of how we have been using triangu-
lated localizations. Let A be an abelian category, and suppose we have full
triangulated subcategories
ECDCKA).

(1) Denote by S the localizing class of quasi-isomorphisms in K(A). Since €
and D are closed under cones, it follows that Se = SNE and Sp = SND are
both localizing classes in the respective subcategories. The restricted classes are
compatible with the triangulation, because the subcategories are closed under
shifts, and the other property is clear because they are full subcategories. These
are saturated localizing classes because the same was true before restricting.

(2) Then we have the two criteria for localizing subcategories, each dual to
the other (in the saturated case): For any quasi-isomorphism A®* — D} with
D} € D, there exists a quasi-isomorphism D3 — A® with D3 € D. Then
the natural map between localizations is fully faithful. Alternatively, we can
reverse the arrows with the same conclusion.

(3) Here are the simple cases where (2) is satisfied for D that we actually use.
First is when D is saturated under quasi-isomorphisms, meaning that anything
isomorphic in the derived category to an object of D is already in D (e.g.
Kqe(X) for X a scheme). Another case is (e.g.) D = KT (A), for if A® has
bounded below cohomology, then the map A® — 7>, A® is a quasi-isomorphism
for k < 0.

(4) Now assume that Dp(A) == D[Sp'] — D(A) is fully faithful. We describe
this situation by saying that D C K(A) is a localizing full triangulated subcat-
egory. We usually apply the criterion again to the subcategory € to see when
8[551] — Dp(A) is an equivalence. We almost always apply this by saying
that for each object D® € D, there exists a quasi-isomorphism E°® — D® with
E* € &£. Or the other way around, as long as the direction is consistent across
different objects. Then the criterion shows that € — Dp(A) is a triangulated
localization by the quasi-isomorphisms.

(5) Assume we're in the situation of (4) and F: & — T is a triangulated
functor. Then F' sends quasi-isomorphisms to isomorphisms iff it sends acyclic
complexes to 0; thus in this case, this induces a triangulated functor on the
localization F': Dp(A) — T; any map F — F’ of two such functors induces a
unique natural transformation of F—F.

We will, going forward, use this remark without further mention. Our next goal
is to prove a more general version of our classical adapted classes result which
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also covers the K-injective result from the last section. Since the application
in mind is to K-flats, we will state it in its ‘left’ version.

Definition 2.4.10 Let A be an abelian category and D C K(A) a localizing
full triangulated subcategory.

(a) A full triangulated subcategory & C D is left preadapted if for each object
A® € D there is a quasi-isomorphism E® — A® with £® € €.

(b) Suppose F': D — T is an exact functor of triangulated categories. A left
preadapted subcategory & C D is left adapted to F if for every acyclic
complex E® € &, F(E®) =0.

We make the dual ‘right’ definitions as well.

It is immediate from Remark 2.4.9 that a left preadapted subcategory &
satisfies the property that & — Dqg(A) is a triangulated localization.

Theorem 2.4.11 Let A be an abelian category and D C K(A) a localizing full
triangulated subcategory. Let F': D — T be an exact functor of triangulated
categories and suppose & C D is left adapted to F.

(a) F has a left derived functor (LF': Dp(A) — T,¢), which in fact satisfies
the right Kan condition against all functors.

(b) If (LF,¢) is a left derived functor of F, then ege: LF(E®) — F(E®) is
an isomorphism for all E* € €.

The key idea of the proof is the following observation: Suppose there is a
morphism E® — D*® in Dp(A) represented by a roof E® «— E} — D®, where
the assumption means that we can always take the middle object to be in €£.
Since F' preserves quasi-isomorphisms in €, we can apply F' to this and obtain

F(E*) & F(E}) > F(D*) inT7,

which allows us to define a map F(E®) — F(D®). Moreover, this doesn’t
depend on the choice of roof: To show this, it suffices to show that the map
is stable under quasi-isomorphic refinements of E}, and we can always choose
this to be some E3 € €. Thus there is a diagram:

Es
oINS

E® <— E} — D*

Upon applying F' to this, the three maps labeled with ~ become isomorphisms,
and the claim is clear. Therefore we get a well-defined map

HomD(A)(E°,D') - Hom‘T(F(E.)aF(D.))
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of sets, independent of any choices. Since F' sends quasi-isomorphisms in € to
isomorphisms, we can view both sides as functors E[Sgl]of’ x D — Set, and
we further claim that the map above is natural in each variable.

Fix a map E® — D* represented by E* < E? % D*. If we have D* LA D? in
D then the composite map is represented by

E* < B %Dt LoDy,
and its image becomes F(ba)F(s)~! = F(b)F(a)F(s)~!, which shows natu-
rality in D. For the other variable, consider a map ES — E*® represented by
ES 4 E3 L E*, then in one direction the resulting map in 7T is

(F(a)F(s)™") (F(0)F(a) ™).

If we compose roofs first, then by definition we form a commutative diagram

q E‘J: N b s ) El. a
Es Ee D*

and take the outer roof, which maps to
F(ab)F(q5)™" = F(a)(F(0)FE) ™) @)™,
and by the commutative square this agrees with the previous direction.

Proof (of Thm. 2.4.11) Let Q: D — Dp(A) and Qg: € — Dp(A) be local-
izations. Denote by R a quasi-inverse to &[Sz '] -~ Dn(A), so that we have
a natural isomorphism u: ¢R =5 Id.

Since the kernel of F'|¢ contains the acyclic complexes, this restriction extends
to an exact functor which we call

LF: Dp(A) — T

such that LF o Q¢ = Fle. For each D* € D, we have the natural map
u: R(D®) — D*® which is in Dp(A), but by the construction described before
the proof and the fact that R(D*®) € €, this defines a map

e: F(R(D*)) = LF(D*) — F(D*)  inT.

The fact that the morphism of Homs was natural in both variables implies that
& is natural in D. Finally, if E® € &, then u: R(E®) — E*® is an isomorphism
in Dp(A) by definition of R and u. Thus both arrows in R(E®) «— Ef —
E* are quasi-isomorphisms between objects of €, so applying F shows that
e: LF(E®) — F(E*) is an isomorphism.

It remains to prove the universal property: let G: Dp(A) — T be a functor
equipped with a natural map n: G o Q — F of functors D — T. If we restrict
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this to €, then we can view this as a map
GoQe L Fle & LFo Qe
where the second map is an isomorphism. By the universal property of

localization, this ascends to a unique map 77: G — LF' such that

GoQs 5 LFo Qg

N le

Fle

commutes. We just have to extend this commutativity to D, and uniqueness
will follow from uniqueness on €. Let D® € D be arbitrary and E®* — D*® be
a quasi-isomorphism with F* € &, then we have a commutative diagram:

GD*)
G(E*) -1 LF(E*) — LF(D*)

o

S~k L

F(E*) —— F(D*)
Because of the displayed isomorphisms, and naturality of 5, the composite eon
is forced to be 71 as desired. O

Let X be a ringed space. Then we showed that the full subcategory K(Fo,)
of K-flat complexes is replete, triangulated, and forms a left preadapted class.
We will use this to define bounded derived pullbacks and tensor products.

Lemma 2.4.12 Let Y be a ringed space and F* an acyclic K-flat complex.
(a) For any complex G* € K(Oy), F* ® G* is acyclic.
(b) For any morphism f: X =Y, f*(F*) is acyclic.
Proof (a) Let Ff — G* be a K-flat resolution of G°®. Then
FRF - F*®G*
is a quasi-isomorphism since F* is K-flat, but the LHS is acyclic since F* is
acyclic and F7 is K-flat.

(b) By taking stalks, it suffices to show that if M*® is a K-flat acyclic complex
over A and A — B is a ring map, then B ®4 M*® is an acyclic complex of B-
modules. But this is the same as B ® 4 M*® being acyclic over A, and then the
result follows from (a). O

It follows that if f: X — Y is a morphism, then K(Fp, ) is left adapted to f*,
so we get a left derived functor
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The left derived functors will have all of the nice properties, and it will be
easy to establish them. For instance, given maps f: X — Y and g: Y — Z,
Lf*o Lg* is an exact functor equipped with a map from (go f)*, so there is a
natural map L(gof)* — Lf*oLg*. It is clear that this is an isomorphism on the
K-flat complexes because pullback preserves K-flatness, so we conclude that
L(gof)* = Lf*oLg*. Similarly, it is easy to prove that it commutes with stalks
in the appropriate sense since K-flats are closed under stalks and pullbacks.
Finally, since a bounded above complex of flats is K-flat, this construction
does extend what we said before.

Now we discuss tensor products. If we restrict the tensor product to
K(?@X) X K(Ox) — K(Ox),

then fixing the first variable, we note that the second preserves quasi-
isomorphisms by definition of K-flat, and fixing the second shows that the first
preserves quasi-isomorphisms by (a) of the lemma above. Thus by localization
we obtain a functor

(—) ®8, (—): D(Ox) x D(Ox) — D(Ox).

By construction, for each G®, the functor (—) ®% G* is the left derived functor
of (=) ® G*, so we obtain canonical natural maps (—) ®% G* — (—) ® G*
between functors K(Ox) — D(Ox). But, if G} — G3 is a map in K(Ox), then
by the universal property we obtain a natural morphism
(-) @Gt — ()@~ g3
making the obvious diagram commute. In particular, the derived tensor
product is equipped with a map
F* o5, G — F* @0y G°

natural in both variables, i.e. as functors K(Ox) x K(Ox) — D(Ox). Our
construction says that this map is an isomorphism when F* is K-flat, but if
G*® is K-flat, then commutativity of

Freblgr — Freg
= e
A ®L go — s F* ® go

shows that it is an isomorphism even when G*® is K-flat (here 77 — F* is a
K-flat resolution). Using this map, we can prove all of the standard properties
essentially in the same way as before. We will repeat the proof of a few but in
general these are easy.

For example, suppose we want a natural isomorphism

AoY (BeYC) = (AeY B)et C
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as functors D(Ox) x D(Ox) x D(Ox) — D(Ox). Indeed, if we represent
A and B by K-flat complexes then this is clear, also using that the tensor
product of K-flats is K-flat. For another example, we show there is a canonical
isomorphism
Lf*(A@" B) — Lf*(A) @ Lf*(B).
To construct it, we have natural maps
LfF(F et G = L (F 0 G®) — [{(F g = [*(F) e [ (3*)
and
Lf(F) @V LI (G%) — [H(F*) @ f1(G°) — [*(F*) @ f(G°).
If 7*,G° € K(Fo, ), then each of the maps in the bottom row would be
isomorphisms because tensor products and pullbacks preserve K-flats. Thus
by inverting we get a morphism Lf*(F*®@YG®) — Lf*(F*)®@Y Lf*(G*) which
is natural as functors K(Oy) x K(Oy) — D(Ox). By the universal property
of localization this gives a unique map with the desired source and target on

the derived category. But also when F* and G® are K-flat, the first row is an
isomorphism, so this unique map is an isomorphism.

We mention that since K-flatness can be checked stalkwise, it is in partic-
ular a local notion stable under restriction. Therefore we have the standard
restriction-to-an-open properties of Lf* and (—) ®% _ (—) as in the bounded
above case.

One of the major reasons to do unbounded derived category theory is that we
can use adjunctions in a literal way. In fact, a powerful strategy to prove some-
thing about unbounded right derived functors, which is sometimes annoying
as we saw, is to prove a different statement about left derived functors and
argue by adjointness. Generally, however, we need K-injectives for this, so we
will usually do this over schemes. Thus let us first discuss how the unbounded
left derived functors behave over schemes, and then we revisit adjunctions.

Let X = Spec R be an affine scheme. We claim that a complex M*® € K(R)
is K-flat iff M*® is K-flat. The latter condition holds iff My is K-flat over
R, for all p. It is clear that if this condition holds then M* is K-flat since
(M*®N°*), = My ® Ny and localization is exact. Conversely, if M*® is K-flat,
then as a special case of f* preserving K-flatness we deduce M is K-flat for
all p.

In particular, by the equivalence D(R) = Dq.(Spec R), a quasicoherent sheaf
on an affine scheme has a K-flat resolution by quasicoherent sheaves. We use
this to give trivial proofs of results like the following one:
Lemma 2.4.13 Let X be a scheme.

(a) If f: X =Y is a morphism, then Lf* maps Dyc(Y) to Dge(X).

(b) If A,B € Dye(X), then A®G, . B € Dy(X).
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Proof (a) This is local on Y, so assume Y is affine. Then A € Dy (Y) is
isomorphic to F* where F* is a K-flat complex of quasicoherent sheaves,
and so Lf*(A) & f*F* is a complex of quasicoherent sheaves and hence has
quasicoherent cohomology.

(b) Similarly, the question is local so we may assume X is affine, in which
case we can take quasicoherent K-flat resolutions of both terms, and then the
tensor product is quasicoherent (since the direct sum of quasicoherent sheaves
is quasicoherent). O

Remark 2.4.14 Here is an observation which we essentially already know. Let
& C K(A) be a left preadapted class with the property that €,. L B*® for some
B*® € K(A). Here, &, denotes the full subcategory of € of acyclic complexes,
and the notation means that for every A*® € €,. we have Homg4)(A®, B*) = 0.

If we are in this situation, then in fact the natural map
HOHIK(A) (A., B.) — HOIHD(A) (A., B.>

is an isomorphism for all A® € €. Note that this is easy to see in the presence
of K-injectives, but the general proof is easy too. Given a roof A®* — E*®* — B*®
representing a map in the target, take the cone sequence

E®* — A® — Cone — E°[1]

and apply Hompg4)(—, B®); by our assumption, the natural induced map
Hom(A*, B*) — Hom(E*®, B®) is an isomorphism, and thus there is a lift to a
map A® — B® already in K(A). Conversely, if A* — B*® in K(A) becomes 0 in
D(A), there is a quasi-isomorphism E® — A® such that the composite is zero
already in K(A), and we may assume E® € €. Then the argument above gives

HomK(A)(A.a B.) - HomK(/{) (E.v B.)a
so the map A® — B*® was already zero.

We note that this is of course an iff statement, since any acyclic A® is 0in D(A).
This also shows that if €,c L B®, then € is left adapted for Hom 4 (—, B®),
and thus that the corresponding derived functor computes RHomy4 (—, B®) as
expected.

Given this, let us do the main example of an adjunction. We could formulate
this generally, but it will be a bit annoying because our K-injectives only exist
on an appropriate subcategory, and we also won’t need to do this many times.

Let f: X — Y be a qcgs morphism of schemes. We saw in Lemma 2.3.11 and
the lemma prior that we get functors

Lf*: Dge(Y) 7' Dge(X) : Rf.

on the Dg.’s. We claim this forms an adjunction. We have already shown that
adjunctions of functors descend to the homotopy category, so for each F* we
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have a counit map f*f.F*® — F°, so we can obtain a zigzag
Lf*Rf.F® — Lf*foF* — [ f.F* — F°.

If F* is K-injective, then the left-most map is an isomorphism, and therefore
this extends to a natural morphism Lf*Rf. — Idp_ (x) whose restriction to
the K-injectives agrees with the formula above. Thus we obtain a natural map

Homp,_ (v)(A, Rf.B) — Homp_ (x)(Lf*A, B)

factoring through Homp,_ (x)(Lf*A, Lf*Rf.B). To show that this is an iso-
morphism, take B = Z°® to be K-injective, and A = F* to be K-flat. The key
observation is that on the homotopy category
0 = Homg (x)(f*F*,Z°) = Homgy)(F*, f.Z°)
if F* is acyclic (in K(Fx)), since then f*F* is acyclic. Therefore, K,.(Fx) L
f+Z*®, so the remark above applies, and thus
Homp,  (v)(F*, fZ%) = Hompy)(F*, f<I°)
= HOIHK(X) (f*]-'ﬂI')
= Hompx)(f*F*,Z°),

which is the desired result.

Ezample 2.4.15 Recall the adjunction j; 4 7* where j: U — X is an open
inclusion. By exact adjunctions (which don’t even require K-injectives), this
descends to an adjunction

jg: D(OU) = D(OX) ]*

In particular, as long as j: U — X is qcqs and A € Dgy(U) we have an
isomorphism A 2 j*Rj, A, and hence an adjoint map j1A — Rj.A in D(X).
Suppose that Supp A C Z where Z is closed in X. Then this map is an
isomorphism. Indeed, this can be checked on the level of sheaves of abelian
groups, where we have closed immersions i: Z — U and i;: Z — X; again
the exact adjunction i~ 44, descends to the derived categories, giving a map
A — 4,571 A. This map is an isomorphism on all cohomology, as that can be
checked on stalks. Therefore

Rj. A Rjuivi ' A =iy i A,

and that j, A =iy i~ 1A can be checked after taking cohomology and applying
stalks.

We can do the same thing for RHom. Indeed, we have a natural map
Hom(F*,G*) — Hom(Lf*F*,Lf*G*) — RHom(Lf*F*, Lf*G*),
so we obtain a natural map

RHomop, (A, B) — RHomop, (Lf*A, Lf*B)
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for B € Dy (Y). If we replace B with Rf,B for B € Dq.(X), we can use this
observation and the adjunction counit to obtain

RHomo, (A, Rf.B) — RHomop, (Lf*A, B),

which is an isomorphism since it induces an isomorphism on all cohomology
by the case above.

These questions become more delicate if we want to involve RHom o, because
as we saw it often doesn’t land in Dy (X). We mentioned that if the first
argument is pseudocoherent and the second is in DérC(X ), then the result is
quasicoherent, but this case was already known to us. The other interesting
case is when the first argument is perfect, but most of this case is easy to
handle directly from the dualizability properties we discussed earlier.

For instance, this puts a big limitation on proving the unbounded tensor Hom
adjunction, because we cannot make sense of a term like

RHompx)(A, RHomo, (B,C))

unless RHomo, (B, C) € Dqc(X). However, we can use the above strategy to
prove the standalone adjunction

Homp(x)(A®%, B,C) = Homp(x)(A, RHom(B,C))

only under the assumption that C € Dq.(X). This is clear after one notices
that if F* is K-flat and Z*® is K-injective, then Hom(F*,Z°®) is again K-
injective. Indeed, if G® is acyclic then

Homg (x(G*, Hom(F*,1°)) = Homg x)(G* ® F*,I°) =0

by the assumptions and the underived adjunction. Therefore, taking C = Z*® €
Dy.(X) to be K-injective, B = G* to be K-flat, and A = F*, we obtain

Hompx)(F* ©6, G°,I%) = Homg(x)(F* ®p, G°,T°)

= Homg (x)(F*, Hom(G*, Z°))
(F*, Hom(G*,ZI*))
(F*

)
)
= HOI’DD(X)
y(F*,RHom(G*,1*))

= HOII]D(X

as desired. Note that in this argument, if we want F* and G® to represent
arbitrary objects of D(X), then it’s important that we use the fact that Z*
is truly K-injective as an object of D(X) and not just of Dq.(X). But, as
explained, we don’t have the tools to show (or state) this on the level of RHom
or RHom unless B is perfect.

Remark 2.4.16 When dealing with perfect complexes over schemes, we usually
like to replace the notion of strictly perfect which we discussed in the previous
section with ‘bounded complex of locally free sheaves’. We can do this for two
reasons. First, as we showed, a strictly perfect complex on a locally ringed
space is a bounded complex of finite locally free sheaves. Second, because
there are only finitely many terms, a bounded complex of finite locally frees
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is locally a complex of finite free sheaves, hence strictly perfect. Thus, we can
also equivalently just work with bounded complexes of finite frees.

The most important property is that bounded complexes of finite locally free
sheaves are internally projective in the unbounded sense. In other words, if F*
is a bounded complex of vector bundles, then the natural map

MOX (‘F.ag.) - RHomOX (‘F.ﬂg.)

is an isomorphism even for unbounded G* € Kq(X). This follows because the
corresponding internal Hom spectral sequence works as the first argument is
bounded, so Homy  (F*, —) preserves acyclics and hence quasi-isomorphisms.

Let us briefly revisit tor dimension and possibly unbounded perfect objects
and show that they have the right properties which extend the cases we studied
earlier. Recall our working convention, that whenever we use terms like perfect,
tor dimension, etc. for objects of a derived category of a ring R, we mean to
consider it as a special case of the earlier sections for the one point ringed
space with structure sheaf R.

Lemma 2.4.17 Let X be a scheme.
(a) If X = Spec R is affine, the natural map

A ®%X B— A @b B
is an isomorphism for all A, B € D(R).
(b) Let A € Dg(X). Then A has tor-amplitude in [a,b] iff A ®g, F €
DE(X) for all F € QCoh(X).

Proof (a) Writing A = F* and B = M*® with F* K-flat, we know that F*® is
also K-flat so the result follows from the underived case. (b) (<) Since Ox is
quasicoherent A is bounded. We showed that tor dimension is stalk local, and
since stalks commute with cohomology and (a), we reduce to showing that if
A € D(R) has tor amplitude in [a, )], then A, has tor amplitude in [a, b] for
all p € Spec R. Indeed this is just the fact that tor amplitude respects base
change under A — A,. O

Lemma 2.4.18 Let X = Spec R be an affine scheme and A € D(R).
(a) A has tor amplitude in [a,b] iff A has tor amplitude in |a,b].

(b) M* € K(R) is strictly perfect iff M?* is strictly perfect.

(c) A is m-pseudocoherent iff A s m-pseudocoherent.

(d) A is perfect zﬁg is perfect.

Proof (a) This is an immediate consequence of the previous lemma and the
fact that (—) preserves cohomological amplitude. (b) It suffices to show that
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a module M is strictly perfect iff M is strictly perfect. One direction is clear
because (—) commutes with sums and preserves frees, and if M & F = O%,
then by 2/3 F is quasicoherent and so F = N, and thus M & N = R"™ by full

faithfulness.

(c) Since open sets are trivial, we have a triangle E* — A — C — E°[]]
with E* strictly perfect and C € D<"(R). Since (—) is exact and preserves
amplitude, the result follows from (b). Conversely, if A is m-pseudocoherent,
then by the definition and the properties mentioned above and (b), we see that
Ay, is m-pseudocoherent over Ry, for {fi,..., f,} a Zariski cover.

Ay, is m-pseudocoherent over a point hence bounded above, so by finiteness A
is bounded above, i.e. A € D<%(R). If a < m then we are done so assume a >
m, then we proceed by upwards induction on a. Indeed, note Ay, € D=%(Ry,),
so by Example 2.2.44 we have

Ha(Afz‘) = Ha(A)fi

is finitely generated for ¢ = 1,...,r, hence H%(A) is finitely generated. Take
F a finite free module with a surjection F' — H*(A) — 0, and choosing a
representative A = M*® with M® € K="(R), we have a surjection M® —
H®(M) and hence we have a lift to F — M¢. Again since M* € K=, this
extends to a map F[—a] — M?%—a] — M*® = A inducing the aforementioned
surjection on ath cohomology, and we can take the cone sequence

Fl-a) = A— C — Fl-a+1].

The construction implies that C € D<%"1 however localizing at all f; and
using that Fy,[—a] remains finite free and hence pseudocoherent, shows that
CYy, is m-pseudocoherent for all 7. Hence by induction C' is m-pseudocoherent.
Thus A is m-pseudocoherent.

(d) (=) is clear e.g. because we can apply (b) locally. (<) If A is perfect,
then since Spec R is quasicompact, A is pseudocoherent and has finite tor
dimension, thus by (a) and (c) the same hold for A, hence A is perfect. O

Ezample 2.4.19 Let f be qcgs. Since we have a map
Lf*(Rf.(A) @" B) = Lf*(Rf.A) ®" Lf*(B) — A" Lf*B,
there is an induced projection map
Rf.(A)®6, B— A®g, Lf*(B)

only by assuming that A € Dq(X) and B € D (Y). We will show shortly
that this is an isomorphism.

Ezample 2.4.20 If f is qcgs, then Rf, preserves limits that exist in Dqc(X).
We can use this to show that if (X,,) is an inverse system in Dy (X) for which
Rlim K, € Dqc(X), then Rf, commutes with the derived limit. The naive
proof which goes through the fact that Rf, preserves products doesn’t work
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unless [],, K, remains in Dgy.(X). If we make the additional assumption that
Rliln” Rf.(K,) is in Dy(Y'), then this has an easy proof, where we just use
that Hom is homological and apply the five-lemma and adjunction.

Ezample 2.4.21 If f,g are qcgs and composable, then we get a trivial proof
that Rg. o Rf. = R(go f)«, simply because this follows for the adjoints. Note
that we proved this with some difficulty in the last section by approximation
from the bounded below case.

Ezample 2.4.22 Let X be an R-scheme, and consider the map p: X — Spec R.
Here we identify R-modules with their associated quasicoherent sheaves. We
can construct a natural map

Lp* RHomp, (A, B) —» RHomo, (A, B) (%)

as follows: If F* is a complex of Ox-modules and Z* is K-injective, then we
have natural maps

Lp*Homy (F*,I°) — p* Homy, (F*,ZI°) — Homep  (F*,I°),

~

where the second map is adjoint to the isomorphism Hom, (F*,Z°) -
pHomp  (F*,Z%). Thus we obtain (x). If X (and thus p) is qcgs, and
RHomo, (A, B) € Dqc(X), then this corresponds to a map

RHomop, (4, B) — RT'(X,RHomo, (A, B)).

We've seen in Lemma 2.3.49 that if A is perfect, then this is an isomorphism.
Of course, we also know that we always have this isomorphism under the
appropriate boundedness assumptions, for all Ox-modules. We will extend
this (in the unbounded case) later.

Example 2.4.23 Here is a simple example of a nontrivial homotopy colimit
which can be useful. First let R be a ring and f € R. For each n > 0, the map
R — Ry sending 1 — f~" induces a morphism

im(RLRLRL...) - Ry

from the sequential colimit. This map is an isomorphism: it is clear from the
definition that a/f™ is in the image for all n and a € R, and on the other
hand if a — a/f™ equals 0 in Ry, then a/1 =0 so f*a = 0 for k > 0. In other
words a becomes zero at a later stage in the directed system.

Let us make this scheme-theoretic and derived. Let £ be a line bundle on a
scheme X, s € L(X) a global section, and recall that the inclusion j: X — X
is affine. Indeed, on an affine open U C X where L is trivialized and s ~ f €
Ox(U), we know that U N X = Dy(f). In particular we have the derived
adjunction j* 4 Rj.. We will construct a map

hocolim (A N A®éx £ A®%X L£%? - ) — Rj.j"A
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for any A € Dgc(X) and show that it is an isomorphism. Indeed, since s is
nowhere vanishing on X the map s: Ox, — L]|x, is an isomorphism, so we
have isomorphisms £%"|x, — Ox, for each n sending s™ +— 1. Tensoring this
with A we obtain

(A®6, L%")|x, = Alx, ®6, LZ"|x, — Alx,

so by adjunction this gives maps A®I(5X LE" — Rj.j*A. These commute with
multiplication-by-s maps since this held before adjunction and the same fact
for the maps £®"|x. — Ox.. Thus we obtain the desired map out of the
hocolim.

To see that this is an isomorphism, restrict to an affine open U C X on which
L is trivialized, so s corresponds to f € Ox(U). Then Ay is represented by a
complex of quasicoherent sheaves corresponding to M*®, and j*JT/f * = MJ?, SO
everything reduces to showing

hocolim (M* Lo Loare L) — M}

is an isomorphism inside D(Ox (U)). But homotopy colimits of systems where
the maps are chain maps are computed as termwise filtered colimits, and
termwise this is an isomorphism by the initial computation. Thus this is an
isomorphism. We call this the homotopy colimit localization formula.

In this setup, we can also relatively easily extend the Mayer-Vietoris triangle
and the 2-open cover descent result to the unbounded case.

Remark 2.4.24 Suppose we have an exact triangle

A% pac Y poan

in a triangulated category, and e.g. ¢ is an isomorphism, then it follows that
the map A — B is an isomorphism. Indeed, consider the diagram of triangles

A— B®C — D — A[l]

oL

B— B@(C — C — B]l]

where
1 0

f= c b1
Now f is an isomorphism because f-diag(1, —1) squares to the identity matrix.
Thus this extends to an isomorphism of triangles for some r: A — B. Therefore
we deduce

:BeC — B C.

(7,’ O)T — f(bl,C/)T — (b/7071bb/ +CI)T,
and in particular r = b’ is an isomorphism.

Proposition 2.4.25 Let X be a scheme and U,V . C X be quasicompact
opens. Suppose A € Dye(U), B € Dyc(V), and we are given an isomorphism
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a: Alyny == Blunv in Dgc(UNV). Then there exists C € Dyo(U UV) and
isomorphisms

Bu:Cly =~ A  By:Cly = B
making the diagram

Clunv

Bulunv Bvlunv
« S

Alyny ——— Blunv

commute. Moreover, such a (C, By, By) is unique up to an isomorphism whose
restrictions commute with By, By -

Proof Let ju, jv, j be the (qegs) inclusions of U, V, U NV into the union UUV.
Consider the maps

) ‘ Rj. ‘
Rju+A S RjAluny —2% Rj.Blunv

and ,
RjV,*B - Rj*B|UﬁVa
and extend the middle map below to an exact triangle:

(Bu,Bv) (Rj«coa,—
-

. . b .
c Rju.A® Rjy.B ). Rj. Bluny — C[1].

Upon restriction to U, the map —b becomes —Id, hence by the observation
above the proof it follows that S|y is an isomorphism C|y == Aly. Likewise
upon restriction to V, Rj.a o a becomes Rj.«aly which is an isomorphism, so
By |V is an isomorphism C|y == B|y. Finally since this is an exact triangle,

Rj.aoaofy —bo By =0,
so restricting to U NV shows a o By|uvny = Bv|vnv-

For uniqueness, now suppose we are given (C’, 5;;, i) satisfying the same
properties as C. Adjunction will provide a map C' — Rjy .A® Rjy . B whose
composite to Rj.B|uny equals 0, and therefore there is a map ¢’ — C' such
that the diagram

O/ —! -/
! (By:Bv)

C(BU’BV)RJIU’*A ® ij7*B

commutes. In particular we can split off the two summands, and then restrict-

ing to U and V individually shows that C’|y == C|y and the same for V.
(I

Remark 2.4.26 We can easily record the following consequence of this proof,
which is the Mayer-Vietoris triangle in the unbounded setting. Namely, if we
start with A € Dqc(U UV), then the map A — Rjy . A|ly @ Rjv«A|v satisfies
the conditions of C' as above, so the uniqueness gives a triangle

. . 1,-1 .
A = Rju.Alu ® Rjv.Alv G-D, RjvnvAlunv — All]
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mirroring the Mayer-Vietoris triangle from earlier.

Let us briefly check that perfectness still behaves as expected even in the
unbounded setting. Most importantly, we want to ensure that duals of perfect
complexes still behave well. Now that we have an unbounded tensor hom
adjunction, the fact that Ox is quasicoherent means that we have a natural
evaluation map

RHomo, (4, 0x) @6, A — Ox
for any A € D(X). Therefore, again by adjunction and quasicoherence of Ox,

we get a map

A — RHomo, (RHom(A, Ox), (’)Xz.
If E € Perf(X) is a possibly unbounded perfect object, then this double dual

map is an isomorphism, because the claim is local and hence we may reduce
to the bounded case. Next, tensor the evaluation map with B € Dg.(X).
Adjunction gives

RHomo, (A, Ox) @6, B — RHomo, (A, B)

forall A€ D(X).If A= FE € Perf(X), then this is an isomorphism: indeed we
can check locally, where F is strictly perfect, and then so is Hom(FE|y, Oy), so
both sides reduce to the underived case. Any other properties we care about
can be derived from these two.

Now suppose £° is a perfect complex, i.e. represents a perfect object of Dy (X).
Then if Z° € Kyc(Zx), we know that

Home, (£°,21°) — RHomo, (£°,1°)
is an isomorphism (in Dq.(X)). If f: X — Y is a qcgs morphism, we have
maps
fxHomp  (E°,1°) —— Rf.Home, (E°,1°)
Rf.RHomo, (E°,Z°)

and we claim the diagonal is an isomorphism. Indeed, the top map is an
isomorphism because we may check this locally, where £° admits a quasi-
isomorphism from a strictly perfect complex; by naturality of the top map, this

is an isomorphism because strictly perfect complexes are K-flat, and hence the
corresponding Hom is K-injective with quasicoherent cohomology.

To apply this, consider the zigzag
Rf.RHomo, (Lf*E*,1°%) « f.Home, (f7E*,1°)
= Home,, (E°, f.I°)
— RHomo, (E°, Rf.L®).
The first map is an isomorphism because the same argument as above applies

to Lf*, since £° locally admits a quasi-isomorphism from a strictly perfect
complex. Therefore there is a natural map

Rf.RHomo, (Lf*E, B) - RHomo, (F,Rf.B)
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for E € Perf(X) and B € Dy.(X). To see that this is an isomorphism, we can
apply RT'(U, —) over every affine open U C Y, and by our earlier result in the
qcgs case this reduces to the adjunction on the level of RHome, , which relies
on the fact that Lf*FE is perfect as well.

We'll now use this to extend some of our prior isomorphisms. First, if E is
perfect, we can use the natural map Oy — Rf.Ox,

EY — RHom(E, Rf.Ox) = Rf. RHom(Lf*E, Oy),

so by adjunction we get a map Lf*(EY) — (Lf*E)V. This is an isomorphism
because locally we can reduce to the bounded case. Therefore, by replacing F
with EV in the sheafified adjunction formula above, we obtain

Rf.(B®g, Lf*E) = Rf.(B)®%, E,

i.e. the projection formula map is an isomorphism for perfect £ and unbounded
B € Dy (X). Since Lf* commutes with tensor product, we easily obtain

Lf*RHomo, (E,B) = RHomo, (Lf*E,Lf*B)
when E € Perf(Y) and B € Dy (X).

2.4.2 Generators and Brown representability

In this section, we are going to show that when f is a morphism between qcgs
schemes, then there is an adjunction

Rf.: DqC(X) = DqC(Y) 5f!’

but we will construct f' through abstract means, and in particular it will not
be a derived functor of a functor which exists on Kq.(Y"). We are making the
unconventional choice to prove this result before actually doing any algebraic
geometry, but the point of this is to emphasize that we can use category theory
in a non-trivial way with the introduction of derived categories. We will see
later that this abstract result is a generalization of Serre duality.

There are two major steps to this result. We need to prove the Brown repre-
sentability theorem for triangulated categories, and then we need to prove that
Rf, satisfies the hypotheses for this theorem. The main one, which is perfect
generation, we will discuss in the next section. Let’s do the easier one of the
hypotheses as a warmup:

Lemma 2.4.27 Let f: X — Y be a qgcgs morphism of schemes. Then the
functor Rf.: Dqc(X) — Dgc(Y') preserves arbitrary coproducts.

Proof Since there is a natural comparison map, the claim is local on Y, so we
may assume Y is quasicompact. Thus Rf, has finite right QCoh-dimension d,
which means that for any A € Dq.(X),

HP(Rf.A) — HP(Rf.(12nA))
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is an isomorphism for p > n + d. It follows from Prop. 2.2.5, and the fact
that coproducts in Dq.(X) are computed termwise on any representative, that
Rf. commutes with arbitrary direct sums of collections of objects of Dqc(X)
which are globally bounded below. Moreover, since coproducts of O x-modules
are exact, they commute with truncation. Therefore we have a commutative
diagram:

H (@, RfAa) ——— V(R @, Ad)

| |

H? (@, Rf(t>nAa)) — HP(Rf. @, T>nAd)

The right-hand vertical map is an isomorphism when p > n + d, and the
same holds for the left-hand map because cohomology commutes with direct
sums. The bottom map is always an isomorphism by the bounded below case.
Therefore for p > n + d the top map is an isomorphism. Since n was arbitrary
we are done. O

Remark 2.4.28 As an immediate consequence, if (A,,),>0 is a sequential system
in Dy (X) and f is qcgs, then the comparison map

hocolim,, Rf. A, — Rf. ( hocolim,, A,)

is an isomorphism in Dq.(Y). Indeed, Rf. preserves the defining hocolim
triangles and the direct sums in these triangles.

Ezample 2.4.29 This is a continuation of Example 2.4.23, where we proved a
canonical isomorphism

hocolim, (A ®%, LZ™) = Rj.j*A

whenever £ is a line bundle on X, s € L(X) a section, j: X, — X the
inclusion, and the transition maps of the system are multiplication by s. Now
suppose X is a qcqs R-scheme. Then pushforward to Spec R is RI', so we
obtain an isomorphism

hocolim,, RT'(X, A ®%, LZ") == RT(X,, A)

inside D(R). Since taking cohomology turns hocolims into filtered colimits,
this shows that the natural map

lim HP (X, A @%, L%") = HP(X,, A)

n>0
is an isomorphism for any A € Dy(X), s € £(X), and p € Z. This simple

observation will be very useful for instance when dealing with an ample line
bundle. We will also use it in computing the cohomology of projective space.

Let € be a triangulated category. A collection {E;} C € of objects generates
€ if for each A # 0 € & there exists some index ¢ and n € Z such that
Homeg (E;, A[n]) # 0. This is a somewhat weird notion, so a few observations:
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(a) If € is a subcategory of a derived category which admits unbounded
RHom, then the condition is equivalent to the existence of some ¢ such
that RHom 4 (E;, A) # 0.

(b) If € has coproducts and {E;} is a (small) set, then {E;} generates € if
and only if @, F; is a single generator, since

Homeg (EB E;, Aln]) = H Home (E;, Aln))

and the RHS is nonzero iff one of the factors is nonzero.
(¢) If A— B is a morphism in &, then it is an isomorphism iff
Homeg (E;, A[n]) — Homeg (E;, B[n])

is an isomorphism for all ¢ and n. Indeed, one direction is clear, and
on the other hand, consider the triangle A — B — C' — A[l]. Indeed,
the corresponding exact sequence shows that Home (E;, C[n]) = 0 for all
n € Z and i, and thus C' = 0.

Of course, the criterion of (b) is in fact equivalent to the set {E;} generating
the category, and this is the most reasonable explanation of the terminology.
Our main theorem of the next section will be the following one:

Theorem 2.4.30 Let X be a gcgs scheme. Then Dy (X) has a perfect
generator.

We instead discuss consequences now. First, if € is triangulated and has small
coproducts, an object E € & is compact if Homg (E, —) preserves arbitrary
coproducts (which is distinct from our general definition of a compact object
in an arbitrary category). We say € is compactly generated if it is generated
by a set of compact objects.

First, for any scheme X, if E € Perf(X) then RHomo, (E,—) = EY ®% _(-)
as a functor Dqc(X) — Dqc(X). By the tensor hom adjunction, this is a left
adjoint and hence commutes with colimits in Dg.(X). If X is qcgs, then X
has coproducts. Moreover,

RT o RHomo, (F,—) = RHome, (E, —).

since X is qcgs, and as a special case of Lemma 2.4.27 we see that RI" preserves
coproducts. Finally, we showed that taking cohomology preserves coproducts,
so we conclude Homp_( x)(&, —) preserves coproducts (as a functor from
Dy.(X)), and thus E € Dgc(X) is compact. We will in the next section show
the converse, that all compact objects are perfect.

We emphasize that Thm. 2.4.30 is a remarkably strong statement; it says, for
example, that there is a perfect object E such that to check if A — B is an
isomorphism, it suffices to check that

HP(X,E®%, A) —» H(X,E®%, B)
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is an isomorphism for every p € Z. Indeed, take EV to be a perfect gen-

erator, then we know that it suffices to check isomorphisms after applying
RHom(EY,—), but

RHomo, (EY,—) = Rl o RHomo, (Ox, E @, (—))
= RI(X,E®p, (-))
which proves the statement. The strength of this statement comes from the
fact that we are only looking at global cohomology here. In many geometric

examples, especially for projective varieties, we will be able to write down
explicit generators and can use the principle above.

Let T have coproducts and E € T.. Most immediately, the defining property
of compactness says that any map E — €, X; corresponds to a collection of
maps E — X; with all but finitely many nonzero, so in particular the map
factors through some summand with only finitely many X; involved. Here’s an
alternative way to state this.

Suppose X = hocolim,, K,, for some direct system (K,) in T, and take
Hom(E, —) of the associated triangle to obtain an exact sequence

@Hom (E,K,) —»@Hom (E,K,) — Hom'(E, X) @Hom

but now e.g. as a (very) special case of Lemma 2.4.4, all the left-hand maps
are injective, so applying this to ¢ = 0,1 we see

0 — €D Hom(E, K,,) ~— (P Hom(E, K,,) — Hom(E, X) — 0

is exact. A second application of Lemma 2.4.4 shows that the natural map
lim Hom(FE, K,) — Hom(E, X)
—n

induced by the maps K,, — X is an isomorphism. So, this is the replacement
for the statement that Hom’s out of compact objects should preserve filtered
colimits.

Proposition 2.4.31 Let € be a triangulated category (with coproducts) and
{E;} a generating set of compact objects.

(a) Suppose D C &€ is a full replete triangulated subcategory closed under
coproducts. If E; € D for each i, then D = E.

(b) Let u: F — G be a morphism of exact functors F,G: & — D which
preserve coproducts. If ug,: F(E;) — G(E;) is an isomorphism for each
i, then u is an isomorphism.

Proof We will deduce both of these from the following slightly more specific
statement.
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Lemma 2.4.32 Under the same assumptions, let A € £. Then there is a direct
system (K,,)n>0 where Ko = 0 with morphisms fitting into ezact triangles

Ln - Kn - Kn+1 - Ln[l]

such that L, is a coproduct of shifts of generators and A ~ hocolim,, K,,.

Indeed, for (a), L, € D, so by induction K, € D. Since D is closed under
coproducts, it follows that hocolim,, K,, & A € D as well. (b) Consider the class
of objects D € D for which up is an isomorphism. By naturality, this is closed
under isomorphism. Since F' and G commute with shifts and coproducts, it is
clear that D is closed under shifts and coproducts. Finally, by the triangulated
5-lemma, D is closed under cones. Thus by (a) we conclude. O

Proof (of Lemma 2.4.32) Let K be the direct sum over E;[m] for all i, m € Z
and all maps E;[m] — A. This comes with a natural map K; — A. For
aesthetic purposes define Ky = 0 and Ly = K;[—1] so that we have the n =0
triangle as above.

Inductively, given K,, — A, we construct L,, as the coproduct over all E;[m]
indexed by all i, m € Z, and maps F;[m| — K, for which the composite
E;[m] — K,, — A is zero. This comes with a canonical map to K,, so define
K, +1 by the triangle

Ln - Kn - Kn—i—l - Ln[l]

By definition, the given map K, — A is in the kernel of Hom(K,,A) —
Hom(L,, A), hence it extends to a map K, 11 — A commuting with K, —
Kyp+1. Thus we obtain a morphism hocolim,, K,, — A.

To see that this is an isomorphism, we can check this after applying
Hom(E;[m],—) for all ¢ and m, which by compactness yields the map

lim Hom(E;[m], Ky) — Hom(E;[m], A)

which sends a representative [¢] to E;[m| — K, — A. The map was already
made surjective when we defined K, so suppose ¢: E;[m| — K, represents a
class mapping to 0. Then this is a basis element of L,,, and since the composite
L, — K, — K, 41 is zero, we have [p] = 0 in the source, showing injectivity.

O

Remark 2.4.33 Though we loosely assume that all of our categories are locally
small, it is crucial that € be locally small for the construction in Lemma 2.4.32.
In the application we have in mind, namely Dq.(X), this is clear because it is
equivalent to a subcategory of K(X). Likewise, it is crucial for the generators
to form a small set and not a proper class.

We say that a triangulated category T is compactly generated if it is generated
by a (small) set of compact objects. Now let’s discuss some corollaries of the
perfect generation theorem.



198 Derived categories in AG

Corollary 2.4.34 Let f: X — Y be a qcgs morphism of schemes. Then the
natural projection map

Rf.(A) ®%, B — Rf.(A®% Lf*DB)
is an isomorphism for all A € Dqc(X) and B € Dy (Y).

Proof The claim is local on Y, so we may assume Y (and thus X) are qcgs. By
fixing A, this is a natural transformation in B of exact, coproduct preserving
functors Dgc(Y) — Dge(Y). Indeed, (—) ®% (=) preserves colimits in each
variable, as does Lf*, since they are left adjoints, and Rf,. preserves arbitrary
coproducts. We have seen that it is an isomorphism if B € Perf(Y). Thus by
Prop. 2.4.31 applied to Dy (Y) via perfect generation (Thm. 2.4.30), it is an
isomorphism. O

Example 2.4.35 We wish to stress that Cor. 2.4.34 is a truly interesting result
because it is one of our first examples of statements which are true only in
the derived category. Namely, we did not prove this by reducing to the under-
ived case, but instead by extending such a case via some category theory. To
illustrate this, we’ll give an example of a projective morphism f: X — Y of
Noetherian schemes and individual quasicoherent sheaves F on X and G on Y
where the underived projection formula doesn’t hold. In fact, in our example,
G will even be a perfect sheaf.

Let k& be a field, X = P,lc[t], and consider the structure morphism p: X —
Spec k[t]. We know (or will see) that

Exty, (Ox,0x(-2)) = H' (X, Ox(-2)) = k],

so we can choose a nonzero extension class [F] € t-Ext'(Ox,Ox(—2)) in the
submodule generated under multiplication by ¢. Recall that this is the data of
a short exact sequence of sheaves

0—-0x(-2)=F—->0x—0 (%)

on X (in particular vector bundles) such that the map Hom(Ox,Ox) —
Ext}QX(OX, Ox(—2)) sends the identity to [F]. On the other hand, regard k
as the k[t]-module k[t]/(t), and consider the corresponding quasicoherent sheaf
G = k on Spec k[t]. We claim that the projection map

pF @r G — pu(F oy p*G)
is mot an isomorphism.
Indeed, since Rip, computes H'(X, —), we have an exact sequence
0 — (pF)(X) — klt] — Ext'(Ox, Ox(~2))

by (x), and since the Ext term is a torsion free k[t]-module and the map from
Ek[t] is [F] # 0, this is injective and thus p,F = 0 since it is quasicoherent. Thus
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the left-hand side of the projection map is zero. Next consider the cartesian
square:

P, —— Speck
iz‘ ’ ii/
X 25 Specklt]
By base change under a closed immersion, i*OPi = p*i,Ogpeck = p*G. By

closed projection, tensoring (x) with p*G produces the bottom row in the
commutative diagram:

0 — Ox(-2) F Ox 0

l | |

0 — i*OPi(_2) — i*}-hf”i — i*OP}C — 0

Here the zero on the bottom left is due to L=!p*(Ox) = 0 as Oy is flat. This
means that [F] — [i.F][p ] under

Ext! (Ox, Ox(~2)) £ Ext!(Op;, Op1 (-2)),

which is computed by ordinary pullback ¢* since both domain and codomain
are flat. But we claim that [F] is also in the kernel of this map. Indeed, this
map is isomorphic to H'(X,O0x(-2)) — Hl(]P’,lC,OP}C(—Q)), and we have a

defining exact sequence 0 — Ox 5 Ox — i*OP}C — 0, which follows from

the sequence 0 — klt] LN k[t] — k — 0 and the fact that p is flat, since it
is the base change of IP’}c — Spec k. Thus the long exact sequence shows that
multiplication by t - H(X, Ox(—2)) is in the kernel of the map, but we chose
[F] to be in this submodule.

We have shown that the extension class in the bottom row above is zero, so
Z&fhg:é =FRpG= i*opi 53] i*opi(*2)-
Applying p,. takes global sections, and hence gives
po(F®p*G) = H' (P}, Op1) ® 0 = k,

which is not zero. Therefore the underived adjunction formula fails. Let us see
precisely how the derived version fixes this. Since both sides are quasicoherent
on an affine scheme we will identify Dq.(Speck[t]) = D(k[t]). As F is locally
free and p is flat, the only modification we have to make to the RHS of the
projection formula is Rp, instead of p,. This gives

Rp.(F @ p*G) = Rp.(1xOp1 ) & Rp. (i Op; (-2))
= k[0] @ k[-1].
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On the other hand, Rp,F ~ RI'(X,F), we showed already that Rp,F = 0,
and we have the exact sequence

0 — H(X,0x) — H(X,0x(-2)) — H' (X, F) — 0.

By construction, the first map sends 1 +— [F], so identifying the first two
terms as k[t] — k[t] and [F] € (¢), write [F] = ¢tf(¢t) with deg f = n. Then
HY (X, F) = k[t]/(tf) as a k[t]-module. More importantly, this gives

Rp.F ~ [k[] 5 k[t]] € D(k[H]),

in degrees 0,1, and then applying ®£‘Mk we obtain k 2 k, i.e. k[0] ® k[-1],
which is what we got before. Note that regardless of which f(¢) we pick, F is
a vector bundle of rank 2 which cannot be a sum of line bundles, because it
has non-free cohomology k[t]-modules.

Ezample 2.4.36 Let X and Y be qcgs schemes. Denote by
px: X XY —= X py: X XY =Y

the projection maps, noting that X x Y is also qcgs. For any K € Dq.(X xY),
we define the functor

gt Doe(X) = DoY) @x(A) = Rpy,.(K ®%, ., LpkA).

A functor of the form ®g is called a Fourier-Mukai functor, and the object
K is its kernel. We will see in our geometric examples that almost any real
functor which comes up is Fourier-Mukai. To start to see why, let W be a qcgs
scheme and take maps f: W — X and g: W — Y, then we claim that

A Ry, (K ®%, Lf*A)
is a Fourier-Mukai functor for any K € Dq.(W). Indeed, let (f, g) denote the
induced map W — X x Y, and consider the kernel R(f, g).K in Dgc(X xY).
By the gcgs projection formula, the associated Fourier-Mukai transform is
Pp(s.9).x(A) = Rpy, (R(f,9). K ®Iéxw Lpx A)
= Rpv.R(f,9).(K @6, L(f.9)"LpxA)
= Rg.(K ®@,, Lf*A)
as desired. Therefore, the following functors are all Fourier-Mukai:
1. The functor Dgc(X) — Dge(X) given by A — E @ A for some E,

since we can just take f = g = Id and £ = K. This includes the identity
functor, all shifts A — A[n], and A — RHomoe, (E, A) when F is perfect.

2. Rfyv: Dge(X) — Dgc(Y) for any f: X — Y, since we can take g to be
f, f =1d, and K = Oy . This in particular includes RI'. Likewise, it is
clear how to do Lf*.

3. We will see later that the functor f' we are going to construct is also a
Fourier-Mukai transform, at least for sufficiently nice f.
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We also observe that all Fourier-Mukai functors preserve arbitrary coproducts,
and hence the result we prove will show that they all have right adjoints.

Now let’s return to the general theory. Let T be a triangulated category. Recall
that a strictly full triangulated subcategory N C T is thick if whenever X,Y €
TJand X ®Y € N, we have X,Y € N. It is clear from the definition that
thick, and (strictly full) triangulated subcategories, are conditions closed under
arbitrary intersection and that T itself satisfies both properties; thus if S C T
is a collection of objects, we write

tria(S) and thick(.S)

for the smallest strictly full triangulated and thick subcategory respectively
containing S. So, N is triangulated/thick iff tria(N) = N/thick(N) = N. We
sometimes write thicks(S) to denote the ambient category; it is clear that
tria(S) can be computed in any ambient (strictly full) subcategory/supercat-
egory containing S. On the other hand, if N C T is thick and S C N, then
thickn(S) = thicks(S), because thick(S) € N, and any T-summand of an
object in .S must lie in N.

Example 2.4.37 Almost all triangulated subcategories we care about are thick.
For instance, we have seen that if (X, Ox) is a ringed space then Perf(X) C
D(Ox) and PsCoh(X) C D(Ox) are thick. Dyc(X) and Deon(X) are also
thick inside D(X), since summands of quasicoherent (resp. coherent) sheaves
are quasicoherent (resp. coherent), which follows from the fact that we can
realize a summand of F as the image of an idempotent F — F. Other examples
include the kernel of an exact functor (as is clear from the definition), and
the class of objects for which a natural map of exact functors F' — G is an
isomorphism, since if we write the triangles

FA—-GA—-C—FA FA' - GA' — C'— GA'[1],

then F(A® A) - G(A® A') - Cd C’ — is exact, and C @ C’ is zero iff C
and C’ are zero. For example, this shows that T, the class of compact objects
in a triangulated category T with coproducts, is thick. Other special cases are
the so-called ‘right-orthogonal’

St ={X €T :Hom' (A, X)=0,A€ S,icZ}
and ‘left-orthogonal’

LS ={X €T :Hom'(X,A)=0,A¢€ S,i € Z},
which we will discuss more in the next section.

Remark 2.4.38 Both tria(S) and thick(S) are finitary operations, in the
following sense:

tria(S) = | J tria(S)  thick(S)= (] = thick(S")

S’CS finite S’CS finite
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Indeed, first note that tria(S’) U tria(S”) C tria(S” U S”) from the definition,
and likewise for thick; so if A — B — C' — A[l] is a triangle and A € tria(S)
and B € tria(S’), then A, B € tria(S U S’) and C € tria(S U S’). The same
thing works for direct summands and thick.

We also note that there is an inductive construction which one can make as
follows: let triag(S) = S, and if tria, (S) is defined then tria,1(S) is defined
as the class of all objects which are isomorphic to shifts of objects in tria, (5),
or cones of morphisms in tria, (S). Then in fact tria(S) = [J,, tria, (S). Indeed
clearly D holds, and if A € tria, (S) then A[k] € tria,41(S) for all k € Z, and if
A — B — C — A[l] is a triangle, then choose n so that A, B € tria,(.5), then
C € triap+1(5). The same thing can be done with thick(S), except thick,,1+1(5)
should consist of all shifts, cones, and direct summands of objects in thick, (.5).

In general, whenever N C T is a thick subcategory and thick(S) = N, we say
that S split-generates N. What we have just shown means that any object
in N can be written using iterated shifts, summands, and cones finitely many
times starting from finitely many objects of S.

Remark 2.4.39 Recall in a triangulated category, all retracts of an identity
morphism 1: X — X produce direct sum splittings. In fact, the following are
equivalent for a triangle X — Y — Z — X[1]:
(a) The map Z — X|[1] is 0.
(b) X — Y has a retract.
(¢) Y — Z has a section.
)

(d) There is a splitting Y = X @ Z, so that the canonical maps X — Y and
Y — Z coincide with the ones in the triangle.

Indeed, assume (a), which implies that for all W the sequence
0 — Hom(W, X) — Hom(W,Y) — Hom(W, Z) — 0

is exact. If we take W = Z, this implies that 1z lifts to a map Z — Y such
that Z — Y — Z is the identity, i.e. (¢). Likewise if we took Hom(—, W)
instead, we would show (b). Then e.g. (c) shows that the exact sequence

0 — Hom(—, X) — Hom(—,Y) — Hom(—,Z) — 0

splits in the abelian category Fun(T°P, Ab), hence there is a retract which by
the Yoneda lemma is induced from Y — X. Moreover, also by Yoneda and
additivity of Homs we conclude (d). We can do the same in the other direction
had we started with (b).

To prove (d) = (a), we will show the stronger statement that X — X & Z —

72X [1] is exact in any triangulated category. Indeed, extend Z %X [1] to

triangle X - Y — Z % x [1], then the implication we already have shows
that Y =2 X @ Z with the prescribed maps, so the triangle is isomorphic to



Vihaan Dheer 203

X - X&®Z— Z — XI[1]. We call triangles of this form ‘split triangles’. It
also tells us that the cone of X Y is Y & X[1].

If X € T we define a homotopy filtration of X by S to be a system (K,,) in T
such that hocolim,, K, ~ X, and all maps in the system fit into triangles of
the form

Ln - Kn - Kn+1 - Ln[l]
where L,, € S. For example, Lemma 2.4.32 shows that all objects of a category
with compact generators {F;} admit a homotopy filtration by coproducts of
shifts of the generators. Here is another important application of this:

Lemma 2.4.40 Let T be a triangulated category with coproducts and suppose
X € T admits a homotopy filtration by coproducts of shifts of {E;} C T.. For
any F € T., each map F — X factors through tria({E;}).

Proof Let & = tria({F;}), and write X = hocolim,, K,, for the homotopy
filtration with triangles

L, — K, — K,11 — L,[1]

where K,, = 0 and L,, a coproduct of shifts of the {E;}. Since F' is compact,
a map F' — X factors through K, for some n, so we may prove by induction
on n that any map from a compact object to K, factors through €. This is
clear when n = 0.

Since L; is a sum of shifts of the F;, any map from F — L; automatically
factors through a finite direct sum of shifts of the {E;}, and hence through €.
In particular, the composite F — K,, — L,_1[1] factors through M;[1] € &,
so we can complete this data to a morphism of triangles,

M, Py F Mi[1]

l H l l

Ln—l — Kn—l — Kn — Ln_l[l]

where Fy € T, since M; € € C T.. By induction, Fy — K,,_; factors through
M, € &, then we can consider the composite map M; — F» — M; and take
its cone M3 € €. Thus we can factor the morphism of triangles above to obtain

M, Fy F My [1]
H l H H
M, M, M M;[1]

along with two TR3-extended maps. Denote the map we wish to factor by
a: F — K,, the composite F' — Mz — K, by 3, and consider the exact



204 Derived categories in AG

sequence
Hom(F, K,_1) — Hom(F, K,,) — Hom(F, L,,_1[1]).

The composites of both « and 8 with K,, — L, _1[1] are equal to the composite
F — M;[1] — L,,_1[1] and hence to each other; so, we may write

O‘_BZFLKn—lﬁKn

for some map 7. By induction, v factors through F — M}y for some M, € €&,
which means that the induced map

F—-MseMy—K,®K,_1— K,
is equal to 8+ (o — 8) = «, so we are done via M3 ® M, € €. O

Corollary 2.4.41 Let T be a compactly generated triangulated category and
{E; :i € I} a collection of compact objects. Then thick(E; :i € I) = T, if and
only if {E; : i € I} generates T.

Proof Since 7, is thick, we always have thick({E;}) C T.. For the first direc-
tion, if Hom*(E;, X) =0 for alli € I, i.e. E; € *X, then T, C ~X since the
latter subcategory is thick. Since T is compactly generated, this implies X = 0.

For the other direction, let F' € T, and consider 1: F' — F'; by Lemma 2.4.32
and Lemma 2.4.40, this factors through tria({E;}) and hence thick({E;}),
meaning (by Remark 2.4.39) that F' is a summand of an object of thick({E;}),
hence F' € thick({E;}). O

Let’s now move on to the main theorem of this section, the Brown repre-
sentability theorem, which is written below in its standard form:

Theorem 2.4.42 Let € be a triangulated category with coproducts which is
compactly generated. Let

H:E&°° - Ab
be a cohomological functor which preserves products (i.e. coproducts in ).
Then H is representable by an object of €.

We usually don’t use it in the form above, but instead to construct adjoints
as follows:

Corollary 2.4.43 Let F': € — &' be an exact functor of triangulated cat-
egories, and suppose & is compactly generated and F preserves coproducts.
Then F has a right adjoint.

Proof Recall that having a right adjoint is a pointwise condition. For each
E' € &, the functor Home: (F(—), E’) satisfies the conditions of Thm. 2.4.42
by assumption. Therefore, there exists some G g: such that

Home/ (F(E), E') = Home (E, Gg)
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natural in E. This shows that [’ has a partial right adjoint at E’, and since
E’ was arbitrary it has a global right adjoint (such that E' — Gg/). O

Brown representability is surprisingly easy to prove, and we just have to repeat
the argument of Lemma 2.4.32 and insert the Yoneda lemma in some places.

Proof (of Thm. 2.4.42) Let {F; : i € I} be a compact generating set of T, and
let K be the sum over all E;[m] indexed by all i € I, m € Z, and all elements
a € H(E;[m]). Then
H(Ky) = [] H(Eim]),
(i,m,a)

so there is a canonical distinguished element a; := (@) m,q) € H (K1), which
by Yoneda’s lemma corresponds to a map a;: Hom(—, K1) — H. Inductively,
given a,: Hom(—, K,,) — H, define L,, to be the sum over all E;[m] indexed
by i € I, m € Z, and all a € ker(Hom(E;, K,,) — H(E;)). Each such a is a
map to K,, so there is a natural map L,, — K, and we take the cone

L, — Ky, — Kpy1 — Ln[l]a

which induces an exact sequence H(K,41) — H(K,) — H(L,). The
map a, corresponds to an element of H(K,) which by construction maps
to 0 in H(L,), thus we obtain an element a,+1 € H(K,y1), i.e. a map
Hom(—, K,+1) — H. That a,+1 — a, corresponds under the Yoneda bijection
to the fact that the composite Hom(—, K,,) — Hom(—, K,,11) — H equals the
given map a,.

Let X := hocolim,, K,,, and apply H to the defining triangle to obtain an exact
sequence

H(X) = [[H (K =[] H(EK).

n
The commutativity explained above (an+1 — ay) means that the family
(@n)n>1 in the middle maps to zero on the right, and hence is induced from
some element a € H(X), corresponding to a map Hom(—, X)) — H. We claim
this map is an isomorphism. Indeed, since both sides are cohomological and
send sums to products, it suffices to check this on the generators E;[m] by
Prop. 2.4.31. Since E;[m] is compact, we have to show that

lim Hom(Ei[m], K,,) — H(E;[m])

is an isomorphism for all m and . Explicitly, this sends a representative [¢] to
the element corresponding to the composite Hom(—, F;[m|) — Hom(—, K,) —
H, or in other words H(y)(ay). By definition of K, this is surjective. On the
other hand, if a representative E;[m] — K, maps to zero, then this map is in
the kernel of Hom(E;[m], K,,) — H(E;[m]), i.e. a basis element of L,,. Hence
it maps to zero upon composing with K,, — K, 41, which shows injectivity.
This proves the claim. O

Remark 2.4.44 A priori we may ask if such a right adjoint as in Cor. 2.4.43
is exact. But indeed if F': T 2 7’ : G is an adjunction between triangulated
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categories, then I is exact iff G is exact. Assume exactness of F', and first note
that
Hom(A, G(B]r])) = Hom(F'(A), B[r]) = Hom(F'(A)[—r], B)
= Hom(F(A[—r]), B) = Hom(A[-r], G(B))
= Hom(A, G(B)[r]),
for all A, so G(B]r]) = G(B)][r]. Next take a triangle A’ — B’ — ¢’ — A'[1] in

77, and then choose a triangle G(A’) — G(B') — C — G(A’). The adjunction
counit gives a morphism of triangles:

FG(A") —s FG(B') — F(C) — FG(AN[1]

! l i !

A’ B’ c’ A'[1]

The new map gives a map C — G(C’) which we claim is an isomor-
phism; indeed, adjunction and the diagram above show that it commutes with
G(B') — G(C') and G(C") — G(A’)[1], so this follows from the long exact
sequence and the five lemma.

Ezample 2.4.45 For any scheme X, we know the inclusion tx: Dgc(X) —
D(X) preserves coproducts. If X is qcgs, then by Brown representability there
is an exact right adjoint Qx: D(X) — Dgc(X) which we will by abuse of
language call the quasi-coherator. Since the left adjoint is fully faithful, the
unit Id — Qx o tx is an isomorphism. Suppose that B € DZ%(X), then if
A € DZ7H(X) we observe that

0= I‘IOI’HD()()(147 B) = HOHquC(X) (A, CQ)((.B))7

meaning 7<_1Qx (B) — Qx(B) is zero, i.e. Qx(B) € DZ°. Thus Qx has left-
dimension 0. In particular, given an Ox-module G € D=Y(X), the truncation
triangle

H(Qx(9)0] = Qx(9) — 7>1Qx(9) — H*(Qx(9)[1]
shows that Homp(x) (4, H(Qx(G))) = Hompx)(A,Qx(G)) whenever A €
D= TIn particular, if A = F € Dy.(X), then
Hom p(x)(F,G) = Homp_ x)(F,Qx(G)) = Homp,__(x)(F, H(Qx(9))).
Since QCoh(X) embeds in Dy (X) as the H%-complexes and Mod(Ox ) embeds
in D(X) as the H-complexes, we deduce an adjunction

tx: QCoh(X) = Mod(Ox) : H® 0 Qx,

where we also call the right adjoint the quasi-coherator and sometimes write
it as Qx. This gives a new proof of the existence of the quasicoherator on a
qcgs scheme.
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Ezample 2.4.46 We have seen that for any ringed space (X,0Ox), the
unbounded derived category D(Ox) (as well as D~ (Ox)) is a symmetric
monoidal category. We have also seen that if X is a scheme, C' € Dq.(X) and
A, B € D(Oyx), then we have a bijection

Hompx)(A ®éx B, C) = Hompx)(A, RHomoy (B,C))

natural in A, B,C'. We cannot a priori deduce a literal adjunction from this,
but we can observe the following: if B € Dqe(X), then (—) ®% B as a functor
Dyo(X) — Dqc(X) preserves coproducts. Indeed, the usual argument shows

HOIIlD(X) ((@ Aa) ®gx B, C) = HOIHD(X) ( @(Aa ®gx B), C)
for C' € Dy (X), and thus since both sides are in Dy (X) this implies the
result. Therefore, if X is qcgs then (—) ®%X B has a right adjoint, which we
will denote
RHom,,,(x)(B, ~): Dae(X) — Dee(X),

which also makes Dy (X) a closed monoidal category. Thus by category the-
ory we obtain some facts formally, such as that this extends canonically to a
bifunctor RHomp,__(xy: Dac(X) X Dge(X) — Dqe(X), and we upgrade to
an internal isomorphism

RHom, (x)(A®8, B,C)=RHomp, (v)(A,RHomp (x(B,C)),
among other closed /enriched category theory facts.

Note that if B = E is perfect, then RHomo, (E, —) preserves Dq.(X) so
we conclude that RHomp, (x)(B,—) = RHomo, (E,—), but in general the
functors may be different. However we can ‘compute it’ in terms of the functor
Qx of Example 2.4.45; indeed, if A € Dq.(X) then we conclude

HomD(X (A, RHO’ITL(QX (B, C)) = HOmeC (X) (A, QX ( RHO?’TL(QX (B7 C))),

so the initial formula shows that RHomp, (x) = @x o RHomo, . This shows
in particular that if ever RHome, (A, B) lies in Dy (X), then we can always
compute RHomp__(x) (A, B) using it regardless of whether the condition is
satisfied for all B'€ DqC(X)

Remark 2.4.47 A lot of the properties we have shown about RHomeo , relating
to the other derived functors are actually true for RHomp () for formal
reasons. For example, let f: X — Y be a morphism of qcgs schemes. The
adjunctions

Lf* 4 Rf. (—) ®6, B 4RHomp, (xy(B,—)

imply that Lf*(—) ®%, B is left adjoint to Rf.RHomp, (x)(B,—). Taking
B = Lf*A and using that L f* preserves the monoidal product, we deduce that

Lf*((—) ®6, A) 4 Rf.RHomp, (x)(Lf*A,-).
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On the other hand, we observe that the left-hand side is left adjoint to
RHomp, (y)(A, Rfi(—)), so we deduce a natural isomorphism

RHOmeC(Y) (A, Rf*B) = Rf*RHOmeC(X) (Lf*A, B)

In particular if both sides can be computed by RHom, then we reduce to our
known statements.

Ezxample 2.4.48 Let X be a qcgqs R-scheme and write p: X — Spec R for the
structure map. In Example 2.4.22 we constructed a natural map

Lp* RHomp, (—, —) — RHomo, (—,—).
By composition and the tx 4 Qx adjunction, we obtain a map
Lp® RHomo, (=, —) — RHomp__(x)(=,—)
in Dgc(X), and hence a comparison map
RHomoy (=, =) — RI'(X,RHomp_ (x)(—,—))

in D(R). We claim this is an isomorphism of functors; indeed, to show this
we may prove that RHomo, (—, B) — RI'(X,RHomp (x)(—,B)) is an iso-
morphism of functors Dgc.(X) — D(R)°P for all B € Dg.(X). We have
seen it is an isomorphism on Perf(X) C Dq.(X) using Example 2.4.46 and
Example 2.4.22. Moreover this is a natural map of exact coproduct-preserving
functors, therefore by Prop. 2.4.31 we conclude the isomorphism.

As a special case of this, we observe that if X is affine, so that RI' is an
equivalence, we see RHomp, (xy is the associated sheaf to RHomo, .

Now we come to the main interesting result of this section, which is the right
adjoint to derived pushforward. This functor is sometimes called the ‘twisted
inverse image functor’, and we will see in nice enough circumstances that it is
literally a ‘twist’ of the derived pullback.

Corollary 2.4.49 Let f: X — Y be a morphism of qcqs schemes. Then
Rf.: Dye(X) — Dye(Y) has a right adjoint functor f*: Dyc(Y) — Dye(X).
Moreover, there are canonical isomorphisms

Rf. mec(x) (A, f~ B) = mec(y) (Rf.A, B)

and
RHome, (4, f*B) = RHomo, (Rf.A, B)
natural in A € Dgc(X) and B € Dy (Y).

Proof The first statement is Cor. 2.4.43, Thm. 2.4.30, and the fact that perfect
objects are compact in Dg(X). The third statement follows from Exam-
ple 2.4.48 and applying RI'(Y,—) to the second statement. For the second,
note that the LHS is the composite of three right adjoints

Rf.oRHomp (y)(4,—)o f*
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and hence is right adjoint to Rf.(Lf*(—) ®%X A), which is isomorphic to
(-) @%Y Rf.«A by the qcgs projection formula. But this functor is left adjoint
to RHomp, (v (Rf:«A, —). All the adjunction formulae here are natural in A
as well, so the resulting isomorphism is natural in A. Il

Ezample 2.4.50 Let @: Dqo(X) — Dgc(Y) be a Fourier-Mukai functor for X
and Y qcqgs schemes. Suppose @ is presented in the form Rg,(K @ Lf*(-))
where

ffWwW—-=X g WY K € Dy (W)
for a qcgs scheme W. It is then clear that ® preserves coproducts, so it
automatically has a right adjoint. But we can explicitly write it as

A~ Rf,RHom,, (K,g*(A))

by breaking up ® as a composition of functors with right adjoints.

If f is a proper morphism, then we will write this as f' instead of f*; the
notational discrepancy will be explained in more detail later. The counit men-
tioned in the proof is often called the trace map try: Rf.f* — Id, to which
we will ascribe a geometric meaning later. Note for instance that due to the
adjunction with pushforward, it follows that if f: X — Y and g: Y — Z are
morphisms of qeqs schemes, then (gf)* = f*¢g*. Without saying too much,
let us explain why this is already nontrivial.

Ezample 2.4.51 Let k be a field and p: X — Speck a qcgs k-scheme. We
identify D(k) with the category of Z-graded k-vector spaces. Let n > 0 and
write wx = p* Ogpeck[n] € Dyc(X). Then there is an isomorphism

RHomo, (4,wx[n]) == RHom(RI'(X, A), k)
over k, i.e. if we take i — nth cohomology we get
Hom%qc(x)(AwX) =~ Homy, (H" (X, A), k).
If A= F € Perf(X), then this becomes
HY(X,EY @8, wx) = H"(X, A)Y,
which is an expression of Serre duality, modulo the fact that we don’t yet know

how to compute what wy is. These isomorphisms are induced by the trace
map trp, which here corresponds to a map H" (X, wx) — k.

Remark 2.4.52 This is mainly a recollection. Recall that given A € Dy.(X),
we have Hom(D<% A) = 0 iff A € D>“. Indeed, we have already seen the
orthogonality Hom(D<% D>%) = 0, and on the other hand the assumption
implies that 7<,A — A is zero. Since this is an isomorphism on cohomology
<a, Ac D>°,

So, given a morphism f: X — Y of qcgs schemes, suppose it has right-QCoh
dimension < d, meaning that Rf,(D3™(X)) € D™ T4(Y). Then in fact f*



210 Derived categories in AG

has left QCoh-dimension < d. To see this, suppose B € D2™, then for A €

qc
D=m=4_we have

Hom(A, f*B) = Hom(Rf.A,B) =0

since Rf,A € D™, thus f*B € D>™~% In particular, we obtain an exact
functor

[ DY) — DE(X).
This is especially nice because it means that the adjunction Rf, - f* holds
on the bounded above categories as well, which is in contrast to our normal
derived adjunctions.

Definition 2.4.53 Let f: X — Y be a qcgs morphism of schemes. f is quasi-
perfect if Rf.E € Perf(Y) for each E € Perf(X), and f is quasi-proper if
Rf.A is pseudocoherent in Dy (Y") for each pseudocoherent A € Dy (X).

The relation between being quasi-perfect and quasi-proper is quite a bit
more subtle than that between perfect and pseudocoherent, but we will ulti-
mately be able to prove a similar result to the one relating perfectness to
pseudocoherence.

Proposition 2.4.54 Let f: X — Y be a morphism of qcqs schemes.

(a) If f is quasi-perfect, E € Perf(X) and B € Dg(Y), we obtain an
isomorphism

Rf.RHomo, (E, f*B) 2 RHomoe, (Rf.E,B)
natural in £ and B.

(b) If f is quasi-proper, A € Dq.(X) is pseudocoherent, and B € D;‘C(Y),
then we obtain an isomorphism

Rf.RHomo, (4, f*B) 2 RHome, (Rf.A, B)
natural in A and B.

Proof The hypotheses describe the two main cases where the RHom ver-
sion of the internal statement in Cor. 2.4.49 lies in Dgy.. Thus the internal
hom coincides with RHom in these cases. Note that in (b) we are using that
(D%)c D*. O

Prop. 2.4.54(c) is the classical statement of Grothendieck duality, which took
quite a bit of work in the past to prove, but is now comparatively trivial given
the perfect generation theorem.

The last elementary thing we want to do is relate f*B to f*Oy, which we
can reliably do when the morphism is quasiperfect. Indeed, for B,C € Dy (Y)
we have the natural map

L T
Rf.(Lf*(B) &%, 1*C) = B&b, Rf.f*C "L Bab C,
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by projection, and hence by adjunction a map
Lf*(B) ®py f*C — f*(B®g, C).
Since Lf* preserves tensoring, everything already comes from the special case
x: Lf*B®g, [*Oy — [*B,
and we wish to see when this comparison map is an isomorphism. Note that

in such cases it will show that f* is a Fourier-Mukai functor.

Ezample 2.4.55 Suppose B = E € Perf(Y). Then the map x above is an
isomorphism. Indeed, in that case

Hom(K,Lf*E @, f*Oy) = Hom(K,RHomo, (Lf*E", [*Oy))
= Hom(K @& Lf*EY, f*Oy)
= Hom(Rf. (K ®%, Lf*E"),0Oy)
= Hom(Rf. K ®g, EY,Oy)
= Hom(Rf.K,F) = Hom(K, f*F)

for every K € Dyc(X), so x is an isomorphism by Yoneda.

Lemma 2.4.56 Let f: X — Y be a morphism of qcqs schemes. The following
are equivalent:

(a) f is quasi-perfect.

(b) Rf.E; € Perf(Y) for a perfect generating set {E;} of Dgo(X).

(c) f* preserves coproducts.

(d) x: Lf*(—) @Y f*Oy — f* is an isomorphism.

Proof This uses the fact that Perf(X) = Dy (X). which we will prove in the
next section. Clearly (d) = (c¢) since the LHS preserves coproducts, and on
the other hand if f* preserves coproducts, then this is a morphism of exact

coproduct-preserving functors; moreover it is an isomorphism on the compact
objects by Example 2.4.55, so Prop. 2.4.31 implies that it is an isomorphism.

We will see in Lemma 2.5.28 that (a) and (c) are equivalent, and of course
(a) = (b). To see (b) = (a), we observe that {A € Dq(X) : Rf.(A) €
Perf(Y)} is a thick subcategory of Dqc(X) since Perf(Y) C Dqc(Y) is thick.
Thus it contains thick({E;}) = Perf(X). O

In general, if X is a qcgs scheme over a base scheme S, we will write Dx =
p*Og for p: X — S the structure map.

Ezxample 2.4.57 Let i: Z — X be a pseudocoherent closed immersion, which
means that 7 is a quasi-proper morphism. We will easily see later that if X is
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Noetherian then any closed immersion 4 satisfies this property. Taking A = Oy
in Prop. 2.4.54 shows us that

i*ixB = RHOM@X (i*OZ, B)

for B € DY, and in particular i,i*Dx = RHomeo, (Oz, Dx). By the compo-
sition rule, if Z — X — S are S-schemes, then i*Dyxy = Dz, so we can at
least compute i, Dz as RHomo, (Oz, Dx). This doesn’t necessarily determine
the object Dz in the derived category, but for example we can determine its
cohomology, and via tools like the projection formula knowing i,.Dz is often
enough data.

Ezample 2.4.58 Suppose i: X — P™ is a projective scheme over a ring R.
Then we already know that Dx = i* Dpn, and thus Example 2.4.55 shows that
i*(Dpn(d)) = Dx(d). Suppose that X is a hypersurface V(f) of degree d, for
f € R[xo,...,z,] a nonzerodivisor. Then by the exact sequence

0= Opn(—d) L Opn — Ox — 0,
we use the above example to compute i,Dx as

RHOTTLOW (Ox, D]pn) = [O]pn — Opn (d)] ®L Dpn
e I:DIPm — Dpn (d)jl7

which is in degrees 0 and 1, so we can compute this very explicitly. In fact,
this case is especially nice because we will show that Dpr = Opn (—n —1)[—n],
so the expression above is exactly

[Opr (=1 — 1) = Opn(—n — 1+ d)][-n] = Ox(-n — 1+ d)[=(n — 1)].

Since this has only one cohomology sheaf, we conclude that Dx has only one
cohomology sheaf with

i.H" Y (Dx) = H" ' (i,Dx) = Ox(d —n — 1),
hence Dx = Ox(d—n—1)[-n+1].

Example 2.4.59 Again let X — Speck be qcgs over a field with dualizing
object Dx. We explained previously that

Hompx)(4,Dx) = H°(X, A)" = Hompx)(Ox, A)".
In particular, if E € Perf(X), then replacing A with A ®gx EY implies
Homp, (x)(4, E @6, Dx) == Homp,_ (x)(E, A)".

Assume X is quasi-proper over k so that hom-spaces in Perf(X) are finite-
dimensional k-vector spaces, and let us make the additional assumption that
Dx € Perf(X). Then we can define a functor

Sx: Perf(X) — Perf(X) Ew— E®p, Dy
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such that we have natural isomorphisms
Hompert(x)(E, Sx (F)) = Hompe(x)(F, E)".

Such a functor Sx is called a Serre functor, and it has interesting abstract
properties which we will discuss later.

2.5 Perfect generation and more

In this section we will start to prove some deeper results in the derived category
theory of qcgs schemes. A few of the big theorems in this section are from a
2007 paper by Lipman-Neeman, while the rest are somewhat classical. Many
of the arguments will have a similar flavor: We first study the affine case, and
then do induction while using some nontrivial triangulated category theory.
Many of the affine cases will be a simple observation about the Koszul complex,
so we start here.

2.5.1 The Koszul complex

We review some basic aspects of the Koszul complex and Koszul homology.
We'll use some easy properties in the construction of a perfect generator, but
we will also use this as a foundation for the appendix about commutative
algebra. This material will also be useful when computing sheaf cohomology
for some schemes from Cech complexes.

Let R be a ring and M an R-module. Recall (e.g. from the notes on the exterior
algebra) that one constructs a graded (skew-)commutative R-algebra A(M)
equipped with the wedge product, whose properties we will use. Associated to
a map ¢: M — R, we define a chain complex

o A (M) S A% (M) S AL (M) — A°(M) — 0
called Kos}(¢), with Kos%(¢) = AR (M) and differential:

k
Ay A Aag) =Y (D) g(i)zy A AT A A
i=1
A few basic checks are in order. First, this map is indeed well-defined: if x; = x;
for ¢ < j, then all terms in the RHS vanish except for the two associated to i
and j. If the first term is (—1)*T1(---AZ; A+ - - ), we can shift the position of the
x; = x; term in the second term so that the factor is also (---AZ; A- -+ ), which
creates the sign (—1)7+1+0@=7+1) = (_1)? and thus these two terms cancel.

Next, we in fact have d? = 0, since
d(xy A--- Ay) :Z(_1)1+J¢(%)¢($J)/\@ Ao N3N ---
7<i

+Z z+]¢$z¢(Ij—1)"'/\f1‘,/\"'/\fj—1/\"',
j2i
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so if we replace j in the second sum with j + 1 we get
72 D ()0 YO(zi) - ATz A AT A
>t

and now by interchanging ¢ and j we obtain the opposite of the expression
in the first sum. Kos%(¢) is called the Koszul complex associated to ¢. Let us
prove a few more basic properties of this construction. First, it is actually a
differential-graded algebra, which means that the underlying algebra structure
of A(M) is compatible with d in the following way: for a € A¥(M) and 3 €
AY(M), the Leibniz rule

d(af) = d(a)B + (—1)*ad(B)

is satisfied, where we view a3 = a A B as an element of A*+{(M). Indeed, if
we write « = x1 A--- Az and S =y; A--- Ay, then split the sum as

d(anB) =D (=) (m)(- - AT A ) A B
i<k
+ Z D oy p)xz A (- A A--+)
i>k+1

/\5+Z DR gy A NGy A
(a)ABH— )ea A d(B)

as desired. We recall that since A(M) is graded-commutative, Kosy(4) is a
graded-commutative dga, meaning af = (—I)W‘mﬁa.

Next, this behaves well with respect to sums. Namely, we showed in the other
document that if N is another module then the map

P A’M @ AIN — A" (M @ N)
pt+qg=n

given by a ® f — («,0) A (0, 8) degree-wise is an isomorphism. If ¢: M — R
and ¢¥: N — R are maps, and (¢,9): M & N — R is induced, then this gives
an isomorphism

(Kosk(¢) ® Kosk(¢)) ™" = Kosi(¢, 1)

of R-modules. We claim that this is a chain map, and hence the above is an
isomorphism of complexes. In fact since this came from an isomorphism of
graded algebras, this will show that the above is an isomorphism of dgas. This
follows because the composites

a® B B dap)
and

a®pB—da) @B+ (-1)*aw®dB) — da)s+ (-1)*ad(s)
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both agree by the Leibniz rule (here the second line is the differential of the
tensor product complex).

In practice, the most interesting case is when M = R", so the map R" — R is
given by a sequence of elements (f1,..., f,) of R. We often write f to denote
such an (ordered) sequence of elements. In this case, we write

KOS;{(f) = KOS;%(fla et fn)

for the corresponding Koszul complex. Observe that in this case, the Koszul
complex consists of finite free modules, is concentrated in [—n,0], with —ith
term having rank n choose .

Next, suppose ¢: M — R and ¥: N — R are maps, and suppose there is a
map f: M — N over R, meaning that ¥ o f = ¢. Then there is a natural map

fe: Kosgk(é) — Kosk(v)

of dgas satisfying f.(x1 A+ -Axy) = f(x1)A-- <A f(z,) in degree n. Indeed, we
know (e.g. from the other document) that this is a well-defined morphism of
graded algebras, and that it restricts to the corresponding map in each degree.
To see that it is a chain map, observe that

(D) (f (@) f@a) A A flaw)

-

—

dfu(zi A Aay) =

K2

= |l

(D)™ p(@i) fulwr A Aan)

i=1
= fud(xy A Nxg)

with the right omissions in the sums. It is clear that this forms a functor out of
the category of maps over R, i.e. that this construction respects composition.

Now consider the case where we have fi,..., f, and g¢1,...,g, as sequences
in R, and suppose there is an invertible matrix A: R* — R™ with f; =
> aijgi, i.e. f = gA. Thus by functoriality, we obtain an isomorphism of the
corresponding Koszul complexes.

Example 2.5.1 Let f = (fi,...,fn) in R. The right-most map in the
corresponding Koszul complex is

n (1 fn)

R R—0,

so we conclude that H=1(Kos(f)) = R/(f1,--., fn). The left-most map looks
like B
0— A"R" > A" 'R"
where the basis vector e = eq A - -+ A e, maps to
n
Z(—l)"“fielA---Aa/\---/\en,
i=1
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which is written naturally in the canonical basis of A» 'R™. Thus for a € R,
ae — 0 iff af; = 0 for all 4. In particular, H 1 (Kos(f)) = Anng(f1,. .., fa)-

Our observation about tensor products above shows that

Kosi(f1,- -, fn) = Kosi(f1) ®r - @g Kosi(fn)-

Therefore, the isomorphism type doesn’t depend on the order of the elements.

Moreover, on one element the complex is just Kosy(f) = R ER R in degrees
—1,0. We can often use this to reduce properties of the complex to the single
case. Note also that since each such complex is bounded with finite free terms,
we can replace @ with ®% in D(R).

Ezample 2.5.2 Suppose (fi,..., fn) is a reqular sequence, which means that
the image of f; is regular (i.e. a non-zero divisor) on R/(f1,..., fi—1). Then
Kosg(f1) = R/(f1)

by definition, and

R/(f1) @ Kosg(f2) = R/(f1) 2 R/(f1) ~ R/(f1. f2)-
Thus, inductively,

KOSR(flv"'vfn) ad R/(fla"'afifl) ®L KOS(]‘;) ®L MR R/(flaafn)

In particular the Koszul complex is exact in this scenario after degree zero,
and hence provides a finite free resolution of the quotient R/(f1,..., fn). We
will revisit this notion shortly.

Let f = (f1,...,fn), and let @ € R. Since d(ac) = ad(a), multiplication by
a gives an endomorphism m,: Kos(f) — Kos(f) of dgas. Consider the case

a = f; for some 7, and let e; € Kosfl(i) be the degree 1 basis vector with
d(e;) = f;. By the Leibniz rule,

d(e;z) = fix — e;d(x) = my,(x) = e; ANd(z) + d(e; A ).

In particular, e; A (—) provides a nullhomotopy for my,. In particular, the ideal
(f1,.-., [n) acts on the cohomology modules H?(Kosg(f)) by 0, so they are
canonically (finite) R/(f)-modules.

Remark 2.5.3 Another way we sometimes phrase this result is the following:
we often consider the Koszul complex as a complex of quasicoherent sheaves

by Iz_o\s%(f) on Spec R. Since

(f) € Anng(H?(Kosr(f))),

taking V(=) of both sides gives Supp H?(Kosg(f)) C V(f), so in particular
letting U = D(f1,..., fn), we see that

IZ\OJSR(fla'“afn)'U:O in ch(U)
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because the restriction of the cohomology sheaves is zero. This is an important
observation which we will use later.

Next we discuss self-duality of the Koszul complex. Again suppose that M is
a general R-module and ¢: M — R is a map. For each n > 0 and k < n, we
have the canonical wedge pairing

ANPM @AM - A"M  a®B— af,
which we may view as a map A" *M — Homp(A*M,A"M). Note that
another way to write this is as a map

(Kos()[-n])" — Homf (Kosh(6), A" M),

and we claim that as written this is a chain map. This is easy to check from
the Leibniz rule and the differential in the hom complex. We've seen that if
M is finite free of rank n, then the pairing is perfect, which implies that

Kos}h(¢)[~n] - Homp(Kos}(6), A" M)

is an isomorphism. In this case, one writes A" M = det(M), and thus since the
Koszul complex on a finite free module is strictly perfect, we obtain

Kos(¢) = Kosy(¢)" @r det(M)[n].

We note that everything here is basis-independent. Choosing an oriented basis
gives an isomorphism det(M) = R, and in particular

Kosk(f1,-- -, fn)" = Kosk(f1, ..., fu)[-nl,
i.e. a sort of ‘self-duality’ plus shift.

Remark 2.5.4 This is a vague remark which says that the Koszul duality
discussed here should remind us of other things in algebraic geometry. Sup-
pose that X is a smooth k-variety, R = Ox, is the local ring at a k-point,
and M = (Qﬁ( /k),; is the cotangent sheaf at this point, which is free of rank
n = dim(X). Then det(M) = wx , is the canonical bundle at x, and a map
¢: M — R is a choice of element of (Q%Wk)v at the point z, i.e. a tangent
vector in T, X. Given such a tangent vector v, Koszul duality says

Kos(v) = Kos(v)" @ wx [n]
at z. This should remind us of Serre duality. Moreover, Kos(v) is locally
OHwXHQ?&; H--.Hﬂi(/kﬂa}(/kﬁoxﬂo,

which should remind us of a dualized de Rham complex.

We can easily sheafify the construction of the Koszul complex to work over a
ringed space (X, Ox). Let F be an Ox-module equipped with a map ¢: F —
Ox, then by functoriality of the Koszul complex, the assignment

U+ Kosp (1 (9(U))
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is a complex of presheaves, and hence by sheafifying we obtain a complex
Kosy (¢) = [+ — A%X}' — A}QX}' — Ox]

such that Kosg, (¢), = Kosg, | (¢2) for every o € X (see exterior power notes
section 2 for why this is clear). If X was a scheme and F was quasicoherent,
then for U C X an affine open we see

H(U,Kos, () = Kosdy 1) (#(U))

as expected (see the same source). We almost always use this when F = £ is a
vector bundle of constant rank n, so then ¢ is identified with a global section
of £V, and the complex stops at the nth stage:

0—det(§) = AG '€ — - 5 AH E—E—Ox =0

Note that, in this case, the Koszul complex is stalkwise isomorphic to a Koszul
complex given by a sequence of elements in Ox .. Even more specifically, we
usually take & = @), L1 to be a direct sum of line bundles, so that ¢ is
identified with a sequence of global sections s; € LY. In this case we write
Kosg (81, - - -, 8n) for the associated Koszul complex.

Then in this case, we know that
ME = D KL
Ic{1,...,n},|I|=k i€l

~ D cieec,

1<i1<---<ip<n

for k£ < m, which we can use to write out the Koszul complex explicitly. For
instance, the n = 2 and n = 3 cases look like:

—359

0oLyl =2 W g, B 2o Lo

and

0> L1®Ly® L3 %@ﬁi@)ﬁj - L1 DL B L — Ox — 0,
i<j
and so on. Just as before (with the same proof) we have
Kosy , (81, -+, 8n) = Kosp , (51) ®oy - ®ox Kosy, (sn)
=Kosp, (s1) ®6, -+ ®6, Kosh (sn).

Recall that for a section s € LY, the subscheme V' (s) cut out by s has ideal
sheaf given by the image of the corresponding map £ — Ox. Likewise for the
general case with more sections, so

H°(Kosy (51,5 80)) = Ovisy, ) = Ovisy)nnv(sn)-

Therefore, the same proof as earlier shows that if sq1,...,s, forms a regular
sequence in X, meaning that V(s1,...,8;) C V(s1,...,8;—1) is an effective
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Cartier divisor for each i = 1,...,n (and the final quotient is nonzero),
Kosg, (51,--,80) = Ov(s,,....s0)

in D(X). We want to think of Kosg,, (s1,- .., 5n) as a derived replacement for
the intersection of these subschemes. For instance, if V' (s1),...,V(s,) are all
effective Cartier divisors, then

Kosoy (81,- -5 8n) = OV(sl) ®éx s ®éx Ov(sn)

by the equations above. If these form a complete intersection in X, then this
agrees with V(sy, ..., s, ), which is the underived tensor product, but otherwise
they may not. In section 3.1, we will discuss more criteria for handling such
intersections correctly.

Remark 2.5.5 In general, it is always true that
H(Oz, @6, -~ @6, 0z,) = Oz,n..2,-
Indeed, by induction, we may assume n = 2. Then this coincides with
7-()T(()QX (OZ17OZ2) = OZI ® OZQ = OZlﬁﬁZg'
Of course, all intersections here are scheme-theoretic.
As a special case of this, we can write down the Koszul complex for the regular

sequence o, ...,r, € H°(P%, Opr (1)) of projective space. By the formulas
above, this will look like

0= Opn(—n—1) = Opa (=) = o0 5 Opu (~ 1)) = Opn — 0.

Note that this is quasi-isomorphic to the structure sheaf of V' (zo,...,z,) = &,
meaning it is an exact sequence. We will call this the canonical Koszul sequence
for P™; it will appear again when we compute the cohomology of projective
space.

Next we discuss a simple but important result about perfect complexes which
will provide the inductive step of some arguments in the rest of this section.

Lemma 2.5.6 Let R be a ring, f1,...,fr € R, and A € D<(R) such that
Supp H1(A) C V(f1,...,fr) for ¢ € [—r 4+ 1,0]. Then every map R — A
factors through the canonical map

R — Kosip(fi"™, ..., i)

in degree 0 for some nqy,...,n, > 1.

Proof We prove this by induction but with a stronger base case: namely, we’ll
show that for any E € Perf(R) with Ey having tor-amplitude in [a, c0), and
A € D(R) with Ay € D<%(Ry), any map E — A factors as

E - Kosh(fr)okE - A
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for some n > 0. Indeed, since E is perfect over an affine scheme, we have
_ \Y L o Vv L —a+ta—1 __ <-1
RHOHlR(E,A)f—(E ®RA)f*Ef ®Rf AfGD =D (R),

Therefore taking H° shows Hompgy(E, A)s = 0, so for each a: £ — A there
exists n > 0 such that f"«a = 0. Thus, tensoring the canonical triangle for
Kos(f™) with E gives

E LN B - Kosp(f) — EJ1,

soELLE %A being zero implies that the map factors through Kosg(f™).

Now for the general case induct on r, where r = 1 is handled by the above.
In general, we in particular have Supp H?(A) C V(f1,..., fr—1) for g € [-r+
2,0] C [-r + 1,0], so factor any such map as

R — Kosg(f{", ..., f"1") — A

The Koszul complex above has perfect amplitude in [—r+ 1, 0], which remains
true of its localization at f,, and by assumption Ay, € D<"""1 5o the second
map factors through

Kos(f',..., T”if)@}‘zKosR(ffT) = Kos(f{",..., ')

which is what we wanted. O

Let’s also relate the powered Koszul complexes of the lemma above to the
standard Koszul complex Kos(f1,..., fn). In general, if T is a triangulated
category and S C T is a collection of objects, we define the extension closure
ExtCls(S) to be the smallest strictly full subcategory € containing 0 and S
such that if A,C € € and A — B — C — A[1] is exact, then B € €. This is
not a triangulated subcategory, as it is not closed under shifts.

Ezample 2.5.7 Let R be a ring and f1,..., fr € R. Then
Kosg(fi"™, ..., f'") € ExtCl (KOSR(fl, ol fr))
Indeed, since the composite R ﬂ RIR equals R 7, R, the octahedral
axiom gives triangles
Kosgr(f" ') — Kosgr(f") — Kosg(fi) — Kosg(f" 1)[1].
Tensoring this with Kosg(. .., J?i, ... ) shows inductively that if
Kosgp(f{y ..., fiy--, 7)) € ExtCl (KosR(fl, cee fr))

then Kosg(f7'",...,f") € ExtCl(Kosg(fi,...,fr)). Repeating this across
the various ¢ one at a time proves the claim.

Example 2.5.8 Let T be a triangulated category, S a collection of objects,
and H: T — A a cohomological functor. Write ker H for the strictly full (not
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necessarily triangulated) subcategory of objects A such that H(A) =0.If S C
ker H, then ExtCl(S) C ker H. Indeed, H(0) =0, and if A — B — C — A[l]
is a triangle and H(A) = H(C) =0, then H(A) — H(B) — H(C) is exact so
H(B) = 0. Of course, the same thing applies for homological functors.

Let’s combine the simple observations above to obtain the following result:

Lemma 2.5.9 Let R be a ring, [ == f1,..., fr € R, and
A € D(R) Supp A C V(f).
If H™(A) # 0, then Homp(g)(Kosk(f)[—m], A) # 0.

Proof By replacing A with A[m], we may assume m = 0. Note moreover that
Hom p(r) (Kos(f), D>°(R)) =0, so

Hompgry(Kosk(f), A) = Hompry(Kosk(f), T<0A),

and thus we may assume A € D=, Take a nonzero element of H°(A4) =
Homp(R, A), which factors as

R — Kosg(f{*,...,fr)— A

I8

so that both maps above are nonzero. Thus Homp g (Kos(f), A) # 0: indeed,
if it were zero, then Kos(f) lies in the kernel of the homological functor
Hompgy(—, A), so by both of the examples above this would imply

Hompgy(Kosr(f1",..., f'"),A) =0

a contradiction. O
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2.5.2 Verdier quotients and localizing subcategories

Let T be a triangulated category, and N C T be a strictly full triangulated
subcategory which is not necessarily thick. We say a morphism s: X — Y in
T is an N-equivalence if a (or equivalently every) cone of s lies in N. Write Sy
for the collection of N-equivalences.

Lemma 2.5.10 Let T be a triangulated category with N C T a strictly full
triangulated subcategory. Then Sy is a multiplicative, saturated, localizing
class containing all isomorphisms, closed under shifts, and compatible with the
triangulation.

Proof As 0 € N and N is closed under shifts, it is clear that Sy has the
isomorphisms and is closed under shifts. If s: X — Y and t: Y — Z are
morphisms then the octahedral axiom gives a triangle

Cone(s) — Cone(ts) — Cone(t) — Cone(s)[1].

Since membership in N has 2-out-of-3 for triangles, it follows that of s, ¢, st any
two are in Sy iff the third is. This proves that Sy is a saturated multiplicative
class containing isomorphisms and closed under shifts.

To check that S is compatible with the triangulation, it remains only to show
that in TR3 if the first two morphisms are in S then we can take the third to
be in S. Indeed, given a commutative diagram as in the top left, we can use
the 3x3 lemma to extend it to:

X —Y -——-= > 7 ——
X —Y -7 —
);:// }/\‘/// >Zv//

Then since X", Y" € N, Z"” € N as desired.

It remains to see that Sy is a localizing class. First, start with A L.x&B

and complete a diagram of the map A @ B AN C to a triangle

P (a,b) A®B (f;=s)

X — PI1],
thus the successive composite is fa — sb = 0, i.e. the diagram

P A

bi lf

B —=» X
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commutes. It remains to show Cone(a) € N. Indeed, a is the composite P —
A& B — A, and because of the triangle

A® B — A— B[l] - A& BJl]

the octahedral axiom gives a triangle

(1]

X — Cone(a) — B[1] —= X[1].

Cone(a)[1] € N as —s[1] € N, thus Cone(a) € N. The lifting condition for left

roofs follows similarly.

Finally, let f,g: X — Y be parallel maps, and suppose s € Sy with sf = sg.
Take an exact triangle

Y 5Y' =Y - Y[,
(so that Y” € N) and observe that s(f —g) = 0, so since Hom(X, —) is
cohomological this means f — g factors as a composite

f—g=X=Y"[-1] -V

Thus we may complete this to X’ — X — Y”[-1] — X’[1] so that the first
map is in Sy, and its composition with f — g is zero. The converse follows
dually. (Il

Definition 2.5.11 Let T be a triangulated category and N C T a strictly full
triangulated subcategory. We define

T/N = T[Sx']

to be the triangulated localization of T with respect to the saturated localizing
class Sy compatible with the triangulation. T/N is the Verdier quotient. We
call the localization map ¢: T — T/N the quotient map.

Corollary 2.5.12 Let N C T be a strictly full triangulated subcategory of T
and let q: T — T/N be the Verdier quotient map.

(a) Then q is exact and essentially surjective, and if X - Y — Z — X[1] is
a sequence of morphisms in T, then

q(X) = q(Y) — q(Z) — ¢(X)[1]
is exact in T/N iff the original sequence was exact.
(b) If f: X — Y is a morphism in T, the following are equivalent:
i. q(f)=0.
1. f factors through N.
1. fs =0 for some s € Sy.
w. sf =0 for some s € Sx.

(c) If X € T the following are equivalent:
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i. ¢(X)=0.
1. idx factors through N.
1i. X is a summand of an object of N.
. X € thickN.
In particular, ker(q) = thick(N).
(d) If f: X =Y is a morphism in T, the following are equivalent:
(a) q(f) is an isomorphism.
(b) Cone(f) € thick(N).
Proof (a) is the basic theorem on triangulated localizations, Prop. 1.2.10.

(b) The equivalence of (i), (ii1), (iv) is already known to us from the theory of
saturated localizing classes. Next, ¢(N) = 0 because if X € N, then X — 0 —
X|[1] — is exact, showing X — 0 becomes an isomorphism in the quotient.
Thus (i%) = (i). Conversely, assume fs = 0, and write

X5y -0 — X[

with C e N.If f: Y — Z, then since Hom(—, Z) is cohomological we see that
fs =0 implies s factors through C.

(¢) ¢(X) = 0 iff ¢(idx) = 0. Thus (i) = (4¢) by (b). But (#) implies by
Remark 2.4.39 that X is a summand of an object of N, i.e. (4i7). But if this
holds, then X € thick(N). Finally ker(q) is a thick subcategory, so ker(q) C
thick(N), and hence ¢(X) = 0. The equivalence implies ker ¢ = thick(N).

(d) ¢(f) is an isomorphism iff Cone(g(f)) = q(Cone(f)) = 0, which happens
iff Cone(f) € thick(N) by (c). O

Ezample 2.5.13 Let A be an abelian category. Then we denote by K,.(A) C
K(A) the strictly full subcategory of acyclic objects. This is clearly trian-
gulated, and it is also clearly thick. Thus we obtain a Verdier quotient
K(A) — K(A)/Kac(A). Note that a morphism f is a quasi-isomorphism iff
Cone(f) € Kac(A), so it follows that the Verdier quotient is D(A).

Proposition 2.5.14 Let N C T be a strictly full triangulated subcategory. The
quotient map q: T — T/N has the universal property that composition with q
induces a 1-to-1 correspondence

(=) oq: {F:T/N—=T} =5 {F:T— T :NC ker(F)}

where on both sides we consider only exact functors. Moreover, if either side
is viewed as the full subcategory of Fun(T/N,T") and Fun(T,T") spanned by
the exact functors, then this is an equivalence of categories.

Proof This is just the universal property of localization. Namely, all functors
T/N — T’ correspond to all functors T — T’ such that elements of Sy are sent
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to isomorphisms. Since this is induced by an exact functor, the correspondence
preserves exact functors in one direction. On the other hand if F': T — 7" is
exact and F' = Fq, then by definition of the triangles in T/N we see that F is
exact.

Finally, if F': T — T’ is exact, then I’ sends N-equivalences to isomorphisms
iff Cone(F(f)) = F(Cone(f)) = 0 whenever Cone(f) € N. This condition is
implied by F(N) = 0, and conversely every object of N is a cone. a

Remark 2.5.15 Here is our usual full-subcategory localization result translated
into this language. Suppose T, N C T are strictly full triangulated subcate-
gories. Then NN T’ C T’ is also a strictly full triangulated subcategory, and
thus by the universal property we obtain an exact functor

T /NANT T /N

between the Verdier quotients. This is fully faithful in either of the following
circumstances:

(a) Every map from T’ — N factors through NN J".
(b) Every map from N — 7’ factors through N N J”.

Indeed, let us see how it follows from the usual criterion. First, from the
definition we see that Sxngr = Sx N T’ and both are localizing classes. Now,
suppose e.g. we're in the situation of (a) and are given a map X — T in Sy
with 77 € J’. Write the triangle X — 7" — N — X|[1] with N € N, then the
second map factors as 77 — B — N for B € NN J’. Apply the octahedral
axiom to this composition, which gives a triangle

Cone(T" — B) — X[1] — Cone(B — N) — .

Thus the first term is in J” and the third is in N, so shifting down one provides
an N-equivalence from an object of 77 to X.

This description makes it very easy to apply the criterion: For instance to show
that KT (A)/ K. (A) = D*(A) embeds into D(A), we observe that every map
A®* — X°*, where A® is acyclic and X* is bounded below, factors through the
smart truncation A — 75,4 — X*® for some n such that X =0 for i < n.

Here are some more elementary results, which we have essentially seen before
in the specific case of the derived category. We note that the whole point of
introducing this is that we are going to take quotients of the derived cate-
gory itself. For instance, recall that if S C 7 is a collection of objects in a
triangulated category, we define

St :={T € T:Hom*(S,T) = 0}

and

18 :={T € T:Hom*(T, S) = 0}
as the right- and left- orthogonals of S. Then it is immediate that these are
both thick subcategories of 7.
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Lemma 2.5.16 Let q: T — T/N be a Verdier quotient.
(a) ForY € Nt the natural map
Homg(—,Y) — Homgx(q(—),q(Y))
18 an isomorphism.
(b) For X € tN, the natural map
Homy (X, —) — Homg/n(q(X), q(—))
s an isomorphism.
Proof Let’s prove (a) as (b) is dual. Represent ¢(X) — ¢(Y) by a roof
xix Ly
with a triangle X’ % X — N — X[1] so that N € N. By assumption,
Hom(X,Y) =~ Hom(X',Y)

so there’s already g: X — Y in T commuting with s, which proves surjectivity.
On the other hand if f: X — Y and ¢(f) = 0, then f factors through N by
Cor. 2.5.12, and hence it must be zero since a map N — Y is zero. O

Here is a basic but important consequence of this simple lemma, which helps
characterize what we will call ‘admissibility’.

Proposition 2.5.17 Let i: N — T be the inclusion of a strictly full triangu-
lated subcategory, and q: T — T/N the corresponding Verdier quotient. Then
the following conditions are equivalent:

(a) The inclusion i: thick(N) < T has a right adjoint.
(b) q has a right adjoint.
(c) The composite N+ — T — T/N is an equivalence.
(d) Each object X € T fits into an ezact triangle of the form
Nx - X — Lx — Nx][1]
with Nx € thick(N) and Lx € N*.

When these conditions hold, denote by i* and r any right adjoints as in (a)
and (b) respectively. Then i* and r canonically induce inverses to the functor
of (¢), and a triangle as in (d) can be written

WX - X — rgX — E’L'X[l]

Conversely any such prescription of exact triangles in (d) for all X € T defines
right adjoints i and r as above, and r is always fully faithful.
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The dual statements hold where we replace ‘right’ by ‘left’, N+ by N, and
the triangles in (d) with Rx — X — Nx — Rx|[1] where Nx € thick(N) and
Rx € LN,

Proof First note that N — T — T/N is always fully faithful by Lemma 2.5.16.
If each object has an exact triangle as in (d), then since thick(N) = ker(g) we
deduce that ¢(X) = ¢(Lx), showing essential surjectivity. Thus (d) = (¢).

If we assume (c), take an inverse p: T/N — N1, then
Homg/n(¢(X),Y) = Homy (u(q(X)), u(Y)) = Homg (X, u(Y)),
so the composite T/N — N+ — T is a right adjoint.
Assuming (b), let ¢ 1 r, then for N € N we have
Homg (N, 7(A)) = Homg 5 (q(N), A) = 0
which means that r lands in N-*. Thus r is fully faithful because
Homg /n(qA, B) = Homg (A, rB) = Homg(qA, qrB),

where the second isomorphism is by Lemma 2.5.16, and ¢ is essentially sur-
jective, so the counit B — ¢rB is an isomorphism. Complete the unit to a
triangle
Qx — X —rgX — Qx[1],

then upon applying ¢ the middle map is an isomorphism, so ¢(Qx) = 0, i.e.
Qx € thick(N). Next rq(X) € N+, so N C +(rgX) and thus thick(N) C
L (rgX) since this subcategory is thick. Therefore applying Homg (i(N), —) for
N € thick(N) gives an isomorphism

Homthick(N) (N, QX) - HomT(gNa X)v

showing Qx is a partial right adjoint to 7 at X, and since X was arbitrary 4
has a right adjoint assembled out of such Qx’s.

Note that this along with the exact triangle proves one direction of the claim
at the end of the proof. For the converse, note that the isomorphism above only
depended on r¢gX € N1, so given triangles as in (d) proves that 7 has a right
adjoint 7' with i'(X) = Nx and with counit Ny — X. Thus by uniqueness
of cones and the isomorphism above, we deduce r¢X = Lx and can replace r
with a naturally isomorphic 7’ with counits the maps X — Lx.

Finally, assume (a) and for any X € T complete the counit to a triangle
WX - X - C — ' X[1].
For each N € N C thick(N), note that
Hom*(iN, %' X,iN) =~ Hom* (N, ' X) -~ Hom* (iN, X)
is an isomorphism, so Hom* (N, C) = 0, hence C € N-*. This proves (d). O
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A thick subcategory N C T is called right admissible (resp. left admissible) if
it satisfies the equivalent conditions of the first (resp. second) orientation of
the theorem. It is admissible if it is both right and left admissible.

Remark 2.5.18 We note that if N is any strictly full triangulated subcategory
and the inclusion N — T has a right adjoint, then N is automatically thick.
Indeed, using the notation as in Prop. 2.5.17, if X — 4(N) — X is an idem-
potent splitting in T with NV in N, then since this is a fully faithful adjoint
applying ' gives i'(X) — N — i'(X) as a split idempotent in scrN. Thus
i'(X) = X in T and we conclude X € N.

Remark 2.5.19 Suppose that N < T is right admissible and let M = N=*,
which is another thick subcategory. We know that the right adjoint r: T/N —
T to ¢ is identified with the inclusion M — T, so this in particular has a left
adjoint. Thus M is left admissible. The kernel of this left adjoint is supposed to
be LM, but on the other hand we know that ker ¢ = N. The same statements
hold dually, and thus N is right admissible iff M = N* is left admissible, in
which case N = +M.

Here’s a related statement which gives a simple criterion for computing a
Verdier quotient.

Proposition 2.5.20 Let F: T — T’ be an exact functor of triangulated
categories with a fully faithful right adjoint. Then the induced map

T/ker(F) — T’
s a triangulated equivalence.

Proof Let G: 7' — T be the right adjoint, then we claim that the composite
qG is an inverse to this functor. One direction is clear: Since G is fully faithful,
FG =1d, so

FogqoG=FoQG=Id.
On the other hand, let n = n4: A — GF A be the unit of the adjunction, then
we know that F'na: FA — FGF A is an isomorphism, hence

0 = Cone(Fna) = F(Cone(na))

which means Cone(n4) € ker F for all A. Therefore g(n4) is an isomorphism,
which is a natural map q(A) — (¢G)F(A). Both sides preserve Syer(r)-
equivalences, so by the universal property of localization this descends to a
natural isomorphism Idg/xer(ry —= (qG)F as desired. O

Ezample 2.5.21 Let X be a scheme and j: U — X a quasicompact inclusion,
so that j is qegs and Rjy: Dqc(U) — Dqe(X) is well-defined. Then j* 4 Rj,,
and the counit j*Rj,A — A is an isomorphism by the behavior of derived
pushforward under restriction. Therefore

77+ Dge(X) = Dqe(U)
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satisfies the hypotheses of the proposition, and shows that Dg.(X)/ ker(j*) =
Dy (U). We usually write
Dz(X) =ker(j%) ={A € Dye(X) : Aly =0} = {A € Dyc(X) : Supp A C Z},

where Z = X \ U. Thus Dy (X)/Dz(X) = Dg(U). Since the quotient map
Dye(X) — Dqc(U) has a rlght adjoint, we know by Prop. 2.5.17 that Dz(X) C
Dqyc(X) is right admissible, and has its own right adjoint i': Dge(X) — Dz(X)
which provides functorial triangles

i'A— A — Rjj*A — i'All).

These are called local cohomology triangles. We will see later that in this special
case, i' is induced by a derived functor of a right exact functor. Notice that
moreover the result shows Rj.: Dqc(U) — Dqc(X) gives an embedding whose
essential image is Dz (X)L, We will later write Dye(X) = (Dz(X), Dyc(U))
and call this a semiorthogonal decomposition.

Next let T be a triangulated category with (arbitrary) coproducts. We wish
to study subcategories A C T which are strictly full, triangulated, and closed
under coproducts in A. Such a subcategory is called a localizing subcategory,
though we will only use this terminology in this section since we have (short-
sightedly) used it to mean other things.

It is clear that an arbitrary intersection of such subcategories has the same
property, and that 7 itself is localizing. Thus, given a collection S C T of
objects, we write Loc(S) for the smallest localizing subcategory containing S.

Lemma 2.5.22 Let T be a triangulated category with countable coproducts.
Then T is idempotent-complete.

Proof Let e: X — X be an idempotent in T so that e? = e. Write
Y := hocolim(X & X 5 ...)

so that we have a triangle
Px=Px Ly -Pxp
where s is given by st,, = ¢, +1€. Define
E:@XH@X by =1y(1—e) — ZLke.
Since we have (1 — e)e = 0, note that for each n > 1,

L1 =8ty =1tp(l—€) ZLke—&n_He

k<n

n(1—e) ZLke— Z L€

k<n k<n+1
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=i1n(1—e€) 4 tpe =y,

meaning ¢(1 — s) = Id. Thus 1 — s is a split monomorphism, and exactness
of Hom(—,&p,, X) shows in the defining triangle that ¥ — &, X[1] is 0.
Therefore the triangle splits as a direct sum and ¢ is a split epimorphism.

Let j, = qtn: X — Y. Note that
0=q(1—8)tn =q(tn — tnr1€) = jn = Jnr1€.

Since e is idempotent, all of the j,’s are the same map j: X — Y, satisfying
je = j. Finally, the maps (e: X — X),, commute with themselves as e = e,
hence induce r: Y — X such that rqt, = e for all n. Thus rj = e, and note
that

Jrqin = jrj =je =j = qin
for all n, hence jrq = ¢. Since q is split epi, this means jr = 1. Thus we have
split e. O

Corollary 2.5.23 Let T be a triangulated category with coproducts and A C T
a localizing subcategory. Then A is thick.

Proof Indeed, A has coproducts and hence is idempotent-complete. So if X &
Y € A, the idempotent X @Y — X — X @Y splits in A factoring through
some Z. By uniqueness, Z = X in 7 and hence X € A by strict fullness. (]

When a triangulated category T has coproducts indexed by I, then they are
necessarily exact, meaning that if X; — Y; — Z; — X;[1] is a collection of
exact triangles, then

@X,; H@Yi H@Zi H@Xi[l]

is also exact. To see this, let Z be a cone of the direct map between direct
sums. For each ¢ € I, the canonical maps from X; and Y; to the direct sums
induce (by TR3) a family of maps Z; — Z, and hence a map @, Z; — Z.
To check this is an isomorphism, we can check after applying Hom(—, W) for
every W; then 5-lemma, the fact that Hom(—, W) turns sums to products,
and that products of abelian groups are exact, give the result.

Lemma 2.5.24 Let T be a triangulated category with coproducts and N C T
be a localizing subcategory, and consider the Verdier quotient q: T — T/N.
Then T/N has coproducts, and q preserves coproducts.

Proof We copy the proof of Lemma 2.4.4. Let {X; : i} be a family of objects in
T and suppose we are given maps f;: ¢(X,) — ¢(Y) in the quotient. Represent
these by roofs and take the direct sum:

X, xi sy Px Lo P x; {99,y
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Since Cone(s;) € N, what we showed above the lemma implies that
Cone(6D, s;) € N since N is localizing. This represents a morphism in the quo-
tient making the relevant diagram commute, and shows the existence part of
the universal property.

Next uniqueness: Suppose we have a map f: ¢(, X;) — ¢(Y) such that the
composites q(X;) — q(, X;) — q(Y) are all 0. Represent f by a right roof
P, Xi 2,y £ Y, then the hypothesis is that the roof X; 25 Y’ < Y is 0, i.e.
that q(X; &y ) = 0. Therefore there are N-equivalences ¢,: X] — X, such
that X! — X; — Y’ is 0, so again by exactness of coproducts, the induced

diagram
Px L Px Ly sy

% %
is f followed by an isomorphism and an isomorphism followed by 0 in the
quotient. Thus f = 0. O

Ezample 2.5.25 Suppose T is a compactly generated triangulated category
and N C T is a localizing subcategory. Then since g: T — T/N preserves
coproducts, we deduce by Brown representability that ¢ has a right adjoint
gx: T/N — T. By Prop. 2.5.17, g, is fully faithful and N = thick(N). Hence
i: N < T has a right adjoint i' and we have functorial triangles

ii'A— A — quq(A) — i A[1]

breaking up each object into its N part and its N part. Note moreover that
if {E;} is a compact generating set for N, then we in fact have

Loc({E;}) = T/N.

Indeed, using Lemma 2.4.32, we may write any X € T as hocolim,, K,, where
Ky =0, and the transition maps fit into triangles

L,— K, — K,t1 — L,[1]

such that L, is a coproduct of shifts of the E;. Apply ¢ to this; since it
preserves coproducts, it preserves each successive triangle and the hocolim,
and writes ¢(L,,) as a sum of shifts of ¢(E;). Thus ¢(L;) € Loc({q(E;)}), and
since Ky = 0 we inductively have K,, € Loc({¢(E;)}). Thus hocolim ¢(K,) =
g(hocolim K,,) = ¢(X) € Loc(q({E;})).

Localizing subcategories control (weak) generation in the sense defined earlier.
In particular, we have the following result:

Lemma 2.5.26 Let T be a triangulated category and S a collection of objects
of T. If Loc(S) = T, then S generates T. Conversely if S is a set of compact
objects and generates T, then Loc(S) = T.
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Proof Let A € T and consider the subcategory & of F for which Hom*(F, A) =
0. Then this is triangulated, but moreover

Hom(@ E;,A) = H Hom(E;, A)

is zero iff all terms are zero, so € is closed under coproducts and hence is a
localizing subcategory. So, if Loc(S) = 7, then Hom*(E,A) = 0 for E € S
would imply Hom*(F, A) =0 for all £ € T, i.e. A =0 by the Yoneda lemma.
We proved the converse as Prop. 2.4.31(a). O

FEzample 2.5.27 Let T be a triangulated category with coproducts and N C T
a localizing subcategory generated by objects in T.. Denote the generators
by {E;}, then these are compact in N as well, so every object of N admits a
homotopy filtration by coproducts of shifts of the {E;}, by Lemma 2.4.32. By
Lemma 2.4.40, all maps from T, to N factor through thicks({E;}), which is in
particular contained in T, and in N (since N is thick). Thus every map from
T. to N factors through T. NN, which implies that the induced map

T /NNT. — T/N
is fully faithful, by Remark 2.5.15.
Lemma 2.5.28 Let F: T = T : G be an exact adjunction between
triangulated categories with coproducts.
(a) If G preserves coproducts, then F(T.) C 7.

(b) If T is compactly generated and F(T.) C T’ then G preserves coproducts.
Proof (a) If E € T, then

Homg (F(E),—) & Homg(E, G(—))
is a composition of functors which preserve coproducts.

(b) Let {B;} € T’ and consider the map @, G(B;) — G(p, B;). For each
FE € T., we have

Homy (E, (P G(B:)) = (P Homy (B, G(B.)) = €D Hom (F(E), By)
= Homg (F(E), @ B;) = Homs (B, F (P B:))

since F(FE) € T.. Since 7 is compactly generated, isomorphisms are detected
by T, so the comparison map is an isomorphism. O

Proposition 2.5.29 Let F': T — T’ be an exact, coproduct-preserving functor
of compactly generated triangulated categories. If F restricts to an equivalence
T. == TJ7, then F is an equivalence.
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Proof By Brown representability, choose a right adjoint G: 7/ — T. By the
lemma above, G preserves coproducts. For Fy, E € T, the diagram

Hom(E;, E) —— Hom(F(E,), F(E))

\ lg

Hom(Ey, GFE)

commutes by adjunction, and the upper map is an isomorphism since F|g,
is fully faithful. Therefore Hom(F;, —) applied to E — GF(E) is an isomor-
phism for all compact F1, so E = GF(FE) by compact generation. Since this
is a natural map of coproduct-preserving functors, it follows that Id = GF,
meaning F' is fully faithful. This means that the essential image is a triangu-
lated subcategory of J’, and it is localizing since F' preserves coproducts. It
also contains J’, so we conclude that F' is essentially surjective by compact
generation of J7. O

Ezample 2.5.30 This is a continuation of Example 2.5.25; suppose ¢: T — T/N
is a quotient of a compactly generated category by a localizing subcategory
of the form N = Loc({K;}) where {K;} C T, i.e. so that N is generated by
objects compact in T. Continue writing 7' and g, for the relevant right adjoints.

1. Then Nt is also localizing. Indeed, to check A € N+ we just check N C
+A. But A is obviously localizing since Hom’s send coproducts in the
first variable to products. Thus it is equivalent to check K; € +A for all
i, ie. A € K for all i. But now K; is compact, so K;- is localizing.
Therefore in fact

Nt =K}

i
is an intersection of localizing subcategories hence localizing.

2. Then ¢(T.) C (T/N)¢. Indeed, to see this, we just need to show that g,
preserves coproducts, and ¢, is isomorphic to the inclusion N+ < T, so
it suffices to show that N is closed under coproducts which was (1).

3. Thus if {E;} is a compact generating set for T, then {¢(F;)} is a compact
generating set for T/N by Example 2.5.25. In particular the quotient is
compactly generated.

4. Moreover, the inclusion i: N — T also preserves compact objects, i.e. 7'
preserves coproducts. Indeed, we have functorial triangles

iitA — A — q+qA — iiIA[l]

where A — A and A — ¢.qA preserve coproducts, hence A — ii'A
preserves coproducts. Since i preserves coproducts and is fully faithful, it
follows that i' does as well. Thus N, € NN T., and conversely an object
of N which is compact in T is a fortiori compact in N, thus N, = NN T,.

5. We know by Remark 2.5.19 that M = N+ is left admissible and that ' is
isomorphic to the quotient map T — T /M. Since i' preserves coproducts,
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by Brown representability it has a right adjoint p, which means that M
is also right admissible and p: T/M =2 N — T is another fully faithful
embedding. Writing € for its essential image, we know that € = M=
and ~C = M, where C and N are equivalent categories. This remarkable
phenomenon is called a TTF triple.

In exactly the setting of the example above, there is a more interesting thing
we can say, called the Neeman localization lemma.

Theorem 2.5.31 Let T be a compactly generated triangulated category, N a
localizing subcategory generated by compact objects of T, and q: T — T/N the
quotient. Then T. — (T/N). induces a fully faithful functor

To/Ne = To/(NOTL) — (T/N)e

which is an idempotent completion, and in fact for each @ € (T/N). there
exists P € T, such that ¢(P) = Q & Q[1].

Proof The fact that this proposition makes sense is explained in Exam-
ple 2.5.30. The fact that the induced functor is fully faithful is Example 2.5.27,
so denote its essential image by & C (T/N)., which is of course also the essential
image of T, — (T/N).. By Example 2.5.30(3), € contains a compact generating
set for T/N, so by Cor. 2.4.41 we have thick(€) = (T/N).. This immediately
shows the idempotent-completion statement because (T/N). is a thick sub-
category of an idempotent complete category, and since € is triangulated we
know all objects of thick(€) are summands of objects of €.

Therefore let Q € (T/N). and choose F € T, such that ¢(F) = Q & Q' for
some Q" € T/N. Consider the two triangles

R>Q-QeQN—-QNl Q=-Q—-0-¢q
and take their direct sum, which is isomorphic to
a(F) = q(F) = Q® Q1] — ¢(F)[1].
Since € is triangulated, Q ® Q[1] € €. O
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2.5.3 Perfect generation and approximation

In this section we will prove that if X is a qcgs scheme, then Dg.(X) has a
perfect generator, and thus that Dq.(X) is a compactly generated triangulated
category. First, let us give an explicit example of generators in some of the
cases which are relevant to us.

Proposition 2.5.32 Let X be a (quasicompact) scheme with an ample line
bundle L. Then

{£274:d >0}
is a generating set for Dy.(X). In particular, thick(£®? : d < 0) = Perf(X).

Proof Since each £&~% is perfect, we have
Homp_(x)(£L%7, Alg]) = HY(X, A ®p, L)

and we just need to show this is nonzero for some ¢ and d > 0 if A # 0. Suppose
that this expression is zero for all ¢ and d > 0. Thus RI'(X, A®g L®?) = 0 for
d>0.Let p>0and s e L (X) a global section for which X is affine. Then

RI(X,, Alx,) = hocolimg RT(X, A @5, L) =0,

by Example 2.4.29. Since RI is an equivalence on an affine scheme, A
Since £ is ample, affine opens of the form X cover X, so A = 0.

Of course thick(£L®4 : d < 0) C Perf(X), however Perf(X) C Dqc(X),, and the
result implies that thick(£L®?) = D.(X),, so all three things are equal. O

x. =0

Ezample 2.5.33 Let R be a ring. Then D(R). = Perf(R) = thick(R). Indeed,
Ospec r is an ample line bundle on Spec R.

Example 2.5.34 Let R be aring and X = P}, with its ample line bundle Ox (1).
Then the result shows that Perf(X) = {Ox,Ox(-1),...}. However, in this
case, consider the Koszul complex

0—-0x(—n—-1)— Ox(fn)(n?l) — = Ox(fl)(nirl) — Ox — 0.
discussed in the previous section, and define
& == thick (Ox(-n),Ox(-n+1),...,0x(-1),0x) C Perf(X).

Then the exact sequence above shows that Ox(—n — 1) € € since € is trian-
gulated. Now twist the sequence by Ox(—1), then all terms are in & except
for the left most Ox(—n — 2). Thus inductively O(—d) € € for all d > 0, and
hence € = Perf(X). Of course, this also proves that these n + 1 line bundles
generate the derived category Dq.(X). Likewise, we can twist by any d € Z to
conclude that

Perf(X) = thick(Ox(—n +d),...,O0x(d))
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and that Dqc(X) is generated by {Ox(—n+d),...,Ox(d)}. We will see later
that this gives

Perf(P) = (Opn (—n), ..., Opn (=1), Opn)

as a semiorthogonal decomposition of Perf(X).

Now let’s prove the main result in three steps, most of which come from our
triangulated work in the previous section.

Lemma 2.5.35 Let X = SpecR for R a ring, fi1,..., fr € R, and set
U=D(fi)U---UD(f,) K*=Kos (fi,. ., fr) € Dge(X).

Then for every A € Dqo(X), the unit map A — Rj.Aly is an isomorphism if
and only if RHome, (K*, A) = 0.

Proof We use throughout the fact that IC® is strictly perfect and hence behaves
well with respect to Homs. First, if the map is an isomorphism, then

RHomp,, (K*, A) = RHompe, (K*|y, Aly) =0
because K|y = 0 in D(Op) by Remark 2.5.3. Conversely, there are two cases:
Case 1: Aly = 0. We show A = 0. In this case, note by Koszul duality that
RHomo, (K*, A) = (K*) @5, A=K*a% A[-r],
and since RI'(X, —) is an equivalence this implies K* ®§  A[—r] = 0. Thus

0=(0x 15 0x)® - ® (0x & 0x) " A.
The tensor product of the right-most r terms still restricts to 0 on U, so by
induction we may show that if Bly = 0 and (Ox EiN Ox) ®Y B = 0, then

B = 0. But this just says that B i B = 0, i.e. f; is an isomorphism on B,
contradicting B|p(y,) = 0 unless B = 0.

Case 2: A € Dy.(X) arbitrary. Extend the unit map to a triangle
C — A— Rj.Aly — C[1]

and apply RHome, (K®, —). By the first direction, this kills the Rj. A|y term
and hence gives an isomorphism

RHomop, (K*®,C) = RHome, (K*, A) =0,
by hypothesis. Since A — Rj,A|y is an isomorphism on U, C|y = 0. Thus by
Case 1 we conclude C = 0. Hence A = Rj,. Aly. O

Corollary 2.5.36 Let X be a qcgs scheme of the form X = U UV for U
quasicompact and V affine. For each F € Perf(U) there exists E € Perf(X)
such that E|y = F & F[1].
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Proof First assume X is itself affine, and consider the Verdier quotient
Dqe(X) = Dqe(X) / Dz(X) = Dqe(U)

of Example 2.5.21 where Z = X \ U. Write U = D(fy)--- U D(f,) for
some global sections (f;). Let C® be the corresponding Koszul complex as in
Lemma 2.5.35. By definition, Dz (X) is closed under coproducts, so Loc(K*®) C
Dz(X); on the other hand, Lemma 2.5.35 shows that ® generates Dz (X), and
it is compact in Dz (X) as it was perfect and thus compact in Dg.(X). Hence
by Lemma 2.5.26 we deduce Loc(K®) = Dz(X). Finally, by Example 2.5.33,
Ox is a compact generator for Dq.(X), and its restriction to Dq(U) is per-
fect and hence compact. Thus by Thm. 2.5.31, for every compact (i.e. perfect)
object F'in Dyc(U), F & F[1] is the restriction of a compact object of Dgyc(X).
Example 2.5.33 again shows that such an object is perfect on X.

Now if X = UUV with V affine and F' € Perf(U), then F|yny € Perf(UNV)
and UNV C V is a qc open, so we may choose E’ € Perf(V) such that
Eluynv = F @ F[1]. Therefore F & F[1] € Dyo(U) and E' € Dy (V') agree on
U NV, and hence glue to an object E € Dqc(X) by Prop. 2.4.25. Then E is
perfect since this holds locally, and E|y = F @ F[1]. O

We will be able to come back and strengthen this result after proving perfect
generation, so that we can in fact take U to be any quasicompact open of X. For
the next few results, it will be useful to write Perfz(X) := Perf(X)NDz(X).

Theorem 2.5.37 Let X be a qcqs scheme, and Z C X a closed subset with
quasicompact complement. There exists E € Perfz(X) such that Loc(E) =
Dz (X). In particular, every qcqs scheme is compactly generated by a single
perfect object.

Proof We prove the claim by induction on the number of affine opens needed to
cover X. If X is affine, we’re done by Lemma 2.5.35 (as shown in Cor. 2.5.36).
In the general case, we can write by induction X = U UV where U satisfies
the result and V is affine.

Thus there exists F' € Perfzny(U) such that Loc(F) = Dzay(U), ie. F
generates Dzny (U). Since Fin z = 0, we can glue F' and 0 to a perfect object
F € Perf(UUX \ Z) by Prop. 2.4.25. Writing X = (UUX \ Z)UV, Cor. 2.5.36
gives P € Perf(X) such that P|yyx\z = F & F[1], so in particular

Ply 2 F o F[1] and P € Perfz(X).

X \U is a closed subset of X contained in V, and thus ZN (X \U) is a closed
subset of V' with quasicompact complement D(f1,..., f.) for f; € Ox (V). Let
K*® € Dyc(V) be the complex associated to the Koszul complex on fi,..., fr.
We claim that

E =P ® Rjy.K*
satisfies the conclusion.
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1. P € Perfz(X) so we have to check Rjy .K* € Perfz(X). Indeed it is
supported on ZN(X\U) and hence Z, and it is perfect since its restriction
to V is K*® and its restriction to U is 0 (in the derived category).

2. Let A € Dz(X) and assume RHom(E, A) = 0. Observe that since K® is
supported on Z N (X \ U) C V which is closed in X, the natural map
JvaK®* — Rjyv.K*® is an isomorphism (Example 2.4.15). Thus

0= RHOHI(')X (j\/JIC., A) = RHOIDOV (’C., A|V),
which means that the natural map

Alvy — Rjvnwux\z)«Alvawux\z)

is an isomorphism by Lemma 2.5.35. Thus A — Rjyux\z«Alvux\z is an
isomorphism since this holds on the open cover {U U X \ Z, V}. Writing
J U = UU(X\ Z), note that A|yux\z — Rj.Aly is an isomorphism
since both sides are zero upon restriction to X \ Z (as Supp A C Z). By
composition, A — Rjy A is an isomorphism.

3. Therefore 0 = RHomo (E, Rju,«Alv) = RHomo,, (E|u, Alu), and F is a
summand of E|y and A|ly € Dzny(U). Since F generates D zny (U), this
implies A|y = 0, hence A = Rjy . Aly = 0.

Finally, E is compact in Dq.(X) hence a fortiori in Dz (X), and Dz(X) is
localizing. Thus to prove Loc(E) = Dz (X) it suffices to show F is a generator
(Lemma 2.5.26), which we just did. O

Corollary 2.5.38 Let X be a gcgs scheme and Z C X a closed subset with
quasicompact complement.

(a) Dz(X). = Perfz(X), and the functor
Perf(X)/Perfz(X) — Perf(X \ 2)
s an idempotent completion.

(b) Let U C X be a quasicompact open. Then for each F € Perfzny(U),
there exists E € Perfz(X) such that E|y = F & F[1].

(¢) The functor i: Dec(X) — Dz(X) has a fully faithful right adjoint
p: Dz(X) — Dyc(X), and we have the relations
Yim (Rj.) = Ds(X)  im(p)* = im (Rj.)
Dz(X)* = im (Rj.) = “im (p)
where j is the inclusion X \ Z — X. In particular, Dyc(X \ Z) embeds
as an admissible subcategory of Dqc(X) via Rj..

Proof (a) If X is qcgs, then Perf(X) C Dgo(X)., and conversely Dqc(X). =
thick(E) for E a perfect generator of Dyc(X), hence Dyc(X). = Perf(X). By
Thm. 2.5.37, N = Dz(X) C Dgyc(X) satisfies the hypotheses of Example 2.5.30
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and Thm. 2.5.31. Thus Dz(X), = Perfz(X), and since Dq.(X)/Dz(X) =
Dy (X \ U) the second statement follows as well.

(b) First if Z = X, then this result is known to us from the same result above
(applied to Z = X \ U). In the general case, take F' € Perfzny (U), then since
Flinz = 0, F and 0 glue together to extend to F e Perf(U U X \ Z). Then
Fa ﬁ[l] extends to a perfect object of X, which is necessarily supported on
Z, and whose restriction to U is F & F[1].

(¢) This remark follows from Example 2.5.30(5). O

There is also a morphism-lifting statement similar to (b) which is easy to
deduce from this result, and which will be used shortly.

Corollary 2.5.39 Let X be a gcgs scheme, U C X a quasicompact open, and
Z C X a closed subset. Given A € Dye(X) and F € Perfz(X), for each map
a: Fly — Aly in Dg(U) there exists E € Perfz(X) and maps A — E — F
such that the diagram

Ely — Fly
\ ia
Aly
commutes and the upper restriction is an isomorphism.
Proof o corresponds to of: F — Rj,A|y, and consider a triangle A —
Rj.Aly — C — A[l] and the composite map F — C, so C' is supported in
X \ U. We know from Example 2.5.27 and the results above that this com-

posite factors through an object K € Perfy\y(X). Writing the first map as
Ox ®éx F — K, just as in any adjunction it factors through the counit

F — RHomo, (F,K) &g, F2F' o Kop, F— K,

so the middle term L := FY @ K ®g  F is perfect, supported in ZN (X \U),
and F' — C factors through L. Thus we can form a morphism of triangles

E F L E[1]

oo

A — RjAly — C — A[1]

and get an extension F — A. Here, F, L € Perfz(X) so E € Perfz(X), and
since Ly = 0 we have E|y = F|y. Finally since the unit A — Rj.A|y
restricts to the identity on U, the desired diagram commutes. (Il

In the rest of this section we will prove the so-called perfect approximation
theorem for qcgs schemes, which is a powerful result allowing us to approxi-
mate pseudocoherent objects of Dy.(X) globally by a perfect complex above
any fixed degree (analogous to the definition). This is newly important given
our perfect generation theorem, because we will be able to use triangulated
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category theory to manipulate perfect objects, and then we may want to dis-
cuss consequences for pseudocoherence. Alternatively, we will give another
more elementary (and stronger) way of doing this in the next section if e.g.
the scheme admits an ample line bundle.

A motivation for doing this is to characterize when a morphism is quasi-perfect
and quasi-proper. Here is a simple example of this.

Lemma 2.5.40 Let f: X — Y be a qcgs morphism of schemes. If f is quasi-
proper and has locally finite tor dimension, then f is quasi-perfect.

Proof The claim is local on Y so we may assume Y is quasicompact and hence
Rf. is bounded. Let E € Perf(X), then we have to show Rf.FE has finite tor
dimension, since it is already pseudocoherent. Indeed, for F € QCoh(Y),

Rf.(E)®p, F = Rf.(E®" Lf*F)

by the projection formula; f having finite tor dimension means that Lf* is
bounded, hence F ®%X Lf*F is bounded, hence after applying Rf, it remains
bounded. O

The converse of this fact is indeed true, and we will be interested in proving
the result, which will rely on the perfect approximation theorem. One step will
require a generalization of the perfect generation theorem, so we will prove
this now.

Theorem 2.5.41 Let X be a qcgs scheme and Z C X a closed subset with
quasicompact complement. There exists r > 0 and E € Perfz(X) with the
property that

RHome, (E,A) € D" = A€ D<M’
for every A € Dz(X) and m € Z.

Proof In this proof we will denote the property above by saying that E satisfies
the property (Q,) with respect to Z C X.

Case 0: If X is affine, and Z =V (f1,..., f.), then the Koszul complex
K =Kos (fi,...,f) € Perfz(X)

satisfies (Qo). Indeed, we showed in Lemma 2.5.9 that if H™(A) # 0, then
Homp_, (x)(K[-m], A) # 0, i.e. RHomo (K, A) has nonzero mth cohomology,
which clearly implies (Qp).

Case 1: Now induct on the number of affine opens required to cover X. We
just proved the base case, so we may write X = U UV where V is affine, U
is quasicompact, and the inclusion Z N U C U admits a perfect object F' €
Perf zny (U) satisfying (Q,). By Cor. 2.5.38(b) we may choose P € Perfz(X)
such that P|y =2 F @ F[1]. On the other hand, let K be the Koszul complex
of Case 0 for the inclusion Z N (X \ U) C V to the affine scheme V', and set

E =P ® Rjy.K.
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As before, E € Perfz(X) and Rjy,.K = jy K. Choose e such that PV has
tor amplitude in (—oo, e], and let d be the right QCoh-amplitude of Rf.. We
claim that E satisfies (Q4e+4) With respect to Z C X.

Indeed, suppose RHom(E, A) € D<™. First take a localization triangle C' —
A — Rjy.Aly — C[1]. Upon restricting to U the second map is an isomor-
phism, and upon restricting to X \ Z both A and Rjy «A|y become 0, which
shows that C is supported Z N (X \ U). Note that

RHom(Rjv,« K, Rju«Alv) = RHomo,, (Rjvnv,K|vnv, Aly) =0
since K|yny = 0 as it is supported in X \ U. Thus
RHomgp,, (K, C|V) = RHomgp (.jV,!K7 C) = RHom(jVJK, A) € D<™

so by Case 0 we have C|y € D<™ and thus C € D<™ as C is already
supported on an X-closed set contained in V.

On the other hand, applying RHom(P, —) to the triangle above gives
PY @ C — RHom(P, A) — RHomp,, (P|y, Aly) —,

where the assumption on the tor amplitude of PV and C' € D<™ implies
PV@UC € D<™*¢_ Since the middle term is by assumption in D<™ c D<m+e,
we conclude the third term is in D<"*"¢. Thus RHomp,, (F, Aly) € D<™*¢,
hence Ay € D<™F¢*". Therefore Rjy.Aly € D<™+etr+d Since we already
have C' € D<™, this proves A € D<™*e+t7+d completing the proof. O

Note that this trivially implies perfect generation, which is the case that
RHom(FE, A) € D<™ for every m, so A € D<™*" for every m and thus A = 0.
Thus we will call this the quantitative perfect generation theorem.

Now we move on to perfect approximation. The elements of the proof will be
similar to the last few proofs. The idea is that, given an m-pseudocoherent
object A, we can construct an (m + r)-isomorphism E — A (meaning its cone
lies in D<"*") with F perfect, where r is some constant only depending on
the ambient space. We will again prove a more general result depending on
support. We begin with the affine case:

Lemma 2.5.42 Let R be a ring and I C R an ideal generated by v elements.
Suppose A € D(R) is m-pseudocoherent and Supp H1(A) C V(I) for ¢ > m.
Then there exists E € Perfy (;)(R) and an exact triangle

E—A—C— E[]
with C € D<™*"(R).

Proof We proceed by (ascending) induction on the top cohomology degree ¢
of A. If t < m + r, then the triangle 0 — A — A — 0 satisfies the conclusion,
so assume t > m + r. Since A is m-pseudocoherent, this implies by Exam-
ple 2.2.44 that H(A) is finitely generated, say by elements z1, ..., x,. Viewing
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the generators as maps R — A[t] and writing I = (f1,..., f.), observe that
Alt] € D= and H9(A[t]) = HI*t(A) is supported on V(I) for ¢ > m—t > —r.
Therefore by Lemma 2.5.6, each map R — A[t] corresponding to x; factors as

R — Kosy(f{", ..., i) — Alt].

The middle term is supported on V(f",..., fi'") = I and concentrated in

[—7,0]. Thus, we may find complexes of finite free modules F;* supported on
V(I) and concentrated in [—r + ¢, t], with maps F* — A such that x; is in the
image of the induced map on H'.

Therefore the direct sum F'* = €, F'® satisfies the same properties and induces
a map F* — A which is surjective on H'. Taking the cone F* — A —
Ay — F°*[1], it follows that A; € D<'. Since F* is perfect and A is m-
pseudocoherent, A; is m-pseudocoherent, and since F'* is supported in V(1)
we find that A|D(I) - Z|D(I)7 so A satisfies the same support condition as
A. By induction, choose a triangle P — A; — C — P[1] with P € Perfy (;)(R)
and C € D<™*"(R). Applying the octahedral axiom to the composite of the
two middle maps gives a triangle

E—A—C— E[]

where F fits into F* — E — P — F°*[1]. The latter implies that E €
Perfy (1)(R), so the former completes the proof. O

Theorem 2.5.43 Let X be a qcgs scheme and Z C X a closed set with quasi-
compact complement. There exists a constant r > 0 (depending only on X and
Z ) such that whenever A € Dy.(X) is m-pseudocoherent and Supp H1(A) C Z
for g > m, there exists E € Perfz(X) and an exact triangle

E—A—C— E[]
where C € DS (X).

Proof We induct on the number of affine opens covering X. If X is affine, we
are done by Lemma 2.5.42, so in general we may write X = U UV where U
is a quasicompact open satisfying the conclusion of the theorem for all closed
subsets, and V is affine. Let ryy be the corresponding number for the inclusion
ZNU C U, and ry be for ZN (X \U) C V. We claim that rx = ry +rv
works for Z C X.

We prove this by induction on ¢t = max{q : H1(A)|y # 0}. First suppose that
t < m+ry. This means that for ¢ > m+ry, H1(A) is supported in ZN(X\U),
and A|y is a fortiori (m + ry)-pseudocoherent, so the affine case provides
P € Perfznx\vy(V) and P — Aly — C' — P[1] with C' € DX (V).
Since ZN(X\U) is X-closed and contained in V', we know from Example 2.4.15
that Rjy,«P = jv, P so adjunction provides a map jy P — A which we can
extend to a triangle

Rjy.P — A— C — Rjy.[1].
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Restricting to V, this becomes the previous triangle, and restricting to U the
first term vanishes. Thus Rjy,.P € Perf(X), and (Rjy,«P)|x\z = 0 since P
is supported on V' \ Z. On the other hand this means C|y € D<"*"X and
Cly = Aly € D<t € D<™¥"X since t < m + ry. That finishes this case.

Now assume t > m + ry, which is the interesting case. Then ¢t — ry > m so
Aly is (t — ry)-pseudocoherent with cohomology sheaves supported in Z N U
above degree t — ry7. Therefore we may choose a triangle

F — Aly — Cy — F[1]

where F' € Perfzqy(U) and Cy € D5/ (U). Adding the triangle F[1] — 0 —
F[2] — F[2] produces

FEBF[I} ~>A|U —)Cl@F[2} *)F[I]EBF[Q].
The triangle A|y[1] — C1[1] — F[2] — A[2] and the fact that A|y[1],C1[1] €
D<! imply that F[2] € D=, thus C; @ F[2] € D<'. By Cor. 2.5.38(b), there
exists P € Perfz(X) such that P|y & F® F[1]. By Cor. 2.5.39, we may modify

P to a new object in Perfz(X) which still satisfies P|y & F @ F[1], but now
the first map in the triangle above is the restriction of a map P — A.

Extend this to a triangle
P— A— Cy — Pl1],

then Co|y = C, @ F[2] € D=, Oy is still m-pseudocoherent since P is perfect,
and P|x\z = 0 implies that Cy satisfies the same support condition as A. By
induction, we may find a triangle

Q—>02—>C—>Q[1]

where @ € Perfz(X) and C € D<™*"x_ By the octahedral axiom applied to
the composite A — Cs — C, there is a triangle

E—A—C— E[]

where E fits into a triangle P — F — @ — P[1]. The latter shows that
E € Perfz(X), so the former completes the proof. ]

Remark 2.5.44 As we have alluded to, one downside of the construction of f*
is that it is not local on the target. However we can say something: if f: X — Y

is a morphism of qcgs schemes, and U C Y is a quasicompact open, consider
fu: f7Y(U) — U. Then we know that

]l*] © R.f* = RfU,* Oj;—l(U)v

so by taking right adjoints we observe f* o Rjy« = Rjs-1(uy,« © f{; . Note in
particular that applying j;,l(U) to both sides gives

fzi = j;,l(U)fXRjU7*_
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This is also a special case of tor-independent base change, which we will prove
later.

Let us begin to prove some results in addition to what we said in Lemma, 2.4.56.

Proposition 2.5.45 Let f: X — Y be a morphism of qcgs schemes. The
following are equivalent:
(a) f is quasi-perfect.
(b) For each quasicompact open U CY, f~Y(U) — U is quasi-perfect.
(¢c) For {U;} a quasicompact open cover of Y, f=1(U;) — Uj; is quasi-perfect
for each i.

Proof Of course (b) = (c), and it is clear from the definitions that (¢) =
(a) because perfectness is checked locally and Rf, is computed target-
locally. Assuming f is quasi-perfect, and keeping the notation above we have
[*Rju = Rjs—1y.f7; - The LHS preserves coproducts, and Rjs-1p,, is fully
faithful and preserves coproducts, hence creates coproducts, so f; preserves
coproducts and we conclude by Lemma, 2.4.56. O

With a bit more difficulty we can show something similar for quasiproperness.

Proposition 2.5.46 Let f: X — Y be a morphism of qcgs schemes. The
following are equivalent:

(a) f is quasi-proper.

(b) Rf.E is pseudocoherent for every E € Perf(X).

(¢) Rf.E; is pseudocoherent for all {E;} in a perfect generating set of
Dye(X).

(d) For each quasicompact open U CY, f~Y(U) — U is quasi-proper.
(e) For {U;} a quasicompact open cover of Y, f~Y(U;) — U; is quasi-proper

for each i.
Proof The obvious implications are (a) = (b) = (¢) and (d) = (e) = (a).
Assume (c), and observe that

{A € Dy(X) : Rf.(A) is pseudocoherent }

is a thick subcategory of Dg.(X) since the pseudocoherent objects span a thick
subcategory of Dgy.(Y). Since thick({E;}) = Perf(X) by perfect generation
and Cor. 2.4.41, it follows that Rf.FE is pseudocoherent for all E € Perf(X),
proving (b).
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Now assume (b) and let A € Dq(X) be m-pseudocoherent. By perfect
approximation (Thm. 2.5.43), choose r and a triangle

E— A— C— E[]

with E € Perf(X) and C € D" (X). Let d be the right-QCoh amplitude
of Rf., then the triangle

Rf.E — Rf.A — Rf.C — Rf.E[l]

in Dyc(Y) shows that Rf.C € D<™*+"+d hence it is trivially (m + r + d)-
pseudocoherent. Since Rf,F is pseudocoherent, this implies Rf.A is (m +
r + d)-pseudocoherent. Finally, if A was in fact m-pseudocoherent, then this
implies Rf.A is (m + r + d)-pseudocoherent for all m, thus pseudocoherent.
This proves (a) and shows (a), (b), (¢) are equivalent.

It remains to prove (c) = (d). If E € Perf(f~1(U)), then choose P € Perf(X)
such that P|y & E®E[1]. By assumption R f, P is pseudocoherent, so it follows
that Rfy «E ® Rfy «E[1] is pseudocoherent, and since pseudocoherent objects
form a thick subcategory we deduce Rfy .E is pseudocoherent. This implies
the condition of (b) for U, so fy: f~1(U) — U is pseudocoherent. O

We note that the criterion of (b),(c), and even the locality of (d), rely in an
essential way on the perfect approximation theorem. For instance it is a trivial
consequence of this theorem that quasi-perfectness implies quasi-properness,
but this is not at all clear from the definition.

Example 2.5.47 Let f: X — Y be an affine morphism of schemes. Then f is
quasi-proper (resp. quasi-perfect) iff f.Ox is pseudocoherent (resp. perfect).
Indeed, one direction is trivial, and on the other hand these can be checked
locally on the target so we may assume that X and Y are affine (and thus qeqgs).
Then Ox is a generator of Dgc(X), so Rf.Ox = f.Ox being pseudocoherent
(resp. perfect) implies the result by Prop. 2.5.46 and Lemma 2.4.56.

Our last big result of this section will be the following theorem of Lipman-
Neeman:

Theorem 2.5.48 Let f: X — Y be a morphism of qcqs schemes. The
following are equivalent:

(a) f is quasi-perfect.
(b) f is quasi-proper and f* is bounded.

(¢) [ is quasi-proper and has finite tor dimension.

First let us recap what we already know. We proved that (¢) = (a), and we just
said that (a) implies f is quasi-proper. Let us first show the easier remaining
claim, which is that if f is quasi-perfect then f* is bounded. We have already
shown that it has left finite QCoh-dimension (at most the dimension of Rf,).
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On the other hand, let E' € Perf(X) be a quantitative perfect generator as in
Thm. 2.5.41 for some r > 0. Since Rf,E is perfect by assumption, let (Rf.E)Y
have tor amplitude in (—oo, b]. Assume RI'(Y, —) has right QCoh-dimension d.

Now, given A € D<%, this implies that
(Rf.E)" ®%, A=RHomo, (Rf.E,A) € D=,
and hence by applying RI'(Y, —) we conclude
RHomop, (Rf.E, A) = RHomp, (E, f*A) € D<*tb+d,

By quantitative perfect generation, this implies f* A € D<¢+b+d+" hence f*
has right dimension at most b + d + r as desired. The interesting part is the
final remaining assertion.

Proposition 2.5.49 Let f: X — Y be a morphism of qcqs schemes. If f* is
bounded, then f has finite tor dimension.

To prove this, we will prove another technical lemma whose statement has a
similar flavor to the quantitative statements we have been proving so far. The
lemma will allow us to relate the question of boundedness of f* to Ext on an
affine scheme, and hence tor dimension.

Lemma 2.5.50 Let X be a qcqs scheme. There exists ¢ > 0 such that for
every quasicompact open immersion j: U — X, we have

A€ D™ — RHomo, (Rj.Oy, A) € DS™*¢

for all A € Dgc(X).

Proof Let X = V3 U---UV, be an affine open cover of X, and as usual write

Vi=(\V: Ic{l,....n}.
il

Let ¢ exceed the right QCoh-dimension of RT'(V;, —) for all such I, as each V7 is
qcgs. For fixed 4, consider (Rj.Oy)|V;, which corresponds to RT'(V;, Rj.Oy) =
RT(UNV;,Opnv,). UNYV; is a qess scheme, so by choosing a cover U NV; =

Ua D(fy) for fo € T(V;, Oy,), this object is represented by the Cech complex
C*({D(fa)}, Ovnv,). If V; = Spec R, then

ép({D(fa)}vOUﬂw) = @ Rfao...f%.
ap<---<ap

We now use the following trick; we have seen from Example 2.4.23 that for
any g € R we have an exact sequence

OH@RekH@RekHRQHO
E>0 k>0
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where the maps are given by e, — e, — gery1 and e — ¢g—*. We claim that
each localized term of the Cech complex above can be replaced by a two-
term free resolution assembling into a bicomplex. Once we do this, it will be
clear from the bicomplex spectral sequence, taking vertical cohomology first,
that the natural map from the bicomplex to the Cech complex is a quasi-
isomorphism. This in particular gives RI'(U N'V;, Oyny,) a finite resolution by
countably generated free modules concentrated in degree [—1,¢ — 1], where ¢
is the length of the cover.

To prove the compatibility, we must show that the Cech differentials lift to the
two copies of @), Rey. Indeed, we first can lift a restriction map R, — Ry to
the free resolution as follows:

0 — Do Rer — Dyso Rew — By — 0

! ! |

0 — @Dpso Rex — Dpso Rew —> Rgp — 0

Here, if we let the two vertical maps be given by ey, — h”ey, then both diagrams
commute:

ek > e — gept1 hFe) — ghk+1ek+1 er — hPey — hFep — ghk+1ek+1

and

ex — g " er — h¥ep — hk(gh) =gk
Now each component of the Cech differentials is a linear combination of projec-
tions composed with restriction maps, so we can lift these too. To summarize,
we have represented RI'(U NV;, Oynvy,) by a finite complex of free modules in

degrees > —1.

Next, apply (—) to obtain a representative for Rj,.Oply,, i.e. by a complex in
degrees > —1 with terms € Oy;; restricting to V; gives the same expression C}
with Oy, . We wish to estimate the functor RHom(Rj.Oyly,, —). If A € ng,
then

RHom Oy, @OVI[ ql, HRHomov (OV17 [q])
— HRP Vi, A e pS<mte—aq
Then we can use the stupid filtration triangles
0<q-1C] = 0<,C] — @ Ov,[—d] = 0<4-1C7

and the computation above to conclude RHom(Rj.Oyly,, —) has right-QCoh
dimension at most ¢ + 1, since the nonzero terms C} have ¢ > —1. At this
stage, we are in good shape to apply the following general ‘induction’ principle.
We note that it is trivial in the bounded case by the Cech spectral sequence,
but this handles the unbounded case.

Lemma 2.5.51 Let X = V3 U---UV, be a quasicompact open cover of a qcqs
scheme, and F': Dyo(X) — D(A) an exact functor for A an abelian category.
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ForI Cc{l,...,n} if FoRjv, «: Dyc(Vr) — D(A) has right (QCoh-dimension
<c for all I, then F has right QCoh-dimension < c+n — 1.

In our case, we apply this to RHom(Rj.Op,—), where by adjunction its
composition with Rjy, . equals RHom(Rj.Ouly,, —). Thus by the lemma
RHom(Rj,Oy, —) has right QCoh-dimension < ¢+ 1+ n — 1 = ¢ + n, which

is independent of U, so this completes the proof. O
Proof (of Lemma 2.5.51) We prove this by induction on n, where the n =1
case is tautological. In the general case, write X = W U V,, where W =

Viu---UV,_1. Both W and the intersection W NV, = U?;ll Vi NV, have
quasicompact covers of length n — 1 whose successive intersections are all suc-
cessive intersections of the original cover {V;}. Thus the inductive hypothesis
applies to

F o Rjw,« and  Fo Rjwnvy, «
both with constant c¢. Thus both functors have right QCoh-dimension < ¢ +
n — 2. Now consider the Mayer-Vietoris triangle

A — Rjw.Alw @© Rjv, +Alv, — Riwnv, «Alwnv, — A[l]

of Remark 2.4.26, and apply F', assuming A € D(%m(X). The summands of
the middle portion lie in DS™+¢+n=2 and D<"+¢ respectively, and the right
side lies in DSm+etn=2 Thus A[1] € DSm+etn=2 je A € DSmtetn—1 Thig
means that F' has right QCoh-dimension < c+n — 1. a

Finally, we can prove Prop. 2.5.49 and thus complete the proof of the Lipman-
Neeman theorem (Thm. 2.5.48).

Proof (of Prop. 2.5.49) Having finite tor dimension is localon Y, and if U C Y
is a quasicompact open then we know that
fﬁ = j;,l(U)fXRjU7*,

and the three functors on the RHS are bounded so f;; is bounded. Thus we
may assume Y = Spec R is affine. Let {U;} be a finite affine cover of X with
inclusions j;: U; — X, and by taking cohomology of Lemma 2.5.50 we may
choose a single ¢ so that A € D<~¢ implies Hom(Rj; .Oy,, A) = 0 for all 1.
Let b denote the right-QCoh dimension of f*.

Thus, for n > b+ ¢, and an R-module M, we have M[n] € DS7b=c oo
f*(M][n]) € D¢, meaning

0= HOIHD(X)(Rji,*OUmeM[n])
= Hompy)(Rf.Rji «Ou, M[n))
= HomD(R)(Sia M|n]) = Ext(S;, M)

where we have written U; = Spec.S; and used that R(fj;).Oy, = SN’Z as an
R-module because fj; is affine. Since M was arbitrary, pdz(S;) < n. This
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implies that U; — Y has finite tor dimension, and thus X — Y has finite tor
dimension. ]
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2.5.4 Appendix: Quasicoherent representatives

Let X be a scheme. In this section we will discuss when the natural functors
D*(QCoh(X)) — D;C(X)

give equivalences of categories. We are independently interested in the notion
of when, given an object A € Dy (X), we can represent it as a complex of
quasicoherent sheaves. This is an especially difficult question because of the
way we have set up our unbounded theory, namely without resorting to any
general results about Grothendieck abelian categories. Here is our first major
theorem:

Theorem 2.5.52 Let X be a quasicompact semiseparated scheme. Then the
natural functors

D*(QCoh(X)) — Die(X)
are equivalences for x € {( ),+,—,b}.

First of all, it suffices to prove that D(QCoh(X)) — Dg(X) is an equiva-
lence. Indeed, if this holds, then the other functors are clearly fully faithful,
and then they are essentially surjective because we can always apply smart
truncation to a possibly unbounded representative of a bounded object and
preserve quasicoherence.

The trick is to prove full faithfulness first. Indeed, once this is done, the essen-
tial image of the functor will be a triangulated subcategory & C Dgc(X)
isomorphic to D(QCoh(X)). Then € is closed under coproducts in Dg.(X),
because these are computed termwise on any representative, in particular com-
plexes of quasicoherent sheaves. Now since Dg.(X) is perfectly generated, it
suffices to show Perf(X) C &, and, by quasicompactness, it suffices to show
DgC(X )C €.

But this is clear by induction on the cohomological amplitude: indeed if
A € Dy (X) is concentrated in one degree, then obviously A € €. If A is
concentrated in [a, b], then

A— T5q11A — HY(A)[—a] — A[l]

is exact, so by induction A € €. Thus it remains to show that the functor is
fully faithful.

Proof (of Thm. 2.5.52) Fix an object A € D(QCoh(X)) and consider the full
replete subcategory € C D(QCoh(X)) such that

Hompqcon(x)) (4, Blg]) — Homp,_ (x)(4, Blg)
is a bijection for all ¢ € Z. Since Hom’s are cohomological, € is triangulated.

First let U C X be an affine open; by definition of qcss, j: U — X is an
affine morphism. Therefore j.: QCoh(U) — QCoh(X) is an exact functor,
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and moreover we can descend the adjunction j* - j. by Remark 1.3.21 to
J*: D(QCoh(X)) & D(QCoh(U)) : j«

because j* is exact and QCoh(U) = Mod(Ox(U)) has enough injectives.
Therefore for all N € D(QCoh(X)), we have

Hom p(qcon(x)) (4,3« N|q]) = Hompqconwy) (1A, Nlq])
= Homp,_ (5" A, N[q])
= Homp_ (x)(4, Rj.Nlq])

by the affine equivalence. Now if we represent N by a complex G°® of qua-

sicoherent sheaves, then we know that j,G* —> Rj.G® since j is affine
(Example 2.3.45), so this implies that j, N € € for all N.

Now let B € D(QCoh(X)) and write B = F* for F* a complex of quasicoher-
ent sheaves. Let U be a finite affine open cover of X, and consider the ordered
Cech resolution:

O N f. N H]’LO’*.F0|U1 — e — H ji()"'inv*f.|U7;0-"in i 0

10 G0 <ip

This is termwise an exact sequence, so we may view it as a finite exact
sequence of complexes in Ch(QCoh(X)). Each Uj,...;, is an affine open, so
each ji...i, +«F*° Uig- iy is in €. Since the products are finite, that implies all
terms above except the first are in €. Since & is triangulated, this implies
F* =B € &. As B was arbitrary, this proves full faithfulness. O

Remark 2.5.53 There’s a small missing step in the proof, which is that
Remark 1.3.21 does not immediately give us an unbounded derived adjunction.
But this can easily be fixed because we know that QCoh(U) has K-injective
resolutions (with terms in QCoh(U) as U is affine, as in Remark 2.3.29), and
J« of such a K-injective resolution remains K-injective as j* is exact, so we
reduce to the case of the homotopy category just as in Remark 1.3.21.

Here is a sample application of this. If X is a scheme, we say X has the
resolution property if every finite type sheaf F on X admits a surjection from
a finite locally free sheaf. We will prove more basic facts about the resolution
property in the coming sections. The intermediate result is:

Lemma 2.5.54 Let X be a scheme with the resolution property and F° a
bounded above complexr of quasicoherent sheaves.

(a) If F* is m-pseudocoherent, there is a quasi-isomorphism ¢: £* — F* in
Ch(QCoh(X)) such that EP is finite locally free for p > m.

(b) In the situation of (a), if there is r > m for which FP is finite locally free
for p > r, then we may take EP = FP and ¢ =1d for allp > r.
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We will show later that any Noetherian scheme with the resolution property is
automatically semiseparated (and in fact this is true for any qeqs X by means
of Noetherian approximation). To prove this we need a very standard lemma:

Lemma 2.5.55 Let X be a qcgs scheme and F € QCoh(X).

(a) If U C X is a quasicompact open and G C Fly with G € QCoh(U), G
extends to a quasicoherent subsheaf of F on X.

(b) In (a) if G is of finite type, then we may take the extension to X to be a
finite type quasicoherent subsheaf of F.

(c) F is the filtered colimit of its finite type quasicoherent subsheaves.

(d) If F — G is a surjection onto a finite type quasicoherent sheaf, there
exists a finite type quasicoherent subsheaf F' C F such that F' — G is
surjective.

Proof (a) Then j: U — X is qcgs, so K = ker F — j,.(F|u/G) is quasicoher-
ent. The exact sequence

0K —=F—j(Flu/9)
makes it clear that K|y = G.

(b) By (a), we may assume G = Fyy. Since X can be covered by finitely many
affine opens, it suffices (inductively) to show that for each V' = Spec A we can
extend F|y to a quasicoherent finite type subsheaf of F|yuy. Indeed, write
UNV =D(fy)U---D(f) for f; € A and F|y = M for M an A-module. By
assumption My, is finitely generated for each 7, so by lifting generators we may
choose z1,...,xm € M whose images generate My, over Ay,. Let N C M be
the finite submodule generated by these elements, then the N<—F |y restricts
to an isomorphism on each D(f;), hence ]\N/'|Um/ > Flynv. By descent there
is some G C Fyuy such that G|y & F|y and G|y = N, as desired.

(c) Let {Fu} be the filtered collection of finite type quasicoherent subsheaves
with inclusions and consider the natural map h_H)la Fo — F which is clearly
injective because each F, — F was. For surjectivity, let U C X be an affine
open, x € F(U), and (z) C F|y the corresponding finite type subsheaf. This
extends to a finite type quasicoherent subsheaf F3 C F by (b), which shows
that lim F,(U) — F(U) is surjective. Thus lim F,|v — Fly is surjective
— —

since U is affine, which implies the result.

(d) Write F = lim  F, asin (c) and let Go = im (Fo — G) sothat G = lim Ga.
Since G is of finite type, we can choose a finite affine cover U; with G(U;) a
finite Ox (U;)-module and G(U;) = |, Ga(U;). Thus G(U;) = Gg, (U;) for some
Bi, and by finiteness there’s a single § which works for all . Therefore G = Gg,
so F3 — @ is surjective. O
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We will use (d) in the proof of the lemma and again in the Noetherian case.
There is also the following extension lemma which is useful for constructing
explicit complexes.

Lemma 2.5.56 Let A be an abelian category and ¢: A* — B® a chain map
in Ch(A) with cone C* = Cone(¢). Suppose that:

(i.) n € Z is such that A* € Ch="T1(A) and C* € D="(A); and

(i.) we are given a map X — Z"(C*®) such that X — Z"(C*) — H"(C*) is
surjective.

Then there is a chain map ¢o: Ay — B® from a complex Af € ChZ"(A) with
the following properties:

(a) o2n1Af = A%, Af = X;
(b) and Cone(gg) € DS""1(A).

Proof Write the map X — C™ = A"t @ B™ in components (h, f). The fact
that this factors through Z"(C®) means that

—dsh=0 and  Gh+dpf =0,

so if we define A to be

—h d
-~—>O—>()—>X'—>An+1—A>An+2—>---7

then this is indeed a complex. Now define ¢g: A — B® to be ¢’ for i > n+1,
and ¢f : X — B" to be f. The second relation ensures that this is a chain map.

It remains to check property (b); consider the stupid truncation triangle A —
Ao — X[—n] — A[1]. Since the composite A — Ay — B coincides with ¢, the
octahedral axiom gives the exact triangle

X[—n] — C* — Cone(¢g) — X[—n +1],

and it is easy to check that H"(X[-n]) = X — H"(C*®) coincides with the
composite X — Z"(C*) — H™(C*), which is surjective. Thus the triangle
shows Cone(¢g) € DS""1(A). O

Proof (of Lemma 2.5.54) Here’'s how we apply this lemma; let F* be m-
pseudocoherent, and suppose that F? is finite locally free for p > r > m. If
r = m then we're done, so assume r —1 > m. Start with £* = 0>, F* which is
a complex of finite locally frees with the natural inclusion £* — F*. The cone
C'* is isomorphic in the derived category to o<,_1F*® which is in D="=1 The
triangle
E* = F* = C* — & 1]

shows that C'* is m-pseudocoherent, with top cohomology in degree r — 1 >
m, which we know implies H"~1(C*®) is of finite type. By Lemma 2.5.55(d),
we can find a finite type quasicoherent subsheaf of Z"~1(C*®) which has full
image in H"~1(C*®); thus we may take a map from a finite locally free sheaf
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& — Z"71(C*) which has full image in H"~*(C*). Since this factors through
cycles, it lifts to a map E[—(r—1)] — C*® inducing a surjection on cohomology.

The construction above allows us to append £ to £° to obtain a complex &£§ of
finite locally frees concentrated in degrees > r — 1 with a map £§ — F* that
has cone in D<"~2. We can now repeat this process until we obtain £* — F*
with £° a complex of locally frees in degrees > m, with cone C*® in D=1,
Now the top cohomology of the cone may not be of finite type, so just apply
the construction to the inclusion Z™~1(C*®)[—(m — 1)] — C* which is just
some quasicoherent sheaf.

Continue this inductively downwards, at each step reducing the top cohomol-
ogy of the cone by 1 to obtain a final complex £® with a map £* — F*. Since
each step only affects the bottom cohomology of £°, this map is an isomor-
phism on all cohomology, and it has the desired properties. O

Proposition 2.5.57 Let X be a qcss scheme with the resolution property,
and let Ryp C Mod(Ox) denote the class of finite locally free sheaves.

(a) An object in D<Y(X) is pseudocoherent iff it is represented by a complex
of finite locally free sheaves concentrated in degrees (—oo,bl.

(b) An object E € D(X) is perfect with tor amplitude in [a,b] iff it is
represented by a complez of finite locally free sheaves concentrated in [a, b)].

(c) The natural functors
K™ (Ry) — PsCoh(X)  KP(Ry,) — Perf(X)
are triangulated localizations by the quasi-isomorphisms.

Proof For (b) the converse is clear because such a complex is locally a bounded
complex of finite frees. For (a) the converse is clear because a bounded above
complex of pseudocoherent sheaves is pseudocoherent (Lemma 2.2.52). For (a),
first apply Thm. 2.5.52 to represent a pseudocoherent object by a complex F*
of quasicoherent sheaves, and we can assume by smart truncation that F* is
concentrated in (0o, b].

Now by Lemma 2.5.54(b), we can choose a quasi-isomorphism F; — F* with
F? in (—00,b] a complex of quasicoherent sheaves with F? a finite locally free
sheaf, since F* is b-pseudocoherent. It is also (b — 1)-pseudocoherent, we can
repeat this construction inductively for all ¢ < b while modifying the complex
only below degrees i. This is well-defined because termwise the complex is even-
tually constant, and thus we obtain a well-defined chain map £* — F*® where
E*® is a complex of finite locally frees concentrated in (—oo, b]. This is a quasi-
isomorphism because in the corresponding inverse system the cohomologies
are eventually constant.

Represent E by some F* € Ch(QCoh(X)) concentrated in (—oo,b] and take
the quasi-isomorphism £°* — F* as in (a) where £° is a complex of finite
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locally frees in (—oo, b]. Apply smart truncation £* — 7>,€® which is a quasi-
isomorphism, and we claim (7>,£°)® is still finite locally free. Indeed, there is
an exact sequence of the form

.H5a724>€a714)(7_2a50)a*>0

which implies (75,£°®)® is pseudocoherent (Lemma 2.2.43) hence finitely pre-
sented. On the other hand, by Prop. 2.2.53 this sheaf is flat. Thus it is a finite
locally free sheaf.

(¢) We use the triangulated equivalence of Thm. 2.5.52 without further men-
tion. The natural map K™ (R,;) — D(QCoh(X)) lands in PsCoh(X) by the
easy direction of (a); as in Remark 2.4.9, if we let D C K(QCoh(X)) be the
pseudocoherent complexes, then we know that this is a localizing full trian-
gulated subcategory (as it is saturated under quasi-isomorphism). Then the
criterion of Remark 2.4.9(4) proves that the first functor of (c) is a triangu-
lated localization by quasi-isomorphisms since all pseudocoherent complexes
of quasicoherent sheaves admit a quasi-isomorphism from a bounded above
complex of finite locally free sheaves, as shown in (a).

Likewise, it follows from (b) that K’(R.,;) — DY(QCoh(X)) has essential
image Perf(X). Now let D € K’(QCoh(X)) be the full triangulated subcate-
gory of bounded perfect complexes (of quasicoherent sheaves), which is again
localizing because it is saturated under quasi-isomorphisms. Now if F*® is a
bounded perfect complex, we can choose an interval [a,b] so that F* has tor
amplitude in [a, b] and is concentrated in [a, b]. Then the argument of (b) gives
a quasi-isomorphism £® — F* with £° concentrated in (0o, b] and £® — 7>,E°
a quasi-isomorphism. But since F* is concentrated in [a, ], this map factors
through a quasi-isomorphism 7>,€® — F* with the desired properties. The
criterion of Remark 2.4.9(4) then shows that the functor is a triangulated local-
ization. O

Now we return to the discussion of D(QCoh(X))-Dy(X) equivalence, and we
move to the more subtle case which is when X is a Noetherian scheme. Once
again it is true that the unbounded equivalence holds, but we will not prove it in
this generality because it would require facts we don’t have about Grothendieck
abelian categories and the coherator. But the bounded below case is indeed
accessible, which will also prove the practical case that D’ Coh(X) = Db | (X)
for a Noetherian scheme X.

This case requires a non-obvious fact from commutative algebra, which is that
if M is an injective R-module and R is Noetherian, then M is a flasque sheaf
on Spec R. To prove this, first if R is a ring and I C R is an ideal, then we write

/(M) ={zxeM:I" =0 for some n > 0}

for M an R-module. It is clear that this is again an R-module. The most basic

—_~—

observation is that for f € I, I'/(M)y = 0, meaning that I'r(M)|py = 0. (If
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I add a section on real Noetherian local algebra, then this notion will be very
important.)

Lemma 2.5.58 Let R be a Noetherian ring and M an injective R-module.
Then T'r(M) is an injective R-module.

Proof Let J C R be an ideal, and consider a map ¢: J — I'y(M). Since J and
hence ¢(J) are finite R-modules, there exists n > 0 such that 0 = I"¢(J) =
¢(I™J). By the Artin-Rees lemma applied to J C R, there exists m such that
IndJ cI™J,so ¢(I™NJ) = 0. Thus there is a well-defined map I +J — M
given by a + b — ¢(b) for a € I"™ and b € J. This extends to R — M
by injectivity, and since I"™ — 0 it follows that this factors through a map
R — T'7(M) which extends ¢. Thus I';(M) is injective (Lemma 1.4.12). O

Proposition 2.5.59 Let R be a Noetherian ring and M an injective R-
module. Then M is a flasque sheaf on Spec R.

Proof Let U C Spec R, then by Noetherianity write U = D(f;)U--- U D(f,).
Let s € T'(U, M). We claim that we may choose N and x; € M such that

slp() = zi/ Y

and fJNmZ— = fNa; for all i, . Indeed, we can clearly write s|p(y,) = z;/f* for
some n and z; € M, since these agree on overlaps D(f;f;) we obtain one e
such that (f;f;)°(ff @i — f{'x;) = 0 for all i, j. Then evidently we may replace
x; with f;z; and N =n +e.

Next, let I = (f¥,...,fN), so D(I) = U. Let a: R" — I be the surjection
associated to the generators, and 8: R" — M the map corresponding to the
x;. Then fJNﬂ(U) = a(v)z; for v € R" as this relation holds on the basis. In
particular, if v € ker(«), then fJNﬁ(v) =0, so (3 restricts to ker a — T'y(M).

By injectivity of T';(M), lift this to a map 8': R" — T'j(M). 8 and 3’ agree
on ker a, so 5 — 8’ factors through R"/ker o = I, inducing a map ¢: I — M.
Then _ .
@le IlU:OUHM‘U
corresponds to a section of M|y. To compute it, note that poa = — 3, so
e(f) =z = B'(e:), so
o Plo(f) =

as';(M)|y = 0 and 4’ has image in I'; (M). On D(f;), this implies that ¢(1) =
z; /N = s|p(s,), hence @|y(1) = s. Finally, lift ¢ to a map Ospecr — M,
i.e. a section of M. Its restriction to U corresponds to the map Oy — M|U,
namely ¢, so the section of M restricts to s. Since U and s were arbitrary, this
proves that M is flasque. O

Here is the immediate corollary: if f: X — Y is a morphism of schemes with X
a Noetherian affine scheme (so in particular f is automatically qcqs), then the
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right derived functor of f, computed via the injective resolutions in QCoh(X)
coincides with Rf,, i.e. the diagram

DH(QCoh(X)) — D(X)
R()| |Rs
DT (QCoh(Y)) — DL(Y)

commutes, as we know Rf, can be computed on flasque resolutions.

Theorem 2.5.60 Let X be a Noetherian scheme. Then the canonical functor
ix: D*(QCoh(X)) — Dg.(X)
is an equivalence of categories for x € {+,b}.

Proof As before, it suffices to prove the case * = +. Fix A € DT(QCoh(X)),
and let & be the full subcategory of B € DT (QCoh(X)) for which the map

Hom p+(qcon(x)) (4, Blg]) — Hompy v (ix A, ix Blq))

is a bijection for all ¢ € Z. Then € is replete triangulated. First suppose
B = R(j.)C for C € D*(QCoh(U)) and j: U — X an affine open inclusion.
Then QCoh(U) has enough injectives and j* is exact, so by Remark 1.3.21 we
have an adjunction j* 4 R(j,), which implies

Hom p+(qcon(x)) (4, R(j«)C[g]) = Homp+(qconwy) (14, C[q])
= Hoij{c(U)(j*iXAv ivClq])
= Homp: x)(ix A, Rj.ivClq))
= Homp: (x)(ix A,ix R(j.)Clq]),

where the second step is by the affine equivalence, and the third is the
observation made above the proof. Thus R(j.)D1(QCoh(U)) € €.

We will show by Noetherian induction that & = D+ (QCoh(X)). Suppose Z C
X is a closed subset such that B € & whenever SuppB C Z’' for Z/ C Z a
proper closed subset. Let Supp B C Z; if Z is empty, then clearly B € &, so
assume not and let U be an affine open with U N Z # @. Take the cone

B — R(j.)Blv — C — B[],

then it will suffice to prove that Supp C C Z\U, since then C' € € by induction,
and R(j.)B|u € &€ by the case above, so B € €. Since cohomology commutes
with the exact functor ix, we may apply ix and show that SuppixC C Z\U
in the triangle
ixB — Rj.(ixBly) — ixC — ixBll].

If we restrict to U, then the first map becomes an isomorphism, so SuppixC C
X\U. On the other hand for each open V' C X\ Z, we have Rj.(ixB|y)|v =0,
so the first two terms are both supported in Z, and hence the third is as well.
Applying this to Z = X gives full faithfulness.
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Now let € be the essential image of 7x, which we now know is a triangulated
subcategory equivalent to DT (QCoh(X)). If j: U — X is an affine open
inclusion, then Rj,.C € € for C € D(J{C(U ), because the affine equivalence lets
us replace C' with iy C, and then Rj.iyC = ix R(j.«)C. We again proceed by
Noetherian induction on a closed subset containing support. If A € D(jc (X)is
supported in Z, then for U an affine open with UNZ # &, we have the triangle

A — Rj.(Aly) — B — A[l].

The argument above shows Supp B C Z \ U, so by induction B € €. Thus
A € &, proving essential surjectivity. O

In the Noetherian case, we want to be able to say something about D® Coh(X)
as well. We will deduce this from a more general lemma about Serre subcat-
egories and quotients and apply the fact that Coh(X) C QCoh(X) is a Serre
subcategory when X is Noetherian.

Lemma 2.5.61 Let B C A be a Serre subcategory of an abelian category, and
denote by D} (A) the full subcategory of D*(A) with cohomology in B.

(a) D% (A) is a triangulated subcategory, and there is a natural functor
D*(B) — D3 (A)
induced by the universal property.

(b) Assume that for every epimorphism M — N for N € A, there is a subob-
ject M' € M with M’ € B such that M' — M — N is an epimorphism.
Then the natural functors

D™(B) — D3(A)  D°(B) — Dy(A)
are triangulated equivalences.

(¢) In the case of (b), every complex A® € K*(A) admits a quasi-isomorphism
B* — A* with B* € K*(B).
Proof (a) Closure under shifts is clear, and if A - B — C — A[l] is exact
with A, B € Dy (A), then the long exact sequence in cohomology includes

H"(B) — H™(C) — H"1(A)

with outer terms in B, and thus H"(C) € B as B is Serre. Also since B is
Serre, a complex with terms in B has cohomology in B. Thus there is a natural
functor K*(B) — D (A) sending quasi-isomorphisms to isomorphisms, and
hence this descends to the derived category of B.

(b) The bounded equivalence follows from the bounded above one: indeed, the
latter implies that D®(B) — D% (A) is fully faithful, and that we can represent
an object of D% (A) by a bounded above complex B® of objects of B. But
now B® — 7>,B*® is a quasi-isomorphism for some r < 0, and (7>,B*)" is a
quotient of B"~!, hence lies in B.
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The bounded above equivalence will follow from the fact that every complex
A* € K™ (A) with cohomology in B admits a quasi-isomorphism B®* — A® with
B* € K™ (B). Indeed, this makes essential surjectivity clear; on the other hand
note that the subcategory of K(A) with cohomology in B is full triangulated
and localizing since it is saturated under quasi-isomorphisms in the sense of
Remark 2.4.9. Moreover, by criterion (4) of that Remark, the functor is fully
faithful.

So, let A* € K~ (A) have cohomology in B, and suppose A = 0 for i > m,
and make the following descending inductive construction starting at m. The
mth stage is the zero map 0 — A®. At the n + 1th stage we will have a
map ¢ni1: By, — A® with Cone(¢yi1) € D" and BS,, € Ch="*!(B).
Considering the surjection

Z"(Cone(¢n 1)) — H"(Cone(dn 1)),

our assumption says that we may choose a map B" — Z"™(Cone(¢,,+1)) whose
composite with the above is surjective and B™ € B. By Lemma 2.5.56, we can
glue B™ onto B;_; to obtain a map ¢,: By — A® whose cone lies in D=1
completing the inductive step.

The terms and differentials of By stabilize after the (n + 1)th step, so we
obtain a well-defined complex B® € Ch(B) along with a map B®* — A*® such
that ¢, equals the composite 0>,B° — B®* — A®. This composite induces
an isomorphism on H® for all i > n + 1, and hence H(B®) — H(A®) is
an isomorphism for all ¢ > n + 1. But n was arbitrary, so B®* — A® is an
isomorphism. O

Corollary 2.5.62 Let X be a Noetherian scheme. The canonical functor
DCoh(X) — Db, (X)

coh
is a triangulated equivalence.

Proof Since the equivalence D’ QCoh(X) — DSC(X) of Thm. 2.5.60 commutes
with cohomology functors, it follows that

Dl (x)(QCoh(X)) — Db, (X)

coh

is an equivalence. On the other hand since X is Noetherian, Coh(X) C
QCoh(X) is a Serre subcategory; since finite type quasicoherent sheaves coin-
cide with coherent sheaves on X, Lemma 2.5.55(d) proves that Coh(X) C
QCoh(X) satisfies the hypothesis of Lemma 2.5.61(b). Thus we obtain an
equivalence D” Coh(X) — D%O}I(X)(QCoh(X)), and composing it with the
equivalence above proves the result. O

For completeness, let us discuss the relation of the category DY, (X) in the
Noetherian case to pseudocoherence. We will write Do(X) for the full sub-
category of pseudocoherent objects of D(X). We have seen that this is a thick

subcategory.
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First, pseudocoherence behaves very well in the Noetherian setting. Let F be
an Ox-module on X. We claim that this is pseudocoherent in D(X) iff F
is a coherent sheaf. This is easy if we work locally, since we’ve shown that
pseudocoherence on Spec A is equivalent to pseudocoherence on A. Thus we
reduce to showing that if M is a module over a Noetherian ring A, then M is
pseudocoherent iff M is finite. This is clear from Lemma 2.2.43 by the existence
of finite-free resolutions. This makes it easy to prove the following:

Lemma 2.5.63 Let X be a Noetherian scheme. Then Dyo(X) = D_, (X).

Proof (<) If A is bounded above with coherent cohomology, then by the above
remark it is bounded above with pseudocoherent cohomology, which implies
that A is pseudocoherent by Lemma 2.2.52. (=) We know A is bounded above,
so let H™(A) be the top nonzero cohomology and consider the exact triangle

T<pn—14 — A — H"(A)[-n] — 7<,—14[1].

Since A is pseudocoherent, H™(A) is quasicoherent, and it is finite type by
Example 2.2.44. Thus it is coherent, hence pseudocoherent, hence H™(A)[—n]
is pseudocoherent. This implies that 7<,_1A is pseudocoherent by the 2-of-
3 property (Lemma 2.2.42). Thus by the same argument H" (1<, 1A) =
H"1(A) is coherent, and so on. O

Note that if X is Noetherian, then D% (X) = tria{G : G € Coh(X)}.
Indeed, this follows immediately from truncation triangles and induction on

the cohomological amplitude.

Lemma 2.5.64 Let f: X — Y be a morphism of Noetherian schemes. The
following are equivalent:

(a) RPf.G is coherent for allp > 0 and G € Coh(X).
(b) Rf. restricts to a functor Db, (X) — Db, (Y).

coh coh
(c) f is quasi-proper.

(d) Rf, restricts to a functor D, (X) — D (V).

(e) Rf. restricts to a functor Deon(X) — Deon(Y).

Proof (a) = (b) The preimage Rf, *(D?,,,(Y)) is a triangulated subcategory,
so the observation above implies this (and that Rf. is bounded). (b) = (c)
In particular all perfect objects map to pseudocoherent ones, so Prop. 2.5.46
implies this. (¢) immediately implies (a), so the first three are equivalent.

Since Rf. is bounded in both directions, (e) = (d) = (b), and (d) follows
immediately from the hypercohomology spectral sequence and (a), and then
(e) follows from (d) and (c) and the canonical truncation triangles. O
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It is in fact true that all of these conditions are equivalent to f being proper,
and that (a) can be checked only for p = 0,1, but we probably will not prove
the direction that these conditions imply properness.

Ezample 2.5.65 Let f: X — Y be an affine morphism of Noetherian schemes.
Then we know that the conditions above are all equivalent by Example 2.5.47
to f+Ox being coherent, or in other words f being finite. This is also just clear
from (a) and affine vanishing.

We also wish to relate our study of the category Dz(X) to coherence and
pseudocoherence. We write Dé’oh’ , = D, (X)N Dz(X) for a closed subset
Z C X. Indeed, we have the following simple characterization:

Lemma 2.5.66 Let X be a Noetherian scheme and i: Z — X a closed
immersion. The following subcategories of Dqc(X) are equal:

(a) D(lZoh,\Z|(X)'

(b) tria(i. Db, (2)) = thick(i, DY, (2))

(c) tria({i.G : G € Coh(Z)}) = thick(i,G : G € Coh(2)).

(d) tria({G € Coh(X) : Supp G C |Z]|})

In particular, they depend only on |Z|.

Proof We can ignore the ‘thick’ statements of (b) and (c) because (a) is thick.
Since e.g. a closed immersion is finite, we have

tria({i.G : G € Coh(Z2)}) C tria(in D}y (Z)) C Digy, 1z/(X).

It is clear that DY, ., (X) = tria({G € Coh(X) : SuppG C |Z[}) by trun-
cation triangles. So, let Z = V(Z) for a coherent ideal sheaf Z and let G be
coherent and supported on |Z|. Then we know that ZVG = 0 for N > 0, so
we have a filtration

0=I"gcIV'Gc---CcIGCg
and hence exact triangles
TG — 17" 16 — Fp — IF F[1]

where Fy, is a sheaf with ZFy, = 0, i.e. Fi, = i.F}, for some Fj, € Coh(Z). Thus
descending induction on k shows that Z¥~1G is in tria({i.F : F € Coh(Z2)}),
and thus we conclude. ]

Let us use our formalism to give a more usable version of a statement we
proved in the unbounded case. This will be a good example where unbound-
ed/infinitely generated statements are easier because more derived functors
exist.
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Proposition 2.5.67 Let X be a Noetherian scheme, j: U — X an open
immersion, and Z = X \ U. The natural functor

DZon(X)/Dion, z(X) — Do (U)

coh coh

(X) - D!

2on(U) is an equivalence.

induced by restriction j*: Dgoh

Proof By definition ker(j*) = DZOIL 7(X). We claim the canonical map

Deon(X)/Déon 2(X) = Doe(X)/Dz(X)

coh

is fully faithful. We will reduce this to the following lemma, and then prove
the lemma afterwards:

Lemma 2.5.68 Let X be a Noetherian scheme, U C X an open subset,
F* € K'(Coh(X)), and G* € K*(QCoh(X)). If G*| is acyclic, then every
chain map F* — G* factors through a complez K* € K’(Coh(X)) such that
K|y is acyclic.

Given the lemma, let’s show that each of the maps in
Db

bn(X)  Dh(X)  DE(Y)  D(X)
DLy ,(X)  Dy(X)  Di(X)  Dz(X)

is fully faithful, all using the criterion of Remark 2.5.15. For the latter two
functors, we use the usual trick: let A — B be a map with A € DgC(X) and B
in D} (X). Then for ¢ > 0, we know this factors as A — 7<.B — B. Likewise
for the third functor, consider A — B where A € Dz(X) and B € D .(X).
Then this factors through A — 75,4 — b for ¢ < 0.

For the first functor, let A € Dé’oh’Z(X) and B € D%(X), and consider a map
A — B. By Cor. 2.5.62 and Thm. 2.5.60, we can represent this by a roof of
the form
F*—Fr —=G*

where F* € K’(Coh(X)) and G* € K°(QCoh(X)). By Lemma 2.5.61(c) we
may replace F? with a complex in K?(Coh(X)). By Lemma 2.5.68 the second
map factors through some K*® whose cohomology is supported on Z, and thus
the roof gives such a factorization in the derived category. This proves the first
functor is fully faithful as well.

Now consider the commutative diagram:

Db

coh

(X)/ch)oh,Z(X) — DY

coh

{ [

Dge(X)/Dz(X) —— Dge(U)

)

since the composites are fully faithful, it follows that the top map is fully
faithful, and thus has triangulated image. Therefore to see it is essentially

surjective, it suffices to show that every F € DY (U) is in the image (as



Vihaan Dheer 263

tria of these are the whole subcategory). Indeed, j.JF is quasicoherent and
F = j«F|u, so by Lemma 2.5.55(b) F extends to a coherent sheaf on X. O

Proof (of Lemma 2.5.68) The image of F* in G* is a subcomplex of coherent
sheaves of G®, so we may assume JF* C G°® is an inclusion. We factor the inclu-
sion through a complex of coherent sheaves which is exact on U by descending
induction on the top degree of F*. Thus suppose F*|y is exact in degrees > n.

Consider the coherent sheaf Z"(F*) = ker (d%: F" — F"*!) C G", and take
the preimage P = dél(Z"(}")) C G"1, which comes with a map dg: P —
Z™(F*). We can also write this as in the pullback square

P —— Z0(F*)
Lo
gn—l d;) Zn(go)

which makes it clear that upon restriction to U, the bottom map becomes
surjective and hence the top map Ply — Z"(F°®)|v is surjective too. By
Lemma 2.5.55(d), we may find a coherent subsheaf Fy, C P|y such that

.7:0 — P|U — Zn(f.)h]

remains surjective, and thus by Lemma 2.5.55(b) we may extend Fy to a
coherent subsheaf F' C P over all of X. Now define K? = FP for p # n — 1,
and K*~1 = F»=! + F/ C P. We keep all the differentials the same except
Kn=t — K™ is the restriction of P — Z™(F*) which in particular makes K°® a
complex satisfying F* C K* C G°*. Then K"~ ! is coherent, and the restriction
K™Yy contains Fo which surjects onto Z™(K*®)|y, thus H™"(K*|y;) = 0. This
completes the inductive step without modifying the complex in degrees > n,
completing the proof. O

Remark 2.5.69 This is one of the many instances we have seen that full faith-
fulness allows us to trivially extend a statement to its triangulated closure. For
instance, in the proof above we didn’t have to worry about compatibly extend-
ing an object of DY, (U) to DY, (X), though the lemma proves that we can
always do this. Note that the extension is certainly not given by Rj, as it was

in the unbounded quasicoherent case, because this is usually not coherent.
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3 Derived categories in Algebraic geometry

3.1 Classical regularity
3.1.1 Some local Noetherian algebra

We will now, for fun, discuss some classic results on local Noetherian rings,
with the focus on giving homological criteria for concepts in scheme theory.
The only reasons this is appearing here are that we just discussed the Koszul
complex and that we will use these results in the next section.

In this section, we will continually work with (R, m) being a Noetherian local
ring. Sometimes we also write (R, m, k) to indicate the residue field k = R/m.
We assume only standard concepts like Nakayama’s lemma, associated primes,
dimension, etc. We will build up to results like the Auslander-Buchsbaum-Serre
theorem on regularity.

Throughout this section, we will write Kosy(f; M) = Kosk(f) ®r M for an
R-module M, which is also the derived tensor product since the first term
is K-flat. This retains many of the properties we discussed in the previous
section (though it is not a dga). For instance, the induced endomorphism
fi: Kosk(f, M) — Kos%(f, M) is still nullhomotopic for each i since the tensor
product of complexes descends to the homotopy category. Similarly, it is clear
that
HO(KOS(i)’M) = M/(f177f’r‘)M

as before. Here is another useful observation: we know that the cone of a map
in the abelian category itself produces the corresponding complex in degrees

[—1,0]. In particular, we have the exact triangle

M 5 M — Kost(f,, M) — M1,

so tensoring this with Kosy(f1,..., fr—1) produces the exact triangle

Kosg(f1, - fro1) 25 Kosk(fr, o, fro1) = Kosi(fu, oo, o) —
in K(R). This will be useful for inducting on the length of a sequence.

Let M be a finite R-module. An ordered sequence (fi,..., f.) of elements of
m is an M -regular sequence if the image of f; is regular (i.e. a nonzerodivisor)
over M/(f1,..., fi—1)M. Observe that if M # 0, then M/(f1,...,fr)M #
0, because otherwise M = 0 by Nakayama’s lemma. We can answer basic
questions about this notion using the following homological characterization:

Lemma 3.1.1 Let (R, m) be a Noetherian local ring and M a finite R-module.
The following are equivalent for a sequence f = (fi,..., fr) in m:

(a) f is an M-regular sequence.

(b) HP(Kosg(f,M)) =0 for p # 0.

(¢) H ' (Kosg(f, M)) = 0.
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Proof (a) = (b) The relevant complex is
M @ Kos(f1) @ - - @5 Kos(fr),
and we observe inductively that
M @} Kos(f1) @5 -+ @ Kos(fi) = M/(fis..., f)M.

Indeed for i = 1 this is M L% M ~ M/ f1 M because fy is regular on M, and
the inductive step is because

M/(fh,fZ,l)M@]EKOS(fz) = [M/(fl,...,fifl)M — M/(fl,...,fifl)M]

and f; is regular on this quotient. Thus this is M/(f1,..., fi)M, and taking
1 = r gives the result.

(¢) = (a) This is also by induction on r, noting that f; is regular on M iff

M L5 M is exact at the first spot. Let f = (f1,..., fr—1), and consider the
exact triangle

Kos(f; M) ELN Kos(f; M) — Kos(f, fr; M) — Kos(f; M)[1].
Applying H*, the assumption gives the exact sequence
HY(Kos(f; M)) 22 H= (Kos(f; M)) — 0,

and since the terms of the Koszul complex are finitely generated, the homology
is too, so H 1 (Kos(f; M)) = f.H *(Kos(f; M)) implies H~!(Kos(f; M)) =
0 by Nakayama’s lemma. Thus (fi,..., fr_1) is M-regular by induction. The
assumption also gives the exact sequence

0 — H°(Kos(f; M)) L HO(Kos(f; M)),

meaning f, is injective on M/(f1,..., fr—1)M, completing the proof. O

This, for instance, shows that a sequence being M-regular (under these
assumptions) is independent of the chosen order. Note that in the proof, we
used Noetherianity to say that the cohomology of a complex with finitely gen-
erated terms is finitely generated. This is because the submodule of cycles is
finitely generated. We used locality and finiteness to apply Nakayama’s lemma.

If (R,m) is Noetherian local and M is finite, we define depthy(M) to be
the supremum of lengths of M-regular sequences. Once again, to prove basic
properties about depth we will want a cohomological characterization of this.
In the proof, we will use the following observation:

Remark 3.1.2 Consider (R, m, k). Observe that m acts trivially on the object
RHompg(k, B) € D(R), and hence that it is canonically an object of D(k).
Indeed, the induced multiplication action by an element f € m is obtained
either by applying RHompg(—, B) to k Lk or RHompg(k,—) to B ER B, yet
f acts by zero on k.
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We will use finiteness of depth in the proof, and then prove this afterwards.

Lemma 3.1.3 Let (R,m,k) be Noetherian local and M finite. Suppose
fi,-- s fr is @ maximal M -regular sequence. Then

r = depthg(M) = inf{i : Exty(k, M) # 0}.

In particular, all maximal M -regular sequences have the same length, and any
M -regular sequence can be extended to one of length depthp(M).

Proof For an R-module N, write s(N) = inf{i : Ext4(k, N) # 0}. Suppose
f € mis an N-regular element; then we have the exact sequence

0—NZL N N/FN -0,

and thus 0 — Ext’(k, N) — Ext’(k, N/fN) — Ext"™'(k, N) — 0, where the
zeroes are due to the remark above the proof. In particular, it is clear that

s(N/fN)=s(N)—1.

Therefore s(M/(f1,...,fr)M) = s(M) — r by induction and M-regularity,
thus to prove r = s(M) it suffices to show that

Homp(k, M/(f1, ..., f)M) # 0.

Indeed, by maximality, every element of m acts as a zero-divisor on @ =
M/(f1,..., fr)M, which means that m C |JAssg(Q). By finiteness and prime
avoidance, m is contained (hence equal) to an associated prime, so there exists
x # 0 € Q such that mz = 0. This gives a nonzero map R — @ factoring
through k.

Since depthp(M) = d < oo, there exists a regular sequence of length d. Of
course, it must be maximal by definition, and hence d = s(M), so d = r.
The claim about extending a regular sequence follows from the fact that we
can always extend a regular sequence to a maximal one (e.g. by finiteness of
depth), and then it has length equal to depthg(M). |

Ezample 3.1.4 If (R,m, k) is Noetherian local, then depthy(k) = 0. Indeed,
there are no k-regular sequences because there are no k-regular elements of m.

Let us now review some basic dimension theory over Noetherian local rings.
Recall that ht(p) = dim(R,) denotes the height of a prime, and in particu-
lar ht(m) = dim(Ry) = dim(R). We use the somewhat misleading notation
dimg(M) for dimSupp M, only for this section. Recall that Supp M =
V(Anng(M)) for M a finite module, and that the spaces in question are
Noetherian and thus have finitely many minimal primes.

Let (R,m) be Noetherian local. Then m is finitely generated, so by Krull’s
height theorem ht(m) = dim(R) < oco. Hence for all modules M, dimgp M <
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dim(R) < oco. If dim(R) = d, we define a system of parameters for R to be a
sequence f1, ..., fqg € m of length d such that

(fl?"'?fd) =m
ie. V(f1,..., fa) = {m}.
Since {m} C V(f1,..., fq) always holds, and {m} is a closed irreducible subset,

this is equivalent to asking

dim V(f1, ..., f2) = dmR/(f1,. .., f4) = 0.

We can use this characterization to easily show existence:

Lemma 3.1.5 Let (R, m) be Noetherian local with dim(R) > 0. Then R has
a system of parameters.

Proof Since Spec R has finitely many components, there are finitely many
(but > 0) minimal primes p such that dim R/p = d. m can’t be in the union
of all such primes, since otherwise by prime avoidance we would have 0 =
dim R/m = d. Thus choose f; € m avoiding all such minimal primes. Then
dim(R/f1) < d — 1, so by induction choose f,,..., f; € R/(f1) such that

0 =dim(R/(f1))/(F2,---» Fa);
then the RHS is equal to R/(f1,-.., f4)- |

Lemma 3.1.6 Let (R,m) be Noetherian local. If I C R is generated by r
elements, then dim(R/I) > dim R — r.

Proof Suppose dim( R/I = e and choose a system of parameters ¥y,...,7,

for R/I such that +/(¥q,...,7,) = m/I, which is allowed to be empty if
dim(R/I) = 0. Then (I, Y1,---,Ye) =min R, so m is minimal over the ideal

(I,y1,--.,Ye) which has e + 7 generators. Thus ht(m) = dim(R) < e + r by
Krull’s height theorem. O

Corollary 3.1.7 Let (R,m) be Noetherian local and M finite and consider a
sequence f1,..., fr € m.

(a) Then dimg M/(f1,..., fr)M > dimg M — r.

(b) If f = (f1,..., fr) is M-regular, then in fact dimp M/(f1,..., fr)M =
dimp M —r.

(¢) We have depthp(M) < dimgr(M) < dim(R) < dimj m/m? < co.

Proof For (a) and (b), it is clear that it suffices to prove the case r = 1. For
(c), note that by (b) the length of a regular sequence is bounded above by
dimg(M) —dimp(M/(f1,..., fr)M) < dimg(M). We already know the other
inequalities.

Let f € m, and note that Supp M/fM = Supp M NV (f). The C direction is
clear, and if M, # 0 yet f € p, then M, # fM, by Nakayama’s lemma.
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(a) Since Supp M = V(Ann(M)), dimp M is the maximum of dimensions
of A/p for minimal p € V(Ann(M)). Choose such a minimal prime p with
dim R/p = dimgr (M), and suppose f € m. V(p) C Supp M implies V (p, f) C
Supp M/fM, ie. dim R/(p, f) < dimpr(M/fM). However

dim(R/(p, f)) = dim(R/p) — 1 = dimg(M) — 1
by the previous lemma.

(b) Now assume f is M-regular, then f avoids all the associated primes of M.
In particular, this includes the minimal primes of Supp M (which are always
associated). Take qp C -+ C g a chain of primes in Supp M/fM with e =
dimgr M/ fM. In particular this is also a chain in Supp M, yet ¢o cannot be
minimal there since f € qo. Thus dimg M > dimg M/fM + 1. O

A finite R-module M is Cohen-Macaulay if depthp (M) = dimp(M). We also
say the ring R is Cohen-Macaulay if it is Cohen-Macaulay over itself. If M
is Cohen-Macaulay, let f1,..., fqa be a regular sequence with d = dimg (M),
then dimg M/(f1,..., fr)M = 0. Conversely, suppose there is an M-regular
sequence f1,..., fr with dimg M/(f1,..., fr)M = 0. Then r = dimg M, yet
also depthp (M) > r, hence dimg(M) = depthy(M) by (c), so M is Cohen-
Macaulay.

Let A be a general ring and M be a nonzero A-module. Recall that we say M
has finite projective dimension if the functors Ext? (M, —) are zero for p > 0,
and in this case we write pd (M) for the largest p such that Ext? (M, —) is
nonzero. This makes sense because Hom 4 (M, —) is nonzero if M is nonzero.

Lemma 3.1.8 Let A be a ring and M # 0 an A-module. The following are
equivalent.

(a) pAA(M) < d.
(b) M has a length d projective resolution.
(¢) For any resolution
o> P3—->P P —>F—-M-—0
by projective A-modules, ker(Py — Py_1) is projective. In particular,
0—ker(Pyj—Py_1) = Py1—--Ph—>M—0
s a length d projective resolution.

Proof Tt is clear that (¢) = (b) by applying it to any projective resolution, and
(b) = (a) by computing Ext’s on the given length d resolution. Assume (a),
and split into short exact sequences

0—Kip1—-FP— K —0

where Ky = M. Then ker(P; — P;_1) = K4. We claim that pd,(K;) =
d — i, which will show K, has all higher vanishing Ext’s and thus is projective.
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Indeed, our assumption is the base case ¢ = 0, and otherwise the long exact
sequence from the sequence above proves the induction hypothesis. O

Now return to our assumption that (R, m) is Noetherian local. Assume M is a
finite R-module. Then we know that we can choose a free resolution of M by
finite frees; indeed, once F,. — --- Fy — M — 0 is chosen with Fj finite free,
the kernel ker(F,, — F,._1) is finite since R is Noetherian, and hence we can
choose a surjection from another finite free module.

In light of this, the previous lemma, and the fact that finite projective modules
over a local ring are free, this shows that pdp(M) < oo iff M has a finite
resolution by finite frees, and pdy(M) is the minimal length of one. A good
question to ask is whether, and in what sense, we can choose these resolutions
to be minimal in other ways (e.g. if the ranks in the resolution can be taken
minimal).

Let M be a finite module and F' — M a surjection from a finite free module.
It is called a minimal free cover if ker (FF — M) C mF. The following are
equivalent for a surjection ¢: F' — M with F finite free:

(a) ¢ is a minimal free cover.
(b) ¢ induces an isomorphism F/mF — M/mM of k-modules.
(¢) rank F' = p(M), i.e. the size of a minimal generating set of M.

Proof: (a) < (b) Consider the surjection F/mF — M/mM, then its kernel is
(ker(¢) + mF)/mF, which is zero iff ker¢p C mF. (b) & (¢) A surjection of
finite dimensional vector spaces is an isomorphism iff the dimensions of both
sides are the same.

We remark that for any finite module M, a minimal free cover always exists,
because we can just choose minimal generators and take a surjection from a
free module of rank p(M) mapping onto those generators. Next, if M is a finite
module, a finite-free resolution

o RYAY R L E M0

is a minimal free resolution if d(F;) C mF;_, for all i > 0, treating M = F_;.
A minimal free resolution always exists: once F; — --- — Fy — M — 0 is
constructed, consider the kernel in 0 — K; — F; — F;_1 and take a minimal
free cover F;;1 — K; — 0. Then in the resulting free resolution, at each step
we have

im (Fi+1 — Fz) = ker(Fi — Fifl) = ker(Fi — Kifl) C sz

as desired. The first observation is that the resolution F* — M]0] is minimal
iff when we tensor to k the resulting augmented sequence has no differentials.
In particular, this means that

ranky F; = dimy, TorZR(M, k) >0,
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where we are viewing Tor?(M, k) as a k-module because M ®@%k can be viewed
before or after restriction of scalars. We define % (M) := dimy, Tor®(M, k) to
be the Betti numbers of the module M, which coincide with the ranks of the
free modules in any minimal free resolution.

For example, this means that Sf(M) = (M) is the size of a minimal gener-
ating set. Moreover, suppose pdp(M) = d. Then any minimal free resolution
has length at least d. Next, clearly M has tor-dimension < d because we can
use a free resolution of length d to compute tors. Thus, fixing F* — M a
minimal free resolution, the length of F* is > d > the largest nonzero Betti
number. But the length of F* equals the largest nonzero Betti number. There-
fore every minimal free resolution has length pd (M), coinciding with the top
Betti number. In particular, the tor amplitude of M equals [— pdy(M), 0], and
this is detected by simply tensoring with the single module k.

An interesting consequence of this is that to figure out the projective dimension
and Betti numbers of any finite module M, we can just find a free resolution of
k and tensor M with this. This is an indication that the R-module k controls
the homological invariants of all finite R-modules, as we will see shortly.

Remark 8.1.9 1t is easy to prove that any free resolution contains a minimal
free resolution as a summand (by working inductively and noting that if a
matrix coefficient of a differential contains a unit, then it can be split off in an

RLR summand). It is also easy to show that any two minimal free resolutions
are isomorphic as complexes, namely by taking a homotopy equivalence and
noting that it induces an isomorphism after tensoring with k. But we won’t
worry about these details because we don’t need them.

Remark 3.1.10 Note that M need not be finite to do most of the above; namely,
if M is any R-module then we can construct a minimal free resolution with
the same property, except that the free modules may not have finite rank. The
argument above still says that the top cohomology of M ®% k still determines
the projective dimension = tor-dimension.

Our next goal is to prove the Auslander-Buchsbaum formula, which is quite
easy based on what we have said. We just need to write down some more
homological characterizations of depth and the result will immediately follow
based on two of our spectral sequences.

Let (R, m,k) be a Noetherian local ring and suppose m = (f1,..., f.) is a
minimal generating set of the maximal ideal, i.e. a basis for m/m? over k. For
a finite module M, fix the notation

K(M)* = Kosh(f...., fui M)

for the corresponding Koszul complex. So, HY(K(M)) = M/mM, and since
HP(K(M)) is annihilated by m, we can view it as a finite-dimensional k-
vector space, and it is isomorphic as an R-module to k¢ for some ¢. Note that
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K(M)=K(R)®rM = K(R)®% M. Likewise, by Koszul self-duality, we have
RHomp (K (R), M) = Homp(K(R),M) = K(R)" @ M = K(M)[—e].

The idea is to apply the hyper-ext and hyper-tor spectral sequences to
these two descriptions of K (M), which we proved in Example 2.2.11 and
Example 2.2.12. They say that

EY = Ext?(H™9(K (R)), M) = H"*(K(M)[e]) = HP*1~°(K (M))

and

EY? =Tor?(HY(K(R)), M) = HPTI(K(M)).
Let ng := dimg H~ (K (R)) = k™. Then the first sequence is

Ext?(k, M) = HPTI¢(K(M)).

We showed that d = depthy(M) is the smallest p for which Ext?(k, M) # 0,
and we know that ny = 1. Therefore, the first nonzero cohomology group
HPT4=¢(K(M)), i.e. the one where p + ¢ is smallest, is the diagonal where
p+q=d+0=d, and we have precisely H~ (¢~ (K (M)) = Ext®(k, M). Since
K (M) is indexed in negative degrees, this is the left-most nonzero cohomology
group of K(M). In other words:

Lemma 3.1.11 Let (R, m, k) be Noetherian local and M a finite module. Then
p(m) — depthp (M) = sup{q : H™*(Kosg(f, M)) # 0},

where [ is any minimal generating set for m. Specifically, we have
H™9(Kos}(f, M)) = Ext®(k, M)

for ¢ = p(m) — depthp(M).

In other words, this computes the depth of a module in terms of the top
nonzero Koszul homology with respect to generators of the maximal ideal.

Theorem 3.1.12 Let (R,m) be Noetherian local and M a finite R-module.
Then

pdg(M) + depthg (M) = depth(R)
whenever pdg(M) < oo.
Proof Keep e = p(m), n, = dimy H 9(K(R)), and set dp; = depthy(M),
dr = depth(R), and r = pdp(M). The lemma shows that n, = 0 for ¢ > e—dp,
and the hyper-tor spectral sequence says that

EyP79 = Tor(k, M)"s = H P~9(K(M)).
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Thus dimy E; "7 = ny8F (M), and thus the bottom-left corner of this
spectral sequence looks like:

0 0 nede+1ﬁﬁ(M) nedeJrlﬁﬁ—l(M)

0 0 neapBf(M) Ne—dr B 1 (M)

0 0 0 0

In particular the term n._q,3%(M) survives to E,, and coincides with the
left-most nonzero homology of K (M). In other words,

e—dp+r=e—dy = dr=dy +r,

as desired. O

Remark 3.1.13 We can also extract the following numerical identity from the
proof. Since the number n._4, coincides with dimy, ExthR(k, R), we have the
formula

Bl oy (M) - (dimy Extgy™ (k, R)) = dimy, Ext ™0 (k, M)

which allows us to compute the top nonzero Koszul homology in terms of the
same invariant for R itself and the Betti numbers of M.

Example 3.1.14 In the above result, the Auslander-Buchsbaum formula, it is
crucial that we assume M has finite projective dimension, since depth(R) is
always finite and thus it cannot hold in the infinite case. E.g., we saw in the
example of R = k[z]/(2?) that depth(R) = dim(R) = 0, yet pd (k) = co.

We will spend the rest of this section discussing regular local rings. We will
focus on the homological algebra characterizations of regularity since they are
a bit easier to work with abstractly. At the end we will prove that this is
equivalent to the standard definition of regularity.

Remark 3.1.15 Let (R,m) be Noetherian local and suppose fi,..., f. and
g1, - - -, ge are two minimal generating sets for m, i.e. two bases for m/m?. Then
we can choose a change-of-basis matrix between the two bases, and lift it to R
to get a map R® — R°. Note that this is an isomorphism after tensoring with
R/m, hence its determinant is nonzero mod m, i.e. a unit, so it is invertible.
This matrix (a;;) satisfies ), a;; f; = g, and thus

Kosz%(fla"wfr) = KOS}C(gb“ng)

by a result two sections ago. In particular, Kos%(f; M) doesn’t depend on the
choice of minimal generators. So for M finite, we write

hEH (M) = dimy H™Y(Kosk(f; M)) < oo

for the corresponding dimension of the Koszul homology, independent of f.
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The key step in proving the main characterization of regular local rings is the
following lemma, which is a simple consequence of the formula we just proved.
We will use the following fact: If I C R is an ideal, and M is an R/I-module,
then depthg, (M) = depthg(M). Indeed, it is easy to see that a sequence

fis.-, fr € mis M-regular iff f,,..., f,. € m/I is M-regular.

Lemma 3.1.16 Let (R, m) be Noetherian local and let f € m\m? be a regular
element. If M # 0 is a finite R/(f)-module with pdp(M) < oo, then

pdg, s (M) =pdg(M) — 1.
In particular, pdg (M) < oo as well. Necessarily pdg(M) > 1.

Proof Note that f # 0, and thus M cannot be free over R since it has nontrivial
annihilator, so pdz (M) > 1. Note that M is also finite over R. Take a minimal
free cover

0—-K—-F—-M-—0 (*)
over R, so F is finite free and K C mF. Since fF — fM =0, fFF C K.
Letting L = K/fF (as an R/(f)-module), this gives an exact sequence

0—fF—-K—L—0
of R-modules, and an exact sequence
0—-L—F/fF—-M-—0
of R/(f)-modules. We prove the claim by induction on pdg (M) > 1.

First assume pdz(M) = n > 1. Since F' is free, pdp(K) = n — 1 by LES in
Ext’s, and since fF = F over R (as f is R-regular), pdg(L) < n — 1. Thus
the inductive hypothesis gives in particular de/(f)(L) < 00, and then since
F/fF =F ®pg R/(f) is free over R/(f), this means pdg s (M) < oco.

Now we may apply Auslander-Buchsbaum to M over both R and R/(f). By
the remark preceding the proof,

depthp (M) = depthp () (M) depth(R) = depth(R/(f)) + 1,

where the second claim may be checked as R-modules, where it is clear because
(f) is R-regular. Therefore the formula shows pdg,s) (M) = pdg(M) — 1.

Now suppose pdp (M) = 1. Then K is finite free. If we localize (x) at f, then
My = 0 implies that Ky =~ Fy, thus K, F' are free of the same rank. Let
e1,...,e, € F be abasis, and consider the elements { fes,..., fe,} C fF C K.
We claim that these are linearly independent in K/mK. This will finish the
proof, because then this is a basis, and hence a minimal generating set of K.
But then fF = K,so L =0,and M = F/fF is already free over R/(f).

To prove the claim, suppose ¢; € R are such that > ,c¢;fe; € mK C m?F.
Since F' = @D, Re;, this means that ¢; f € m? for all . If ¢; ¢ m for any i, then
it would be invertible in R and thus f € m?, a contradiction. Thus ¢; = 0 mod
m proving linear independence. O



274 Derived categories in AG

We use this to prove the main characterization of regular local rings, called the
Auslander-Buchsbaum-Serre (ABS) theorem. Recall that if A is a Noetherian
ring, we write

gl.dim(A) := sup{pd (M) : M is an A-module}

for the global dimension of the ring A. The condition in the lemma above,
namely that f € m\ m?, is not hard to satisfy. Indeed, suppose depth(R) > 0;
then m # m? (otherwise m = 0), and m is not an associated prime, as otherwise
all elements would be zerodivisors. Therefore

m ¢ m? U U p

pEAss(R)

by prime avoidance (recall that we can take up to two of the ideals in the
avoidance lemma to be non-prime). In particular, there is an element f € m\m?
which avoids the associated primes, i.e. which is a regular element.

Theorem 3.1.17 Let (R, m, k) be a Noetherian local ring. The following are
equivalent:
(i) m is generated by a reqular sequence.
(i) Every minimal generating set of m forms a reqular sequence.
(#ii) depth(R) = p(m).
(iv) h*(R) =0
(v) hE(R) =0 fori > 0.
(vi) pdg(k) < co.
(vii) gl.dim(R) < oo.

)
)

(viii) gl.dim(Ry,) < oo for each p € Spec R.
Moreover, in this case, the equalities
p(m) = pdp (k) = depth(R) = gl.dim(R) = dim(R)
all hold.

Definition 3.1.18 A Noetherian local ring R satisfying the equivalent condi-
tions of Thm. 3.1.17 is called a regular local Ting. A locally Noetherian scheme
X is regular if Ox , is a regular local ring for each € X. A Noetherian ring
A is a regular ring if Spec A is a regular scheme.

Proof (of Thm. 3.1.17) Clearly (viii) = (vii) (take p = m) and (vii) = (vi),
so we show (vi) = (viii). Note that n = pdg(k) equals the tor-dimension
of k, hence the tor dimension of k, = k over R, is < n for all p. Thus
Torf'” (M, k) =0 for p > n and all Ay,-modules M, so pdp, (M) < n. In partic-
ular gl.dim(R,) < n. As a special case gl.dim(R) < n, but obviously the other
direction holds so gl.dim(R) = n, which is one of the equalities at the end.
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It is clear from Remark 3.1.15 that (v) = (i) = (¢). If m is generated by
a regular sequence, then depth(R) > p(m), but we always have depth(R) =
p(m) so these two coincide. Since dim(R) is in between these two numbers,
this gives the equality of the three quantities. In particular, a regular sequence
generating m is a minimal generating set and thus (v) holds. Note that this
implies (vi), because the Koszul complex on these generators gives a finite free
resolution of k by (v).

Also, (v) = (iv) because to check regularity of a sequence it suffices to show
that H~! of the Koszul complex is 0. Moreover, clearly (ii) = (#ii), and since
the top nonzero Koszul homology of R equals p(m) — depth(R), it follows that
(7ii) = (v).

Finally, assume (vi). Since depthp (k) = 0, Auslander-Buchsbaum implies that
depth(R) = pdg(k), which completes the proof of all equalities at the end of
the statement. We prove (¢) by induction on n = pdg(k). If n = 0, then k
is free and hence has trivial annihilator, which forces m = 0. If n > 0, then
depth(R) > 0 and we may choose f € m \ m? a regular element. Since k is
restricted from R/(f), the previous lemma shows

pdg, (k) =n—1,

so by induction m/(f) C R/(f) is generated by a regular sequence fo,..., f,.
Thus (f, fa,..., fn) is a regular sequence generating m. O

We will now use this criterion to develop some basic theory about regular local
rings, with a focus on using the homological criterion we developed above.
First we start with some basic applications to schemes.

Ezample 3.1.19 Let k be a field, and consider the Noetherian local ring

R = k[.]?l, S axn](ml,...,mn)-
Since R/(zn) = k[21,...,Zn—1](2y,....z,_,) i5 & domain, it follows inductively
that (x1,...,z,) is a regular sequence in R. Thus R is a regular local ring.

The same proof works if we take
R = k:[[xl, ce ,.I‘n]],

the corresponding completion.

Let X be a locally Noetherian scheme, and define
Xieg = {2z € X : Ox, is a regular local ring}.

In good cases, X;¢z Will be an open subset, but this is not true in general. But
what is always true is the following:

Lemma 3.1.20 Let X be a locally Noetherian scheme. Then X is regular iff
Ox . 15 reqular for each closed point x.
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Proof This follows because in a locally Noetherian scheme, every point spe-
cializes to a closed point, and a prime localization of a regular local ring is
regular local by Thm. 3.1.17. ]

We remark that the proof of points specializing to closed points in a
locally Noetherian scheme is slightly nontrivial (but classical), however in the
Noetherian case this is obvious because X is quasicompact.

Ezample 3.1.21 Let k be an algebraically closed field and A = k[z1,...,z,)]
the polynomial ring on n variables. Then A is a regular ring. Indeed, by the
Nullstellensatz every closed point is of the form (z; — ai,...,2, — a,) for
a; € k, and the localization at this point is the Noetherian local ring

R= k[xla cee 7xn](a:1—a1,..4,a:n—an) = k[xla cee 7xn](x1,“.,xn)~

We saw in the previous example that this was a regular local ring. Thus by
the lemma, A is regular.

Example 3.1.22 Let A be a regular ring and S C A a multiplicative subset.
Then A[S™!] is a regular ring. Indeed, all primes of A[S~!] are of the form
pA[S~!] for some p C A with pN S = @, and the corresponding localization
coincides with A,.

3.1.2 Regularity and smoothness

Our next goal is to give a criterion for regularity in terms of perfect objects
of the derived category of a scheme. To do this, we want to understand pseu-
docoherent objects and finite tor dimension objects in Dqc(X). For simplicity,
let’s assume X is Noetherian, so that all pseudocoherent objects are bounded
above, and all perfect objects have finite tor dimension. It is easy to formulate
a corresponding statement to anything we say for the locally Noetherian case.

Now, let (R, m) be a regular local ring of dimension d, so that d = gl.dim(R).
Since an individual module M consequently has tor amplitude in [—d, 0], it
follows that if E € DI*(R) with b possibly infinite, then E has tor amplitude
in [a—d,b].

To formulate the next result, for £ € D(X) we define

Supp(E) = | JSupp H"(E).

In particular if £ € D(X) has finite type cohomology (e.g. E € Db (X)),
then Supp(E) C X is closed.

Lemma 3.1.23 Let X be a Noetherian scheme and E € DZ.(X). If
Supp(E) C Xiyeg, then E has bounded-below tor amplitude. If E € DZC(X),
then E has finite tor-dimension. More precisely, if dim(X) = n, Supp(E) C
Xreg, and E € D([fc’b] (X), then E has tor amplitude in [a — n,b], where b is
possibly co.
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Proof We know that the tor dimension of E can be computed on the stalks.
The assumption is that E, is either 0 or E, € D[“’b](ox@) where Ox , is a
regular local ring. In both cases, if dim(Ox ;) = n,, we know that E has tor
amplitude in [a — ng,b]. If n = dim(X), then n > n, for all z, so the result
follows. ]

Now we can state the categorical criterion for perfectness. We note that this is
especially interesting because we have seen that Perf(X) C Dy (X) coincides
with the full triangulated subcategory of compact objects.

Proposition 3.1.24 Let X be a Noetherian scheme. Then Perf(X) C
D? (X)), and this inclusion is an equality iff X is reqular.

coh

Proof Since X is quasicompact, Perf(X) = Perf’(X), and by pseudocoherence
it is contained in D} (X). The previous lemma supplies the (<) case. Con-
versely, let {x} be a closed point of X with the reduced subscheme structure,
and consider the coherent sheaf O,y on X. By assumption this has finite tor
dimension, and since Zy,} , = My, its stalk at x is

(i*O{I})gg = OX,z/I{a:},r = r(z),

which thus has finite tor dimension (hence pd) as an Ox z-module. This implies
Ox 5 is a regular local ring, so we conclude by Lemma 3.1.20. (Il

In the remainder of this section, we prove some more classical results. To
illustrate the power of the homological techniques, we will try to delay using
any nontrivial commutative algebra until the final result on regular local rings.
For instance, we will even avoid the Krull intersection theorem.

In the next two results we will use the following trivial case: If f € m is a
regular element, then (,,(f™) = 0. Indeed, let J be the intersection ideal,
which is finitely generated by Noetherianity. Moreover, if fz € J, then for each
n > 0 we can write fz = yf", thus z = yf" ! for all n, i.e. z € J. In other
words J = fJ, so J = 0. Note this implies that for every a # 0, there is a
unique largest n > 0 so that a € (f™).

Lemma 3.1.25 Let (R,m) be a regular local ring. Then R is a domain.

Proof Induct on d = dim(R) = pdg(k). We know that if d = 0 then k = R is a
field, so assume d > 1, then we have seen how to use Lemma 3.1.16 to choose
f € m\m? regular so that R/(f) is a regular local ring with pdg s (k) = d—1,
hence R/(f) is a domain.

Now let z,y # 0 € R such that zy = 0. Let 4,5 > 0 be maximal so that
r € (fY) and y € (f7), so x = fizg and y = flyo with xo,90 ¢ (f). Thus
fiTzoyo = 0, so by regularity zoyo = 0. But reducing mod (f) implies that
Zo or Yo is in (f), a contradiction. O
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Remark 3.1.26 Recall that (e.g. proven in other notes) if X is locally Noethe-
rian, connected, and pointwise a domain, then X is integral. Therefore a
connected regular scheme is integral.

In the next proposition, we are using the convention that a DVR is a local
PID which isn’t a field.

Proposition 3.1.27 Let (R, m) be Noetherian local. The following are equiv-
alent:

(a) R is a DVR.
(b) m is generated by one nonzerodivisor.
(¢) R is a regular local ring of dimension 1.

In this case, all nonzero ideals of R are of the form (™) for n > 0, where ™
is any element of m '\ m?2.

Proof By our definition, (a) = (b). (b) implies that R is regular local, of
dimension exactly one since the nonzerodivisor is in particular not 0. If (¢)
holds, then we know that R is a domain with m = () for any 7 € m\ m2. We
will show the final claim, which implies that R is a PID and hence (a).

As in the previous proof, for each z let i > 0 be largest so that z € (7%), i.e.
r = mlxy with x9 ¢ (7) = m, which means xy € R*, thus all elements are
a unit times 7? for some i. Now let I be a nonzero ideal and let = € I be a
nonzero element which minimizes the i for which = ~ 7¢. Then (x) = (7%), but
on the other hand every other y € I is a unit times 7% for k > 4, so y € (7?)
as well. Thus I = (7). O

Example 3.1.28 1t follows that a PID, or more generally a Dedekind domain,
is a regular ring.

Recall that the injective dimension id 4 (M) of an A-module M is defined as
the largest p for which Ext’) (—, M) is a nonzero functor. The same proof as
the one we gave for projective dimension shows that id4 (M) coincides with
the smallest length of an injective resolution of M. Since this only relies on
Ext™ ! (—, M) being zero, this shows that (just as in the projective case) the
first n for which Ext"*!(—, M) = 0 is the injective dimension.
Lemma 3.1.29 Let A be a ring and n > 0. The following are equivalent:
(a) gl.dim(A) < n.

(b) pd4(M) < n for all finitely generated modules M.

(¢c) pd4(M) <n for all cyclic modules M.

(d) ida(M) < n for all modules M.

(e) Ext'y(M,N) =0 for all i > n and modules M, N.
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(f) Ext%™(M,N) = 0 for all modules M and N.

Proof 1t is clear from our results on projective dimension that (a) = (e) = (f),
and it is clear from the description above that (d) = (e). Obviously (a) =
(b) = (¢), so the only interesting thing to prove is (¢) = (a). For this, we will
prove a slightly more general statement and deduce the result from that:

Lemma 3.1.30 Let M be an A-module equipped with a well-ordered filtration
0=MyC M C -+ C My, C -+ C My = M satisfying the following
properties:

(a) For every limit ordinal §, M5 = 5 Ma.

(b) For each o, pdy(May1/My) < n.

Then pd (M) < n.

Proof Write Qo = My41/M,; we induct on n. If n = 0, then each sequence

0— My — My, — Qo — 0 splits. Letting s : Qo — Myy1 be a section, we
will construct an isomorphism

¢ P Qs — M.

B<a

for all a < A by transfinite recursion, then taking o = A will show M is
projective. At a successor stage, define

¢0¢+1: (@ Qﬂ)@Qa_’Ma (xaq)H¢a(x)+sa(q)v

B<a

then by construction of the s,’s, this is still an isomorphism. If « is a limit
ordinal, then ¢, is defined using ¢g for all 8 < «, which is well-defined since
an element of the direct sum has only finitely many terms. It is clear that this
remains injective, and surjectivity is by property (a).

Now let n > 0. Let F,, = A[M,], i.e. it is free with basis all elements of
M,. Then the filtration (M, ), induces a filtration (F,) which also satisfies
Ua<6 M,, for limit ordinals. Then take the kernel 0 — K, — F, — M, — 0,
so it is clear that (K, ), is a filtration with the same property. For each a,
consider the quotient sequence

0— Ka+1/Ka - Fa+1/Fa - Ma+1/Ma — 0.

By construction, the middle term is the free module with basis the set of
elements in M1 \ M,. Therefore pd 4 (KQH/KQ) < n — 1. By induction,
pd4(K)) < n — 1. Then the exact sequence 0 — K\ — F — M — 0 shows
that pd4 (M) < n. O
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To apply this in the situation at hand, let M be an arbitrary module and
assume that all cyclic modules have projective dimension < n. Choose a well-
ordered generating set {z, : @ < A} of M by the axiom of choice, and define

Mg = Z Ax,,.

a<f

Then Mpgi1/Mp is cyclic generated by the image of xg, and clearly Ms =
U s<s Mp for limit ordinals ¢. Thus applying the lemma to this filtration shows

Proposition 3.1.31 Let A be a Noetherian ring of dimension n. Then A is
a regular ring if and only if gl.dim(A) < oo, in which case gl.dim(A) = n.

Proof By assumption dim(A,) < n for p € Spec A. (=) It suffices to show
that pd,(M) < n for each finite module M. Since A is Noetherian, M is
pseudocoherent, and therefore

Ext!y (M, N), = Ext?) (M, N,).

Since A, is regular local with gl.dim(A,) < n, it follows that the RHS above is
0 for all p > n and all p. Thus Exty (M, N) = 0 for all p > n and N, as desired.
Note that if we choose a prime m € Spec(A) with dim(Ay) = n (necessarily
maximal), then x(m) as an Ayn-module satisfies Ext; (x(m), An) # 0 because
depth(Ay) = n, so viewing x(m) = A/m as a finite A-module we deduce that

Ext’y(A/m, A) # 0
by the stalk formula above. Thus gl.dim(A4) = n.

(<) Then every module has finite tor dimension, in particular x(p) has finite
tor dimension over A. Thus we know x(p), = x(p) has finite tor (= projective)
dimension over A,, which implies A, is regular local. O

Ezample 3.1.32 We showed that if k is algebraically closed, then k[z1, ..., Z,]
is a regular ring (of dimension n). Thus it has global dimension n. The proof
shows that to achieve the supremum over projective dimension, we just take the
residue field of a height n point. Thus, k& with the trivial action has projective
dimension n. We will generalize this shortly.

Let (R, m, k) be a Noetherian local ring. To say more advanced things about R
especially in the non-regular case, we can consider the collection of invariants
that we have defined so far. Namely, we have h(M) for the Koszul homology,
BE(M) for the Betti numbers, and we have also been considering the Ext
dimension, which we will now write as

extly (k, M) := dimy, Exty (k, M).

We have already seen various relations between these numbers, all of which
came from the two spectral sequences discussed earlier. Let us go back and
write down precisely what these two sequences say. Since we only care about
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these as k-vector spaces, we write the terms in the sequence as numbers.
Writing e = p(m) for the embedding dimension, the two sequences had
Fs-pages
ET = exthy(k, M)h[(R) = hl , (M)
and
BP0 = B MM (R) = Iyt (M)
for a finite module M. It is helpful to have the pictures in mind. We omit the

letter R from the notation.

extd(k, M)hy — ext®(k, M)y ext®2(k, M)hy,

extd(k, M)hy extdt(k, M)h, extdt2(k, M)h,
eXtd(k’,M)ho exth(k,M)ho eXtd+2(k',M)h0

Here, d = depth(M), since we know that d is the first nonzero Ext group, and
m = e — depth(R) which is the top nonzero h,. Note that hy = 1. Similarly,
the other sequence is:

Ba2(M)hg B1(M)ho Bo(M)hqg

Ba2(M)hy B1(M)hy Bo(M)hy

Here, the top-right is (0, 0). The sequence may or may not terminate towards
the left side if M has finite projective dimension. This is an extremely large
amount of numerical information. We remark that in case R is regular local,
both spectral sequences are trivial because h; = 0 for ¢ > 0, and so they
just recover what we would already know from computing using the Koszul
complex of the maximal ideal as a projective resolution for k.

Ezample 3.1.33 Suppose R satisfies the property that p(m) = depth(R) + 1,
which is not unusual; most codim one singularities will have this property, such
as a singularity on a curve. Then both spectral sequences only have two rows
because m = 1, so we can get long exact sequences in the classical way. Let’s
start with the top sequence. First of all, any differentials on E3 will be zero,
so F3 = E,. Based on this, e.g. in the first sequence, let

rp = rank (ext?(k, M)hy — ext??(k, M))

be the rank of the only nontrivial differentials. Since h;(M) is zero after i = e,
there will be a stable range after which we obtain a periodicity, and an unstable
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range. The definition immediately gives the following recurrence relation:
he—p(M) = extP(k, M) + hy ext?" ! (k, M) —rp_o — 1p_1,

where at the lower edge he_q(M) = ext?(k, M). Here we are using that 7q_; =
rq—2 = 0. The stable range is where p > e, in which case we obtain

extP*2(k, M) = hy extP(k, M),

i.e. there is eventually a 2-periodicity. Likewise, doing the same thing with
the second spectral sequence, let s, denote the corresponding nontrivial
differentials. Then

hp(M) = /Bp(M) + hlﬁp—l(M) —S—p — S—p-—1,

with edge case ho(M) = Bo(M) as is already known. The stable range is
p > e—d, where B 42(M) = h18,(M).

Example 3.1.34 Let @ be a regular local ring of dimension n, and f € @ an
element in the maximal ideal. Then the Noetherian local ring R = Q/(f) is
called a hypersurface ring. Since @ is a domain, f is regular, thus depth(R) =
n — 1. We also know by our dimension result that dim(R) = n — 1, so R is
Cohen-Macaulay. Since p(mg) = n, either p(mg) = n or n — 1. In the latter
case, this would imply R is regular local, so let’s assume R is singular. Then
pu(mpg) = depth(R) + 1, and we are in the situation of the example above.

Now since () is regular, Kosb(yl,...,yn) is a free resolution for k over Q.
Therefore the homology of

Kosg) (Y1, - -+ yn) ®@ R = Kosi (Y1, - -+, ¥y)

computes ToriQ (k, R), but by construction 7y, ...,7, is a minimal generating
set for mp, so it also computes hf*(R). But now we have a length 1 free
resolution 0 — @ ER Q@ — R — 0 of R over ), and tensoring with k gives
kL k. In particular

Y (R)=1 A (R)=1 AF(R)=0 i>0.

Thus in our previous computation we may take h; = 1, and we get literal 2-
periodicity Bpy2(M) = B,(M) for all p > n — depth(M). We also obtain this
in the ext groups ext?*2(k, M) = ext?(k, M) for p > n. Let’s consider two
special cases.

1. M = R. In this case the [ relations are trivial, but we can consider Ext’s.
We know that depth(R) =n — 1,

extO(k,R) = - = ext" 2(k, R) = 0,
and ext""!(k, R) = hi(R) = 1. We also know that
ext"(k, R) = ext"™?(k,R) = ---  ext""'(k,R) = ext""3(k,R) = - -
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and ext™(k, R) < 1, but it is difficult to say any more from what we have writ-
ten. It is however true that R is a Gorenstein singularity since it’s a complete
intersection, which shows for abstract reasons that in fact ext™ and ext™t! are
zero, as are all the higher exts.

2. M = k. Now the Koszul numbers h;(k) are n choose i, because all dif-
ferentials in the Koszul complex are killed by tensoring with k. We have
2-periodicity in the §;(k) for i > n, so at least one of 3,,(k) and f3,,+1(k) has to
be nonzero, otherwise k would have finite projective dimension. Beyond this,
there is not much to say except in a specific example.

Example 3.1.35 For concreteness, let R = k[z,y]/(y? — 23) = k[t?, 3] be the
cuspidal cubic. Then dim(R) = depth(R) = 1 by the previous example. Let’s
compute the Betti numbers of k£ by building a minimal resolution. It is helpful
to start by writing the augmented Koszul complex and seeing what goes wrong:

0 R g2V g

To test exactness at R?, suppose (f,g) € R? such that fa + gy = 0. We claim
that the other map doesn’t have full image: indeed, take (f,g) = (—2,y) and
then the relation is satisfied, however this is clearly not in the image. Thus we

replace this with

A R? (=), R—k—0,

A= (_y _352) :
r oy
Then by construction the composite is zero, so now suppose fz + gy = 0.
Using the t coordinate, this means ft? + gt3 = t>(f +tg) = 0, so f = —tg.
Since tg € k[t?, 3], this means g € (t3,t%) = (z,y), otherwise tg would have a
t! term. Writing g = zu + yv, we get f = —yu — 2%v. Thus (f, g) = A(—u,v),
showing exactness. Since A and (z,y) have coefficients in the maximal ideal,

this also shows that p(m) = 2, and hence R is a singular hypersurface as above.
One can now iterate this computation and show similarly that

R2
where

LR IERARE A @Y o g

2
2= (2%)
Ty
which also has coefficients in m. This confirms that 3f*(k) = 2 for i > 2, and

also explicitly explains the 2-periodicity we were seeing in the proof of the
example.

is exact, where

Finally, in the rest of this section we discuss more criteria for regularity. As a
warmup, here is the easiest one.

Lemma 3.1.36 Let f: X — Y be a faithfully flat map of locally Noetherian
schemes. If X is regqular, then'Y is reqular.
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Proof Since f is surjective, for each y € Y we may choose x +— y and consider
the corresponding faithfully flat local map Oy, — Ox, with the latter a

regular local ring. By commutativity of tor with flat base change,
Tor,?y'y(/i(y),N) ® Ox g = Tor*ox’m(n(y) ® Oxu, N ® Oxz),

Y,y Ov,y Y,y

and since gl.dim(Ox ;) = n < oo, the RHS is zero in degrees > n. Since Ox
is faithfully flat, this implies Tord"v (k(y), N) is zero in degrees > n, hence
pdo, , (K(y)) < co. 0

For instance, a field extension k — K is faithfully flat as it is free, thus if
X — Spec(k) is a k-scheme then writing Xx = X xj Spec(K), Xx — X is
faithfully flat by stability under base change. In particular if Xg is regular
then X is regular.

Lemma 3.1.37 Let ¢: (R,mp,kg) — (S,mg,ks) be a flat local map of
Noetherian local rings. If R and F = S/mgS are both regular, then S is
regular, and moreover

dim S =dim R + dim F'
holds.

Proof By assumption we may choose regular sequences
mp = (z1,...,2,) mp=mg/mpS=(Y,...,Y,)
generating the respective maximal ideals. Choose lifts of 7, to y; € mg, so that
ms = (¢(z1), .., 0(2r),y1, -, Ys) = (¢(2), 1)

We claim this is a regular sequence (which will also prove the dimension
equality). Indeed, first since S is flat over R,

Kos¥(¢(z)) = Kosh(z) ®% S = R/m®@p S = F.

Therefore,
Kosg(¢(z),y) = Koss(¢(z)) ®§ Koss(y)
=F®% Koss(y) = Kosr(7)
=kp =k,
in D(S), proving the claim. O

Corollary 3.1.38 Let f: X — Y be a flat morphism of locally Noetherian
schemes. If Y is regular, and the fiber X, is reqular for ally € Y, then X is
regular.

Proof For x € X, let y = f(x), then the map Oy, — Ox , is a flat local map
with regular domain. Then Ox ,/m,Ox , = Ox,, .« is regular, by assumption,
therefore Ox , is regular by the flat-local criterion. O
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In practice, we want to use a stronger condition for morphisms which is actually
stable under base change, since the one above is not; thus we make the following
definition. First, recall that if X — Y is locally of finite type and Y is a locally
Noetherian Y-scheme, then X xy Y is locally Noetherian. So, if X — Spec(k)
is locally of finite type over a field, we say that X is geometrically reqular if
Xk is regular for all field extensions k C K.

Suppose X — Y is locally of finite type. Then it has geometrically reqular
fibers if X, — Spec(k(y)) is geometrically regular for all y € Y. In other words,
Xy X () Spec(K) is regular for all extensions x(y) C K. It is also equivalent
to ask for all geometric fibers to be regular because we proved that regularity
descends under extension of the base field.

Finally, a morphism X — Y is smooth if it is locally of finite type, flat, and
has geometrically regular fibers. (Note: the usual definition of smooth requires
locally of finite presentation, but since we will not need this assumption we
omit it.) Here are the basic properties of smoothness.
Lemma 3.1.39

(a) A composition of smooth morphisms is smooth.

(b) An open immersion is smooth.

(c) An arbitrary base change of a smooth morphism is smooth.

(d) If X =Y is smooth and Y is regular, then X is regular.

(e) f: X — Y is smooth iff f~Y(U) — U is smooth for all U in an open
cover of Y.

(f) X =Y is smooth iff U — X — Y is smooth for all U in an open cover
of X.

(9) If we have a cartesian square
X — Y
X —Y
where X' —Y' is smooth and Y' — 'Y is fpqc, then X — Y is smooth.

(h) A morphism X — Y is smooth iff it is flat or finite type, and the fibers
X, — Speck(y) are smooth for ally € Y.

Proof (c) Locally of finite type and flat are both stable under base change.
Then for ¢/ € Y lying over y, we have

(X Xy Yl) = Xy Xk (y) Spec K(y/),

y/
hence for any extension K D s(y'), (X xy Y’)y,’K = (Xy) K is regular.

(d) This is by Cor. 3.1.38.
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(a) This holds for locally finite type/presentation and flatness, and if X —
Y — Z is a composition with z € Z, then X, = X xy Y,. For all K D k(z),
(X))x = X xy (Y2)k, so (X,)k — SpecY, g is smooth by (c), hence (X,)x
is regular by (d).

(b) An open immersion is locally of finite presentation and flat, and its fibers
are either empty or Spec(k(x)), which is clearly geometrically regular.

(e) One direction follows from (c), and conversely, finite type/presentation are
local on the target, while f~1(U) — U has the same fibers as X — Y for
y € U, so geometric regularity is too.

(f) One direction follows from (a) and (b). Conversely, locally of finite type-
/presentation and flatness are local on the source. If U — X — Y is smooth
for all U in an open cover, then for each y € Y, consider Xy X ,) K for some
extension K D r(y). Then Uy, X,y K C X, X, K is regular for all U in
a cover of X, which thus forms a cover of X, and hence X, is geometrically
regular.

(g) Locally of finite type/presentation and flatness are fpqc local on the target.
If y € Y’ lies over y € Y, then X, = X, X,y Speck(y’), so (X, )x =
(Xy)k for an extension K O k(y') D k(y). Since flatness descends along
field extensions, it is clear that X, is geometrically regular. Since Y/ — Y is
surjective, this covers all fibers.

(h) This is clear, because if X — Speck is smooth, then Xx — Spec(K) is
smooth by (c), so Xk is regular by (d). O

Ezample 3.1.40 We show by induction on n that Spec k[z1,...,z,] — Speck
is a smooth morphism. Everything is flat over a field, and polynomial rings
are finitely presented k-algebras by definition. When n = 1, we have to show
k[x] is geometrically regular over k, but indeed K|[z] is a PID for every K,
and hence regular (Example 3.1.28). For n > 1, take the smooth morphism
Speck[x1,...,Tn_1] — Speck, base change to obtain a smooth morphism

Speck[xy,...,z,] — Speck[x,],

and finally compose with the smooth morphism Spec k[z,,] — Speck by n = 1.
This also gives a proof that k[z1,...,x,] is a regular ring which avoids the
Nullstellensatz. Since it has dimension n, it has global dimension n, which is
known as Hilbert’s syzygy theorem.

Ezample 3.1.41 More generally, let S be a scheme. Then A% — S is a smooth
morphism. Indeed, it suffices to show that A} — SpecZ is smooth. It is of
finite presentation, and Z[z1,...,x,] is free over Z hence flat. The fibers are
A]?p — SpecF, and Ag — SpecQ, which are smooth by Example 3.1.40.
In particular, if A is a regular ring, then A[xy,...,z,] is regular. If A has
dimension 7, then Az, ..., z,] has global dimension 7+ n. Another corollary
is that PY — S is smooth for every S by locality on the source.
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In the rest of this subsection we will give some of the classical criteria for
regularity. Notably, we will still not rely on the characterization of regularity as
dim(R) = p(m). We will see that in general, the place where we can most easily
detect regularity is in the case of a regular immersion. The most important
regularity criterion is how to tell whether k[z1, ..., %], ... 2,)/] is & regular
local ring for some ideal I. This is because if we are given an fppf morphism
f: X — S and want to test for smoothness, then we have to check whether
Xs Xp(s) Spec K is regular for K an algebraically closed field. This is locally
of the form Spec K|z1,...,x,]/I for some ideal I, and by the Nullstellensatz
we only have to check regularity at points of the form

(r1 —ay,..., T — an) a; € K,
whose local rings reduce to those of the form above.

Let’s start with a Noetherian local ring (Q, mg). If I C mg is an ideal, define

the Noetherian local ring R := (Q/I,mg) with mp = mg/I. Then R and Q

have the same residue field k& = @/mg. Note that by definition, we have an
exact sequence

I mg Mg

—_ — — — —

Inmg w3  my

of k-vector spaces, giving the cotangent space of R as a quotient of that of Q.

Thus this natural quotient map is an isomorphism iff I C mé. If this condition

holds and @ is a regular local ring, then we say that Q/I is a minimal regular

presentation of R.

0 — 0

More generally, let @Q be a regular local ring; by choosing a splitting of the
sequence above, we can lift a basis for mp /m%2 to a linearly independent set
in mg /mQQ The fact that this can be completed to a basis (hence a regular

sequence of length dim(Q)) implies that whenever we choose f,..., f, gen-
erating mp = mg /I with lifts fi,..., f, € mg, then these will form a regular
sequence in (. The ideal J = (f1,..., f-) is called a transverse parameter

ideal, and can give information about R; for instance, what we have said implies
that Kosg,(f1,. .., fr) gives a resolution of @/J, and on the other hand if we
tensor this with R we will obtain Kos%(f,..., f,) which we know controls a
lot of interesting regularity information about R. Thus R ®5 Q/J is the key
to detecting things like regularity of the subvariety R.

Before continuing any generalities, let’s discuss the specific and most-used
example, which is that of a hypersurface. Again assume @ is regular local and
I = (f) for some f € mg. We have already seen that if f € mg \mé, then
R =Q/(f) is again a regular local ring of one dimension lower. Conversely, if
fe mQQ, then p(mg) = p(mg), yet dim(R) = dim(Q) — 1 so the ring must be
singular. Thus R is regular iff f € mg \m%2

Now specialize to Q = k[z1,...,Zn](a;,...,2,) and let f € mg. By clearing
denominators, we may assume f is represented by a polynomial in k[z]. But
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we know that

_9f
= ; oz, (0)z; (mod m2Q),

and since {1, ...,y } is a basis for m¢ /mg,, we conclude that Q/(f) is singular

iff 9f /Oxi|z=0 = 0. This provides the following criterion:

Lemma 3.1.42 Let k be a field and f € A = k[x1,...,2z,] be a nonzero
polynomial, and let k be an algebraic closure. The following are equivalent:

(a) Spec A/(f) is smooth over Speck.

(b) For any algebraically closed field K D k and a = (a1, ...,a,) € K™ with
F@) =0, 0f /02l zmq # 0 for all i

(¢) For each a = (ay,...,an) €k, with f(a) =0, Of /0xi|p—q # 0 for all i.

(d) (f,0u,f,-,0u, ) = (1) over k[zq,..., 2]

(e) (fy,0u,fs--,0u, )= (1) over A.

Proof A/(f) is a smooth k-algebra precisely when over all algebraically closed
fields K containing k, the base change K[z, ...,2,]/(f) is regular. If we take
K =k, then it is clear from the Nullstellensatz, Lemma 3.1.20, and the local
ring description above (after shifting points) that (a) < (b). Clearly (b) = (c).
It follows again from the Nullstellensatz that (¢) = (d).

Likewise, (b) is equivalent to the version of (d) where k is replaced with any

such K. But now this is equivalent to (e), because A — Klz1,...,z,] is
faithfully flat (since k — K is), and thus (A/J) ®; K = 0 implies A/J = 0,
ie. J=A, where J = (f,04,,...,0z,)- O

Remark 3.1.48 Let A = R[xq,...,x,] for some ring R and f € A, and assume
that A/(f) is flat over R. Then again J = (f, 0y, f,..., 0z, f) = A implies that
A/(f) is a smooth R-algebra. Indeed, this implies that for each p € Spec(R),
we have J&(p)[1,...,2n] = k(p)[21,. .., zys], which by the lemma implies that
the fiber is smooth over k(p). The converse holds if f is a nonzerodivisor. In

this case, we have a sequence 0 — A LA A/(f) — 0, and since A/(f) is
flat the sequence remains exact upon tensoring with x(p). This ensures that
f does not become zero over any of the fibers, and hence the criterion above
applies fiberwise again.

Ezample 3.1.44 Let A = Z[zy,...,2,] and f € A a nonzero polynomial.

Consider the sequence 0 — A LA A/(f) — 0, which shows that
Tori(A/(f),F,), i.e. the module of p-torsion, is zero iff multiplication by f
remains injective upon base changing to F,. In particular, A/(f) is torsion-
free (= flat) iff f is not 0 modulo p for any p, i.e. if the coeflicients of f have
ged 1 (namely f is ‘primitive’). Then A/(f) is smooth over Z exactly when
(f, 0y fy.-., 0z, f) = (1). This shows that a hypersurface defined by such an
f over any ring R is smooth over R.
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Now let’s return to a more general setting and discuss regular immersions.
Let (@, mq, k) be Noetherian local and I C m an ideal. Let (z1,...,2,) =
I be a minimal generating set. Then we have seen that Kosb (x1,...,2z,) is
independent (up to isomorphism) of the choice of minimal generating set of
I. Thus, we say I is a complete intersection ideal if a (or, equivalently, any)
minimal generating set of I forms a regular sequence in Q).

Let’s see that this notion is well-behaved in a number of ways. First of all,
we define gradeQ(I , M) to be the supremum over lengths of an M-regular
sequence contained in I. We write gradeg, (I) = gradeg (I, Q) for the maximal
length of a regular sequence inside I.

Lemma 3.1.45 Let (Q, m, k) be Noetherian local. Then we have
gradeg (I, M) = l}rjlfldeptth(Mp) = inf{j : Ext;,(Q/I, M)}

for any ideal I C m and finite module M, and this coincides with the length
of any mazximal M -reqular sequence in I.

Proof The Ext-characterization and its equality to the length of any maximal
M-regular sequence is proved identically to the case where I = m which we
showed earlier; the case of interest is the initial equality. First, if f1,..., f isan
M -regular sequence contained in I, then localizing the corresponding Koszul
complex at any p D I gives an M,-regular sequence of the same length.

Conversely, let f1,..., f. be a maximal M-regular sequence contained in I, so
r = gradeg (I, M). Let N = M/(fi,..., fr), then by assumption, I is contained
in the union of associated primes of V. By prime avoidance, let ¢ D I be an
associated prime. Now upon localization at ¢, the sequence remains Mgy-regular
by the argument above, with quotient Ny. But by construction, q contains no
Ng-regular elements, hence the given sequence is maximal in q@)4. This implies
r = depthg (Mq), giving the other direction. O

Note that as a consequence, gradeQ(I ) < p(I). Indeed, any minimal prime p
over I has ht(p) < u(I), and

depth(Qy) < dim(Q,) = ht(p) < (D),

therefore the claim follows. We also write ht(/) = inf,~7 ht(p), so this shows
that in fact gradeg (I) < ht(I).

As a corollary, the following are equivalent for (Q,m,k) and I C Q:
(a) I is a complete intersection ideal.

(b) I is generated by a regular sequence fi,...,f., in which case r =
gradeq (I) = ht(I) = pu(I).

(c) gradeg(I) = ().
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The description above makes it clear that (a) and (b) are equivalent. To show
that (b) implies (a), we can copy the spectral sequence proof from the earlier
case when I = m to show that u(l) — gradeg (I, M) equals the top homol-
ogy degree (i.e. lowest cohomology degree) of H™*(Kosg(fi,..., fr)), where
fi,..., fr is any minimal generating set of I. In particular if the two numbers
coincide then any such minimal generating set is a regular sequence.

Remark 3.1.46 We usually consider complete intersections when the ring @ is
a regular local ring, or at least when @ is Cohen-Macaulay. In that case, we
observe that since depth(Qy) = dim(Q)y), we have gradeg (I) = ht(I).

Definition 3.1.47 Let i: Z — X be a closed immersion of locally Noetherian
schemes. 7 is a reqular immersion if the quasicoherent ideal sheaf 7, C Ox
corresponding to ¢ has the property that 7, C Ox . is a complete intersection
ideal for all z € Z.

Given a closed immersion, one writes Reg(i) C Z for the set of points of Z for
which Z;.y C my,) C Ox i(») is a complete intersection ideal. We will now see
that this locus has good properties.

First, suppose i: Z — X is a closed immersion and z € Reg(i). Thus we
may find an open nbhd U C X and sections fi,..., f. € H°(U,Zz) such that
(fizy---s frz2) = Iz, form a regular sequence generating Zz , in Ox .. Since
Tz is finite type, we may shrink U and assume that f1,..., f, generate Zz|y.
Then consider the kernel in

0— Ky — Ou/(fi,---, fi-1) TN Ouv/(fi,-.., fi-1)-

Since X is locally Noetherian, each KC; has closed support, and thus by
shrinking U again r times, we may assume that (f1,..., f,) forms a regular
sequence generating Z, over some open nbhd U C X, with the property that
Ov/(f1,.--,fr) 0. Now for z € U \ Z, the stalk of this sequence generates
the unit ideal in Ox; but for each 2’ € U N Z, we obtain a regular sequence in
Ox,, generating Tz .. In particular, U N Z C Reg(¢) and thus Reg(7) is open.

Lemma 3.1.48 Leti: Z — X be a regular immersion of Noetherian schemes.
Then i,Oyz is perfect on X, so in particular i is quasi-perfect.

Proof The first statement implies the latter because i is affine, and this claim
is local on the target. By the above we may shrink X and assume there is
a regular sequence in HY(X,Ox) cutting out i,Oz, so the Koszul complex
provides a finite free resolution. O

The next result requires a bit more buildup, which should be added here.

Lemma 3.1.49 A section of a smooth morphism of locally Noetherian
schemes is a regular immersion.
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3.1.3 Classical applications of regularity

Our next goal is to prove that regular local rings are UFDs, which forms
the basis for various results in scheme theory. We will give an interesting
application of this, which is to prove that all coherent sheaves on a Noetherian
regular semiseparated scheme of dimension n have a length n resolution by
vector bundles.

Lemma 3.1.50 Let R be a regular local ring. Then Pic(Spec(Rys)) = 0 for
any f € R.

Proof Let N be a line bundle on Spec Ry, so in particular N is finitely gener-
ated by some {z1,...,2,}. Let M be the R-submodule ), Rx; C N, then by
flatness of localization we have My C N, yet clearly this is an equality since
My contains ), Rrx; = N.

In particular, since M is finite over a regular local ring, it has a finite resolution
by finite free modules. By localizing the corresponding exact sequence at f,
we obtain an exact sequence

0—F,—-—=F—N-—=0

with Fj finite free over R;. Then this is a sequence of constant rank vector
bundles on Spec Ry, so by the determinant formula (e.g. Prop 2.2.5 of the
exterior power notes) we obtain

@ det(F1)Y @ det(Fp) ® det(N)Y = Ogpec 4,
and since N has rank 1 this means:
N = det(Fp) @ det(F})¥ @ - -
The RHS is finite free, hence N is free. Il

With this, the main result is relatively easy to prove. The only remaining input
is the following simple observation: Let A be a domain and a € A an irreducible
element. If p € A is prime and a/1 € A, is prime, then in fact a is prime in A.

Indeed, suppose b,c € A such that a | bc, then this holds in Ay, so we may
assume a/1 | b/1. Thus we may write p"b = ad in A for some d, and assume
n > 1 otherwise we are done; if p | a, then since a is irreducible we must have
(a) = (p) is prime. Otherwise, since p | ad, this means p | d, so we deduce
p"~1b = ad’ by cancellation. We may continue reducing the exponent of p until
it is zero, thus eventually b = ad” for some d”, i.e. a | b.

Theorem 3.1.51 Let (R, m) be a regular local ring. Then R is a UFD.

Proof If dim(R) = 0 then R is a field, so assume dim(R) > 0. Then we know
that we can take any p € m \ m? and R/(p) will be a regular local ring of
dimension dim(R) — 1, so in particular p is prime. Let p C R be a height 1
prime, then we have to show p is principal. If p € p, then 0 C (p) C p shows
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(p) = p is principal, so assume p ¢ p. Then pR, C R, is a prime, and we claim
it is a line bundle.

Each prime of R, is of the form qR, for p ¢ g, thus htg(q) < dim(R)—1 (since
p € mso q # m). Therefore R, is a regular local ring of dimension < dim(R)—1
and hence a UFD. But now (pR,)qr, = PRy, and htr (pRy) = dim(R,) =
htr(q) = 1, so pR, is a principal ideal in Rq. Thus all prime localizations of
pR, are rank 1 free modules, proving the claim.

By the lemma, pR, C R, is free of rank 1, hence pR, = (f/p™) for some m
and f € p. Since R is Noetherian, we can write f = a1 ---a, as a product of
irreducible elements, so a; € p for some i. Then a;/1 € pR, and divides the
prime element f/p™ in R, thus a;/1 ~ f/p™, so pR, = (a;/1), i.e. a;/1 is
prime. By the observation preceding the proof, it follows that a; is prime in
R, and (0) € (a;) C p shows (a;) = p is principal. O

This result is sometimes also called the Auslander-Buchsbaum theorem. Recall
that a scheme X for which Ox , is a UFD for all x is called locally factorial.
So the result shows that a regular scheme is locally factorial. Since UFDs are
integrally closed domains, this also shows that regular schemes are all normal.
There is an important converse in dimension 1, which we can now show.

Proposition 3.1.52 Let (R,m) be a Noetherian local ring of dimension 1.
Then R is reqular iff R is a DVR iff R is an integrally closed domain.

Proof We have already proven the equivalence of the first two conditions, and
we have just seen that the first two imply the third. Suppose the third: note
the only two primes are (0) € m. Let 0 # = € m, and observe that \/(z)
is the intersection of primes containing z, i.e. \/@ = m. Since m is finitely
generated, take the smallest n for which m” C (z). If n = 1 we are done by
Prop. 3.1.27, and if n > 1 then m"~! C (z).

Thus we may choose y € m"~! C m with y ¢ (), so by assumption y/x is in
Frac R and not R; but (y/z)m C m™/z(z) C R. We claim (y/x)m ¢ m. If this
were false, then we have an R-linear endomorphism (y/x): m — m, and since
m is finitely generated this implies (y/z) is integral over R (see Lemma 1.3.3
in the exterior power notes). This would contradict integral closure.

Thus take z € m such that (y/z)z ¢ m, i.e. yz/x is a unit in R, so letting
7 = z(yz/z)~! € m gives an element of m such that m(y/x) = 1. But for every
wem, (y/r)w € R, so w = 7(y/z)w € (7), which shows that m = (7). Hence
by Prop. 3.1.27, R is a DVR. ]

This is nice because it says that for any (locally Noetherian) normal scheme X,
a codimension 1 point nz € X has Ox ,, a regular local ring. We sometimes
say that normal schemes are ‘regular in codimension 1’; e.g. any reduced curve
admits a smooth model.
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Next we’ll discuss global resolutions by vector bundles. Let X be a locally
Noetherian scheme. X has the resolution property if every coherent sheaf is a
quotient of a vector bundle (a locally free sheaf of finite rank). Most things that
we work with have the resolution property by virtue of the following example:

Ezample 3.1.53 Let X be a locally Noetherian scheme with an ample line
bundle £. Then X has the resolution property. Indeed, for each coherent sheaf
F, there exists n > 0 such that L ®¢, F is globally generated, i.e. there is
a surjection O% — L®" ®p, F — 0. Thus (£L®~")™ — F — 0 is a surjection
from a vector bundle. In particular, this applies whenever X is quasiprojective
over a Noetherian ring.

It is an interesting and difficult question to answer whether or not a scheme has
the resolution property. For instance, it is unknown whether there is a Noethe-
rian proper scheme without the resolution property, or even a Noetherian
separated scheme without it. It is a fun result to prove that if X is Noetherian
with the resolution property then X is semiseparated, but this uses the fact
that Dgc(X) = D(QCoh(X)) in the Noetherian case, which we haven’t shown.

Proposition 3.1.54 Let X be a reqular scheme of dimension n. If X has the
resolution property, then every coherent sheaf admits a resolution by vector
bundles of length n.

Proof This is the usual trick: by Noetherianity, we can inductively build a
(finite) locally free resolution of a coherent sheaf F, where at each step the
kernel remains coherent, so we may take a vector bundle surjecting onto it. Do
this and take the kernel at the nth step:

0=-K—=&-1—- =& —=E&—=F—=0.

Since F is coherent, it suffices to show K, is a free Ox ,-module for all z. But
indeed Ox ; is a regular local ring of dimension < n, so by dimension shifting
we see pd K, = 0, i.e. it is free. O

Ezample 3.1.55 Here is a slightly more general statement. Let X have the
resolution property and suppose F € Perfb(X ) has perfect amplitude (i.e. tor
amplitude) in [a, b]. Then E is represented by a complex £® of vector bundles
concentrated in [a,b]. Using the collection of vector bundles as an adapted
class on Coh(X), it follows that E is isomorphic to a complex F* of vector
bundles concentrated in (—o0,b]. By Prop. 2.2.53, 75,F° is a complex of flat
sheaves, so the bottom cohomology is flat. It is also the cokernel of a map of
coherent sheaves, hence coherent. A finitely presented flat sheaf is locally free,
which completes the proof.

Proposition 3.1.56 Let X be a Noetherian separated locally factorial scheme.
Then X has the resolution property.
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The hypothesis arises because the equivalence between Weil divisors and
Cartier divisors works over locally factorial schemes. We will use this to show
that X has an ‘ample family of line bundles’, and then that X has the
resolution property.

Indeed, first since X is Noetherian it has finitely many components {X;},
and since each local ring is a domain we know that they must be disjoint
(and clopen). Then if the result is known in the integral case, then if F is a
coherent sheaf on X we may take vector bundles & — Fx,, then the direct
sum @, j; «&; of their pushforwards still surjects onto F, because in this case
Ji,« coincides with j; ). Thus we may assume X is integral. We will now show
that the collection of opens {X, : s € L(X), L € Pic(X)} forms a basis for X.

Indeed, choose € X and U an open nbhd of z. First suppose that Z := X \U
is irreducible, and thus view it as a closed integral subscheme. If nz € Z is the
generic point, then we claim that Ox , € Ox,,. as subsets of K(X). If this
were false, then the canonical map Spec Ox ,, — X and the composition

Spec Ox ,, — Spec Ox , — X

would be two maps agreeing at the closed point of the source, so by separated-
ness they must agree. This factorization would imply (by the correspondence
between specializations and maps from local rings to X) that x € {nz} = Z,
which is a contradiction. Therefore, we may choose f € K(X) such that
VS OX,ac but f ¢ OXJ]Z'

Now, let D = (f)o be the pole divisor of f, which is effective. By construction
x ¢ D, but Z C D. Since X is locally factorial, this is an effective Cartier
divisor, and £ := Ox (D) comes with a canonical section sp € £ such that
V(sp) = D. In particular, x € X, and X \ X5 D Z, i.e. X; C U. This proves
our claim in the case that Z is irreducible. If it isn’t, then let Z7 = Z, U---U Z,
be the components and apply the case above to X \ Z; for each ¢, which gives
line bundles £; with sections s; such that z € X,, € X \ Z;. Then write
s=81- 8 € L1 ® - R L,, which satisfies

:z:eXs:Xslmu-meTcX\UZi:U

as desired.

Now let’s axiomatize this condition: Let X be a quasicompact scheme equipped
with a collection S of line bundles such that the open sets { X, :s € L, L € S}
form a basis for the topology on X. If moreover the collection S is closed under
multiplication, i.e. is a multiplicative submonoid of Pic(X), then we will call
S an ample family of line bundles. The basic property is the following:

Lemma 3.1.57 Let X be a qcqs scheme with an ample family S of line bun-
dles. Then for each finite type sheaf F over X there exists L € S such that
L ® F is finitely globally generated.
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Proof This has the same proof as in the ample case, which is namely the qcgs
lemma, for line bundles. Namely, since X is quasicompact we may find finitely
many line bundles Ly, ..., L, with sections s; € £;(X) such that:

(a) X=X, U---UX,, .
(b) There is a surjection O?g — F|x,, for each i.

By the qcgs lemma, for each ¢, given the sections ay,...,a;, € F(Xs,), and
for each j we can lift s™a; to a global section of .C?m ® F. By choosing m
uniformly across the a; (and multiplying by s more times), we may lift all the
s™a; to sections of LE™ ® F. By replacing £; with £&™ € S and our sections
with s]"a;, we may assume there is a global map O];( — L; ® F which is
surjective on Xj,.

By doing this for all ¢, we can multiply our chosen global sections of £; ® F
by s1---8; -+ 8, to obtain global maps (9’;( — L1 ® - Q L, ®F which are
surjective on Xy, . Finally, letting n = ), k; this induces a map O% — L ® F
where £ = £ ®---®L,,, which is surjective on all X,, hence surjective. O

Note that this completes the proof of Prop. 3.1.56, since in that case we showed
that the collection of all line bundles is an ample family for X; thus for a
coherent sheaf we can find a surjection (£LY)®™ — F — 0 for some n and L.

Thus far, we have relied on essentially no hard facts in commutative alge-
bra. The point of this was to emphasize that regularity is an easy notion as
long as we define it homologically instead of dimension-theoretically. The issue
with this is that we still have not related our results to the classical defi-
nitions. Therefore, we will now prove two results that require more difficult
commutative algebra.

The simpler one is about perfect fields and smoothness. It means that we only
have to check regularity over one perfect (e.g. algebraically closed) field, instead
of having to check over all fields. The somewhat nontrivial fact we have to use
is that extensions of perfect fields are separably generated, meaning if K D k
is a finitely generated extension and k is perfect with tr.deg, (K) = r, there
are x1,...,%, such that K D k(xy,...,z,) is finite separable. (Note however
that this is trivial in characteristic 0, so we at least have a self-contained proof
in that case.)

Lemma 3.1.58 Let q: X — Spec(k) be locally of finite type with X regular
and k perfect. Then q is smooth. In particular, an fppf morphism f: X — Y
is smooth iff for each y € Y, there exists a perfect field K D k(y) such that
Xy Xu(y) Spec K s regular.

Proof The conclusion follows immediately from the first part and the def-
inition. X is automatically flat over k and of finite presentation (as k is
Noetherian), so we just have to show geometric regularity. Let K D k be a
field extension, and consider the base change Xx — X which is flat. We have
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to show that the fibers are regular by the flat local criterion: The fiber over
zeXis

(Xk)z = Spec(K) xy, Spec k(x) = Spec(K ®y, k(x)),

so we have to show K ®j k() is a regular ring. Now, since X is locally of finite
type over k, k(z) D k is a finitely generated extension, and since k is perfect
we may find
F =k(ty,...,t.) C k(z)

where k(x) D F is a finite separable extension. By the primitive element
theorem, F' is generated by one element, and hence we may write k(z) =
K[u]/(f) for some separable irreducible polynomial f(u) € r(x)[u]. Now
consider the ring A := K ®; F; note that

A=K ®pklty,...,.t,][S7Y = K[t1,...,t,][S7}]

where S is the multiplicative subset k[t1,...,t,;] \ {0}, and therefore A is a
regular ring. On the other hand

K @ w(x) = K @ Flu]/(f) = Alu]/(f)-

Observe that if d = deg f, then {1,u,...,u?"1} forms a basis for A[u]/(f) over
A, because f is monic and both linear independence and generation follow
from the division algorithm. Therefore A[u]/(f) is flat over A; we are going to
apply the flat local criterion once more to A — A[u]/(f) to conclude regularity.

For p € Spec A a prime, it remains to show that the fiber

Aful/(f) ®a k(p) = r(p)[ul/(f)

over p is regular. Since f is separable (over any extension field), we may write
it as a product f = f1--- fs € k(p)[u] of distinct irreducible polynomials. By
the Chinese remainder theorem,

r(p)[ul/(f) = H r(p)[ul/(fi)

is a finite product of fields, and hence its spectrum is a disjoint union of regular
local rings, hence it is regular. This completes the proof that Aful/(f) =
K ®y k(x) is regular, hence that X is regular, hence that X is geometrically
regular over k. (Il

Remark 3.1.59 Suppose k is perfect and k is an algebraic closure. Then a
(finite type) k-scheme X is regular iff X — Speck is smooth iff X3 — Spec k
is smooth iff X7 is regular. So, for example, if we are checking regularity of
a subvariety of Speck[x1,...,x,], it certainly does not suffice to check only
at the k-points; we have to check at k-rational points, since this shows that
a singularity existing at an k-point will show up as a closed singular (but
non-rational) point over k.

The next is the standard definition/characterization of being a regular local
ring, which we have omitted in favor of the other definitions that are easier
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to work with homologically. The nontrivial result we have to rely on is the
following: If (R, m) is Noetherian local, then we define the associated graded
ring by
gron(R) = @m"/m”“.
n>0
It is a result using Hilbert-Samuel functions that dim gr,,(R) = dim(R).

Proposition 3.1.60 Let (R,m,k) be a Noetherian local ring. Then R is a
regular local ring iff dim(R) = p(m).

Proof We have already proven the (=) direction. Let n = dim(R) and consider
a minimal generating set (x1,...,z,) = m of the maximal ideal. There is a
natural map
k[Ty,...,T,) — grn(R)

given by sending T; — x; viewed as elements of degree one in m/m?. Since
gr..(R) is generated (by definition) in degree 1, this map is surjective. Since
dim gr,, (R) = n, this map is an isomorphism, as k[T1,...,T,] is a Noetherian
domain of dimension n.

Based on this we claim that z,, is a non-zerodivisor in R. Indeed, if az,, = 0
for a € m, then by the Krull intersection theorem there is a unique r > 0
such that a € m” but a ¢ m"™!. Treating a as a nonzero element of gr,,(R) in
degree r, this shows ax,, is a nonzero element of gr, (R) in degree r + 1, i.e.
ar, € m"T1\ m"*2 hence az, # 0 in R.

Now the Noetherian local ring R/(z,) has embedding dimension n — 1 with
generators T, ...,ZT,—1 of the maximal ideal, and since z,, is regular, it has
dimension n— 1. By induction, R/(x,) is a regular local ring, so x1,...,Z,_1 i8
a regular sequence in R/(x,), thus x1, ..., z, is a regular sequence in R. |

3.1.4 Appendix: Hilbert’s Syzygy Theorems

Corollary 3.1.61 Let k be a field and F be a coherent sheaf on P}. There is
an ezxact sequence

of Opr-modules where each &; is a finite direct sum of line bundles Opn (d) for
various d € Z.

3.2 Applications of cohomology
3.2.1 Classical applications

We have thus far managed to avoid computing any non-trivial cohomology
of any schemes. In this section we will compute the cohomology of projec-
tive space P}, — Spec(R) over a ring R, and prove many of the classical
results, such as Serre’s criterion for affineness/ampleness, Chevalley’s theorem,
Grothendieck coherence, and so on.
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Let R be aring, and P}, = Proj R[xo, . . ., 5] with the standard grading. With-
out further qualification, by P” we mean P%. We also use S = Rz, ..., Zx)
for the graded ring. Recall that P% is a quasicompact separated scheme with
standard affine open cover U; := D4 (z;) by n + 1 opens. In particular, we

know immediately from Cech cohomology that all quasicoherent sheaves F on
P™ have HY(X,F) =0 for ¢ > n + 1.

Let us first establish the Serre vanishing theorem for projective morphisms,
which we get from the following seemingly unrelated observation. On S, mul-
tiplication by z gives a map of graded modules S(i) — S(i + 1), so we can
consider the directed system

S 2 8(1) 2% 5(2) — - -

of graded modules. Each term admits a map S(r) — S, to the graded local-
ization sending a — a/x{, which is graded since if a € S(r)q = Sgyr, then
a/xj has degree d. Therefore we obtain a map lim S(r) — Sg,, which is sur-
jective since all homogeneous elements are in the image by construction. If
some a € S(r) maps to 0, then x§a = 0 for some ¢, i.e. a becomes zero in the
colimit. Thus the map is an isomorphism. By sheafifying, we can phrase this
fact by saying
lim (Opn = Opn (1) = --+) = ju Oy,
where j: Uy — P™ is the inclusion of Uy = D (zg).

Ezample 3.2.1 We’ll show by induction on n that H?(P™, Opn(d)) = 0 for all
q > 0 and d > —n. We will use the projection formula without further mention.
This is clear when n = 0 because P° is affine. For n > 0, let H = V, (x¢) =
P71 and consider the hyperplane sequence

twisted by Opn(d). By induction, when d > —n + 1, the right-hand sheaf has
cohomology concentrated in degree 0, so certainly

HIP", Opn (d — 1)) — HUP", Opa (d))

is an isomorphism for ¢ > 2. It is also an isomorphism for ¢ = 1, because either
d < 0 where this is clear, or the map Opn(d) — Og(d) is the surjection

Rlzo,...,zn) — Rlz1,. .., 24] 29— 0
on global sections. Therefore each morphism in the directed system
H(P", Opn (—n)) =5 HI(P", Opn(—n +1)) = HI(P", Opn(—n+2)) — -

is an isomorphism. Since P™ is qcgs, cohomology commutes with filtered
colimits and we have an isomorphism

H(P", Opa(d)) = HI(P", lim Opn(d)) = HI(P", lim Op« (d))
d>—-n d>0
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for all d > —n (of course, by the isomorphism we are free to start the colimit
at d = 0). As we just showed, the RHS is

HI(P", lim O (d)) = HI(P", j.Ouy) = HI(A", Opn) = 0,
d>0

using the fact that j: Uy < P™ is an affine morphism as P™ is separated.

Corollary 3.2.2 Let Y be a locally Noetherian scheme, f: X — Y be a
projective morphism, and L an f-ample line bundle on X. For each A €
Db (X)), there exists ng € Z such that the natural maps

coh
HP(Rf.(A@" L%) — f.HP(A@" L2

are isomorphisms for all d > ng and all p € Z. In particular, if F is a coherent
sheaf then for d >0,

RPf(F@ L) =0
for all p > 0.

Proof We have seen that this map being an isomorphism is controlled by the
edge maps of the spectral sequence

RPf (HY(A®Y L) = HPTI(Rf. (A" LE).

Since £2¢ is flat, the LHS is RP f,(H(A) ® £L®9). Since HY(A) is nonzero for
only finitely many ¢, we can immediately reduce to proving the special case
in the theorem statement since it will imply that for d > 0, the sequence will
only have a p = 0 row.

Now this claim is local on the target, so by choosing an affine open nbhd in
Y we may assume Y = Spec R for R a Noetherian ring, f factors through a
closed immersion as X — P — Spec(R), and £ is an R-ample line bundle
on X. Then R'f,(F ® L®) corresponds to the R-module H!(X, F ®@ L&).
We can replace £ with a finite tensor power and assume £ is very ample, and
thus it gives a projective embedding

X PR i (Opy(1) = L.
Therefore F @ L% = F @ i*Opn (d), so
H'(X,F ® L) = H'(Pg, (i.F)(d))

by closed projection, with i.F still coherent. Thus we have reduced to the case
where f is P — Spec R and £ = Opr (1).

We prove this for all coherent sheaves on P% by descending induction on a
number 7 for which, for each F, whenever m > 0, H1(P", F(m)) = 0 for all
q > r. This is clear when r = n since F has no cohomology in higher degrees.
Assume this has been shown for r and let F be a coherent sheaf.
k
O—>/C—>@(’)p%(—ai)—>]:—>0.

i=1
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By Example 3.2.1, we can twist by Opn(m) for m > 0 so that the middle
term has no higher cohomology, and by our hypothesis we can increase m until
K(m) has no cohomology in degrees > r:

0— K(m)— @(’)pn(m—ai) — F(m)—0

The sequence shows H(P", F(m)) -~ HTY(P" K(m)) for i > 1, which
means that for m > 0 (depending only on F), F(m) has no cohomology in
degrees > r — 1 as long as r > 1. This proves the inductive step. ]

This result is called the Serre vanishing theorem, and gives a good example
of the flavor of proofs in foundations of sheaf cohomology.

FEzample 3.2.3 Let X be a projective scheme over a Noetherian ring R and
L an ample line bundle. Then the family {£®™ : m € Z} forms a (weak)
generating set for D2, (X). To see this, choose A € D2, (X) and let d > 0 so
that

HP (X, A®Y £2) = HY(X, HP(A @Y £%) = HO(X, HP(A) @ £%?).

Assuming A # 0, choose p such that HP(A) # 0, then by ampleness we may
increase d until H?(A) ® L% is generated by global sections. In particular the
RHS above is nonzero, which implies that

Hp(Xa A ®L £®d) = HOme Y (X)(‘C®_d[_p]a A) 7é 0
as desired. However a warning is that D?, (X) doesn’t have arbitrary sums,
so this generating set doesn’t immediately enjoy the nice properties we proved
in the previous section.

We will next again apply Example 3.2.1 to compute the cohomology of twisting
sheaves on P".

Theorem 3.2.4 Let R be a ring and n > 0. Then HP (P, Opr, (d)) is a finite
free R-module for all d € Z and p > 0, with rank given by

("i)  p=0d20
rkp H? (Ph, Opn (d)) =S (%) p=nd<-n-1
0 otherwise

for all d € Z and p > 0. More precisely, there is a canonical isomorphism
tr: H"(P%, Opy (—n — 1)) =~ R, and the natural maps

H" (PR, Opy (—n — 1 = d)) x H (PR, Opn(d)) — H" (P, Opy (—n — 1))
form a perfect pairing of free R-modules for d € 7Z.

Proof Everything is already known to us about Opr(d) for d > —n by Exam-
ple 3.2.1 and the standard identification of H® with R[zo,...,%,]q in the case
that d > 0. Otherwise all we know is H°(P", Opn(d)) = 0 for d < 0.
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The remainder of this proof is about the standard Koszul exact sequence asso-
ciated to zo,...,r, € HO(P", Opx(1)), which we denote by K*, and write
K*(d) for its twist by Opn (d). This is in degrees [-n — 1,0] and looks like

0— Opn(—n —1+d) — Opn(—n+d)"™ — ... — Opn(d) — 0.

Now consider the hypercohomology spectral sequence; since the complex is
exact, the spectral sequence will converge to 0. First, if we take d = 0, then the
entire sequence is zeroes except for H°(P", Opn) = R at E? ¥ and the column

£y "=1* The only chance of a nonzero differential is the one on the nth page
which will be

H™(P", Opn(—n —1)) = E;"" "™ — E%0 = R,

and therefore this must be an isomorphism since F,, = E,. This also shows
that H*(P", Opn(—n —1)) = 0 for i < n. This gives the map tr. By composing
the canonical pairing mentioned in the statement with the trace map, we obtain
a canonical map

Dy: H" (PR, Opn (—n — 1 —d)) — H(P", Opn (d))"

with RHS finite free, which sends a class « to the dual element f — tr(af)
where af is the cup product class in H"™(P%, Opn(—n — 1)). When d = 0, this
is the trace isomorphism by construction.

Now take d = —1. Now the only possibly nontrivial terms in the spectral
sequence are the left-most row, i.e. the cohomology of Opn(—n — 2), and the
single term E~™" = H"(P", Opn(—n — 1)) = R"*! from what we just
computed. Thus it is clear that H*(P", Opn(—n — 2)) = 0 for i < n, and the
top row becomes an exact sequence. Repeating this argument and shifting d
by —1 each time gives

H' P, Opn(—n—1+d) =0 d<0,i<n,

and proves that the complex H™(P", K*(—d)) is exact for all d > 0, since this
complex is the top row of the spectral sequence.

On the other hand, the complex HY(P", K*(d)) is also exact for d > 0, because
under this hypothesis the only line bundles involved in K*®(d) are O(m) for
m > —n, which have no higher cohomology. Since this is a complex of finite
free modules (i.e. it is strictly perfect), H?(P", K*(d))V is also exact. We can
construct a morphism between these complexes using the natural maps ¢, as
follows:

0 — H"(P",Opn(—n—1—d)) — H"(P",Opn(—n —2—d))"T — ..
Js. Josi
0 HO(B", Opn(d)" —— HOP", Op(d+ 1)1 — ..

Each square commutes by definition of the Koszul differentials and the natu-
rality properties of the cup product. We claim @, is an isomorphism; for d < 0
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both sides are 0, we have already seen d = 0, and then d > 0 follows by induc-
tion and the morphism of exact sequences above. The explicit ranks follow
from the ranks of H°(P", Op« (d)) for d > 0. O

The following result, called the Grothendieck coherence theorem, is an impor-
tant consequence. Its proof will be similar to Serre vanishing, with a couple of
extra steps. We use the fact that a spectral sequence with coherent terms over
a Noetherian scheme will converge to a coherent sheaf, whose proof is just as
easy as the quasicoherent case.

Theorem 3.2.5 Let Y be a locally Noetherian scheme and f: X — Y be a
proper morphism. Then Rf, restricts to a functor

}%j;: ljcoh(){) - ljcoh(xf)7

and in particular to D°  (X) — D (Y) if Y is Noetherian.

coh coh

Proof A proper morphism is in particular qcgs, so Rf,. is defined. Moreover,
since the claim is local on Y we may assume it is quasicompact, and then
Remark 2.3.41 shows that

HP(Rf.A) =lim HP(Rf.7>_yA)

where the RHS is eventually constant. This allows us to reduce to proving the
claim for DI, (X) — D}, (Y). Also, if Y was already quasicompact then we

coh
know that Rf. preserves D by Lemma 2.3.40, so the second claim follows.

Moreover, by the spectral sequence
RIf.(HP(A)) = HPT'(Rf.A),
we further reduce to the case that A = F is a single coherent sheaf.

Step 1: First suppose that f is projective. Since the question is local on Y, we
may assume Y = Spec R for R a Noetherian ring, where f factors as

X QP% — Spec R

through a closed immersion i. Then R!f.(F) computes cohomology of F or
equivalently i,(A), hence we may assume X = P} and ¢ = Id. So, it suffices
to show HP(P™, F) is coherent (i.e. a finite R-module) for F a coherent sheaf.
We prove this by descending induction, where the p = n + 1 case is clear as
the cohomology is 0. For p < n, take an exact sequence

0-K—=EE—=F—=0

with £ = @le Opn (—a;), where we may assume that H*(P",K) is a finite
module for ¢ > p by induction. Then we have an exact sequence

HP(P", ) — HP(P", F) — HPTY(P", K)

where the left side is a finite R-module since we have computed its cohomology
explicitly in Thm. 3.2.4. The right side is finite by induction. By splicing, we
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get a short exact sequence 0 — C — HP(P", F) — C’' — 0 where C is the
image of HP(P", £) hence finite, and C’ is a submodule of HP*(P", K) which
is finite as R is Noetherian.

Step 2: Now suppose f is only proper. Again we immediately reduce to the
case Y = Spec R is affine Noetherian. We proceed by Noetherian induction
on Supp F # &, and since F is coherent, we may replace X by the scheme-
theoretic support V (Ann F) of F and assume Supp F = X. By Chow’s lemma,
we may find a commutative diagram

where both 7 and p: X’ — Spec R are projective, and 7 is surjective and
restricts to an isomorphism on a dense open set U C X’. We may assume
U ¢ X' otherwise we're done.

Consider the coherent sheaf G := 7*F, then by Step 1 m.G is coherent, and
moreover the unit ¢: F — 7.G is an isomorphism on U, as (m*F)|y =
m|u 7|7 F and 7|y is an isomorphism. This in fact reduces the problem to
showing that Rf,7m,G is coherent: Indeed, apply Rf. to the triangle

im¢ — m.G — cok ¢ — im @[1],

then the observation above shows that cok ¢ is a coherent sheaf supported on
a proper closed subset, hence Rf, cok ¢ is coherent. So this will show Rf,im ¢
is coherent. Then apply Rf, to the triangle

ker ¢ — F — im ¢ — ker ¢[1],

and for the same reason as above this will prove Rf.F € Djoh(Y). Similarly,
since 7 is an isomorphism on U, Rq7T|U’* = 0 for ¢ > 0, meaning RIm,G is
supported on a proper closed subset of X and hence RPf,Rim,G is coherent

for all p and ¢ > 1.

Step 3: So let’s consider the Leray spectral sequence for the composite p = f,
ie.

Eg,q — Rpf*(Rqﬂ*g) . Rp-&-qp*g.
We just said E5? is coherent for ¢ > 1, and inductively, EP*¢ is coherent for
g >1 (and r > 2) because it is obtained as a quotient of a subobject of E¥% .
In particular E2:? is coherent for ¢ > 1.

Now look at convergence: Writing H™ = R"p,G, we observe that since p is
projective, H™ is coherent. We have a filtration

H*=F'H">F'H"> .- > F'H" =0
equipped with exact sequences

0— FPHH™ - FPH™ — ER"P — ().
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If n—p>1ie. p < n, then the right-hand term is coherent so FPH" being
coherent implies FPT1H™ is coherent. Since this is true for p = 0, inductively
we conclude FPH™ = EP:0 is coherent.

To conclude, suppose EP¥ is coherent for r > 3 (if » = 2 then we’re done). By
definition there’s a quotient sequence

OHideEffl —EPY >0

for some differential d as E"°, has no outbound differential. d has source
some EP %1 for ¢’ > 1, hence imd is coherent. Thus Effl is coherent. Hence

inductively E¥ % is coherent. Taking r > 0 so that EP0 = E?0 gives such an
r, proving coherence of E¥ 0 as desired. O

If f: X — Y is a qcqs morphism, we (in light of this result) say f is
cohomologically proper if Rf, preserves pseudocoherent objects of Dgyc(X).
If Y is Noetherian and f is proper (so X is Noetherian too), then we know
that Rf. preserves both D.on and Dy, hence it preserves D_; (X), i.e. the
pseudocoherent objects.

Example 3.2.6 Let Y be locally Noetherian and f: X — Y be an affine mor-
phism. Then f is finite iff f is proper. If f is finite, then it is projective and
hence proper. Conversely, the result above shows that f.Ox is a finite type
sheaf on Y.

Remark 3.2.7 In the theorem above, take the most trivial Y and remove all
derived implications. The result implies that if X is a proper k-scheme, then
I'(X, F) is a finite-dimensional vector space for any coherent sheaf F. This is
not obvious by any means from the definition, even if X was projective or even
P} itself.

Remark 3.2.8 Let us make some statements about RHome,,, for which it is
important to know when it lies in D ; (X). This behaves relatively well only
in the Noetherian (or coherent) case, so assume X is Noetherian. Then we
know that if A is pseudocoherent, i.e. A € D_; (X), and B € D} (X), then
RHomo, (A, B) € DJ(X). In fact, if B € D} (X), then RHomo, (A, B) €
D:gh(X ). Indeed, the hyper-ext spectral sequence reduces us to the case where
A = F is a coherent sheaf, and the claim is local so we may assume X is
Noetherian affine. Then F has a resolution by a complex £° of finite free Ox-
modules, which is internally projective, so we have to prove the claim about
Homp, (£°,G°) where G* has coherent cohomology. Then our usual argument
using the totalization spectral sequence implies that this has coherent coho-
mology, because the Es page consists of modules of the form HP(G®)™ for

some m. However we can also say the following:

1. In the case A = E € Perf(X) for any (qcgs) scheme and any pseudo-
coherent B, RHom(E, B) is pseudocoherent because it is isomorphic to
EY ®% B.
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2. If X is Noetherian, E € Perf(X), and B € D.on(X), then RHom(E, B) €
Deon(X). This is for instance by the hyper-Tor spectral sequence when
one of the terms is bounded, applied on a nbhd where F is a bounded
complex of vector bundles.

Ezample 3.2.9 This is an example of the local-to-global spectral sequence we
have already seen. Let X be a scheme, A € D;C(X ) be pseudocoherent, and
B € D{.(X). Then we know RHomo, (A, B) € DI (X), and we have the
spectral sequence

HP(X,H?(RHomoy (A, B))) = H""/(RHomo, (4, B))

of Ox(X)-modules. In particular, suppose X is projective over a Noetherian
ring R and £ is an R-ample line bundle, with A € D_, (X) and B € D}, (X).

coh

Then for each ¢ € Z, we just saw that HI(RHom (A, B)) € Coh(X), so by
Serre vanishing there exists n > 0 such that the coherent sheaf
HY(RHom(A, B)) ®0, L = HY(RHom(A, B) @6, L")
= HY(RHom(A, B®g, LE™))

has no higher cohomology (we’re using flatness/perfectness of £). Then by the
spectral sequence, it follows that

HO(X, H(RHom(A, B @¢, LZ"))) = Homp(x) (4, B @5, L"[q])
for n > 0 (depending on ¢, A, and B).

Corollary 3.2.10 Let R be a Noetherian ring and X a proper R-scheme.

(a) If A € D_,(X) and B € DY, (X), then Hompx)(A, B) is a finite R-
module.

(b) Ifg‘ le Perf(X) and B € Deon(X), then Hompx)(E, B) is a finite R-
module.

(c) If E € Perf(X) and B € DY, (X), then the whole graded object

coh

Hom, v (E, B) = @) Hompx)(E, B[n))
nez

is a finite R-module.

In particular, D, (X) is enriched in the category Modg(R).

coh

Proof (a) This follows directly from the local-to-global spectral sequence for
Exts, the fact that RHom(A, B) has coherent cohomology, and the fact that
the sheaf cohomology of a coherent sheaf is finite over R since X is proper.
(b) The hom-module is H® of EY ®@% B € Deon(X). (c) This is because
EY @%, B e D!, (X) and (b). The final statement is an obvious consequence

coh

of (a). O

Here is one concrete application of the cohomology of P".
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Proposition 3.2.11 Let k be a field. Every vector bundle on ]P’,lC splits into a
sum of line bundles. For each n > 2, P} has a rank n vector bundle which is
not a sum of line bundles.

Proof The latter case is easy to see: take the standard Koszul resolution and
cut it off after the first step to produce a sequence

0—&— O]Pm(—l)""’_l — Opn — 0

(which is none other than the Euler sequence, i.e. £ = Q},.). Then £ is a rank
n vector bundle which has

k= HO(P", Opn) = H'(P", ),
but none of the twisting sheaves have any H! when n > 2.

Now consider P}, and let € be a vector bundle of rank 7 > 1. £(n) is globally
generated for n >> 0, and on the other hand the same is true of £V, so we may
write £(—n) C O(—1)™ for n > 0. Thus there is some unique middle point ng
for which (P, E(ng)) > 0 but A (PL,E(ng — £)) = 0 for all £ > 0.

Choose a nonzero section s: O — &(ng), which is necessarily regular, so we
obtain an exact sequence

0—-0% &My =& —0,

and we claim &” is locally free. Indeed it suffices to prove that V(s) = &,
as then in each local ring B = Op1 ,, the map above is isomorphic to one
of the form R — R"™ sending 1 +— e;, which has free quotient R"~!. To
show this, note that the generic point is not in V(s) as s # 0, and for each
closed point x of degree d = [k(x) : k|, vanishing at x would give a section of
E(ng)(—p) = E(ng — d) which we said there are none.

Therefore £” is free of rank r — 1, so inductively is a sum of line bun-
dles. Twisting the defining exact sequence by O(—1), we find that since
(P, O(—-1)) = 0, our assumption gives h°(P!, £”(—1)) = 0. Therefore if
E" =P O(a;), then a; — 1 < —1 for all 4, i.e. a; < 0. Finally, observe that

Exty, (£7,0) = (€)Y @Hl (P, O(—a;)) =0

since —a; > 0. Hence the sequence splits, so £(ng) is a sum of line bundles,
and thus £ is too. O

Note that this fails if &k is not a field, even if it is a Noetherian UFD so that all
line bundles are of the form O(d). Indeed, we saw in Example 2.4.35 that Pk[t]
has a vector bundle which isn’t a sum of line bundles. Here’s another simple
example:

Ezxample 3.2.12 Let R be a ring and X = AR\ 0 = AL\ V(z1,...,2,).
The natural map p: X — P& ! is affine since p~'(Dy(z;)) = D(x;). By
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construction p*O(1) = Ox, and thus p*O(d) = Ox. By adjunction,

Pox—-o0x <  F=0OW) - p.Ox,
d

the codiagonal map corresponds to a map which we claim is an isomorphism.
Indeed, we know F(U;) = R[z1, ..., z,][z; ] and it is clear that the restriction
of F — p.Ox is the canonical identlﬁcatlon. Since p is affine, it follows that
H°(X,0x) = R[z1,...,7,] as an R-module, and

H"Y(X,0x) = @Rxl,..., zn]Y,

m>0

with all other cohomology modules trivial.

Next we will prove two basic results both called ‘Serre’s criterion’, for affine-
ness and ampleness respectively, and deduce some interesting consequences.
Usually, for each affineness result there is a corresponding result for ampleness
of line bundles, so we will usually state both and prove them simultaneously.

Proposition 3.2.13 Let X be a quasicompact scheme. If H'(X,T) = 0 for
every quasicoherent ideal sheaf T C Ox, then X is affine.

Proposition 3.2.14 Let X be a quasicompact scheme and L a line bundle on
X. If for each quasicoherent ideal sheaf T C Ox, there exists an n > 1 such
that HY (X, T ®0, L®") =0, then L is ample.

Proofs (of Prop. 3.2.13 and Prop. 3.2.1}) Let € X be a closed point and U
an affine open nbhd of  such that £|y is trivial. We can choose ideal sheaves
I’ C T such that V(Z') = (X \U) U{z} and V(Z) = X \ U by taking the
reduced subscheme structures. Writing F = Z/Z’, we see Supp F = {z} and
F is the pushforward of the structure sheaf along i: {z} — X. Tensor the
defining sequence with £®7,

0T @LY - T®LE" — 0,00,y ® LO — 0,

and choose n so that H'(X,Z' ® £L®") = 0. In the case of Prop. 3.2.13 we
can just take £L = Ox. By the projection formula, the right-most term is
i.(L%"(z)) and taking global sections gives a surjection H%(X,Z ® L®") —
L5 (z). By lifting a nonzero element of this vector space to

feHY X, T®L®) c HY(X,L®™),

it follows that « ¢ V(f), and V(Z) C V(f), i.e. « € D(f) C U. Therefore
D(f) = Dy(f|v) for fluy a section of LZ™|; = Oy, which in particular shows
that D(f) is affine.

Consider the union of all affine open sets of the form Xy where f € HO(X, L")
for various n > 0, which is an open set containing all closed points by the
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above case. Since all points in a quasicompact scheme specialize to a closed
point, this covers X, which completes the proof of Prop. 3.2.14.

For Prop. 3.2.13, we may now choose fi,..., f, sections of Ox such that
X =, Xy, and each Xy, is affine, then by the elementary affineness criterion
it suffices to show (f1,..., fn) = (1). Since these cover X, we can write an
exact sequence

0—K— 0% Y, 0 x — 0
and we want to show the second map is surjective on sections, so it suffices
to prove that H*(X,K) = 0. Indeed, letting K; = K N O% C Ox for the
intersection with the first ¢ summands of Ox, we obtain a filtration 0 = Iy C
K,, = K such that

0—>ICi—>lCi+1 —>Ii—>0
is exact for Z; some ideal sheaf. Since ICy has trivial H', by induction we
conclude IC,, = K does too. O

It is easy to formulate and prove relative versions of this to obtain criteria for
f-ampleness and affine morphisms, but we won’t need this. Future things to
add here: criteria for irreducible components, the affineness of /ampleness over
the reduction, Chevalley’s criterion for descent of affineness/ampleness under
surjective finite morphisms, etc. Future results to add here: Theorem on formal
functions and Zariski’s main theorem.

Next, let us give a completely elementary proof of the bounded-coherent dual-
ity for P% over a Noetherian ring R. We will enhance this using our results
about duality shortly.
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3.2.2 Reprise: Standard applications

In this section we will, using some of our work from the previous sections,
give new proofs of some basic parts of cohomology theory. We will provide
non-standard proofs of the computation of cohomology of P, Serre vanish-
ing, Grothendieck coherence, and Serre duality. The emphasis is on using the
extensive theory we have developed to greatly simplify some of the usual big
results.

Ezample 3.2.15 Let R be a ring and P = P projective space over R. We'll
show by induction on n that HZ(P™, Opn(d)) = 0 for ¢ > 0 and d > —n. When
n = 0 this is clear because P° = Spec R is affine. It follows from Example 2.4.29
applied to the line bundle Op~ (1) and affine vanishing that

fiy (H9(B", Opn) 22 FI(P™, Opn (1)) 2 - ) = 0
for all ¢ > 0. On the other hand, consider the hyperplane sequence
0— O[Pn (d - 1) :E_o) O[Pn (d) — Opn—l (d) — 0

twisted by Opn(d). By induction, Opr-1(d) has no higher cohomology when
d>—-n+1,so

HYP", Opn(d — 1)) = HY(P", Opn(d))

is an isomorphism for d > —n+1 and ¢ > 2, and a surjection for ¢ = 1. To see
that it is also an injection for ¢ = 1, observe that Opn(d) — Opn-1(d) induces
a surjection on global sections for all d. Therefore all maps in the direct system
above are isomorphisms, and hence each term equals zero. The first term in
the isomorphism chain is H4(P", Opn(—n)) = 0, completing the proof.

Theorem 3.2.16 Let R be a ring, n > 0, and denote by p: Pt — Spec R the
structure map.
(a) p is quasi-perfect and hence quasi-proper.

(b) There is a canonical isomorphism tr: H"(Pg, Opp(—n — 1)) = R
inducing an isomorphism Opn (—n — 1)[n] =~ p* Okg.

(¢) The isomorphism of (b) induces isomorphisms
R (P, Opy, (—n — 1 — d)) = RT (P, Opp, (d)) ¥ [-nl.

for all d. In particular,

(Rlzo, - - -, n]a)[0] d>0
RT (P, Opn (d)) =<0 -n<d<0
(Rlzo, .- anly 1 g)[-n] d<-n—1

canonically induced by the isomorphisms of (b).
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Proof (a) In Example 2.5.34 we showed that Opn(—n),...,Opn form a gen-
erating set for Dyc(P™). Example 3.2.15 shows that Rp, of the first n — 1 of
these are 0, and Rp.Opn is Or[0]. These are all perfect, so p is quasiperfect
by Lemma 2.4.56.

(b) Consider the standard Koszul exact sequence
0 — Opn(—n —1) = Opn(—n)" T — -+ — Opn (=1)"T! — Opn — 0.

on P", which we view as a resolution of Opn(—n — 1)[0] concentrated in [0, n].
Now apply the hypercohomology spectral sequence; by Example 3.2.15, the
only nonzero term is E,o = H°(P",Opn) = R, so it degenerates, giving
HI(P™, Opn(—n—1)) = 0 for ¢ # n, and the edge map provides an isomorphism

tr: H"(P", Opn(—n — 1)) = R.

In particular, Rp,Opn (—n—1) = Og[—n], so by adjunction there is a canonical
map Opn(—n—1)[n] — p*Ogr. We can check that this is an isomorphism after
applying RHome,,, (Opr(d), —) for d = —n,...,0 by the generating set listed
in (a). This gives

RHomo,, (Opn (d), Opn (—n — 1)[n]) — RHomo,, (Op~ (d), p* Or)

RT'(P", Opn(—n — 1 — d))[n] ——— RHomop,, (Rp.Opn(d), OR)

The only interesting case is d = 0 as both sides are zero otherwise. In the d = 0
case, we obtain the shift of the isomorphism

RT'(P"*, Opn(—n — 1)) — RHome, (ORr, Or)[—n] = R[—n)]
that we started with. This proves (b).

(¢) Now that we know Opn(—n — 1)[n] = p*Opg, the same horizontal maps
in the square above are isomorphisms for all d. By (a), Rp.Opn(d) is perfect,
so the RHS above equals RT'(P", Op«(d))Y, giving the first part of (c). The
second statement is just the fact that this is represented as the strictly perfect
complex

RF(IPna OP“ (d)) = (R[l’(), cee 7xn]d) [0}
when d > 0. O

Corollary 3.2.17 Let f: X — Y be a proper morphism of Noetherian
schemes. Then f is quasi-proper, so in particular Rf. preserves D}, for

xe{( )+, —, b}

Proof We showed that the second conclusion is equivalent to quasi-properness
in Lemma 2.5.64. First assume f is projective; in this case, since the claim
is target-local, we may assume Y = Spec R for R a Noetherian ring, so f
factors through a closed immersion as X — P% — Spec R for some n. By
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Noetherianity, the first map is a pseudocoherent closed immersion, hence quasi-
proper. Since the second map is quasi-proper by Thm. 3.2.16, we conclude that
f is quasi-proper.

Now consider the general case. We proceed by Noetherian induction, assuming
that the composite Z — X — Y is quasi-proper for all proper closed sub-
schemes Z. Again we may assume Y is affine Noetherian. By Chow’s lemma,
choose a commutative diagram

r—r X

\/

where p and g are projective, and p is surjective and restricts to an isomorphism
on a dense open set U C X'. Let Z be the reduced subscheme structure on
X'\ U, and choose a triangle

OX — Rp*OX/ — K — Ox[l].

It follows that K|y = 0, and since p is projective, Rp.Ox is pseudocoherent,
so K € Dgoh 1z Finally, let

& ={A€ Dy(X): Rf.A is pseudocoherent},

which we know is a thick subcategory. By the induction hypothesis, the
restriction fi is quasi-proper, so it follows that i.D%, (Z) C &, and hence
Db 1z/(X) C € by Lemma 2.5.66.

It suffices to show that if E € Perf(X) then F € &. Indeed, by the projection
formula we obtain an exact triangle

F — Rp,Lp"E — E ®5X K — E[1],
and then applying Rf, we get
Rf.E — Rg.Lp*E — Rf.(E®%, K) — Rf.E[].

Since Lp*F is perfect and g is projective the second term is pseudocoherent.
Since F is perfect and K € DCOh ) E®OX K e Dcoh 12| € &, hence the third
term is pseudocoherent as well. Therefore R f«F is pseudocoherent. O
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3.2.3 Cohomology and base change

The central focus of this section is proving some standard results about tor-
independent base change, and then relating this to the twisted inverse image
functor. We will see that, while the proof of the former will be somewhat direct,
the latter will have some interesting geometric steps.

Let R be a ring and A and B be R-algebras. We say A and B are tor-
independent if TorlR(A7 B) =0 for i > 0, or in other words if the natural map
A®% B — A®p B is an isomorphism. Let us first see that this behaves well
as a local notion. We will use the following fact: A ®% B is the underlying R-
module of the derived base change of A to a B-module and B to an A-module,
compatible with the R-action. Thus its cohomology Tor*R (A, B) is naturally
an A ® g B-module.

Lemma 3.2.18 Let R be a ring, A and B be R-algebras and R a flat R-
algebra. Set

Ay =A®p R By =B ®grR C=A®r B,
assume that A’ and B’ are flat Ay- and By-algebras respectively, and write
C' = A' ®r B'. Then canonically Torf (A, B') = Tor®(A, B) ®¢ C'.

Proof We use the standard consequence of the fact that colimits commute with
colimits that

Torf(A, B) ¢ C' = Tor®(A,B) ® (A'® B)
A%B R’

=T (A,B)® R ® A © B
R A%R/ B%R’

= Torf(A,B) ®r R' ®4, A’ ®p, B’
— Torf' (Ao, By) ®4, A' @5, B,
where the last step holds by flat base change for Tor. Now observe that
(Ao @F Bo) @, A') @, B' = (A’ &% Bo) 5, B’
= Al ®%/ BI,
and if we take cohomology the LHS becomes
H*((Ao ®F Bo) @4, A') ®p, B' = H* (Ao @ Bo) ©a, A' ©p, B’
= Torf/(Ao7 By) ®a, A’ ®p, B
= Torf(A, B) ®¢ C'

by the flatness assumptions, which produces the desired result. O

Corollary 3.2.19 Let R be a ring and A and B be R-algebras. The following
are equivalent:
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(a) A and B are tor-independent over R.

(b) For each prime v of R and primes p C A and q C B lying over v, A, and
Bg are tor-independent over R..

Proof Let C = A®p B, then as mentioned Tor? (A, B) is a C-module, so (a) is
equivalent to Tor (A, B)s = 0 for primes s C C and i > 0. Using the notation
of (b), Lemma 3.2.18 applied to R’ = R, and A’ = A,, B’ = B, shows that

Tor*R" (Ap, By) = Torf(A7 B) ®c (Ay ®r, By).

Therefore it is clear that (a) = (b). On the other hand, if s C C lies over p, q, ¢
as above, then C, is canonically a (A, @gr, Bq)-module by the contraction
assumption. Therefore if the LHS above is zero, then tensoring over this base
with C; shows that

Torf (A, B) ®¢ Cs = Tori (A, B), =0,

and since this holds for all s this proves (a). O

In the following result, we use the convention that if f: W — X is a morphism
of schemes, then we write Ox also for the Oy -module f~!Ox via restriction
of scalars along f~'Ox — Ow.

Proposition 3.2.20 Let S be a scheme and X and Y be S-schemes. The
following conditions are equivalent:

(a) For each x € X and y € Y lying over a point s € S, the Og s-algebras
Ox o and Oy, are tor-independent.

(b) For each x € X andy €Y lying over a point s € S, there are affine open
nbhds U, V,W of z,y, s respectively, for which U and V have image in W,
such that the Og(W)-algebras Ox (U) and Oy (V) are tor-independent.

(c) For all affine opens W C S and affine opens U C X and V C Y
whose image lies in W, the Og(W)-algebras Ox(U) and Oy (V) are
tor-independent.

Proof (¢) = (b) is trivial, and it follows immediately from the forward impli-
cation of Cor. 3.2.19 that (b) = (a). It then follows from the reverse direction
of Cor. 3.2.19 that (a) = (¢). O

Definition 3.2.21 Let X and Y be S-schemes. X and Y are tor-independent
over S if they satisfy the equivalent conditions of Prop. 3.2.20. We also
sometimes say that the cospan X — S < Y is tor-independent, or that a
commutative square containing the cospan is tor-independent.

Example 3.2.22 If X and Y are S-schemes and either X or Y is flat over S,
then X and Y are tor-independent. Indeed, in that case Ox , or Oy, is flat
over Og s, so the pair is clearly tor-independent over Og 5. In particular, any
pair of schemes over a field are tor-independent.
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Ezample 3.2.23 Let iy : Zx — X be closed immersions for k = 1, 2. Because
of the description of the stalks of iy .0z, , it is clear that Z; and Z are
tor-independent iff TorX(0y,,0y,) = 0 for i > 0, iff

021 ®gx OZz - OZI ® OZz = OZlﬁzz

is an isomorphism. In other words, closed subschemes are tor-independent iff
their scheme-theoretic intersection coincides with their derived intersection.
More generally, we think of tor-independence of S-schemes as a condition that
they ‘intersect well’ over S.

Ezample 3.2.24 Tor-independence of a cospan is preserved under flat base
change. More precisely, consider a diagram of the form

XT4>T<7YT
I
X — S««—Y

in which T'— S is flat, and X and Y are tor-independent over S. We claim that
X7 and Y7 are tor-independent over T'. Indeed, we can choose an affine open
W = Spec R of S and affine opens U = Spec A,V = Spec B, W’ = Spec R’ of
X, Y, and T respectively, all of which have image in W. Such W’ of this form
cover T, and the corresponding base changes Ur and Vi over W’ allow us to
reduce to the case where everything is affine. By flat base change for tor,

0 =Tor’(A,B) ®r R' = Tor® (A®r R, B®r R
for ¢ > 0, which is what we wanted to show.

Now let us prove tor-independent base change. Suppose we are given a
commutative diagram

of schemes. Assume for convenience that f and f are qcgs, so that we have the
unbounded adjunctions Lf* 4 Rf, and Lf - Rf, on Dy.. Take the counit
Lf*Rf. — Idp, (x) and postcompose to obtain a natural map

Lf'Ly"Rf. = Lg"Lf*Rf. — Lg",
which is then adjoint to a map
B: Lg*Rf. — Rf.Lg"

of functors Dy (X) — Dqc(Y”). We call this the base change map (even though
we haven’t assumed the square is cartesian). We can also obtain the same map

by instead starting with the unit Id — R?*L?*, and it is clear we get the same
answer.
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Ezample 3.2.25 One case where we already know that the base change map is
an isomorphism is in the case of open base change, i.e.:

i) —vU
x 1.y
Indeed, this is simply because of the behavior of Rf, under restriction to an

open and that Lj* = (—)|y for j the inclusion.

This base change map has the following compatibility property. Namely,
suppose we have a commutative diagram

with two squares, then we label the base change maps for the bottom square,
top square, and outer square as [, 2, 812 respectively. We can write [
canonically as

Bio: Lh*Lg*Rf. — Rf'Lh" Lg*,
and it is easy to see that the diagram

L Lg*Rf, —" P, 1p* Rf! Lg*
Sra lﬂz,Lg*
Rf" LL" Lg*

of functors commutes by adjunction, i.e. B12 = B2 15+ o Lh*(51).

Here is a simple consequence of this compatibility and open base change
(Example 3.2.25). Let 3 be the base change map for a square as in the defini-
tion, and place the open base change square above this. § is an isomorphism
iff 8|y is an isomorphism for all U in an open cover of Y”, and thus by the

-1
above this is equivalent to the composite square with upper map f (U) - U
having a base change isomorphism for all U in an open cover of Y.
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We can apply this again to the commutative tower:

7w —u

! |
V) — VvV
jf—l(wi ’ l
x vy

Once again, by open base change and the compatibility result, we obtain two
immediate consequences:

(a) If the base change map for the restricted upper square is an isomorphism,
then the one for the outer square is too.

(b) If j;,l(v is essentially surjective, then the base change map for the outer
square will imply that the one for the upper square is an isomorphism.
Note that we already know j},l W) is essentially surjective whenever

Rjs-1(v), lands in D, i.e. f~1(V) — X is qcgs. Since the source is
already qcqgs, this happens when X is quasiseparated.

We obtain a similar comparison map if we start with a horizontal diagram:

x 1oy g

Namely, labeling the maps of the left, right, and outer squares as Sy, B2, 812,
we again immediately see that

B2 = Rf.(B1) 0 B2, ry.
via the same proof as before. At the very least, this shows that if the two

squares have the base change isomorphism, then the outer one does as well.

Theorem 3.2.26 Let f: X — Y be a qcgs morphism of schemes and

x Ly

-
|0
x 1,y
be a cartesian square. The base change map

Lg*Rf.— Rf,Lg"

s an isomorphism if X and Y’ are tor-independent over Y. If in addition X
is quasiseparated, then the converse holds.
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Proof 1t follows from the remark above the proof, for both the forward and
converse direction, that we may reduce to the case where Y and Y are affine,
where for the converse we are also using Prop. 3.2.20. Then g is affine, and by
conservativity of affine pushforward (Example 2.3.46), the base change map is
an isomorphism iff

Rg.Lf*Rf. — RQ*R?*Lg* = Rf.Rg,.Lg"
is an isomorphism. By the projection formula, this is an isomorphism iff
Rf*E ®gy Q*OY' - Rf*(E ®éx E*OX/)

is an isomorphism for all £ € Dy (X). We know from classical affine base
change that g, O0x: = gj*(’)y/ = f*g.Oy, and projection again allows us to
rewrite the LHS to give the map

Rf.(E 6, Lf*9.0y:) — Rf(E®p, f*9.0v) (%)

which is Rf.(E ®%X —) applied to the natural map Lf*(g.O0y) — f*g.Oy.
Upon restriction to an affine open U = Spec A C X, this map corresponds to

A% B - A®prB  in Dy(X)

where B = Oy (Y') and R = Oy (Y). Therefore, Lf*(g.Oy) — f*g.Oy is an
isomorphism iff X and Y’ are tor-independent.

This proves the forward implication as it shows that (x) is an isomorphism. It
also proves the converse in the case that X were affine, because then f is affine,

so Rf, is conservative, and we can take F = Ox to obtain Lf*(g.0y) —>
f*9+Oy. To finish the converse, use the diagram

7' 0) > x Ly

J _
[ A
Ue——x sy
for some affine open U C X. Since the isomorphism is known for both squares,
the remark above the proof shows that the outer square has the base change
isomorphism. Thus U and Y’ are tor-independent over Y, and since U was
arbitrary we conclude X and Y’ are tor-independent. (Il

Ezample 3.2.27 Let f: X — S be a flat qcqs morphism (i.e. a ‘family’) and
s € S a point. Write i5: Speck(s) — S and i: X5 — X. Then tor-independent
base change gives

Li;Rf.A = (Rf.A)s ®6, . k(s) = RI(X,, Li*A)

for A € Dyo(X). For fun, consider the case where A = £ is a vector bundle,
and apply the hyper-tor spectral sequence. Then we get

Tor%; (R£.)s,v(s) = H"*(X,.E]x,),
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relating the cohomology of the fibers to the higher direct images. Since this is
happening over a field, we often want to consider these as numerical spectral
sequences. If S is locally Noetherian, then we have called the LHS the Betti
numbers:
895 ((RI.E).) = W P(X.,€|x.)

In particular, we see that if the higher direct images are all vector bundles,
then the cohomology of the fiber coincides with the stalk of the higher direct
images.

Proposition 3.2.28 Suppose that

is a tor-independent cartesian square of schemes.

(a) If g is locally of finite tor dimension, then G is locally of finite tor
dimension. If g has tor dimension < d then g has tor dimension < d.

(b) If f is quasi-proper, then f is quasi-proper.
(c) If f is quasi-perfect, then f is quasi-perfect.

Proof (a) Let U C X and V C Y be affine opens so that f(U) C V, then we
can replace the horizontal maps by U — V and g~ }(U) — ¢g~1(V), then the
square remains tor-independent and cartesian. Thus we may assume f and
hence f are affine, and prove the second statement. By tor-independent base
change, Lg*Rf, = Rf,Lg"*, so this composite takes a sheaf in degree zero to
[~d, 0] by Example 2.3.47. The same example applied to Rf, shows that L?*
takes a sheaf to [—d, 0], proving the claim.

(b,c) We have seen in Prop. 2.5.45 and Prop. 2.5.46 that the claim is local on
quasicompact opens of the target; thus by replacing f with f~1(V) — V and
f with f_l(U) — U, we may assume ¢ and thus g are affine.

Let E € Perf(X) be a generator of Dgy.(X), and observe that
RHomo,,(Lg*E, —) = RHomo, (E, Rg,(—)),

where the RHS is conservative as a composite of conservative functors since
g is affine (Example 2.3.46). Thus Lg*E generates Dy (X'), so it suffices to
show that Rf,Lg*E is pseudocoherent (resp. perfect) by the two cited criteria.
This is clear by tor independent base change since Lg* Rf, F is pseudocoherent
(resp. perfect) if f is quasi-proper (resp. quasi-perfect). O

Remark 3.2.29 (a) and (c) above are the more interesting statements, and
especially for (c) I cannot see a simple ‘classical’ way to prove this even under
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good finiteness hypotheses. On the other hand, (b) is only useful in the non-
Noetherian case, because if f is proper then f is already proper without any
tor-independence.

Ezample 3.2.30 Suppose we have a tor-independent cartesian square of qcqs
schemes as above. Since Lg*Rf. =~ Rf,Lg" by tor-independent base change,

by taking right adjoints we obtain f* Rg, —> R@jx. We will prove a much
cooler tor-independent base change theorem for f* below.

Let X and Y be qcgs S-schemes, and consider the natural projections
X & xxgy 2y,

which are qcgs by qcgs base change. Recall (Example 2.4.36) that we defined
a Fourier-Mukai functor Dg.(X) — Dgc(Y) to be a functor isomorphic to one
of the form

A prv*(K ®gX><Y Lp*YA)
for some kernel K € Dgy.(X xY). We showed that this is equivalent to having
a qcqs S-scheme W and S-maps f: W — X and g: W — Y such that

A Ry, (K ®g,, Lf*A)

for some K € Dg. (W), in which case the corresponding kernel is the
pushforward of K along W — X xgY.

Proposition 3.2.31 Let Y be a qcgs flat S-scheme and X,Y be qcgs tor-
independent S-schemes. If

Pk, : Dae(X) = Dge(Y) Pk, Dac(Y) — Dgc(Z)

are the Fourier-Mukai functors with kernels K1 and Ko respectively, then ® g, o
Dy, is Fourier-Mukai with kernel

Rrxz.(Lnky K1 @Y Ly 1K),
where me denote the corresponding projections from X xXgY Xg Z.

Proof We consider the cartesian square:

X xgY xgZ 25 Y xgZ

-
TXY qy

XxgY —2 vy

This is tor-independent by the assumptions and Example 3.2.24 since Y — S
is flat. Thus tor-independent base change applies, so we compute:

D1 (P, (4)) = Raz,. (K2 &% Lay Bpy.. (K1 " Lpx A))

= RQZ,* <K2 ®L RWYZ,*LT(;(Y (Kl ®L Lp;(A)>
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= Rqyz . <K2 QT Rry 7.4 (Lﬂ';{yKl QL Lﬂ'}A))
= R(qzmy2). (LW;ZKQ &L Ly K1 @F Lw}A)
= R(rzmxz), Ly 2 Ko & Ly Ky @ Ly ;L1 A)
= Rry., ((LW;ZKQ @Y Ly K1) @F Lr*ZA)
by a few applications of the projection formula, where ro are the projections

from X xg Z. This is what we wanted. O

As a corollary, the collection of qcgs flat S-schemes (i.e. families over S)
behaves very well with respect to Fourier-Mukai functors, because then
Fourier-Mukai functors are closed under composition. We will explain a cate-
gorical perspective on this momentarily. First, if XY, Z are qcgs S-schemes
and Ky € Dqo(X xsY), Ko € Dy (Y x5 Z), we define

Ky xs Ko = Rrx 7. (Lryy K1 @Y L1y ;K2) € Dgo(X x5 Y)

to be the convolution of the two kernels. This behaves well under flatness
assumptions. Indeed, assume W, XY, Z are qcgqs and flat over S (or more
precisely X and Y are flat and W and Z are tor-independent), and

Ky € Dge(W xg X), K3 € Dge(X xsY), K3 € Dy (Y x5 Z).
Then both (K7*xg Ks)xs K5 and K7 xg(Ka%sK3) are canonically isomorphic to
Row 7.« (Lojy x K1 @ Loy Ko @Y Loy , K3)

where o denotes projections from W x g X XgY X ¢ Z, via the natural map from
either association to the above pushforward (by adjunction). Indeed, write 7
for projections from W xg X xgY and 7 for projections from W xgY xg¢ Z.
Consider the tor-independent cartesian square:

Wxg X xsgY xgZ 24 W xgY xgZ

)
G'WXY\L lTWY

WxsgX xgV —™Y s WxgY

Then it follows from tor-independent base change and the projection formula
that we have natural isomorphisms

(Kl *Kg) * K3 = Rryyz (LTwyRTFW}/(Lﬂ'W)(Kl ®L Lﬂ'XY}(Q) ®L LTyng,)
= Rtwz (RUWXY(LUWXK1 @Y Loxy Ko) @ LTYZK3)
= Rowz(Lowx K o Loxy Ko @" Loy 7 Ks)

(To make everything fit on the page, some stars and subscripts are omit-
ted.) Symmetrically, the other associativity equation also equals the same
expression. This provides the recipe for computing the convolution of a finite
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collection of convolvable kernels: pull them all back to the relevant product,
tensor, and push down.

Based on this verification, we naturally obtain a bicategory (i.e. weak 2-
category) Kerng defined as follows: its objects are flat qcgs S-schemes, and
hom-spaces are given by

Kerng(X,Y) := Dy (X x Y).

The composition law is given by convolution, and associators are given by the
natural isomorphisms deduced above. It follows from the projection formula
that if Ax: X — X xg X denotes the diagonal, then

(RAX,*O)()*SK:K K/ *g (RAX,*O)() :K/,

50 RAx .Ox € Dqc(X xg X) is the identity. The point of doing this is that
there is a canonical pseudofunctor

FM: Kerng — Cat;
sending X — Dg.(X), where
Kerns(X,Y) — Fun(De(X), De(Y)) K > g

is the functor sending a kernel to its associated Fourier-Mukai functor.
Prop. 3.2.31 shows that this indeed respects composition. An important ques-
tion is to determine what the essential image of these functors is, but if
we address this it will be done once we make our derived categories into
oo-categories.

Remark 3.2.32 Suppose X is in addition quasiproper (resp. quasiperfect)
over S. Then for Y flat over S, the projection map X xg VY — Y is also
quasiproper (resp. quasi-perfect) by tor-independent base change. Therefore,
a Fourier-Mukai functor restricts to Dpo(X) — Dpc(Y') assuming that K is a
pseudocoherent kernel. If K is a perfect kernel and X is quasi-perfect, then it
restricts to Perf(X) — Perf(Y). Now if X and Y are both flat, then in this case
X is quasi-perfect over S so we obtain the above restriction again. Note also
that by Prop. 2.5.29, if ever such a Fourier-Mukai functor Perf(X) — Perf(Y)
is an equivalence, then Dqc(X) == Dy (Y'). Thus for quasi-proper schemes
flat over a base, Perf ‘detects’ the whole unbounded derived category for
Fourier-Mukai functors with perfect kernel.

Ezxample 3.2.83 As a continuation of the previous remark, suppose S is a
Noetherian base and X,Y are proper flat S-schemes. If E € Perf(X xgY)

is a perfect kernel, then ®p: Perf(X) — Perf(Y), and also ®x: D’ (X) —
Db L (Y).If we only have K € DY, (X xY'), then @ preserves Dy = D__, (X),

but possibly doesn’t stay bounded. For this reason, in geometric settings, we
often want a perfect kernel to get a Fourier-Mukai functor on D?_, . This sit-

uation is nice for other reasons: if K = FE is perfect, then by Example 2.4.50
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we have

®p - (A~ Rpy,. RHom(E,p%A)).
Since Y — § is quasi-perfect, px is quasi-perfect, so p¥ (4) = px (Ox )@Y Lp%,
and thus the right adjoint to & is

A Rpy.(EY @b pX(Ox) @" Lp A),
hence the right adjoint is Fourier-Mukai with kernel RHom(E,pyxOx). We

will be able to give a better way to compute p% shortly.

Let X and Y be qcgs over a base scheme S, and consider the cartesian square:

X xgV 25 Y7

ﬂyJ{ \ﬂ. pr{
py\\

X 2 59

Given the counits Lp% Rpx . — Id and Lpj Rpy . — Id, we can postcompose
with the pullbacks to X xg Y and tensor to obtain a map

L Lpyx Rpx » A Q" Ln Lpy Rpy . B — LA @ LnyB
Os

Oxxgy

natural in A € Dy.(X) and B € Dy (Y). In this setting we usually denote the
RHS by A@I@ s B, called the external product, which is a multiplication functor

Dae(X) X Dge(Y) = Dge(X x5 Y).

The LHS is equal to L7*Rpx A @Y L7* Rpy . B, so the map is adjoint to a
natural map

Rpx.A®%, Rpy.B — Rr,. (ARG, B),
which is called the Kunneth map. A simple consequence of our base change
result is that this is an isomorphism in the tor-independent case.

Proposition 3.2.34 Let X and Y be tor-independent, qcqs S-schemes. Using
the notation above, the Kunneth map

Rpx .A®6, Rpy.B — Rr. (ARG, B)
is a natural isomorphism for all A € Dqo(X) and B € Dy (Y).

Proof By the qcgs projection formula and tor-independent base change, we
deduce that

Rpx..A @b, Rpy..B = Rpx,.(A&" Lpk Rpy,.B)
= Rpx.(A®" Rrx . L7}y B)
= Rpx,.Rrx.(LrkA®" L} B)
= Br. (A, B),

completing the proof. O
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Ezample 3.2.35 Let S be any scheme and X := P% — S the corresponding
projective space. This is flat because P}, — SpecZ is flat, as it is locally
A7 — SpecZ. Moreover, the line bundles Ox (d) for d € Z are all pullbacks of
Opy (d) from Z, so the qcgs and tor-independent base change square

) QN

i

Pz —% SpecZ

allows us to compute their cohomology: indeed,
Lh*Rq. = Rp.Lh,
so Rp.Ox(d) = Lh* Rq.Opn(d) = RT(P", Opn(d)) @ Og. Thus

n+d

Rp.Ox(d) = (Oslao. ...z Ja) 0] = 05 )0
for d > 0, Rp.Ox(d) =0 for d € [-n, —1], and

—d—1

Rp.Ox(d) = (Oslzo, .- ]l 11 a)[0] = 05[],

The Kiinneth formula above then allows us to compute the cohomology of
external product bundles on P'' xg- - - x gP¢*. For example, on X = Pg x g P,
we write Ox(i,7) for the obvious external product. Then the result above
shows that

Rr.Ox(i, ) = Rppn « Opn (i) @6 Rppm «Opm (5)
which is computed by the formula above. For example,
Rm,Ox(—n—1,—m — 1) = Og[-n] @, Os[-m] = Og[—n —m],

so we should expect Ox(—n—1,—m —1) to be the dualizing object for X over
S. We will formalize this below.

Ezample 3.2.36 Let X and Y be qcgs k-schemes for a field k. Identify D(k)
with the category of Z-graded k-vector spaces, and recall that all k-complexes
are K-injective because an acyclic k-complex is contractible. Thus for any
A € Dyo(X) and B € Dy(Y), the Kunneth formula gives
H*(X xx Y,AR" B) = H HP(X,A) @ H'(Y, B),
ptg=n
just as in the classical formula. If A ~ £°® is a bounded complex of vector
bundles and B ~ F*, then AKX B is computed completely classically, namely
ARY B = piE°® @xx,y Py F* =E KT,

as we expect.

FEzample 3.2.37 The purpose of this example is to explain why Example 3.2.36
fails when we’re not over a field. In fact, we will use our formalism to give an
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example of a (polynomial) ring R, a smooth projective R-scheme X, and a
locally free sheaf £ on X such that

H(RI(X,€) @f RT(X,€)) # H'(X,€) @ H(X, €),

By the Kunneth formula, this will show that

HY(X xgp X,EXE) # HY(X,&) ® HY(X,E),
which is a question one could ask in entirely classical terms.
Let k be a field, R = k[u,v,w], and X = P}%. Note that

Ext'(0%,0x(-2)) = H'(X,0x(-2))* = R?,
so choose an exact sequence of the form

0— Ox(-2)—=E—0% -0

with extension class (u,v,w) € R3. Then & is locally free of rank 2, which
produces a triangle £ — Ox — Ox(—2)[1] — &£[1]. Thus

RT(X,€) — RI(X,0%) = R* — RT(X,0x(-2)[1])) = R —
is exact, which means that

(u,v,w)

R) = [r® 2, R

in D(R). Letting M = H%(X,£), we have M = ker(R?> — R); this map is also
contained in the Koszul resolution for k = k[u, v, w]/(u, v, w), which is

RT(X, ) ~ Cone(R?

w,—v,u) w,v,W)

0— R R — R3 R—0.
Therefore we have an exact sequence
0 R RS A0

by splicing, which is a minimal free resolution. Tensoring this with M, we
observe that [M — M3] ~ M ®% M. But o — (wz, —vx,ux) is still injective
because M is a submodule of R3, so M ®% M ~ M ®pr M. Therefore

M ®r M ~ [R— R* — R°|[2]

(in degrees —2,—1,0). Because this was true before totalization, the matrix
entries above all lie in m = (u,v,w) C R, so this becomes a minimal free
resolution after localizing at m. In particular pdp_(Mn ®g,, Mn) = 2.

On the other hand, we also have in degrees 0, 1,2
RU(X,€) @% RU(X, &) = [R* L RS — R],

so let N be H? of the equation above, which fits into an exact sequence 0 —
N — R — im(d) — 0. Since im (d)y, is a nonzero submodule of RS, it has
depth > 1 over Ry. Therefore the exact sequence implies depthp (Nm) >
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depth(im (d)m) + 1 > 2. By the Auslander-Buchsbaum formula, pdg (Nn) <
3—2 =1, so we conclude Ny, # (M ®p M), hence N # M ®p N as desired.

Our next subject is tor-independent base change for the twisted inverse image.
The setup and proof will be somewhat similar to the proof of regular tor-
independent base change: we use general pullback facts to reduce to the case
of an affine morphism or open immersion, and prove these cases separately.
One annoyance of the theory is that the base change map will only exist in
the tor-independent case.

Suppose we are given a tor-independent cartesian square

x Ly

EJJ lg
x Juy

where X,Y, X’ and Y’ are all qcgs schemes, so in particular all maps are qcgs.

The twisted base change map is a natural map v: Lg*f* — fXLg* of functors
Dy (Y) — Dqe(X'). It is defined as the adjunct map corresponding to

. —1 X
Rf.Lg* f* 25 Lg*Rf.£* — Lg*,

where [ is the tor-independent base change isomorphism, and the second map
is induced by the counit of Rf. - f*. ~y satisfies the same compatibilities as the
standard derived base change map; namely, suppose we stack tor-independent
base change diagrams like:

Denote the base change maps for the left-bottom, left-top, and right squares
as 71, Y2, and ~y3 respectively. Let 12 and 713 be the base change maps for
the pasted squares.

Remark 3.2.38 For this to make sense, we need to know that the composite
square of adjacent tor-independent base change squares is tor-independent.
This is easy to check from the definition, but also we know that the base change
map of the composite square is an isomorphism by pasting compatibility, and
since we are assuming that the schemes are qcgs the converse of Thm. 3.2.26
holds.

Now, view 712 and ;3 as maps:

vzt LR Lg* f* — fLh*Lg* s Lg*f*hy — T hy Lt



326 Derived categories in AG

Then we have the commutative diagrams

— * k— VX —
LR Ly < 208 LR g L f*he = T Ly h
Y12 LYZLQ* Y13 J,?X%
FXLh*Lg* 70 Lgi

expressing the obvious compatibilities. These follow purely formally from the
corresponding identities for the standard derived base change map, as well as
the unit-counit identities for an adjunction.
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3.2.4 Grothendieck duality I
3.3 Derived intersection theory

3.3.1 Grothendieck groups of derived categories

Let D be a triangulated category. In this section we will define a corresponding
group Ko(D), and then specialize to the algebro-geometric case. We will as
usual ignore any set-theoretic issues unless they actually become relevant to
the considerations at hand.

Let Ko(D) be the free abelian group on the collection of isomorphism classes
of objects of D modulo the subgroup generated by elements of the form [A] —
[B] + [C] whenever there is an exact triangle

A— B — C — A[l].

We call Ko(D) the Grothendieck group of D. We also recall the classical defini-
tion that if A is an exact category, then K((A) has the corresponding definition
except using exact sequences 0 — A — B — C' — 0 instead of exact triangles.

This is functorial: if F': D — € is an exact functor of triangulated categories,
then we obtain an induced functor F: Ky(D) — Ky(€) sending [A] — [F(A)].
This is well-defined because F preserves isomorphisms and exact triangles.
In particular, triangulated categories which are triangulated-equivalent have
isomorphic Grothendieck groups. The corresponding remarks hold for exact
categories.

This notion is well-behaved for arbitrary triangulated categories. First, given
any A, B € D, we always have an explicit model for the difference [A] — [B],
namely it is the cone C in A — B — C — A[1]. The triangle A - A — 0 —
A[1] shows that [0] = 0in Ky(D), and rotating the triangle to A — 0 — A[1] —
implies that [A] = —[A[1]]. In particular we have

[ARn]] = (-1)"(4)
for all n € Z. We remark that the octahedral axiom doesn’t give us anything
new, namely it just says
([A] = [B]) = ([B] = [€]) = [A] - [C]
as was true already. Since in any triangulated category we always have A —

A® B — B — A[l] exact, it follows that [A & B] = [A] 4 [B], giving an easy
model for the sum of two objects.

Ezample 3.3.1 Let A be an abelian category and C* € Ch’(A) a bounded
chain complex. Then

Y CYIHI(O) = (-1)'[C]

1€ 1€EZL
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in Ko(A). Indeed, consider the coboundary/cocycle sequences
0—-2'-C"—-B*™ -0 0—DB" —2Z — H(C)—0.
Therefore in K-theory we have
[C1) = (2] + [B™] = [H'(C)] + [B'] + [B™]

for all i € Z. Taking the alternating sum over both sides, the [B?] + [B**!]
term telescopes to zero, because B* = 0 for i < 0 and i > 0. In particular, if
C* is acyclic then its Euler characteristic in Ky(A) is zero.

Now let A be an abelian category and D be a triangulated category. Let
H:D — A be a cohomological functor, and assume that it is bounded: this
means that for each A € D, the object H(A[i]) is nonzero for only finitely
many ¢. Given a bounded cohomological functor H, there is an associated map

XH: K()(D) — Ko(.A)

defined by x g ([A]) = >_,cz H(A[i]). First, this is well-defined on isomorphism
classes because of boundedness; to check the relation, let A — B — C' — A[l]
be exact, and consider the long exact sequence

-~ — H(A[i]) —» H(B[i]) = H(C[i]) — H(Al; + 1]) — ---

which is zero far enough to the left and right. By Example 3.3.1 applied to the
bounded acyclic complex shown above, we see that

0=> (~V)'([H(A[)] - [H(BE)] + [H(CLD])

i€Z
= xu(A) —xu(B) +xu(C),
which proves that y g is well-defined.

The most important case of this construction is when D = DPY(A) is the
bounded-derived category of A, and H = HY. Note firstly that there is in fact
an induced map

Ko(Ch’(A)) — Ho(D"(A))
sending [C'®] — [C"*]. It is clear that this is well-defined on isomorphism classes,
and it satisfies the defining relation since a short exact sequence of complexes
corresponds to a distinguished triangle in the derived category.

Ezxample 3.3.2 This is the derived example corresponding to Example 3.3.1. If
A € D(A), then we claim that

[A4] =Y (~)'H (A)[0]]
1EZL

inside Ko(D"(A)). We show this by induction on the length of cohomolog-
ical amplitude; if A = 0 then this is clear. Otherwise, let the bottommost
cohomology degree of A be n, and consider the triangle

H"(A)[-n] = A— m>p14 — H*'(C)[-n +1].
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Then by induction we have
[A] = [H"(A)[=n]] + [r>n+14]
= (“D)"[H A0+ Y (~1)[H(A)]]

i>n+1
= > (=L [H(A)0]
i€L

as desired.

Proposition 3.3.3 Let A be an abelian category. Then the map
X = xgo: Ko (Db(.A)) — Ko(A)
is an isomorphism with inverse [A] — [A[0]].

Proof The proposed inverse is well-defined because it is a composite of the
functor Ko(A) — Ko(Ch®(A)) induced from the 0-embedding A — Ch®(A),
and the functor Ko(Ch®(A)) — Ko(DP(A)) that we just defined. The
composite

[A] > [A0]) — H(A[0)) = [4]
is the identity. That the other direction of composing is the identity is exactly
the statement of Example 3.3.2. O

Remark 3.3.4 Let X be a scheme. We have considered subcategories like
Dge(X)  Déoy(X)

coh

and have not yet discussed their relation to D® QCoh(X) and D® Coh(X). To
resolve any ambiguity, consider the following situation: let A be an abelian
category and € C A a wide subcategory: this means that C is closed under
extensions, kernels, and cokernels, and is in particular an abelian subcategory.
Let D%(A) C Db(A) denote the full subcategory of objects of D’(A) whose
cohomology objects lie in €. Then we have a commutative diagram

Ko(Dg(A)) — Ko(€)

l l

Ko(DY(A)) — Ko(A)

because the functor H°: D%(A) — € is a bounded cohomological functor. Now
the map [C] — [C[0]] is still well-defined from Ko(€) — Ko(D%(A)), and the
decomposition of Example 3.3.2 still takes place in Ko(D%(A)). (Note that we
are using the fact that C is Serre to say that the truncation functors preserve
De(A).) Thus the same proof as for Prop. 3.3.3 shows that the top map is an
isomorphism. In particular, we can still assert isomorphisms

Ko(De(X)) = Ko(QCoh(X))  Ko(Dlyy (X)) = Ko( Coh(X))

coh
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without ever having to pass through the derived categories of Coh(X) and
QCoh(X).

Ezample 3.3.5 Let X be a scheme and F any quasicoherent sheaf; write G =
@2, F. Then G & F = G, which implies that [G] + [F] = [G], i.e. [F] = 0.
Therefore, Ko(QCoh(X)) = Ko(D.(X)) = 0. So, we will mostly only be
interested in the coherent case. More generally, the same argument applies to
any abelian category which admits countable direct sums.

Definition 3.3.6 Let X be a Noetherian scheme. We write Go(X) =
Ko(D?,, (X)) and often identify this with Ko(Coh(X)). We write Ko(X) =

Ko(Perf(X)).

We note that our assumption of Noetherianity here is a bit overkill, and qcqgs
is usually fine, but then the theory needs a bit more care. Part of the power
of these definitions is that Ky and Gy have obvious ring and module struc-
tures respectively. First, for each FE € Perf(X) we have a triangulated functor
Perf(X) — Perf(X) given by F — E ®g_ F, which in particular induces a
group homomorphism Ky(X) — Ko(X). Since this is natural with respect to
E, it gives amap K(X) — Homy(Ky(X), Ko(X)), and thus a bilinear product

K()(X) X K()(X) — K()(X),

which we write by («, 5) — «- 8. On the basis elements, we have [E] - [F] =
[E®Y F]. Commutativity and associativity follow from the corresponding prop-
erties of the derived tensor product. Thus Ky(X) is naturally a ring, with unit
1=0x%.

Since X is Noetherian, being in Di’oh(X ) is equivalent to being bounded and

pseudocoherent. Derived tensor product preserves pseudocoherent objects, and
hence the same argument above gives a bilinear map

Ko(X) x Go(X) = Go(X)

which on basis elements is also given by [E]-[A] = [E®™ A]. This makes G (X)
a Ko(X)-module. The inclusion Perf(X) — Db, (X) (again by Noetherianity)
induces a map Ko(X) — Go(X) of abelian groups. It is also a map of Ky(X)-
modules since the ring and module structure coincide on perfect objects. Our

machinery makes it relatively easy to say things about this:

Proposition 3.3.7 Let X be a Noetherian regular scheme. The natural map
Ko(X) — Go(X) is an isomorphism of Ky(X)-modules.

Proof In this case we have shown that Perf(X) — DP | (X) is an exact equiv-

alence, hence the induced map on Ky is an isomorphism. (Il
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Note that equivalently we have given Ko(Coh(X)) a module structure. Given
a coherent sheaf G, we have by definition of y that

] [F] = [E@b, FI=) (-1)'[H'(E ®§, G)] € Ko(Coh(X)).
1€Z

In particular if F is a perfect sheaf, then

[F]-16] =Y _(~1)'[Torp, (F.G))-

i<0
So, if F = & is a vector bundle, then [£] - [G] = [E Qo G].

Suppose f: X — Y is a morphism of Noetherian schemes. Then we have the
canonical pullback map Lf*: Perf(Y) — Perf(X) which induces a pullback
map f*: Ko(Y) — Ko(X). This is a ring homomorphism because (derived)
pullback commutes with (derived) tensor products.

Ezample 3.3.8 Let k be a field. Then
Ky(Speck) = Go(Spec k) = Ko(Vectgq(k)),

and there is a natural map Ko(Vectiq(k)) — Z given by taking the dimension:
indeed it depends only on isomorphism class, and the dimension is additive
in exact sequences of vector spaces. This map sends k£ — 1, and hence is
surjective. An arbitrary element of Ky is a finite sum . k;[V;] where V; are
vector spaces, and we can group all terms with a positive and negative coeffi-
cient with one another. Taking direct sums shows that it can be represented
as [V] — [W], which maps to dim(V') — dim(W). If this is zero, then V = W,
so [V] — [W] = 0. Thus

Ko(Speck) = Go(Speck) = Z

by the dimension map. Moreover, the composite dimy: Ko(Speck) — Z is a
ring homomorphism. Indeed, the ring structure on Ky(Speck) corresponds to
a ring structure on Ko(Vecteq(k)) given by a tensor product of vector spaces, as
all objects are their own free resolution. But dim(V @ W) = dim(V') dim(W),
hence Ky (Speck) = Z as rings. From what we have said previously, to compute
dim of an object E € Perf(k), we just get > ,(—1)"dim HY(E). If E = V*
is given as a complex, then we know by the corresponding Gy result that
dim(E) = Y, (—1)" dimy, V*.

Note that decomposing elements of Ky(X) via cohomology is not available to
us anymore because the cohomology of a perfect object may not be perfect.
But we can still say the following: Let F*® be a bounded complex of perfect
sheaves. Since X is Noetherian, this means that each F? is coherent and has
finite tor dimension, which implies that F* is pseudocoherent and has bounded
tor amplitude, hence is perfect. We claim that

F1=> (~'[F[0]  in Ko(X).

€L
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Indeed, proceed by induction on the length, except this time use the stupid
filtration triangle

Osn1F® = F* — F'[—n] — o>p1 F (1]

where n is the bottom nonzero term, which remains in Perf(X). By the induc-
tive hypothesis applied to 0>,41F° and the addition in Ky, we conclude the
result.

In light of the above example, for arbitrary Noetherian X and x € X, the
corresponding map i, : Spec k(x) — X induces a pullback map

iv: Ko(X) — Ko(Speck(x)) = Z,

which we denote by rk, : Ko(X) — Z. For instance, if £° is a complex of vector
bundles, then

thy (%) = ) (—1) 1k, € = ) (=1) dimyy) (),
i i
(where £'(z) = EL ®0o, , K(x)) since the derived pullback is just pullback on
a locally free sheaf.

Next, suppose the morphism f: X — Y has finite tor-dimension, then in this
case we obtain an exact functor Lf*: Db, (Y) — D%, (X), which now induces

a pullback f*: Go(Y) — Go(X). By definition, we get a commutative diagram

Ko(Y) — Go(X)

l

Ko(X) — Go(Y)

e.g. of abelian groups, or of Ky(Y)-modules via restriction of scalars. We have
seen that regular immersions i: Z — X have finite tor dimension. In this
case one writes the pullback as i and calls it the Gysin pullback (not to be
confused with the functor from Grothendieck duality). We will be able to say
more about Gysin pullbacks shortly.

Ezample 3.3.9 Let X be Noetherian and z € X a point. We know that
Spec k(z) — X has finite tor dimension iff x(z) has finite tor dimension over
Ox o, 1.e. © € X;eg. Therefore for a regular point we may define rk, : Go(X) —
Go(Spec k(z)) 2 Z by the dimension function. Viewing Z as a Ky(X)-module
via the rk, function which always exists, the homomorphism Go(X) — Z is a
Ky(X)-module map.

The rank at a smooth point x is computable in a much nicer way. We know
that for A € D?, (X), [4] = Y_,(—1)'[H*(A)], and applying Li’ we obtain

coh

rkw(A) = Z<_1)i dimn(z) H7(A:v ®éx,z K("E))a

%
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which is some kind of measurement of how A meets the point x. This is very
different from a local length invariant which we will define momentarily.

Next, let f: X — Y be a proper morphism of Noetherian schemes (or slightly
more generally, it can be cohomologically proper). Then we have an exact
functor Rf.: Db, (X) — D%, (Y), which induces a pushforward map

coh
fir Go(X) — Go(Y)

given on the basis by [A] — [Rf«(A)]. For example, if X is a proper k-scheme,
then we get a map Go(X) — Go(k) = Z given by

[A] = ) (—1)" dimy, H' (X, A),
i€z
which shows that G (X') does contain quite a bit of cohomological information.
In this situation, one usually writes x(A) for the RHS above. A bit more
generally, if X is proper over a ring A, then we can still obtain its cohomological
Euler characteristic but as an element of Go(A).

Of course, based on our definitions, it is obvious that these induced maps on Gy
and K are all functorial with respect to compositions. Now, if f is proper and
of finite tor dimension (which was the right setting for Grothendieck duality
as well), then we obtain both a pullback and pushforward on Gy. One basic
use case is when i: Z — X is a regular immersion.

Ezample 3.3.10 The best setting is a morphism of smooth projective vari-
eties f: X — Y over a regular Noetherian ring R (e.g. a field). In this case,
Ko(X) = Go(X) and Ky(Y) = Go(Y), so everything is a ring, and we have
a ring homomorphism f*: Ko(Y) — Ko(X) and a map of abelian groups
fa: Ko(X) — Ko(Y). In practice, this is the setting we usually use, alongside
the case of a regular immersion.

So far, we have seen that using different descriptions of the groups Ky and Gy
allows us to easily define new invariants without much work. We want to do
this for the determinant, which will be a map det: Ko(X) — Pic(X). This is
possible in general, but it does take some extra work, so instead we will do
this in the presence of the resolution property.

Let X be a scheme, and recall that we define Vect(X) to be the exact
category of vector bundles, meaning locally free sheaves of finite (possibly
non-constant) rank. Let KY?(X) = Ky(Vect(X)). For each x € X there is a
map rk,: K°(X) — Z given by [€] > tk, &, since the rank of this finite free
module is additive in exact sequences. For a vector bundle &, the assignment
X — Z given by x — 1k, £ is locally constant: for each z € X, we can by def-
inition find a nbhd where €|y = O}, and n = rk, €. Therefore rk(€) gives a
section of H°(X,7Z) (where Z means the Z) of the constant sheaf whose stalk
at x is tk, (E).
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Moreover, the assignment [€] — 1k(€) € HY(X,Z) gives a well-defined map
rk: K§*(X) — H°(X,Z), since to check additivity in exact sequences we can
just check on every stalk and reduce to the previous case. Now, each vector
bundle £ gives a decomposition of X =| | X, where X,, = {x € X : 1k, (&) =
n}, where by continuity X, is clopen in X. Since these are clopen, there is a
unique sheaf det(€) up to isomorphism such that

det(&)[x, = ASE,

which we know is a line bundle (by exterior power notes). Now consider a short
exact sequence
086 =& —E —0

in Vect(X). We claim that there is a natural isomorphism det(&; ) ®det(E3) =
det(&;), and we have already shown (in exterior power notes) that this holds
when the bundles have constant rank, so the main problem is constructing the
map. Disjoint clopen descent allows us to freely map into and out of an object
so we may, in fact, assume that £ has constant rank ¢. Let {X,,} be a clopen
decomposition of X as above for the sheaf £;. Then by Corollary 2.2.7 of those
notes, we obtain the canonical map

A& |x, @ A" E|x, — A"TE ]y,

for each n,m > 0. In particular take m = ¢ —n, since & has rank ¢ everywhere
and on X, & has rank n, so & is forced to have rank ¢ — n. Thus we may
write the above map as

det(&1)|x, ® det(&3)|x, — det(E)|x

n?

which is an isomorphism as the three terms now have constant rank on X,,.
Thus we may ascend from {X,} to X providing the desired isomorphism. This
gives a determinant map det: K{?(X) — Pic(X). We also sometimes consider
the joint homomorphism

(det,rk): K2°(X) — Pic(X) x HY(X,Z).

Finally, note that there is always a natural map K{’(X) — Ko(X) in the
Noetherian case which sends [£] — [£]0]]; it is well-defined as a short exact
sequence of bundles gives an exact triangle in Perf(X). Note moreover that
K$*(X) has an obvious product structure which is just given by regular tensor
product: This works because all objects of Vect(X) are flat sheaves. Hence
Kg*(X) is a ring, and by definition the map into Ko(X) is a ring map.

Lemma 3.3.11 Let X be a Noetherian scheme with the resolution property.
Then the natural map

K3(X) = Ko(X)
is an isomorphism (of rings) with inverse given by [E®] — >.(—1)'[€"]
whenever £° is a bounded complex of vector bundles.
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Corollary 3.3.12 Let X be a regular Noetherian separated scheme. Then the
maps

K§P(X) =5 Ko(X) = Go(X) = Ko(Coh(X))
are all isomorphisms (e.g. of Ko(X)-modules).

Proof The right-hand map is always an isomorphism, the middle map is an
isomorphism by Prop. 3.3.7, and the first map is an isomorphism by the pre-
vious lemma and Prop. 3.1.56. (]

Let X be a Noetherian scheme with the resolution property. Then we define
(det,rk): Ko(X) — Pic(X) x H°(X,Z) to be the unique homomorphism for
which composition with K3?(X) — Ky(X) gives (det,rk) defined previously.
By the lemma, this is computed on an object [E] € Ky(X) by first representing
E = &£° by a bounded complex of vector bundles, and then

det(E) = Q) det(£) 1" = "(~1)"[det(£")]
i€z i€Z
where in the second equality we use additive notation for the group Pic(X).
Note that this is a homomorphism Ky(X) — Pic(X) of additive groups. Alter-
natively, there is a multiplicative homomorphism Pic(X) — Ky(X)* which
simply sends £ +— [L], clearly well-defined, and by the description above has
det as a (set-theoretic) retraction. In particular Pic(X) — Ko(X)*.

Example 3.5.18 Let A be a Noetherian ring. Then Spec A is affine and hence
has the resolution property, so Ko(Spec A) is equivalent to K of the category
of vector bundles over Spec A, i.e. finite projective modules over A. This is
usually called K((A), i.e. the Grothendieck group of the ring itself.

Here are some general relations that we can always write down in Ky(X). First
of all, let £ be a vector bundle of rank n and consider a map £ — Oy, i.e. a
section of £V. Recall that this is a regular section if the corresponding Koszul
complex

0— det() = A" — - - A% - € - Ox — 0,

treated as concentrated in degrees [—n, 0], is exact everywhere except for Ox.
Letting Z := V(im (£ — Ox)), this gives a relation

[Oz] =1 —[E] 4+ [A%E] — -+ (=1)"det(E)

in Ko(X). Let’s further suppose that this data is given by line bundles
L1,...,L, with sections s; € LY. Then we have already seen that the Koszul
complex is a product of the one element complexes £; — Ox, meaning

[Kos(s1,...,zn)] =1 —[L1])--- (1 = [Ln])

in Ko(X). Further suppose that sq,...,s, forms a regular sequence, i.e.
V(s1,...,8,) is a complete intersection. Then the Koszul complex represents
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Ov(sy,....s,), and we get

[Ov(sisy] = A= [La]) -+ (1 = [£n])
[Ovsnl- - [Ovs,]
by the corresponding proof for tensor products. This is a sign that the product

in Ko (X) should be interpreted as an intersection product. Of course, whenever
D is an effective Cartier divisor, then we always have [Op] =1 — [Ox(=D)].
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3.3.2 Intersections in projective space

This section will be a good demonstration of the power of derived categories.
We will make some trivial observations about projective space and deduce a
good amount of nontrivial intersection-theoretic facts from it.

Ezample 3.3.14 Let X = P} and write H = [Opn (1)] for the ‘hyperplane class’.
We know that xzo,...,2, € H°(X,Ox(1)) form a regular sequence and that
V(zg,...,x,) = &, so the Koszul complex is acyclic. The above discussion
shows that [Oy(y,)] =1 —[Ox(—1)] =1+ H, and that

0= [OV(I())} cee [OV(IH)} = (1 + H)n+1.
Therefore, we obtain a ring homomorphism Z[H]/(1 + H)"*! — Ko(P").

Let us show our first real theorem, which is that this map is an isomorphism.
Note that H is a unit in Ky(X), and

H' = [Opn (1)%] = [Opn (0)]
for all £ € Z. Moreover in Z[z]/(1 + z)"*!, z is a unit since
r=1+2)-1|(1+2)"" —1=-1,

i.e. x | —1. Therefore the image of this map will contain all finite expressions of

the form ), , a;H i, The only other input is the following simple computation:

Ezample 3.3.15 Let k be a field and X = P}. Since X is proper over k, we
have an Euler characteristic x(X, a) for a € Ko(X). We claim that

(d+1)---(d+n) _ (d—l—n)’

XX, 0x () = = :

where we are viewing the RHS as a polynomial in d. Indeed, this is pretty
obvious from the explicit description of the cohomology of P", but we can
also show it inductively without assuming that result. Indeed, consider the
hyperplane sequence

0—O0x(d-—1) — Ox(d) — Opzfl(d) — 0,
then we obtain

X(X, Ox(d)) — x(X,0x(d - 1)) = x(P}~1,0(d))

Theorem 3.3.16 Let k be a field and write H = [Opy(1)] € Ko(P}). The
natural map

Zlx]/(1 + z)" T — Ko(P}) x— H
s an isomorphism of rings.
Proof This map is surjective: to see this, note that for all £ € Z. Since P" is
regular, Ko(P") = Ko(Coh(PP")). Moreover, we know that every coherent sheaf
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F admits a finite resolution by sums of line bundles (Cor. 3.1.61), from which
it immediately follows that [F] is equivalent to >, a;H* O
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A Appendix
A.1 Descent

This section is mostly for fun: at the end we will prove fpqc-locality on the
target for various properties of morphisms. This is an important result, espe-
cially in preparation for defining algebraic spaces and stacks, and faithfully
flat descent is useful in its own right.

By descent, we will mean five related things:

(a) Effective descent for modules on an open cover means that we are given
an open cover {U;} of X, and want to know how Mod(Ox) is obtained
from the categories Mod(Oy, ).

(b) Effective descent for quasicoherent sheaves means that we are given a
morphism f: X — Y of schemes, and want to know how QCoh(Y) is
obtained from QCoh(X).

(¢) Descent for morphisms means we are given a morphism U — X, and want
to know how Hom(X,Y) is obtained from Hom(U,Y") for a scheme Y.

(d) Effective descent for schemes means we are given a scheme X (possibly
over a base) with ‘descent data’, and want to see how it defines a scheme
Y with some kind of cover X — Y.

(e) Descent for properties of morphisms means that we are given a map
X — Y and a descent morphism Y’ — Y, and want to know when a
property of the morphism X xy Y’ — Y’ ‘descends’ to X — Y.

We will address all five questions in this section. (e) is particularly interesting,
where we will generalize the fact that many properties of morphisms are local
on the target to showing that they are fpqc-local on the target. Much of the
discussion in this section could be considered standard introductory algebraic
geometry, which is why we include it in an appendix.

Remark A.1.1 The word ‘descent’ refers to the following idea: We are given a
kind of ”cover” p: Y’ — Y where data on Y’ is easier to understand; data on Y’
can usually be pulled back to Y, (e.g. sheaves via pullback, Y-schemes via fiber
product), and we want to know whether some data or property on Y’ descends
back down to Y. The basic example is where R is a ring, (f1,..., fr) = (1) are
elements generating the unit ideal, and we have the surjective map

|_| Spec Ry, — Spec R

=1

on spectra. The terminology is in contrast to ‘ascent’, which records when a
property has good stability under pullback of sheaves or base change.
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A.1.1 Elementary results

We first recall the most basic form of descent, which is descent for an open
cover. Let (X,0x) be a ringed space and U = {U,} an open cover of X.
Denote by jo: U, — X the corresponding inclusions. We want to define a
category Mod(Oy) as the limit of the diagram:

[1, Mod(Ov,.) == 1,5 Mod(Ou,nv,) = T1a. 5., Mod(Ou,av,n0, )

Let us spell this out: An object of Mod(Oy) is a family {F, : a} for
Fa € Mod(Or,) equipped with a descent datum: this means a collection of
isomorphisms

JapB: ]:Déan/a - ]:5|Umﬁ
satisfying the cocycle condition on triple overlaps, which is that the diagram

9o
‘FOC‘U ° ‘Fﬁ‘UQ;}fy

gs
BN

Filu

apBy

aBy

should commute. A morphism in this category is a collection of morphisms
Fo — Go commuting with the g,g’s. We will have various definitions like this,
so at some point we will just say ‘obvious category of descent data’ to mean
the corresponding construction.

There is a canonical map j*: Mod(Ox) — Mod(Oy) given by sending F to
{Flu,}, where the descent data above are just identity maps, and the cocycle
condition is tautological. A morphism is sent to its restrictions, which commute
with identity maps.

Proposition A.1.2 Let (X,0Ox) be a ringed space and U = {Uy} an open
cover. The natural map

j*: MOd(OX) — MOd(Ou)

is an equivalence of categories between Mod(Ox) and the category of descent
data. A quasi-inverse is given on objects by

((}-a)v (9a6)) — Eq (Hjoc,*]:a — Hjaﬂ7*f5|Uaﬂ)
« a,f

where the lower map is induced by restriction, and the upper one is restriction
twisted by the gaga.

Proof We begin with full faithfulness: if f, g: F — G are morphisms of sheaves
with 7*(f) = 7*(g), then flu, = g|uv, for all a, so f = g. If we are given maps
fa: Flu, — Glu, which agree on overlaps, then they glue to amap f: F — G.
This follows from the fact that Home, (F,G) is a sheaf.
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Essential surjectivity (i.e. ‘effectivity’): Let ((Fa), (gag)) be a descent datum,
and let F be the equalizer written in the proposition statement. On the («a, )
component the top map is given by

H]a «Fa _>](x «Fa _)jaﬁ Fa

Uap —>j(¥ﬁ7 fB‘Uaﬂ’

and the bottom map is given simply by

[[ianFa = dsFs = jassFslvas-
«

Therefore, if V' C X is an open set then

]:(V) = {(sa) € H]:oc(va N U) : gaﬁ(3a|Ua/e) = 5B|Ua;aﬁV Va,ﬁ}

as limits are computed pointwise in sheaf categories.

Consider the projection F — jy, «Fa, which is adjoint to F|y, — Fa; we
claim this latter map is an isomorphism. Let W C U, and consider sections
on W. Then F(W) — Fo (W) is injective: if (sg)g +— 0, then s, = 0. All other
U NW are contained in U, NW = W, so it follows that 0 = gas(salvsnw) =
sglusnw = sp for all 8, hence sg = 0 for all 3.

It is also surjective: if t € Fo (W), let sg = gap(t) where sg € Fg(W N Upg).
This is a compatible family, because for all 3, ~,

gﬂ’y(smUaﬁﬂW) = gﬁvgaﬁ(t”Uaﬁme
= Qa'y(t)
= 87|Ua/wmw

by the cocycle condition. Note also that U,g, N W = Ug, N W because W is
already contained in U,, so this proves the claim.

U(YQWF‘IW

To complete the proof, we have to show that j*(F) is isomorphic to the descent
data ((Fa), (9ap)). The diagrams

‘F|Uo<,8 — ‘Fa|U0¢B

I

F8|Uns

commute for all a, 3 by definition of the equalizer. Therefore the family of
maps Fly, — Fo described above is a morphism of descent data. Since each
of these was an isomorphism, we are done. O

Remark A.1.83 Consider the special case Ox = Z, which gives open-cover
descent for abelian sheaves on a space. Then it is clear from the equalizer
description that if the sheaves F, are given additional structure which is pre-
served by pushforwards, and the descent data are morphisms respecting this
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additional structure, then it will also descend. For instance, if ((Fa), (gag)) is
a descent datum where F,, is a sheaf of rings and g.g are ring-sheaf isomor-
phisms, then j, exists on the level of sheaves of rings, so the resulting equalizer
F is a sheaf of rings. The restriction maps F|y, — Fq in the proof are also
morphisms of sheaves of rings, so the essential surjectivity follows. Moreover,
morphisms descend too: if we have compatible morphisms f,: F, — G, which
are sectionwise ring homomorphisms, then the constructed map f: F — G
between sheaves of rings that is a priori a map of abelian sheaves, is also a ring
homomorphism. This is because the restriction f|y_ is a morphism of sheaves
of rings, and the equations defining the ring axioms can be checked locally.

We will now use this to prove open-cover descent for ringed spaces over a
fixed ringed space. Let (Y, Oy) be a ringed space, RS denote the category of
ringed spaces, and RSy denote the slice category over Y. Given an open cover
{Ua} =U of Y we define the category of descent data Desc(RSy) as follows:

(a) Objects: for each « a ringed space X, with a morphism f,: X, — U,,
along with descent data ¢,g which are isomorphisms

Yap: fo'(Uap) == f5" (Uap)

of ringed spaces satisfying the cocycle condition: ¢gy © Yag = Qo over
triple intersections Uqg- .

(b) Morphisms: Families of morphisms of ringed spaces X, — X/ over U,
such that the induced diagrams

f&'Wap) — (£4)" (Uagp)

gi lg

£5 (Uap) — (f5) " (Uap)
commute for all «, 3.

We make the same corresponding definitions for LRSy and Desc(LRS;,)
for locally ringed spaces. Once again, we obtain a canonical map from the
original category to the category of descent data: we send f: X — Y to
fo = fH(U,) — Uy, and get a tautological cocycle condition.

Theorem A.1.4 Let (Y,Oy) be a (resp. locally) ringed space and U = {Uy}
an open cover of Y. The natural functor

RSy — Desc(U,RS) (resp. LRSy — Desc(U, LRS))
s an equivalence of categories.
To prove this, we will prove a slightly more general absolute gluing state-

ment and deduce the open-cover descent theorem from this. Fix an index set
I, and define a category Cov;(RS) as follows: an object is a ringed space
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(X,0x) equipped with an I-indexed open cover {U, : o € I}. A mor-
phism f: (X,{U.}) — (Y,{V,}) is a morphism f of ringed spaces such that
f(Uq) C V,. We make the corresponding definitions of Covy(LRS).

Next, again given an index set I, there is a category of gluing data Glue;(RS)
defined as follows: its objects consist of a collection X, of ringed spaces,
equipped with open subspaces X,3 C X, for each a, 8 and isomorphisms

(z)ozB: Xaﬂ - XBa

of ringed spaces satisfying the cocycle condition ¢g,0¢ng = Pa~-. Its morphisms
are maps fo: Xo — Y, which preserve the subspaces X, and commute with
®ap- We again make the corresponding definition for Glue;(LRS). There is a
natural functor

Covi(RS) — Glues(RS)
which sends X equipped with {U,} to the collection X, := U, itself, where
Xap = U, NUg and the gluing isomorphisms are the identity maps.

Lemma A.1.5 Let I be an index set. The natural functors
Covi(RS) — Gluer(RS) Cov;(LRS) — Glue; (LRS)
are equivalences of categories.

Proof The proof is the same in both cases. We begin with full faithfulness.
Let (X,{U,}) and (Y, {Va}) be objects of the source category. If f,g are two
morphisms whose images in the target agree, then we have in particular that
flu., = glu, for all «, which implies that f = g. Conversely, a morphism
between the images consists of maps f,: Uy, — Vi, whose restrictions to U,NUg
agree. In other words, the corresponding maps f,: U, — Y agree on an open
cover and hence glue to a morphism (which maps U, to V,) in the source
category.

Now let (Xa, Xog, gap) be a gluing datum. Define a topological space X by
the coequalizer

I_I Xaﬁ — |_| Xo — X,

o, «
where the top map is induced by Xz ELLN Xga — Xg, and the bottom map
is induced simply by X,3 — X, (followed by the inclusions). Therefore X is
the quotient of | |, X, by the relation generated by x ~ gag(x). It follows from
standard topology that each composite j,: X, — X is an open embedding,
and jo(Xq) Njg(Xp) is canonically identified with X (and Xga).

We next construct a sheaf of rings on X. Consider the sheaves of rings Ox_ on
X, for each a, viewed as an open cover of X. The isomorphism g,g induces
an isomorphism

OXoljuxanis(xs) = Oxslja(Xa)njs(Xs)

satisfying the cocycle condition, because g3 did. By Remark A.1.3 this data
glues to a sheaf of rings Ox on X and an isomorphism of the corresponding
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descent data. This induces an isomorphism Ox|x, = Ox,_ which is compat-
ible with the g.g, and hence compatible on overlaps. It follows that j, is an
open inclusion of ringed spaces. Finally, the ringed space (X, Ox) equipped
with the cover {j,(X4)} is identified under the natural functor with the glu-
ing datum we started with, by construction. O

Using this, let us prove the descent theorem for (locally) ringed spaces.

Proof of (Thm. A.1./) The proofs in the two cases are the same. We again
begin with full faithfulness. Let f,¢g: X1 — X5 be morphisms over Y with
structure maps p; and po. Their images agreeing in the descent data category
means that the two restrictions of f and g,

filpgl(Ua) = pl_l(Ua) - p2_1(Ua)

agree. Since opens of the form p;*(Uy,) cover Xy for various «, this implies
that f = g. Next consider the same spaces X; and p; over Y, and now
assume we have a morphism of descent data between their images. This means
that we have maps fuo: p; ' (Us) — py* (Us) over U, satisfying the following
compatibility diagram:

—_ .fOL —_
p1 ' Uap) == p3 ' (Uagp)

_ f _
P 1(Ua6) = P2 1(Ua6)

In other words, f, and fsz agree on overlaps. Since p; " (Uy) = fi'py ' (Us) —
py Uy, the {fo} glue over the open cover {p;*(Us)}o giving a map f: X; —
X5. This proves fullness.

Now let (Xq, fa, pap) be a descent datum over the cover U, C Y. Set X5 ==
ot (Uap), so that wap: Xag — X, and satisfies the cocycle condition. This
is precisely a gluing datum in Glue;(RS). Moreover, the maps foXo — U,
give a morphism of gluing data to the image of (Y, {U,}) under the functor of
Lemma A.1.5.

Therefore by gluing there exists a ringed space (X, Ox) with an open cover
{Va} such that V,, = X,, so that V, N V3 == X,5. By full faithfulness
there is a unique map X — Y such that X, = V,, — Y factors through U,
and coincides with the given map f,. It follows that the image of X — Y is
isomorphic to the descent data we started with. [l

Copying the notations of the previous few results, we can specialize to the case
of schemes without any difficulty.

Corollary A.1.6
1. Let I be an index set. Then the natural functor

Covy(Sch) — Glue(Sch)
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18 an equivalence.
Now let S be a scheme and U be an open cover of S.

2. The natural functor
Schgs — Desc(U, Sch)
18 an equivalence of categories.

8. The natural functor
QCoh(S) — QCoh(U) := Desc(U, QCoh)
s an equivalence of categories.

Proof (1) and (2) follow immediately from the corresponding results for locally
ringed spaces once we observe that a locally ringed space which has an open
cover by schemes is a scheme. (3) Again full faithfulness doesn’t change, and
descent for Mod(Ox) will produce an Ox-module locally isomorphic to qua-
sicoherent sheaves, which is therefore quasicoherent. O

Remark A.1.7 Here is another often-useful description of Mod(Oy) if U = B
is a basis of opens for the topology on X. Namely, there is a category whose
objects are collections F,, € Mod(Op, ) for each «, equipped with the following
descent data:

(a) For each inclusion B, C Bg, an isomorphism gng: Fo — F3|B, -

(b) This data should satisfy the cocycle condition for inclusions B, C Bz C
B,, i.e. that the diagram

Fo 2% Fsls.,

gm lgﬁw |Ba

‘F'Y|Ba

comimutes.

Morphisms are defined in the obvious way. There is an obvious functor
Mod(Op) to this category sending F,, to itself, with the cocycles being special
cases of the ones in Mod(Og), since if B, C Bg, then Bog = B,.

This functor is an equivalence of categories: full faithfulness is trivial because
the overlaps B, N Bg are covered by basis elements B.. Hence the map from
Mod(Ox) is also fully faithful. If (F,,gap) is a descent datum of the form
above, then it determines a usual descent datum for the following reason: for all
o, B, the full faithfulness part applies to the basis B restricted to B, N Bg. This
in particular gives isomorphisms Fu|p,, = Fgs|p,, extending the original
ones.

Now let us begin our discussion of fpgqc morphisms of schemes. An fpqc
morphism is a faithfully flat quasicompact morphism of schemes, i.e. a flat qua-
sicompact surjection. This is of course stable under composition, arbitrary base
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change, and is local on the target, as each of the three properties are like this
independently. We often separate this into flat and quasicompact surjection,
because flatness is a source-local property, and descent statements sometimes
only need quasicompact surjectivity.

Ezxample A.1.8 The canonical example of an fpgc morphism Y’ — Y is the case
where Uy, ..., U, is a finite open cover of Y, each U; <— Y is a quasicompact
open immersion, and Y’ = | |, U;. Then this is clearly flat and surjective, and
quasicompactness follows from the assumption. If Y is qeqs and {U; : i € I} is
an open cover, then it is easy to see that | |, U; — Y is quasicompact iff only
finitely many U; are nonempty, and each U; is quasicompact.

Definition A.1.9 A property P of morphisms is fpgc-local on the target if
the following property holds: Given a cartesian square

X — Y
17
X —Y

where Y/ — Y (and hence X’ — X) is fpqc, the morphism X — Y is in P iff
X' —Y'isin P.

Example A.1.10 If a property P of morphisms is fpqgc-local on the target, then
the property A(P), i.e. {f : Ay € P}, is also fpqc-local on the target. Indeed,
factor the cartesian square above through the diagonal map via:

X — X' xyv X' — Y’
1T
X — Xxy X —Y

Then the middle map is fpqc, and fpqc-locality applied to the left-hand square
gives the result.

Ezxample A.1.11 Suppose we have a base change diagram as above, labeled
f,9,f,g around the square as usual, and g: Y’ — Y is a quasicompact sur-
jection. If V' C Y is quasicompact open, then g~ 1f~1(V) = ?_19_1(V), SO
the RHS is quasicompact, and by base change g is a quasicompact surjection,
so g Lf~1(V) surjects onto f~(V). Thus f~*(V) is quasicompact. Applying
this to the diagonal as above shows that quasi-separatedness also descends
along a quasicompact-surjective map. In particular, qcgs can be checked after
quasicompact-surjective base change, and hence is fpqc local on the target.

Example A.1.12 The simplest fpqgc-local property is surjectivity, which actu-
ally descends under any surjective base change. Indeed if we have a base change
square as above with f surjective, then since g is surjective we find that fg is
surjective, so Y = f(g(X")) = f(X) as g is surjective.
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We want to ask the same questions as above for all of our other favorite
properties of morphisms, but even for affine morphisms, or even simply the
property of being an isomorphism, the answer is not clear. This is part of
the motivation for proving faithfully flat descent. Instead, in the rest of this
section, we will focus on proving more elementary properties.

Here is the basic method for reducing an fpqc-locality proof to the affine case.
This works if the property is local on both the source and the target and stable
under (at least faithfully flat) base change. Given a base change square as above
where f: X’ — Y’ satisfies P, choose an affine open V C Y and U C f~(V).
Then we form the restricted bottom square in the diagram below.

U —— L, W;
g U) — g7'(V)
U———V
Then the right-hand map is still fpqc, and U — V is a map of affine schemes.
Now choose an affine open cover W1y,...,W,, of the quasicompact scheme
g~ 1(V), and form the flat surjection | |, W; — ¢~'(V) as above. This is faith-
fully flat but may not be qc; in any case, the right-hand composite is faithfully
flat between affine schemes, and the top map is a morphism of affine schemes

which also satisfies P. The affine case will imply that U — V has P, and then
locality on the source and target completes the proof.

Example A.1.18 Being flat is fpqc local on the target. Indeed, this satisfies the
conditions above so we may reduce to the affine case, which is showing that if
A — B is aring map, A — A’ is a faithfully flat extension and A’ — B® 4 A’
is flat, then A — B is flat. Indeed, if 0 — M — N is exact of A-modules, then
by flatness of B ®4 A’ over A

0—>M®AB®AA—>M®AB®AA/

is exact, so by faithful flatness 0 — M ®4 B — N ®4 B is exact. Note that
now we have shown quasicompact, flat, and surjective are all fpqc-local, so
being fpqc is fpge-local.

Ezample A.1.1/ A morphism being locally of finite type/presentation is fpqgc-
local on the target. Once again, these two properties are local on both source
and target and stable under base change, so we may reduce to the affine case.
Suppose A — A’ is faithfully flat, and B is an A-algebra.

1. Assume A’ — B®,4 A’ is of finite type, and choose generators over A’; let
{b;} be the finite set of elements of B appearing in summations defining
the generators, and let By := A[b; : i] C B. Then By is a finite type A-
algebra, and the map By®4 A’ — B®4 A’ is surjective. It is also injective
since A’ is flat, so (B/By) ®4 A’ = 0 by flatness. Thus B/By = 0.
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2. Now assume A" — B ®4 A’ is of finite presentation. By (1), A — B is of
finite type so choose an exact sequence

0—1I— P:=A[xg,...,2n] > B—0

over A, and tensor up to A’. By flatness of A’ and the assumption, I® 4 A’
is a finitely generated ideal of P’ = P ®4 A’. Since P — P’ is faithfully
flat, and I @ p P’ = I ® 4 A’, this implies that [ is finite over P.

The last assertion of the previous example was simply that finite generation of
modules descends under faithfully flat extension. Indeed, if A — A’ is faithfully
flat, and M is an A-module for which A’ ® 4 M is finite over A’, then M was
finite over A. This is because we can take the submodule of M generated by
elements appearing in sums generating A’ ® 4 M over A’, so that we obtain a
map A" — M whose base change to A’ is surjective. Therefore A" — M is
surjective. The same proof shows that if f: X — Y is faithfully flat and F is
a quasicoherent sheaf on Y, then we can check finite type (or presentation) of
F by checking that f*F is finite type/presentation.

Our next result is an important topological one, which is used in various proofs
of fpqc-descent for properties of morphisms. Recall that a morphism f: X — Y
of schemes is submersive if the underlying map |f|: |X| — |Y| is a topological
quotient map.

Remark A.1.15 We'll use the following elementary property: if f: X — Y is
a morphism of affine schemes and f(X) is stable under specialization, then
f(X) is closed. Indeed, this corresponds to ¢: A — B;let p € f(X) C Spec A.
For a ¢ p, p € D(a) so D(a) N f(X) # &, meaning B, # 0. This means that
B, # 0, so choose a prime q of By, then qN A is prime of A contained in p.
Moreover it also equals (q N B) N A, hence lies in the image of f. Since f(X)
is stable under specialization, p € f(X).

Lemma A.1.16 An fpgc morphism of schemes is (universally) submersive.

Proof Let f: X — Y be fpqe. Then f is surjective, so assume that Z C |Y|
is a subset such that f~1(Z) C X is closed. Checking that Z is closed may
be done locally on the target, so assume Y is affine. Then X is quasicompact,
so let X' = ||, U; — X be a faithfully flat map from an affine scheme. The
further preimage in X’ of Z is still closed, so we reduce to the case where X
and Y are affine.

Let ¢: A — B be faithfully flat, and assume Z C Spec A such that f~1(Z) =
V(I) is closed in Spec B, i.e. Z = f(V(I)) by surjectivity. Then Z is the image
of V(I) — Spec A, so by the remark above we may prove it is stable under
specialization. If p € Z and p C p’, first choose q’ € Spec B such that f(q') = p’
by surjectivity. Since flat maps satisfy going down, there exists q C q’ in B such
that f(q) =p. Thus q € f~1(Z) =V(I),soq € V(I),sop’ € f(V(I)) = Z.
This shows that Z is stable under specialization. O
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We remark that in the case that fpqc is actually fppf, the above property is
obvious because f is an open surjection. We now prove some basic topological
consequences. Observe that if P descends under fpqc base change, it follows
that ‘universally P’ is fpqc-local. Indeed, it is stable under base change, and
if W is a Y-scheme, we can base change the whole cartesian square to obtain:

X'xy W —Y' xy W — Y’
I

X xy W w Y

Thus Y’ xy W — W is fpqc, and moreover if X’ — Y is universally P, then
X/XyW—>X/ Xy (Y/XyW)HY/XyW

is universally P, in particular P. Thus X xy W — W is P by the assumption.
Here are some applications:

Lemma A.1.17 Being P descends under fpgc base change for:
P e {open map, closed map, injective on sets}.

Therefore universally open, universally closed, and radicial are all properties
which are fpqc-local on the target.

Proof Consider a cartesian square with g fpqc:

x Ly

El J lg

x 1oy

Suppose f is open/closed, and let T C X be an open/closed subset. Since g
is submersive, it suffices to show that g~'(f(T)) is open/closed, and we claim
that this equals f(g~*(7')) which will complete the proof. In one direction, by
surjectivity of g we have

f(T)=fgg 'T=gf(g7'T) = g ' f(T) D fg 'T.

On the other hand, for ¢t € T, and y' € Y’ such that g(y') = f(t), we can
always choose o' € X' mapping to t and 3/'. So f(2') =y € fg 'T.

It remains to show that injectivity descends. Indeed this descends through
any surjective base change; if z1,29 € X and f(x1) = f(x2) = y, we can
choose ¥’ lying above y and then points zf, 24 lying above (z1,y’) and (z2,7/).
Then these map to the same point under f, hence are equal, so it follows that
Xr1 = T2. O

Example A.1.18 Tt follows that being separated is fpgc-local on the target.
Indeed, since being an immersion is stable under base change and an immersion
which is a closed map is a closed immersion, it follows that separatedness
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is equivalent to the diagonal being universally closed. Thus this follows from
the lemma and Example A.1.10. As a consequence, being proper is also fpqc-
local on the target, because we checked this for quasicompact, locally of finite
type, separated, and universally closed. By contrast, being projective is not
fpqc-local since it isn’t even Zariski-local.

Example A.1.19 We give two proofs that being unramified is fpqc-local on the
target. First, locally of finite type is fpqc-local, and by the argument above the
diagonal being an open immersion is equivalent to the diagonal being radicial.
Thus unramified is fpqc-local. Second proof: if we take the base change square
above with g fpqc, then g*Qx/y = Qx /vy, so if this is zero then Qx/y =0
because g is faithfully flat. Either way, this also implies being étale is fpqc-local
because étale = flat + finite presentation + unramified.

A.1.2 Faithfully flat descent

Here is the rough idea of this section: we consider presheaves F': C°P — D
where C is an appropriate category of schemes equipped with an fpqgc topology,
and we wish to see whether or not F' is an fpqc sheaf. This is true in the literal
sense for only one example, which is the functor

Homgeng (—,Y): Sch” — Set

for a Y-scheme S. This example will prove that big topologies like the étale
topology, fppf topology, and fpqc topology are all subcanonical, which is of
fundamental importance for the theory of algebraic spaces. In the other exam-
ples, D will be some category of categories, and F a pseudofunctor. Since
we have avoided the language of co-categories thus far, we will make similar
ad-hoc constructions as in the open cover descent of the previous section.

We begin with QCoh-descent. Let f: X — Y be a morphism of schemes. Write
w1, mo for the two projections X xy X — X, and write

pijZXXyXXyXHXXyX piZXXyXXyX—>X

for the corresponding projections as well. We define the category of descent
data associated to f, written

Desc(f) = Desc(X/Y) = Desc(f, QCoh)
as follows:
(a) Objects are pairs (F,f) where F € QCoh(X) and 6 is an isomorphism
0: i F = 3 F in QCoh(X xy X)
satisfying the cocycle condition
(P230) © (p120) = p130

in QCoh(X xy X xy X). Observe that pj;F: p; F —> piF (for i < j),
so this makes sense.
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(b) Morphisms (F,0) — (F',0') are maps ¢: F — F' in QCoh(X) making
the diagram
mF — s mF
wy (bl TP
F— i F'
commute in QCoh(X xy X). Compos1t10n is given by composition of the
underlying maps and is therefore clearly well-defined and associative.
In this scenario, there is a canonical map
f*: QCoh(Y) — Desc(X/Y)
defined by sending G to f*G equipped with the canonical isomorphism
71 f*G =5 75 f*G induced by fm; = fmy. The question we are trying to answer
is whether this is an isomorphism. We will prove that this is the case when f
is an fpgc morphism of schemes.

The construction of this category is contravariantly (pseudo-)functorial in the
chosen morphism, and the canonical functor is natural with respect to this
pseudofunctor. More precisely, whenever we are given a commutative diagram

x Ly
L

d

X*>Y

/

g

there is a canonical functor (g,g)*: Desc(X/Y) — Desc(X’/Y’) making the
diagram

Desc(X'/Y") «I— QCoh(Y")

o I
Desc(X/Y) +— QCoh(Y)
commute up to natural isomorphism. This functor is defined as follows: Denote
the data corresponding to m and p as @ and p for f. Commutativity induces
maps
g(r): X' xXyroooxy X' = X xy - xy X

between the fiber products, and these maps intertwine the projections. There-
fore, given a descent datum (F,0) in Desc(X/Y), we can consider the
corresponding data

gF g0 g F =g F - ¥ mF =g F
in Desc(X’/Y"). The cocycle condition still holds, because applying g(**
the equation p346 o pj,0 = pi40 gives the cocycle condition for g*F, since

g p;; =g
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Morphisms behave properly because we can apply g to the defining commu-
tative square, and the same intertwining relation provides a morphism in the
target category. It is then obvious that the diagram above commutes.

Remark A.1.20 In the definition, there is not much generality lost by consid-
ering one vs. many morphisms to a fixed scheme Y. Indeed, if we start with a
collection f,: X, — Y of morphisms, then consider the corresponding descent
category Desc(] [, Xo/Y) for the induced map f = (f,) from the coproduct.
We have the distributivity relation

(]_[Xa) Xy (]_[Xa) :HXa Xy Xg.

a,B

Denote by wf‘ﬁz Xo Xy X3 — X, and w?ﬁz Xo Xy X3 — Xp the projections.
Since QCoh(]], Xao) = ], QCoh(X,), a descent datum can be viewed as a
collection of quasicoherent sheaves {F,} on X,, equipped with a collection of
isomorphisms

Onp: 737  Fo =0 78" Fs in QCoh(X, xy X3)
satisfying the following cocycle condition:

afBy*
poBre F Dz Oap. BV F

By
P3| Op
By l% v
p%“%

paﬁfy*]_—

In light of the notation, and given the equivalence of the perspectives, it is
clear why we stick to only one morphism.

Example A.1.21 Using the above remark, we can rephrase the QCoh-descent
result for schemes from the previous section. Namely, let {U,} be an open
cover of a scheme X. Then U, xx Ug = U, NUg, and the projections from the
fiber products become inclusions, so pulling back along them is just restric-
tion. Therefore the remark above shows that Desc(] [, Ua/X) is canonically
identified with QCoh({U,}). In particular, it follows from Cor. A.1.6 that the
natural map

QCoh(X) — DeSC(H Uas/X)

«
is an equivalence of categories. Note that nothing we have said in this or the
previous remark relies on the cover being finite, however [] U, will usually
not be affine even when the U, are affine if the cover is genuinely infinite.

Our major goal of this section is to prove fpqc descent for quasicoherent
sheaves. The main step in proving this is the affine case, so let us discuss this
separately. Suppose ¢: A — B is a ring homomorphism; in this case we write
Desc(¢) for the category defined above, but we can be slightly more explicit
about the descent data.



Vihaan Dheer 353

Namely, it consists of a B-module M and an isomorphism
0: M4 B "B M
of B ® 4 B-modules making the diagram of B ® 4 B ® 4 B-modules

MoiBosB 28 Bos MesB

B®o
m J/

B®RaB®a M

commute (where 613 is the obvious insertion of 1 in the center). The canonical
functor is now given by

¢*: Mod(A) — Desc(¢) N—B®a N
with the descent datum
BRsN®sB -~ B®sB®aN bo®@x @by +— by ®b R x.
Of course this is indeed B ® 4 B-linear as N ® 4 B = B ® 4 N as B-modules.

Definition A.1.22 Let ¢ be a ring homomorphism. ¢ is a descent morphism
if the functor

¢*: Mod(A) — Desc(¢)
is fully faithful, and an effective descent morphism if it is an equivalence.

Now suppose (M, 0) is an effective descent datum for ¢. Motivated by the
descent results of the previous section, we form the equalizer between the
canonical map and the descent cocycle. So, define an A-module ¢ (M, 6) by
the equalizer

&(M,0) — M == B@, M,
c
where p(m) = 6(m ® 1) and c¢(m) = 1 ® m. Both of these maps are (split)
monomorphisms over A due to the multiplication map B ®4 M — M sending

b® m +— bm (and twisting by §~!). By the universal property and extension-
restriction adjunction, for any A-module N we have identifications

Homyu (N, (M, 6)) ={a: N - M :0(a(n)®1) =1® a(n)}a
={fiN®sB—-M:0(1®n)®1)=10B(1®n)}s.

Using the B ®4 B-structure on B ® 4 M, we can multiply both sides of the
condition with by ® by and it becomes equivalent to

0(B(bo @ n) @ b1) = by ® B(by @ n) (*)

for all bg,b; € B. On the other hand, viewing N ® 4 B = ¢*(IN) as an object
of the descent category, observe that a morphism ¢*(N) — (M, 6) is precisely
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amap 8: N ®4 B — M making the diagram

BoAN®sB — BoaBoa N

ﬁ®Bl lB@B

M@sB —2% s BoisM

commute. This commutativity expresses the same condition (x), so we conclude
that

HOHIA (N, ¢1 (M, 9)) = HomDeSC(¢) ((b* (N), (M, 0)),
i.e. ¢ extends to a functor ¢: Desc(¢) — Mod(A) and we have an adjunction
¢* - ¢ where the counit B ®4 ¢(M,0) — M is induced by the equalizer
map. Importantly, the adjunction gives specific maps for which checking full
faithfulness/equivalence is equivalent to checking isomorphisms.

Lemma A.1.23 Keeping the notation above, if ¢ is flat, then the counit
¢*¢! - IdDesc((b)

is an isomorphism. In particular, in this case ¢ is fully faithful and ¢* is
essentially surjective.

Proof Since B is flat over A, we may tensor the defining equalizer

B®p
B®A¢!(Ma9)_>B®AM—>B®AB®AM
B®c
and it remains an equalizer. Consider the injection p: M — B ®4 M; we
claim its image coincides with the equalizer E of the maps above. Indeed, if
p(m) =3, b; ®m;, then the cocycle condition says that >, b; ® 1 ® m; equals
the composite

mHZbi®mi»—>Zbi®9(mi®l) ZZbi®p(mi).

These two expressions are the image of p(m) under B ® p and B ® ¢, thus
p(M) C E.

On the other hand, if we have an arbitrary element = > .b; ® m; € E,
then by definition this means » , b; ® 1®@m; = . b; ® p(m;). Now apply the
multiplication map B4 B®a M — B®4 M to both sides (i.e. bo®b; @ m —
bob1 ®m). The LHS becomes ) . b;@m; = x, and the RHS becomes } _, b;p(m;)
via the B-module action on the left component of B ® 4 M. Then

T = me(mz‘) = Z(bi ®1)-0(m; ®1) = P(Z bim; ® 1) = p(p(x)),
where pu: B ®4 M — M is multiplication. This shows that p induces an
isomorphism M =5 E C B ®4 M and the inverse is pu.
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To conclude, observe that the diagram on the left of

G (M,0) — M B®ad(M,0) — B M
\M \l

commutes tautologically, so by adjunction the one on the right involving u
does. If we restrict B ® 4 M to F, then p becomes an isomorphism and the
upper map becomes an isomorphism, so ¢ is an isomorphism. (]

Now let’s analyze the unit map of the adjunction ¢* = ¢. For an A-module N,
this is given by the canonical map to the equalizer of B4 N =% BRaAB®Ra N,
where now the two maps are simply b®&n — 1®b®n and b®1®n. Alternatively
we can phrase this by saying that the counit at N is an isomorphism iff the
sequence

0—-N—-BosNLBR,Ba,4N )
is exact, where d(b®n) =1®b®n — b® 1 ® n. However, since the first map
is n — 1 ® n, the sequence is a complex.

Remark A.1.24 Note that from the above exact sequence, we observe that if
the unit is an isomorphism (i.e. ¢* is fully faithful = ¢ is a descent morphism),
then ¢ has the property that ¢ ® 4 N is injective for all N. We have earlier
called this property A — B being a pure extension (or a universally injective
map of A-modules). A stronger result than the one we will prove here is that
in fact a morphism is of effective descent iff it is universally injective. So in
particular there are no descent morphisms which aren’t effective descent.

Proposition A.1.25 Let ¢: A — B be a faithfully flat ring homomorphism.
Then the adjunction

¢*: Desc(¢) = Mod(A) : ¢
forms an equivalence of categories, so ¢ is an effective descent morphism.

Proof Let N be an A-module. We may check that (xx) is exact after applying
B ®4 (—) producing the complex of B-modules

0HB®ANLB®AB®ANE@1—>B®AB®AB®AN~
The first map, u: b®@n — 1 ® b ® n, is split by

s:BRaB®AN—>B®aN  by®b @n— boby @n,
and hence is injective. Next we define a map

r:BuBRIABRXaAN—B®Ry Ba N
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by 7(by ® by ® ba ® n) = bybe ® by ® n, which is well-defined at least as a map
of A-modules because the expression is A-multilinear. Now

r(B®dbo @by ®n))=rby@1@b ®n—by@b ®@1®n)
=bob1 @1 ®@n —by @by @n,
soro(B®d) =wuos—1Id by the definitions. Therefore, if (B ® d)x = 0, then

u(s(x)) = x, i.e. € imu. This shows that the unit is an isomorphism, and we
already finished the rest of the proof in the previous lemma. O

Now we move on to proving fpqc-descent for quasicoherent sheaves. We con-
tinue using the notation from earlier: f: X — Y is an fpqc morphism, 7; are
the projections from X Xy X and p; are the projections from X xy X xy X.

Theorem A.1.26 Let f: X — Y be an fpgc morphism of schemes. Then the
natural functor

f*: QCoh(Y) — Desc(X/Y)
s an equivalence of categories.
Proof First assume that the base Y is affine. Then X is quasicompact, so we
may choose a finite affine cover {U;}, and consider the composite

which is a faithfully flat map of affine schemes. We can package the maps in
the somewhat trivial commutative diagram

Y —Y +«+— X
T 17 1
X<+—U=U

which we have proved induces a commutative diagram

QCoh(Y) =—— QCoh(Y) ——+ QCoh(X)

?l gl lg

Desc(X/Y) <, Desc(U/Y) @1 Desc(U/X)
of categories. The right-hand map is an equivalence by Example A.1.21 and the
middle map is one by Prop. A.1.25. This diagram contains the major argument
of the proof.

To prove that the left-hand map is an equivalence, it suffices to show that
Desc(X/Y) — Desc(U/Y) is fully faithful. Faithfulness is clear: A morphism
of descent data is determined by the underlying map of sheaves F — F’, and
this map is determined by its pullback to U, since further pullbacks provide
Flu, — F'|u, for all i.
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For fullness, let a be a morphism ¢*(F,0) — ¢*(F',0) in Desc(U/Y). We
have to check that ¢*F — ¢*F’ is induced by a morphism 8: F — F’, and
that S commutes with # and 6’. The former is clear because we can simply
apply (1, f)* to pull « into Desc(U/X), and then it is induced by a unique
map F — F' in QCoh(X). The second part follows right away because by
assumption (and the fact that ¢ intertwines the projections), the pullback of
the commutativity constraint along U xy U — X Xy X is commutative. But
this map is faithfully flat, as the composition

UXYU—>U><YX—>X><yX,

and hence pulling back along it is a faithful functor. This finishes the case that
Y is affine.

Now we do the general case. Observe that whenever V' C Y is an open subset,
we have a commutative diagram:

QCoh(Y) —— QCoh(V)

| |

Desc(X/Y) — Desc (f~1(V)/V)

When V is affine, the right-hand map is an equivalence. Faithfulness: If F,G €
QCoh(Y) and a: F — G, its image in Desc(X/Y) determines a|y: Fly —
G|y for each affine open V' C Y by commutativity of the diagram and the
equivalence above. Thus it determines a. Fullness: Now suppose we're given
amap «a: (f*F,can) — (f*G,can) in Desc(X/Y). Once again, for each affine
open V C Y we can push this to a map

(fv(Flv), can) — (fv/(G]v), can)

in Desc(f~1(V)/V), which is the pullback of a unique map By : Fly — Gly.
Repeat this for all such V. Now if V/ C V is a smaller affine open, then 3y, =
By |v+. This follows from the faithfulness applied to V'. It follows that {8y : V'}
glues to a unique map 8: F — G, and another application of faithfulness gives
[B=a.

For essential surjectivity, we will apply Remark A.1.7. Let (F, ) be a descent
datum; for each affine open V' C Y, choose an isomorphism

v (Flg-1v), 0lp-10vy) == (fi-Gv,can)

in Desc(f~1(V)/V) for Gy € QCoh(V). If W C V is a smaller affine open,
then the isomorphism

« [3 Bvli—1w "
(i G cam) 2 (Fl sy Ol -10my) 2200, (126 cam)

lifts to an isomorphism awyv: Gw —= Gy|w by full faithfulness. Note that
(suppressing restriction notation) we have

favy oawv) = (BuBy ) (BvBit) = f(awu),
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and f* is faithful since f is faithfully flat. Therefore {Gy, ayy} form a cocycle
in the category of Remark A.1.7, and hence glue to a sheaf G with isomor-
phisms G|y =5 Gy commuting with the descent data. Thus these glue to a
well-defined map (f*G,can) — (F,0) which fits into a commutative diagram
with the By ’s over all V. We conclude that this map is an isomorphism in
Desc(X/Y). O

Our first corollary of this result is that schemes are sheaves in the fpqc topology.
This is foundational for the theory of algebraic spaces and stacks.

Definition A.1.27 Let C be a category with pullbacks. A map f: X — Y is
an effective epimorphism if the natural diagram

pr
XxyX——=x Ly
pry

is a coequalizer.

Ezample A.1.28 Let € = Set and suppose f: X — Y is surjective. Then
X xy X ={(z1,22) € X x X : f(z1) = f(z2)}, and if g: X — Z is a map,
it agrees on the projections iff g(z1) = g(x2) whenever f(x1) = f(x2). Thus a
map sending y — g(x) for any x € f~!(z) is well-defined and unique, so f is
an effective epimorphism. One similarly shows that in an abelian category, the
epimorphisms and effective epimorphisms coincide. The condition says that
the only obstruction to descending a map out of X to a map out of Y is the
‘formal one’, that the map must agree on the fibers of f.

Ezample A.1.29 Let X be a scheme and {U,} be a (possibly infinite) open
cover of X. Then [[, U, — X is an effective epimorphism. Indeed, the
standard diagram

HaﬁUaﬁUg :;HOLU& — X

is a coequalizer. This provides the intuition that effective descent morphisms
may be effective epimorphisms.

We also make the corresponding definition for effective monomorphism. In
general, we expect descent for algebraic data to be like a sheaf condition,
which should be an effective monomorphism. On the other hand, descent for
full spaces involves gluing the spaces, which we expect to be an effective
epimorphism.

Remark A.1.80 In general, whenever we are considering a descent functor
C(T) — Desc(T,C), where € is some kind of fibered category (interpreted
loosely, because of our ad hoc definition of descent data), full faithfulness usu-
ally corresponds to the existence of effective mono/epimorphisms, or something
akin to it. For example, let f: X — Y be a map and consider the functor
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QCoh(Y) — Descqcon(X/Y). For F,G on Y, full faithfulness is the state-
ment that for each map f*F — f*G in QCoh(X) whose two pullbacks to
QCoh(X xy X) agree, there is a unique map F — G inducing f*F — f*G. In
other words,

Homqcon(y)(F,G) — Homqeonx) (f*F, £G) = Homqeon(x xy x) (0" F,p*G)

is an equalizer, where p: X Xy X — Y is the unique map. But now we can
rewrite this by adjunction, as saying that for all F € QCoh(Y), applying
Hochoh(y) (.7:, —) to
produces an equalizer. Thus (x) is an equalizer in QCoh(Y) for each G €
QCoh(Y). This is similar to an effective monomorphism, but not exactly.
In fact, what is really happening is that descent is the statement that
f*: QCoh(Y) — QCoh(X) is an effective monomorphism in a stacky sense.
Indeed,

QCoh(Y) — QCoh(X) —= QCoh(X xy X)
almost exhibits f* as an effective monomorphism in the sense of 2-categories.
But, we know that for descent of objects we have to check the cocycle condition,
which takes place in QCoh(X xy X xy X).

Theorem A.1.31 Let f: X — Y be an fpgc morphism of S-schemes. Then
f is a (universal) effective epimorphism in Schg. In particular, the diagram

Homg (Y, Z) — Homg(X,Z) —= Homg(X xy X, Z)

is an equalizer of sets for all S-schemes Z.

Proof 1t suffices to treat the case that S = Spec Z. Indeed, assuming this case,
an S-morphism ¢g: X — Z coequalizing the maps already induces a unique
morphism §: Y — Z, and we just have to check it’s an S-morphism. But
the absolute result implies that f is an epimorphism, and the two composites
X—-Y —>7— Sand X - Y — § agree by assumption, so the two maps
Y — S agree.

Now we prove the main result. First assume Z = SpecR is affine. By
adjunction, we have to show

Hom(R,T'(Y,Oy)) — Hom(R,T'(X,0x)) —= Hom(R,T'(X xy X,0xx, x))
is an equalizer for all rings R, which will follow as long as
F(Y, Oy) — F(X, Ox) — F(X Xy X, OXXyX)

is an equalizer of rings. This is clear e.g. from the equalizer of Hom-sets in
Remark A.1.30 by taking F = G = Oy.

Now consider the general case. Let g: X — Z be a map such that gm = gms.
For each y € Y, choose z € X such that f(z) =y and define g: |Y| — |Z] by
9(y) = g(z). This is independent of the choice of x, because if x, ' lie over y,
then there exists w € X xy X lying over (x,2'), so gm (w) = gme(w) means
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that g(z) = g(z’). Thus gf = g as maps. This choice of g is already unique
because | f| was surjective.

Moreover, if U C Z is open, then
g (U) = g HU)

is open, so g~1(U) is open since f is submersive (Lemma A.1.16). Thus g is
continuous. It is already clear at this stage that g will be a unique morphism;
indeed choose an affine open V' C Z, then f~1g~1(V) — g~%(V) is fpqc and
the map g~ !(V) — V coequalizes the two projection maps, so g~1(V) — V is
uniquely determined by the case of affine target. Thus g is unique if it exists.

On the other hand, this same observation provides a unique morphism
hy: g~Y(V) — V which on underlying spaces is a restriction of g. It also follows
from uniqueness that if V/ C V is a smaller affine open, then hy: g~ (V') —
V' agrees with the restriction of hy . Thus for V and W any two affine opens,
hy and hy agree on g~ (VNW) because the intersection is covered by smaller
affine opens.

We conclude by Cor. A.1.6 that there is a unique morphism h: Y — Z such
that |h| = § whose restrictions agree with g=1(V) — V. We already know
hf = g on the underlying spaces, and equality as morphisms may be checked
on the affine open cover of Z. This completes the proof. O

In the spirit of the previous result, we now change our fibered category of
interest from QCoh to Sch or some full subcategory. The goal is to answer the
following question: If X — Y is a map, this induces a base change map

SChy —>SChX Y/I—>Yl Xy X,

and thus there is an associated category of descent data Descgen(X/Y') and
a map Schy — Descgen(X/Y) where a Y-scheme is sent to its pullback. The
question is when this is fully faithful and/or an equivalence.

Here is the formal definition. Let € C Sch be a full fibered subcategory of
schemes, by which we mean a full replete subcategory Cy C Schy for each Y
such that if Y — Y € €y and X — Y is a map, then Y/ xy X — X € Cx.
Le. it is the same data as a class of morphisms stable under base change. For
amap f: X — Y, we define the category Desce(X/Y) as follows:

(a) Objects are pairs (X', n) consisting of an X’ € Cx and an isomorphism
n: X e X&) 2 X X2
of X® = X xy X-schemes, satisfying the cocycle condition
(77 X pas X(s)) o (77 Xp1a X(s)) =1 Xpi3 X(S)
over X = X xy X xy X.
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(b) Morphisms (X{,m) — (X5,72) are maps h: X{ — X} in Cx making the
diagram

XY xp, X@ Py x@)

"ll lm

X{ Xy X o X3 o, X
™2
commute in Cx ().

Note that if € C €, then we also have Desce(X/Y) C Desce/(X/Y). As usual,
we have the natural map

Cy — Desce(X/Y)

defined by sending Y’ — Y’ xy X equipped with the canonical descent data
Id: V' xy X® =Y xy X®

Lemma A.1.32 Let f: X — Y be a morphism of schemes. Then the natural
functor

SChY — Descsch (X/Y)
18 fully faithful if and only if f is a universal effective epimorphism.
Proof Let Y1,Ys be schemes over Y. A map between the corresponding canon-
ical data in Descgen(X/Y) is a map Y7 xy X — Y5 Xy X over X such that
both pullbacks to maps

1/1 XyXXYX—>Y2 XyXXyX
coincide. In other words, the map is fully faithful iff
Y(Yl,YQ) — X(Y1 XyX,Yz XyX) = (XXyX)(Yl XyXXyX,Y2 XyX XyX)

is an equalizer for all Y-schemes Y; and Y5 (where we have suppressed Hom
to make the equation fit on the page). By adjunction, this is equivalent to

HOHly(Yl,YQ) — Homy(Y1 Xy X,}/Q) = Homy(Y1 Xy X Xy X,YVQ)
being an equalizer, and hence
YiXy X xy X2V xy X =Y

being a coequalizer in Schy for all Y;. In other words, full faithfulness is
equivalent to Y7 Xy X — Y being an effective epimorphism in Schy for
all Y7 € Schy. We have seen that this is equivalent to being an effective
epimorphism in Sch (see the beginning of the proof of Thm. A.1.31). This is
what it means for X — Y to be a universal effective epimorphism. O

Remark A.1.33 Therefore, it follows that Schy — Descgen(X/Y) is fully
faithful if X — Y is fpqc. This is called ‘fpqc descent for morphisms’. The
question of essential surjectivity is much more subtle, and it is in fact not true
that fpqc implies effective descent for schemes. In fact, this even fails for étale
covers and projective morphisms. However, one case which works well is for
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affine morphisms. The intuition is that affine schemes over Y correspond to
quasicoherent Qy-algebras, and we can descend the underlying quasicoherent
sheaf, so all we have to do is descend the algebra structure. We will show this
now, and we will in fact extend this result to the quasi-affine case.

If X is a scheme, we write CAlg,.(X) for the category of quasicoherent Ox-
algebras on X. Recall that relative Spec gives the canonical correspondence

Hom x (W, SpecX(A)) =~ Homcag(x) (A, fxOw)

for an X-scheme g: W — X and A € CAlg,.(X), although f.Ow may not
be quasicoherent. Finally, we know that this restricts to an equivalence of
categories between CAlg,.(X) and affine schemes over X. The first step is to
discuss descent for CAlg,.(X) over an arbitrary scheme.

As wusual, if f: X — Y is a morphism, we make the corresponding def-
inition DeSCCAlqu(X/ Y) for the category of descent data comparable to
Descqeon(X/Y), except that now morphisms should be algebra morphisms,
and the quasicoherent sheaf on X should be an Ox-algebra. We get the
canonical map CAlg..(Y) — Desccag, (X/Y) as usual.

Proposition A.1.34 Let f: X — Y be an fpgc morphism of schemes. The
natural functor

CAlg,.(Y) — Desccalg,,. (X/Y)
s an equivalence of categories.

This has a relatively direct proof, but to emphasize the categorical perspective
let us give an alternative proof, which is to show that for any morphism, the
functor

QCoh(Y) — Descqcon(X/Y)
satisfies the following properties:

(a) Descqeon(X/Y) is naturally a symmetric monoidal category, and the
functor above is symmetric monoidal.

(b) The natural functor in the proposition is given by taking commutative
unital algebra objects with respect to the monoidal functor above.

(b) will be clear once we show that the category of commutative algebra objects
of Descqoon(X/Y') are indeed Desccalg, (X/Y). Then the result will follow
from fpqc descent for quasicoherent sheaves. First we prove (a); given a pair of
descent data (F;, 6;) for i = 1,2, their tensor product is F; ® F2 equipped with

01 ® O2: 1} (F1 ® Fa) — w5 (F1 ® Fa),

well-defined since 7} is monoidal. The cocycle condition follows from the fact
that the pj; are monoidal, and when tensoring morphisms the commutativity
constraint follows from the fact that n; are monoidal as well. The unit is
Ox, which is pulled back from Y and hence has canonical descent data. The
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associativity and unitality axioms follow from the same data on QCoh(X) and
the fact that pullback is a monoidal functor.

Consider the canonical functors
QCoh(Y') — Descqcon(X/Y) — QCoh(X).

It follows by construction that the second map is monoidal, and the first map
is also because f* is monoidal. Therefore we obtain induced maps

CAlqu(Y) — CAlg(Descqcon(X/Y)) — CAlqu(Y)

on commutative algebra objects. By the right-hand functor, if (F,6) comes
with a commutative algebra object structure, it follows that F is an object of
CAlg,.(X). It is also clear that the map 6 is a morphism in CAlg(QCoh(X xy
X)), hence is a morphism of quasicoherent Ox-algebras. A morphism is in
particular required to be an algebra homomorphism between quasicoherent
algebras, and this is all the data required to be a morphism in CAlg. By
construction, we have identified

CAlg(DeSCQCOh(X/Y)) = DesccAlqu (X/Y)
as we sought to do. This finishes the proof of Prop. A.1.34.
Remark A.1.35 Here is a second, more oo-operadic way to see this. First, for

any oo-category C, the functor CMon(€C) — C creates limits. In particular,
write Cat., for the co-category of co-categories, and

CMon(Cat.,) = SymMonCat

for the oo-category of symmetric monoidal categories. Thus the functor
SymMonCat,, — Caty, creates limits. In particular, the limit diagram

QCoh(X) —= QCoh(X xy X) —— QCoh(X xy X xy X)

defining Descqcon(X/Y) exists in SymMonCat,,, and the natural map from
QCoh(Y) exists in this category as well. Moreover, there is also a functor
CAlg: SymMonCat,, — Cat. sending a symmetric monoidal category to
its category of commutative unital algebras. CAlg also preserves limits, so
applying this to the above diagram shows that

CAlg(DeSCQCOh(X/Y)) = DE}SCCA]gqc (X/Y)

as desired.

More generally, our proof above also shows that almost all algebraic structures
defined on top of quasicoherent sheaves behave well with respect to descent.
For example, it is now easy to see that properties on sheaves like dualizability,
invertibility, etc., will all descend well.
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Now, again let € C Sch be a fibered subcategory of schemes. If f: X — Y is
a morphism, we will say C satisfies f-effective descent if the natural map

Cy — Desce(f)

is an equivalence of categories. Note that full faithfulness restricts along C,
meaning that if € C € and € satisfies full faithfulness (i.e. descent for mor-
phisms), then € does too. In particular, for all € we have full faithfulness
against universal effective epimorphisms, such as fpqc maps.

Ezample A.1.36 Suppose g: Y/ — Y is a universal effective epimorphism (e.g.
fpqc) and @ satisfies g-effective descent. Then membership in € is g-local,
meaning that if

is cartesian and X’ € Cy/, then X € Cy. Indeed, we have a commutative
diagram:
Cy —= Desce(Y'/Y)

Schy —— Descgen(Y'/Y)
The image of X under the lower map is (X xy Y’,can), and since (X', f)
X Xy Y’ and Gy~ is replete, this lies in Desce(Y’/Y). Thus there is X; € Cy
such that (X7 xy Y’,can) & (X xy Y’ can), so by full faithfulness on the
bottom we conclude X; & X in Schy, i.e. X € Cy by repleteness.

o~

Ezample A.1.87 Let € = Sch™, i.e. Gy = Schy is the groupoid at Y. Then for
any f: X — Y, Cy — Desc(X/Y) is essentially surjective. Indeed, if (X', 6)
is effective descent data for X’ € Schy and

0: X' X (X xy X) =5 X' %0, (X xy X),

is an isomorphism over X xy X, then in fact (X’,0) = (X, can). Indeed, if not
we could pull back along the isomorphism to induce another descent datum
(X,0"), but since the functors (—) x, (X Xy X) preserve terminal objects,
there is a unique morphism can between the images of X. Thus 6’ = can and
the claim follows. As a consequence, we deduce from Example A.1.36 that
being an isomorphism is fpqc-local on the target.

Remark A.1.38 This is a sort of converse to the previous example. Suppose
g: Y’ — Y is a map and C satisfies g-effective descent. Then a fibered sub-
category €' C € automatically satisfies the full faithfulness part of g-descent.
Suppose that for C-objects membership in €’ is g-local, defined just as in the
example above. Then € also satisfies g-effective descent. Indeed, descent for C
gives a cartesian square like the one above where (X', f) € €}, so g-locality
shows that (X, f) € €}, which is effectivity.
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In the remainder of this section, we will show that fpqc effective descent is
satisfied for open immersions, affine morphisms, and quasi-affine morphisms.
We denote the corresponding fibered subcategories by

Openlmm Aff QAIff

in what follows. Note that even given the relations between the categories
above, there aren’t formal relationships between effective descent for each of
the categories above; in any case, we will use the first two to prove the third.

Proposition A.1.39 Let f: X — Y be an fpgc morphism of schemes. The
natural functor

Affy — Descag(X/Y)
s an equivalence of categories.

Proof We already know it is fully faithful. Let (X’,0) be a descent datum
where X’ is an affine X-scheme and 6 is an isomorphism X’ X, (X xy X) =%
X' Xy (X xy X). We know that X' = Spec (h.Ox), and by stability under
base change

X' Xy (X xy X) = SpecXXYX(W;‘h*OX/)
Thus, the inverse of the descent data corresponds to an isomorphism
0 7ih,Oxr =5 wih, Ox,

and this map satisfies the cocycle condition because of the cocycle condition for
6. Thus (h.Ox/,071) is an object of Desccalg, . (x)(X/Y), and hence descends
to a quasicoherent Oy-algebra A such that f*A = h,Ox. agreeing with the
descent data. Thus X’ = Specy (f*A) = Spec,,(A) xy X, also agreeing with
the descent data 6. O

Lemma A.1.40 Let f: X — Y be an fpgc morphism of schemes. The natural
functor

Openlmmy — Descopentmm (X/Y)
is an equivalence of categories.

Proof We already know it’s fully faithful, so let (X’,0) be a descent datum
where j: X’ — X is an open immersion. Then 6 is an isomorphism 7} *(X') =

7y H(X"), but since this is required to be an X xy X-morphism, this just means

N X)) =m (X)) in X xy X.

Now consider f(X’) C Y, and note X’ C f~1(f(X’)). If x € X such that
f(z) € f(X'), let ' € X' such that f(x) = f(z'), and choose a point z lying
over (z,z'). Then z € m; 1(X'), so m(z) = = € X'. Thus f~*(f(X")) = X/,
and since f is submersive (Lemma A.1.16) this means f(X’) is open. It follows
that the open immersion f(X’) < Y pulls back to the open immersion X’ —
X with its unique descent datum. ([l
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Now we come to the final result of this section. Recall that a qcgs morphism
g:Y' — Y is quasi-affine iff the induced map Y" — Spec (9.Oy") is a qua-
sicompact open immersion. We will also use flat base change, which means
taking H? of the flat base change along a qcgs morphism. The key construction
is as follows: let S be a base scheme and consider the fully faithful adjunction

Aﬂ‘s(f)t (Schs)chs = AHS Ll

where we define Affs(X) = Spec,(p.Ox) where p: X — S is the structure
map. The unit gives the canonical map X — Affg(X), which is affine iff X is
affine over S, and a quasicompact immersion iff X is quasi-affine over S.

Formation of this map commutes with flat base change. Indeed, suppose
g: 8" — Sis flat. By flat base change and since p is qcgs, §*p«Ox = P, Ox x4,
which implies

Spec (. Ox) x5 S’ = Specy (3°pOx) = Spec, (P, Ox xo57),
which means that
(X — Aﬁs(X)) Xs Sl = (X Xg Sl — Aﬁg/(X Xs S/))

This has the following consequence: if € is a fibered subcategory of qcgs
schemes over a base and f: X — Y is flat, then there’s a natural map

Aff x(—): DeSC@(X/Y) — DeSCAff(X/Y)
sending (X', 0) to
Affx (X)) 0 Affyo (X xr, XP) = Aff i (X7 %y X)),

where the RHS makes sense because m;: X — X is flat and so the source
and target are equal to Affx (X’) x,, X(?). The cocycle condition also follows
from the same observation. Moreover, we retain a natural map

(X',0) — (Affx (X'), Aff x(2)(9))
in Desce(X/Y). This lets us descend constructions relating to the affine hull
easily.
Theorem A.1.41 Let f: X — Y be an fpgc morphism. The natural functor
QAffy — Descqan(X/Y)
is an equivalence of categories.

Proof We have to show essential surjectivity. Let (X’,6) be a descent datum.
Apply the functor and natural map constructed above to obtain a morphism

(le 0) - (AHX(X/)v 5)7

where we know that X’ — Aff x(X’) is a quasicompact open immersion. By
Prop. A.1.39 we conclude that the RHS is isomorphic to (Y’ xy X, can) for Y’
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an affine Y-scheme. Thus at this stage we have the filled-in part of the diagram:

X —Y' xy X — X

Now consider the quasicompact open immersion j: (X’,0) — (Y’ xy X, can).
By definition this means the diagram

mx —f% X
Y’XyXXYX —— Y’XyXXyX

commutes, so we can view (X', 0) as an object of Descgen (Y’ Xy X/Y'). Then
X' is an open immersion over Y/ Xy X, so by descent for Openlmm, we can find
Y"” — Y’ as in the commutative rectangle above, making the left-hand square
a pullback, where Y — Y’ is an open immersion. It is also quasicompact
because that is fpqc-local on the target. By adjunction, we obtain a map

(X',0) — (Y" xy X, can) in Descqag(X/Y).

This is an isomorphism by the pasting lemma and the diagram above. O

A.1.3 Fpqc descent and algebraic spaces

Now we turn back to the question of showing that properties of morphisms are
fpgc-local on the target. In the previous section, we have developed relatively
strong techniques to do this, which immediately give us a few new properties.

Example A.1.42 By Example A.1.36, the three preceding results imply that
being an open immersion, affine morphism, or quasi-affine morphism, are all
fpqgc local on the target. We also used this to observe that being an isomorphism
is fpqc-local on the target. Here are some immediate deductions which are
purely formal:

(a) Being a monomorphism is fpqc-local; indeed a map is a monomorphism
iff its diagonal is an isomorphism.

(b) Being integral is fpgc-local, because integral = affine + universally closed.
(c¢) Being finite is fpgc-local, because finite = integral + locally of finite type.

(d) Being semiseparated is fpqc-local, because this is affineness of the
diagonal.

For properties (b) and (c), we obtain the stronger result that these subcate-
gories satisfy fpqc-effective descent, by Remark A.1.38.

Remark A.1.43 There are easier proofs of these results that don’t rely on fpqc-
descent. For example, for isomorphism, one can use that radicial, surjective,
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and universally open are local, so the base map is a homeomorphism. Then
isomorphisms of maps of quasicoherent sheaves also descend so we can conclude
by flat base change. We can also give a proof of affine by noting that qcgs
descends, and then we can construct the relative Spec directly and use that
isomorphisms descend.

Proposition A.1.44 Let g: Y’ — Y be an fpgc morphism. The natural
functor

Cy — Desce(Y'/Y)
s an equivalence for:

(a) C the fibered category of closed subschemes.
(b) C the fibered category of quasicompact immersions.

In particular, being a closed immersion or quasicompact immersion is fpqc-
local on the target.

Proof 1t suffices to show that being a quasicompact immersion is fpqc-local.
Indeed, by Thm. A.1.41 and Remark A.1.38 this will prove (b). By a second
application of Remark A.1.38 and the fact that closed immersion = universally
closed + closed immersion, we will deduce (a) and the second conclusion.

Let f: X — Y be a map, and suppose that f: X' = X xy Y’ - Y’ is a
quasicompact immersion. Thus f is qcgs by Example A.1.11, so we may form
the quasicoherent ideal sheaf Z by the exact sequence

0—-7— 0y — f.Ox

on Y. Applying the exact functor g*, we deduce g*Z = ker(Oy: — f,Ox)
by flat base change. By base change for a closed immersion, we can split our
cartesian square into the following one:

X’J—>V(g*I)c—>Y’
1]

X V(T) Y

Since f is a quasicompact immersion, X’ — V(g*Z) is a (quasicompact)
open immersion, so X — V(Z) is a quasicompact open immersion by Exam-
ple A.1.42. This completes the proof. O

Now let us show some general facts about universal effective epimorphisms.
We will see that unlike epimorphisms and effective epimorphisms, they
behave quite well. Of course, the class of universal effective epimorphisms is
tautologically closed under base change.

Proposition A.1.45 Let C be a category with pullbacks, and f: X — Y and
g: Y — Z be morphisms.
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(a) If gf is a universal effective epimorphism, then g is a universal effective
epimorphism.

(b) If f is a universal effective epimorphism and g is a (resp. universal) effec-
tive epimorphism, then gf is a (resp. universal) effective epimorphism.

(c) A split epimorphism is a universal effective epimorphism.

In particular the class of universal effective epimorphisms contains all isomor-
phisms, is stable under base change, and is closed under composition.

Proof Consider the cartesian diagram:
X —Y — 7
X —Y — 7

It implies that: in (a), we only have to show that g is an effective epimorphism,
and in (b), we can ignore the ‘resp. universal’ part. Moreover, in both cases the
hypotheses already imply epimorphism, so we just need to show the existence
part of the universal property.

(a) We will use the following commutative diagram:

Xxz X —/— X

! l

XXZY%YXZYT}Y

T

X Y A

Let a: Y — A satisfy am; = ams. Since m;u = fq;, applying u gives afq =
afqs. Since gf is effective epi, there exists h: Z — A such that hgf = af. The
middle row composite is the projection ps, so gps = ¢gfp1. Then

hgp2 = hgfp1 = afpr = am(f,1) = ama(f, 1) = aps.
Since X — Z is a universal effective epi, ps is an epi, hence hg = a.

(b) Consider the commutative diagram

XXyXHXXZXHYXzy

b b

X— X / y —9 7

of projection maps. Let a: X — A be such that am; = ams. Then ap; = apo,
so there exists (a unique) h: Y — A such that hf = a. The middle map
e: X Xz X =Y xzY is an epimorphism, because it is the composite of

Xx, X 2L xx, v 2L v x,y,
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each of which is an epimorphism because f is a universal effective epimorphism.
But

hgie = hfm; = am;,
so hgqie = hgqe, thus hqy = hgs. Since g is an effective epimorphism, there
exists j: Z — A such that jg = h, so j(gf) = a.

(¢) By (a), we reduce to showing that an identity map lx is an effective
epimorphism. Then both maps X x x X = X are isomorphisms, so this follows
from the fact that X = X — X is a coequalizer in any category. (Il

Lemma A.1.46 Being a universal effective epimorphism of schemes is
Zariski-local on the target and fpgc-local on the target.

Proof Fpqc locality is easy: if g: Y/ — Y is fpqe, and f: X' — Y’ is the
base change of X — Y and is a universal effective epimorphism, then because
Y’ — Y is a universal effective epimorphism (Thm. A.1.31), the composite
X' — Y’ — Y is a universal effective epimorphism by Prop. A.1.45. But this
equals X’ — X — Y, so part (a) of the same result implies X — Y is one too.

Let f: X — Y be amap, {U;} an open cover of Y, and assume that f~1(U;) —
U; is a universal effective epimorphism for all i. Thus f~Y(U;NU;) — U;NU; is
a universal effective epimorphism for all ¢, j. For both projections the diagram

Pi
XU@v XU XUi E— XU,- — U;

l [

Xxy X — 5 X — Y

commutes, so assume we are given a map h: X — Z such that hm; = hms.
Then h|x,, p1 = h|x,, p2, so there exists a unique map g;: U; — Y such that

XUi — Uz

I b

X sz
commutes. In particular the restriction gi|UmUj is also the unique map making
the same diagram commute for U; replaced with U; N U;. Thus the {g;} are
compatible on overlaps and glue to g: Y — Z, which satisfies gf = h since
this is checked locally. Since h is determined by its restrictions to {U;}, it is
unique satisfying this property. (Il

Next let us discuss how to descend other kinds of data under an fpqc map.
For example, suppose f: X — Y is fpqc. We know that f* is conservative,
so we can descend the property of being an isomorphism in QCoh(X) to
QCoh(Y'). We remark that the functor Lf*: Dqc(Y) — Dgyc(X) is also faith-
ful conservative; indeed, by flatness, if A — B is a map and Lf*A — Lf*B
is an isomorphism, then f*HP(A) — f*HP(B) is an isomorphism, hence
HP(A) — HP(B) is an isomorphism. Thus we have a good chance at describing
descent properties of the derived category as well.
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Ezample A.1.47 Let f: X — Y be fpqc, and suppose F € QCoh(Y). If f*F
is of finite type (resp. finite presentation), then F is: this is local on Y, so
assume Y is affine, and then we can further pull back along [], U; — X to
assume that X is affine. Let A — B be faithfully flat and M be an A-module.

(a) Suppose B®4 M is finite over B. Choose generators over B, write them as
sums of tensor products, and extract elements myq,...,m, € M involved
in this expression. Then the map A”™ — M is surjective, for B — B4 M
is surjective.

(b) Suppose B®4 M is finitely presented over B. Then M is finite over A by
(a), so choose an exact sequence 0 — K — A” — M — 0. Then B®4 K
is finite over B, so K is finite over A.

Ezample A.1.48 Let f: X — Y be fpqc. If f*F is flat, then F is flat. Indeed,
0= Tor.(f*F, f*(=)) = f*Tor.(F,—), so Tor.(F,—) = 0. Thus, if f*F is a
vector bundle, then F is a vector bundle, because then F is finitely presented
and flat, hence finite locally free.

Here are two nice applications of fpqc descent for properties of morphisms
taken from the Stacks project. We recall that being radicial is equivalent to
having surjective diagonal. Indeed, suppose f: X — Y is radicial, and let
z € X Xy X. Then 71: X xy X — X is injective, so let x = m1(2). Then the
composite

X 2L Xy X I X
is the identity, so  must map to z because m1(z) = m1(A¢(z)) = x. Conversely,
let Ay be surjective and suppose that f(x1) = f(x2). Then we can choose z
lying over (21, 22), so there exists « such that Af(x) = z, which implies that
Tz =1 and x = x9.

Remark A.1.49 This observation also implies that radicial is the right notion
of injectivity. Indeed, if X and Y are finite type schemes over an algebraically
closed field k, then a map X — Y is surjective iff X (k) — Y'(k) is surjective.
Thus X — Y is radicial iff X (k) — X (k) Xy ) X (k) is surjective, iff X (k) —
Y (k) is injective.

Example A.1.50 An fpqc monomorphism is an isomorphism. Indeed, if f is
fpqc, consider the base change square where f is fpqc:

Xxy X — X

1

X —Y
Since X xy X — X is a section of an isomorphism, it is an isomorphism,
so X — Y is an isomorphism because this is fpqc-local on the base. More
generally, this applies to any universal effective epimorphism, since we saw

in Example A.1.37 that isomorphisms are local for any universal effective
epimorphism. This gives some kind of theorem saying ‘epi+mono=iso’.
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Lemma A.1.51 A radicial étale morphism is an open immersion.

Proof Let f: X — Y be radicial étale. Since it is an open map, f(X) — Y
is an open immersion, and moreover X — f(X) is still radicial étale because
these are local on the target. Thus we may assume f is surjective. Then f is
fppf and in particular fpqc; moreover, A is surjective by radicial-ness and an
open immersion by étale-ness, thus it is an isomorphism. Therefore f is an
isomorphism by the previous example. O

Let us return to properties of morphisms. Now, we will have more of a focus
on derived-category properties, such as quasi-perfectness. We expect fpqc mor-
phisms to behave well mostly because of flatness as explained before, which
also implies that Lf* = f* preserves cohomological amplitude. It also reflects
it, since HP(Lf*(A)) = f*HP(A) is 0 iff HP(A) = 0.

Lemma A.1.52 Let f: X — Y be an fpgc morphism of schemes. Let A €
Dy (Y).

(a) If Lf*(A) is locally of finite tor-dimension, then A is locally of finite
tor-dimension.

(b) If Lf*(A) is m-pseudocoherent, then A is m-pseudocoherent.
(c) If Lf*(A) is perfect, then A is perfect.

Proof (c) follows from (a) and (b). (a) By restricting Y we may assume X
is quasicompact, so Lf*(A) has tor amplitude in [a,b]. Then for all F €
QCoh(Y), Lf*(A) @Y Lf*(F) = Lf*(A®g, F), and Lf*(F) = f*(F), so this
has amplitude in [a, b]. Since Lf* reflects amplitude this means A (X%Y F has
amplitude in [a, b].

(b) The question is local on Y, so assume it’s affine. Then X is quasicompact,
so let a be such that Lf*(A) and A are in D3 If a < m, then A is m-
pseudocoherent. Otherwise, H*(Lf*A) = f*H%(A) is of finite type, hence
H%(A) is of finite type. Since Y is affine, we may choose a surjection O} —»
H%(A), and a complex F* of quasicoherent sheaves representing A in Ch=?.
Thus O} — H*(A) lifts along the surjection F* — H*(A) to a map O} [—a] —
A. Let C be the cone, and apply Lf* to obtain

O%[-a] = Lf*A— Lf*C — O%[—a+1]

exact. Thus Lf*C € D<% is m-pseudocoherent, so by induction C' is m-
pseudocoherent. Thus A is m-pseudocoherent. (Il

Corollary A.1.53 Let g: Y — Y’ be an fpgc morphism and consider a
cartesian square:
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If f is quasi-perfect, resp. quasi-proper, resp. locally of finite tor dimension,
then f is quasi-perfect, resp. quasi-proper, resp. locally of finite tor dimension.

Proof Observe that L?* Lg* = Lg*Lf*, and locally on Y the LHS is bounded,
thus the RHS is as well. Since Lg* reflects amplitude, this means Lf* is locally
bounded.

If f is quasi-perfect (resp. quasi-proper), then first of all f is qcqs so f is qcqs
by Example A.1.11. By tor-independent base change, we have

Lg*Rf.E = Rf,L§°E

for all E € Dy (X). If f is quasi-perfect (resp. quasi-proper) and E is perfect
(resp. pseudocoherent), then the RHS is perfect (resp. pseudocoherent). Thus
Rf.FE is perfect (resp. pseudocoherent) by Lemma A.1.52. g

A strong result which would eventually be nice to add here is that the entire
derived category satisfies fpqc effective descent. But, the real way to formulate
and prove this is using derived oo-categories and limits of co-categories, which
we have not discussed.

Ezample A.1.54 General immersions are not fpqc-local on the target. Here is
a simple example: Let X = ]_[p SpecZ/pZ over primes p > 0 and consider the
natural map X — SpecZ. If this were an immersion, then its image SpecZ —
{(0)} would be locally closed, but since it’s missing only one point, this would
force it to be either closed or open. {(0)} is not maximal, and if Spec Z—{(0)} =
V(I) then I C (0, (p) = 0.

Next, consider the map Z — Hp Zp)- This is flat because it is a torsion-free
abelian group. The fiber over a maximal ideal (¢) C Z is the LHS in

2/qZ 2z || Z) = [ 2wy /92y = 2142,
P P

since ¢ is a unit in Z,) if p # ¢. Therefore Z — ]_[p Zp) is faithfully flat by the
fiberwise criterion, hence corresponds to an fpqc map Y’ — SpecZ. Consider
the fpqc base change

X' =XxY'= HSpecZ/pZ xY' = H SpecZ/pZ

p>0 p>0

by the preceding computation. Now let e, be the pth coordinate idempotent in
Hp Z(y), and consider the open set U = Up D(ep). Localizing at e, forces e, =
1, hence gives Z ), so the open immersion U — Y is equal to ]_[p Spec Z) —
Y’. The map X’ — Y’ factors through U as the disjoint union of Spec Z/pZ —
Spec Z(y), which is a closed immersion. Thus X’ — U — Y’ is an immersion,
but X — Y is not.

This failure is fixed by moving to the fppf topology. In general, there are quite
a few things which work better in the fppf topology, especially because an fppf
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map is open, and because much of the nontrivial theory of algebraic spaces
requires finite presentation. This will motivate the definition of algebraic space
that we give.

Definition A.1.55

(a) An fppf morphism of schemes is a morphism which is faithfully flat and
locally of finite presentation.

(b) A fppf covering family of a scheme Y is a family of maps {Y/ - Y :i €
I} which are flat and locally of finite presentation, and [[, Y] — Y is
surjective.

(¢) A property P of morphisms is fppf-local on the target if the following
condition holds: for every fppf covering family {Y/ — Y}, amap X —» Y
satisfies P if and only if X xy Y/ — Y satisfies P for each i.

It is clear that a family of maps {Y; — Y} is an fppf covering iff [[, Y/ — YV
is an fppf map. Moreover, we have the following important characterization of
locality:

Lemma A.1.56 Let P be a property of morphisms of schemes. Then the
following are equivalent:

(a) P is fppf-local on the target.

(b) P is Zariski local on the target, and for each fppf map Y — Y, a map
X — Y satisfies P iff X xy Y/ — Y’ satisfies P.

(c) P is Zariski local on the target, and for each fppf map Y' — Y between
affine schemes, a map X — 'Y satisfies P iff X xy Y’ — Y’ satisfies P.

Proof (a) = (c) because a Zariski covering is also an fppf-covering. (b) = (a)
Given an fppf covering family {¥/ — Y}, assume that X xy Y/ — Y/ satisfies
P for all 4. Then [[, Y/ — Y is an fppf map, and by Zariski-locality,

oo (I19) = 11X v = T
[ % [

satisfies P. Thus X — Y satisfies P.

Now (¢) = (b): let g: Y — Y be fppf and f: X — Y be amap. Let U C Y
be an affine open, and {V;} be an affine open cover of g=1(U) C Y”. Since g is
open and surjective, {g(V;)} is an open cover of U, hence covered by a finite
set g(V1),...,9(V;). Thus the composite

v=][Vi-¢ ') —U
=1

is an fppf morphism of affine schemes. Moreover, since P is Zariski-local,
?_1(%) — V; satisfies P for each 4, so []; ?_1(%) — V satisfies P. We can
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factor the base change square to obtain a cartesian square:

ILF (Vi) — Vv
|

f7IU) — U

By our assumption, this implies f~1(U) — U satisfies P. Since P is Zariski
local and U was an arbitrary affine open, X — Y satisfies P. O

Note that as a special case, if P is fpqc-local, then in particular (c) holds in
the lemma above, so we conclude that P is also fppf-local. This is nice because
it works for infinite covers as well. We will from here on out ignore all set-
theoretic issues (which are slightly more important than usual, as we will use
large sites).

Lemma A.1.57 Let S be a scheme. The collection of fppf-covering families
(consisting of S-morphisms) forms a Grothendieck pretopology on the category
Schg. We denote the corresponding site by Sch1clopf

Proof (1) The identity map is fppf. (2) If {Y/ — Y} is a covering family, then
I, Y/ — Y is fppf, so for any V — Y,

HY )Xy Z = ]_[ 'xy Z) — Z

is fppf, and thus {Y/ xy Z — Z} is an fppf covering of Z. (3) Assume {Y/ — Y}
is an fppf cover and {Y;] — Y/} is an fppf cover of Y. Then the maps

101 R IR
i
are each fppf, so the composite is fppf. O

The site Schg?pf is called the big fppf site over S. We denote the corresponding
category of presheaves and sheaves of sets by

PSh(Sch?™)  Sh(SchPr").

If F is a sheaf, then it preserves arbitrary products. Indeed, for {X;}, let
X =TI, X, then {X; — X} is a Zariski open cover, so this follows from the
sheaf condition. Conversely, let F' € PSh(Scthpf) and suppose F' preserves
products. Then F is a sheaf iff

F(Y)— F(Y) =3 F(Y' xy Y')

is an equalizer for each fppf map Y/ — Y. This is clear by our assumption, and
the fact that coproducts commute with pullback. Our next step is to show that
the representable presheaves are sheaves, i.e. the topology is subcanonical.



376 Derived categories in AG

Lemma A.1.58 An fppf morphism of schemes over S is a (universal)
effective epimorphism in Schg. In particular, the presheaves

Homgeng(—, X): Schfsppf — Set
are sheaves for the fppf topology for each S-scheme X.

Proof The second statement follows because Homgeng (—, X) preserves prod-
ucts, so by the observation above we may check the sheaf condition for one
fppf morphism. By definition, this holding for all X is equivalent to the fppf
morphism being an effective epimorphism.

Being an effective epimorphism is base independent, so we may assume S =
SpecZ. By Lemma A.1.46, being a universal effective epimorphism is Zariski-
local and fpqc-local on the target, hence it is fppf-local on the target. Thus
if f: X — Y is fppf, it suffices to show that the base change X xy X — X
along itself is a universal effective epimorphism. But it is a split epimorphism,
so we conclude by Prop. A.1.45. ]

In particular, we obtain a fully faithful embedding Schg < Sh(SchP*"), and
in this context we usually identify the category of S-schemes with its essential
image in fppf sheaves. Likewise, if F' is a sheaf (or presheaf) and T is an S-
scheme, we identify F(T) = Hom(T, F'), and call both the T-points of F. We
also call a map T' — F where T is a scheme a ‘scheme over F”.

Remark A.1.59 Recall that in general, sheaves on a slice site form the slice of
sheaves on the site. Therefore, given a morphism S’ — S of schemes, we have

Sh(SchP) /8" = Sh(SchPPf /5") = Sh(Sch®Ph)

Explicitly, the identification is as follows: if F' — S’ is a morphism of sheaves,
then we define Fg € Sh(SchfSp,pf) on an S’-scheme X - S’ by the universal
property

HOmSh(SChgg/pf)(X7 FS/) =F xg X,
meaning that Fs/(X) = F(X) xg/(x) {u}, so the X-points of Fs: are the
X-points of F, viewed as an S-scheme, whose image in Hom(X,S’) is u.
Conversely, given G € Sh(SchfSp,pf)7 we define

Fx)= J[ Gxuw
u: X—S’
where v runs over S-maps. Therefore we can be a bit careless about the base.
Definition A.1.60 Let F — G be a morphism in Sh(Sch®™").

(a) F — G is representable by schemes if for each scheme T'— G over G, the
pullback F' xg T is a scheme.

(b) Let P be a property of morphisms of schemes which is stable under base
change and fppf-local on the target. F' — G is representable and satisfies
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P if it is representable, and for each scheme T" — G, the morphism F X g
T — T of schemes satisfies P.

For instance, a morphism of schemes is always representable by schemes
because schemes have pullbacks.

Ezxample A.1.61 Here are the first basic observations about the definitions
above.

(a) If F — G is representable by schemes, then for all sheaves H over G,
F xg H — H is representable. Indeed, if T — H is a scheme, then
FxgHxygT=F xgT. Thus if I — G is representable and satisfies P
in the sense above, then this notion is stable under base change.

(b) Let U be a scheme and U — G a representable fppf morphism. Suppose
that FF — G is representable by schemes. If F' xg U — U satisfies P then
F — G is ‘representable and satisfies P’ in the sense of the definition
above. Indeed, for all schemes T' — G, we have a base change diagram:

FxqUxgT — FxgT — F
Lo 1|

UxgT T G

Since U — G is representable fppf, U xg¢ T — T is an fppf morphism of
schemes, and likewise F' X ¢ T is a scheme. By assumption, the morphism
F xqgU — U of schemes has P, so F' Xg XgT — U xg T has P. Since P
is fppf-local on the target, this means F' xg T — T has P. Since T was
arbitrary, we conclude F' — G has representable P.

Thus these properties really only require checking on one fppf cover.

Earlier we saw that Sh(Schfgppf) = Sh(SchPP")/S, so in particular S is a
terminal object. We will in general write products in this category using (—)xg
(—) even though the S is implicit. Note that a sheaf F' is a scheme if and
only if there is a representable map F' — T for T an S-scheme, iff FF — S is
representable.

Next, we explain an important application of descent for schemes, which we
have not seen too much of yet. First of all, Lemma A.1.58 shows that if
f: X — Y is an fppf morphism of schemes, then Schy — Descgen(X/Y)
is fully faithful. Effective descent can tell us whether a given fppf sheaf is a
scheme.

Lemma A.1.62 Let C be a fibered subcategory of schemes satisfying g-
effective descent. Suppose we are given a cartesian diagram

X — T
L7l

F—T
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in Sh(Schfg’pf) where X', T", and T' are schemes, g is fppf, and X' € Crpr.
Then F is a scheme and F' € Cr.

Proof Consider the equivalence Cr — Desce(T”/T), and let m;: T' X7 T — T’
be the two projections. Identify X’ = ¢g*F, then X’ is equipped with canonical
descent datum 7} g* F' = 75 ¢* F because gm; = gma. Thus there exists a scheme
X € Cp such that h: X x¢T" = X’ commuting with the canonical descent
datum, which means that the two pullbacks

X XTTI XTTI—>F><TT/ XTT/
are equal. Therefore by projecting, the two maps
X XT (T/ XTT/) :X/ XXX/ — F

are equal. Moreover the map X’ — X is an fppf cover, being a pullback of an
fppf cover. Working in T-schemes, the sheaf condition says that

HOIIlsf:hT(AX7 F) — HOmschT(X/,F) = HOmsChT(X/ X x X/,F)

is an equalizer. Thus the map X’ — F descends to a unique X — F which
induces the isomorphism X x 7T’ -~ F x7T"’. Since X and F are fppf sheaves,
we can detect isomorphisms after passing to the cover {T" — T'}. O

Ezxample A.1.68 Here is a simple instance of the lemma above. Let F' — G be
a morphism of sheaves, and suppose that for each affine scheme T’ with a map
T’ — @, the pullback F'x T" is a scheme. Then in fact F' — G is representable.
To see this, let T be a scheme and consider the pullback F' xg T — T. Let
{U;} be an affine open cover of T and U = [[, U; — T the corresponding fppf
map. Then

(FxgT)xpU=FxqU=][[FxcU

i
is a scheme, and all schemes satisfy effective descent along U — T by open-
cover descent. Therefore F' X T is a scheme.

Lemma A.1.64 Let F — G be a morphism in Sh(Schgppf). The following
are equivalent:
(a) The diagonal F' — F X F is representable by schemes.
(b) For all schemes U,V — F, the natural map
UxpV —=>UxagV
s representable by schemes.
Moreover, the following are equivalent:
(¢) The diagonal F — F xg F is representable by schemes.
(d) For all schemes U,V — F, U xp V is a scheme.

(e) For all schemes U, any map U — F is representable by schemes.
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In particular, if G has representable diagonal, then F' — F xg F s
representable iff F' has representable diagonal.

Proof Consider the natural base change diagram

UxpV — F
L l
UxqV — FxgF

which follows from Fubini’s theorem for limits. Then (a) = (b) follows imme-
diately. Conversely, let T — F xg F be a scheme, which we can factor as
T — T xgT — F xg F. This comes with two maps T" — F, so putting
U =V =T in the diagram above, we obtain the cartesian diagram:

P—TxpT — F
T—TxgT — FxgF

Then P is a scheme by assumption, which is what we wanted.

(d) = (e) These two are equivalent by definition of representable. (c)
Take G = S in (a) = (b), so that U xg V is a scheme.

(d)

For the last statement, note that if G has representable diagonal then by (d),
U x¢V is a scheme, so as in (a) the map from U x g V being representable is
equivalent to this sheaf being a scheme. O

Example A.1.65 A representable morphism F' — G of fppf sheaves has repre-
sentable diagonal. Indeed, let T" — F' X F' be a scheme, which is thus also a
scheme over G, and consider H =T X F', which is a scheme. The projection
H — F induces H xp H — F xg F. Note that H xp H =T x¢ (F xg F), so

HxyrH x F=TxgF=H.
FXGF

Thus form the diagram:

SR

T—Hxpr H— FxgF

The left-hand square consists of schemes, so P is a scheme, completing the
proof by pasting.

Definition A.1.66 Let X be an object of Sh(Schgppf). X is an algebraic space
over S if the following two conditions hold:
(a) The diagonal X — X x g X is representable by schemes.

(b) There exists a scheme U and a representable étale surjection U — X.
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Such a scheme and map U — X is called an étale atlas for X. The full
subcategory of Sh(SchfSppf) spanned by the algebraic spaces over S is denoted

AlgSpg C Sh(SchPPh).

Example A.1.67 Suppose X is an S-scheme. Then X is an algebraic space over
S, because X xg X is a scheme, and Id: X — X can be taken as an étale
atlas. Thus we have an inclusion Schg C AlgSpg.

Our goal in this section is not to fully develop the theory of algebraic spaces,
but just to say enough about them to have some working examples of how to
conduct basic proofs. Here are the very basic few observations.

1. Let f: X — Y be a morphism of algebraic spaces over a base scheme S.
Then the diagonal Ay: X — X xy X is always representable by schemes,
by the previous lemma.

2. By the same lemma, a map from a scheme to an algebraic space is
always representable by schemes. By Example A.1.61, we see that for any
(representable) fppf morphism V' — Y from a scheme, we can check prop-
erties of morphisms of representable morphisms X — Y after pullback to
X Xy V — V. In particular, we can always check properties on the atlas.

3. Let F be an fppf sheaf. If F' admits a representable map F' — X for X
an algebraic space, then F' is an algebraic space. Indeed, if U — X is an
étale atlas, then U x x F' — F is an étale atlas for F. Second, to see that
F' has representable diagonal, it suffices to note that any representable
morphism has representable diagonal, which we saw in Example A.1.65

Lemma A.1.68 Let X — Y < Y’ be morphisms of algebraic spaces over S.
Then the fiber product X' == X xy Y’ in Sh(Schgppf) is an algebraic space
over S. In particular AlgSpg is closed under pullbacks.

Proof Let U — X and V — Y’ be representable étale surjections from
schemes. Consider the iterated pullback diagram:

UxyV — X, — V
X, — X' — Y

U X Y

By base change, X{, — X’ and X{, — X' are representable étale surjections, so
the composite U xy V — X{, — X' is a representable étale surjection. However
since Y has representable diagonal, U xy V' is a scheme (Lemma A.1.64). To see
that X’ has representable diagonal, observe that X’ — X’ xy~ X' is a pullback
of X — X Xy X. The latter is representable since X — Y is a morphism of
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algebraic spaces, so the former is as well. Since Y’ has representable diagonal,
this implies X’ does by Lemma A.1.64. O

The proof also tells us that given an étale atlas for X and Y, an étale atlas for
the pullback is the pullback of the atlases over Y. The simplest properties of
morphisms to extend to algebraic spaces are those of the diagonal, because it
is always automatically representable. Let f: X — Y be a morphism of alge-
braic spaces. Then f is quasiseparated, locally separated, semiseparated, or
separated, if Ay: X — X xy X is (representable and) quasicompact, an immer-
sion, affine, or a closed immersion. As the definition indicates, the diagonals
of morphisms of algebraic spaces need not be immersions.

Next, consider the case of an affine morphism. We want to say that X — Y
is affine if for all affine schemes T' — Y, X Xy T is an affine scheme. By
Example A.1.63, this forces X — Y to already be representable, so an affine
morphism of algebraic spaces is automatically representable by schemes. Thus,
there is no ambiguity if we say that a morphism of algebraic spaces is a closed
immersion, finite morphism, integral morphism, if and only if it is representable
and satisfies this property.

A similar thing holds for an open immersion. We define an open immersion of
algebraic spaces j: X — Y as a morphism such that for all schemes T' — Y,
X Xy T — T is an open immersion of schemes. In particular we assume by
default that it is representable. Using this we can define a reasonable notion
of an underlying topological space associated to an algebraic space.

If X is an algebraic space, write
|X| = {Spec K — X : K a field}/ ~,

where (Spec K — X) ~ (Spec L — X) if there is a common extension F and
a commutative diagram:

Spec K
T
Spec F’ > X
~ s
Spec L

In other words | X| = lim , X (K). Observe that if T' is a scheme, then there is
a canonical map from |T'| in the usual sense to {Spec K — T : K}/ ~ sending
t — i;: Speck(t) — X. It has a well-defined inverse by sending Spec K — T
to its image, thus we obtain a bijection.

Ezample A.1.69 Let us recall the argument involved in the purely scheme-
theoretic statement above. We must show that if two maps

i1,12: Spec K1,Spec Ko — X
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have the same image in X, then we can find a common extension. Indeed, if
the image is z, then i; factors through Speckx(x) — X, so we have a base
change diagram:

Z — A Spec K1
l l l
Spec K3 — Speck(z) —— X

Then |Z’| is the preimage of x, which we know consists of the whole space
Spec K1, so Z' is nonempty. On the other hand Z — Z’ is surjective by base
change, so Z is nonempty. Choosing a point of Z does the trick.

Let f: X — Y be a morphism of algebraic spaces. For each field K, this
induces a map X(K) — Y(K), and by naturality a map |f]: |X| — |Y].
A subset U C |X] is open if for all schemes " — X, U x|x| |T| C |T]| is
open. In other words, we give | X| the final topology with respect to the maps
|T'| — | X| induced by schemes over X. Note that if X was representable by a
scheme, then this agrees with its topology via the identity map, and the fact
that morphisms of schemes are continuous.

Ezample A.1.70 Many properties can be detected intrinsically on the under-
lying space |X|. For instance, if f: X — Y is a representable morphism of
algebraic spaces, then | f] is surjective iff f is representable surjective. (<) Let
y: Spec K — Y represent a point of |Y|, so by assumption X — Spec K
is a surjective morphism of schemes, and hence we may choose a point
x: SpecL — Xg — X which maps to y. (=) Let T — Y be a scheme and
consider the morphism of schemes X xy T — T. Given y: Spec K — T — Y,
choose z: Spec L — X such that |f| (z) = y, meaning the diagram

SpecL ——— X

l |

SpecK — T — Y

commutes. By definition, Spec L — X factors through T" xy X. Therefore, it
is reasonable to define a morphism of algebraic spaces f to be surjective if | f]
is surjective.

Along the lines of this example, many of the standard topological facts from
scheme theory pass immediately to algebraic spaces.

Proposition A.1.71 Let f: X — Y be a morphism of algebraic spaces over
S.

(a) The induced map |f|: | X| — |Y] is continuous.



Vihaan Dheer 383

(b) Given a cartesian diagram
x' Ly

alt b

X*>Y

of algebraic spaces, we have |g|~ |f| ’f‘ |g| C) for any subset
Cc|X].

(c) Assume f is representable by schemes.

i. f is a representable universally open map iff for all algebraic spaces
Y'Y, the map | X xy Y'| — |Y] is open.

1. f is a representable universally closed map iff for all algebraic spaces
Y'Y, the map | X xy Y'| = |Y] is closed.

1i. [ is a representable radicial map iff for all algebraic spaces Y' —'Y,
the map |X xy Y'| — |Y| is injective.

In all cases above, it suffices to check the condition for schemes Y.

Proof (a) Let U C |Y| be open. Then we have to show that as sets, U x|y/|| X| C
| X| is open, which means showing that

(U Xy 1X]) x x| [T = U X}y |T|

is open for every scheme T — X. This is true because then 7' — X — Y is a
scheme over Y.

(b) We omit the |—| in the proof. By functoriality,

fa N (C)cgtgfg (C)=g""fgg " (C) c g ' F(O).

Conversely, consider a point ' € |Y”| such that g(y') = f(z) for some z € C.
Then the composites of the corresponding maps Spec K — Y’ and Spec L — X
with f and g represent the same point in |Y|, so we may choose Spec M —
Spec K — Y equal to Spec M — Spec L. — Y. Thus the maps Spec M — Y’
and Spec M — X agree upon composition with f and g, hence represent a
point Spec M — X’ which lies over ¢’ and z.

(c) Since representable and P is stable under base change, it suffices to prove
(=) forgetting about Y’. Note that in all cases, (<) for Y’ a scheme (and
hence the final statement) is immediate from the definition of ‘representable
and P’, and the fact that for a scheme, the underlying space agrees with its
usual underlying space.

(1)/(ii) (=) Let V C | X| be an open/closed subset. We want to show that for
all schemes T — Y, |f| (V) x|y||T| is open/closed in |T'|. Write f: X7 — T for
the base change of f, which is an open/closed map of schemes by assumption.
By (b), _

FLOV) Xy T = | f] (V x)x| | X ),



384 Derived categories in AG

which is open/closed in |T'| since V' x x| |Xr| is open-closed in |Xr| since
| X| — | X7| is continuous.

(iii) (=) Suppose z1,z2 € |X| and [f|(x1) = |f|(z2) = y. Writing
y: Spec K — Y, then the base change X xy Spec K — Spec K is an injec-
tive morphism of schemes, so the domain has at most one point. Choosing
a common extension x1,x2: SpecL — X, both x; and x, factor through
X Xy Spec K, so they represent the same point of X. O

In light of this result, we define the notions of universally open, closed, and
radicial for morphisms of algebraic spaces via the underlying spaces as in the
lemma. Thus the proposition shows that in the case of representable morphisms
(e.g. morphisms of schemes), this reduces to the classical case. For the final
result of this section, we discuss open subspaces of an algebraic space.

Let X be an algebraic space over a scheme S. It follows from the previous result
that given an open immersion j: U — X, |j| is an open map of topological
spaces. Thus there is an obvious functor

Openlmm /X — Open(|X|)

sending an open immersion to its image.

Proposition A.1.72 Let X be an algebraic space over S. The natural functor
im: Openlmm /X — Open(]X])
is an equivalence of categories.

Proof We construct an inverse as follows; let P(| X|) denote the set of all subsets
of | X|, viewed as a constant presheaf. For each scheme T, the map

Homaigsp, (T, X) — P(IX]) £ [f[(IT))

corresponds to a morphism X — P(|X|) of presheaves. For each subset V C
| X, pulling back defines a subpresheaf Xy :

[7 1

X — P(X))

This is a sheaf: if {T; — T} is a fppf cover and f € X(T) satisfies T; — T ER
X € Xy (T;) for each 4, then | |, |T;| — |T'| — |X| has image in V', but the first
map is surjective, so the latter map has image in V.

We claim that Xy < X is representable; indeed, let f: T'— X be a scheme,
and observe that for all schemes T”,
HOIH(T/,T X x Xv) = HOIH(T/, T XPp(1X|) T(V))
={g:T -T:im(T"—>T — X)CV}
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={g: T - T:im(g) C |[f|7"(V)}
= Hom(T’, f_l(V)),

where f~1(V) C T is the open subscheme with underlying space |f|~" (V).
This shows that Xy < X is representable, hence Xy is an algebraic space,
and thus Xy — X is an open immersion.

These two constructions are mutually inverse. Indeed, let x: Spec K — X rep-
resent a point of | X|; the computation above shows that pulling back along
Xy — X is a71(V), which is nonempty iff + € V. On the other hand,
Prop. A.1.72(b) shows that this is nonempty iff x is the image of | Xy | — | X]|.
This proves that Xy, — X has image V.

Conversely, let j: U — X be an open immersion with image V', and observe
that the natural map Hom(7,U) — Hom(7, X) has image in Hom(T, X ), so
we obtain a natural map U — Xy . We claim this is an isomorphism: indeed,
for all schemes T'— Xy we have the following cartesian diagram:

Ur — T —=1T
[

U— Xy — X

The upper-right morphism is an isomorphism because Xy — X is a monomor-
phism. Then both Xy X x T and U x x T coincide with the open subscheme of
T defined by V' x| x| [T, in the latter case by Prop. A.1.71(b). Thus Ur — T
is an isomorphism, which concludes the proof. O

We conclude from the proof the following universal property of an open immer-
sion j: U — X in AlgSpg: For each map f: W — X of algebraic spaces
such that im |f| C |U], there is a unique map W — U factoring f through
j. Indeed, this is by definition if W is a scheme, and if not then observe
that Hom (7T, W) — Hom (T, X) factors through Hom(7', U) by assumption, so
W — X factors through U.

It is also clear from the proof that if f: X — Y is a morphism and j: U —

Y is an open immersion, then X xy U = f~}(U), i.e. the open subspace
. -1

corresponding to |f|”" (|U]).

A.1.4 Properties of morphisms of algebraic spaces

In this section we will discuss how to extend more notions of morphisms of
schemes to algebraic spaces. By the end, we will prove our first nontrivial
result about algebraic spaces, which is that an fppf sheaf is an algebraic space
iff it is an étale quotient of schemes. We will also be able to write down some
examples of non-scheme algebraic spaces, though it will be quite difficult to
find a truly ‘nice’ geometric one.
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Let’s begin with quasicompactness. An algebraic space X is quasicompact if
| X is a compact topological space. A morphism X — Y of algebraic spaces is
quasicompact if for every quasicompact algebraic space Y/ and map Y’ — Y,
the fiber product X xy Y’ is quasicompact.

Lemma A.1.73 An algebraic space X is quasicompact iff it admits a
(representable) étale surjection from an affine scheme.

Proof One direction is clear because a continuous image of a compact space
is compact. On the other hand, choose an étale surjection p: U — X from
a scheme U. Note that p is universally open (Prop. A.1.71), |p| is an open
surjective map of spaces. Let {V;} be an affine open cover of U. Then |p| (V;)
is an open cover of | X|, thus has a finite subcover |p| (V1),...,|p| (V;). Then
the map

T
[ v
. Z:1 .o . 7
has affine source, and is a composition of representable étale maps, hence

representable étale. It is also surjective on spaces, which we have shown is
equivalent to being representable surjective. O

Proposition A.1.74 Let f: X — Y be a morphism of algebraic spaces.

(a) [ is quasicompact iff for all affine schemes T — Y, X xy T is
quasicompact.

(b) If f is representable, then f is quasicompact iff f is representable
quasicompact.

(c) Suppose U — Y is a surjective universally open morphism, and X Xy U —
U is quasicompact. Then f is quasicompact.

Proof For (a)/(c), let Y’ — Y be a quasicompact algebraic space, and consider
the base change diagram:

4

| |
XpxyY — UxyY — U

I
X xy Y’ y! Y

|-

X ——Y

where Xy = X xy U. Then U xy Y’ — Y is surjective and universally open,
so since Y is quasicompact, we may choose an affine scheme V' as above so that
the composite V' — Y is surjective. If we are in the situation of (a), then this
shows V' is quasicompact and V' — X Xy Y’ is surjective, which completes
the proof. In the situation of (c), we note that Xy — U is quasicompact, so
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Xy Xy Y — U xy Y’ is quasicompact, hence V' is quasicompact. The same
conclusion follows.

(b) If f is quasicompact, then X Xy T — T is also quasicompact (as algebraic
spaces), so if T is a scheme, apply the definition to all quasicompact open
subschemes U C T. Conversely, if f is representable quasicompact then X Xy
T — T is quasicompact (as schemes) for all affine schemes T, which implies
that | X xy T is quasicompact. Thus we conclude by (a). O

In light of this, standard results about schemes tend to pass through. For
instance, a morphism X — Y from a quasicompact algebraic space to a qua-
siseparated algebraic space is quasicompact, by the cancellation lemma (and
(b) above). Thus a morphism of qcqgs algebraic spaces is qegs.

Proposition A.1.75 Let f: X — Y be a morphism of algebraic spaces. The
following are equivalent:

(a) f is an isomorphism.

(b) f(T): X(T) — Y(T) is an isomorphism for all S-schemes T.

(¢) X xy T — T is an isomorphism for all affine schemes T — Y.

(d) There is an (representable) fppf map U — Y from a scheme such that
X xy U — U is an isomorphism.

Proof (a) = (b) by definition, and these imply (c¢) and (d). Assuming (c), we
have a cartesian diagram:

F(IT)7Ht) — Xp(T) — X(T)

% .

— > T(T) — Y (1)

This says that for each t € Y'(T") the fiber has exactly one point. Thus X (T') —
Y (T) is an isomorphism for all affine schemes 7" admitting a map to Y, though
this still holds if not because then X (T') = Y(T') = @. Finally, every scheme T

admits an affine open cover {T; — T} which is an fppf covering, so X(T) ==
Y(T) for all schemes T

(d) For all (e.g. affine) schemes T'— Y, we obtain a cartesian diagram

Xy xy T —3UxyT
XxyT — T
where T is a scheme, U xy T is a scheme since Y is an algebraic space, and

Xy xyT is ascheme because it’s isomorphic to U Xy T'. Fppf maps are universal
effective epimorphisms for schemes, so by Example A.1.37 isomorphisms satisfy
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effective fppf descent for schemes. Therefore by Lemma A.1.62 we conclude
that X xy T is a scheme and X xy T =5 T is an isomorphism. O

Next let us discuss properties of morphisms which are étale-local on the source
and the target. A property P of morphisms of schemes is étale-local on the
source if a morphism f: T’ — T satisfies P iff given an étale cover {T] — T}
of the source, the maps 7] — T all satisfy P. We can of course make the same
definition for being fppf local on the source.

Example A.1.76 Many familiar properties that are Zariski local on the source,
closed under composition, and satisfied by étale (resp. flat and locally of finite
presentation) morphisms, are étale (resp. fppf) local on the source. Indeed,
this assumption already takes care of one direction of the iff. The next

Somewhat surprisingly, it is actually a non-trivial result of commutative alge-
bra that the finite type/presentation hypotheses can be checked fppf-locally on
the source. In particular, we will need the following lemma to do this; notably
it relies on openness of the flat locus and the flat-local criterion, both in the
Noetherian case.

Lemma A.1.77 Let R — S be a flat (resp. faithfully flat) ring map, with a
finite presentation

S = R[I’l,...7l’n]/(f1,...,fr).
There exists a finitely generated Z-subalgebra Ry C R such that f; €
Rolzo, ..., xn], and

SO = RO[an cee al‘n}/(fh e 7fT')
is flat (resp. faithfully flat) over Ry.

Proof Abbreviate x = (z1,...,2,) and f = (f1,..., fr). Let R; C R range
over the finitely generated Z-subalgebras containing the coefficients in . Writ-
ing S; = R;[z]/(f), it follows that R = lim R; and S = lim_S; by exactness
of filtered colimits. TODOQO: Finish this annoymg proof; rough steps:

1. 5; = Rj ®g, S; because polynomials. Fix q € SpecS, p = ¢N R, and
qgi =9 n Si, pi = Rﬂpv D7 = (R7)p7 and Ei = (Sl)q77 then hi)ni l)7 = Rp
and hi)nl E;=8,.

2. m; C D; maximal, K; = Tor{"(E;, D;/m;) is finitely generated over E;
by Noetherianity. Note K; = ker(m; ®p, F; — E;). The generators map
to zero in m; D @ p E, hence map to zero in m;D; ®p, E; for some j > i.

3. Then show K; ®p, F/; — Torf)j (E;j,D;/m;D,) is surjective. By construc-
tion of j, this tor module vanishes. Moreover the closed fiber E;/m;E; is
flat over D;/m;D;, so apply flat local criterion to deduce that E; is flat
over Dj.
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4. Apply openness of the flat locus, and more... Remark: there’s a somewhat
easier route if we just want to show that it is étale local, using a standard-
étale presentation.

O

Proposition A.1.78 Consider the following properties of morphisms of
schemes.

(a) Being flat is fppf-local on the source.

(b) Being locally of finite type (resp. locally of finite presentation) is fppf-local
on the source.

(c) Being étale is étale-local on the source.
(d) Being smooth is étale-local on the source.

In particular, being flat and locally of finite presentation is fppf-local on the
source.

Proof (a) By joint surjectivity of an fppf cover, this is due to the following
fact: if S — R is a local ring map, R — R’ is a (faithfully) flat local ring map,
and R’ — S is flat, then S — R is flat. If M — N and we want to check
M ®s R — N ®g R is injective, we can do this after base change to R'.

(c) Let X 1. v £ Z where f is faithfully flat étale and g f is étale. Since f is
formally smooth,

0— JMQ%//Z - Qﬁ(/z - Qﬁ(/y —0

is exact, thus by assumption f*Q%,/Z = 0. Since f is faithfully flat, Q%,/Z =0.
Since being locally of finite presentation and flat are étale local on the source,
we conclude that étale is étale-local on the source.

(b) Let the composite X — Y — Z be locally of finite type/presentation
with X — Y an fppf cover. Since everything is local on the target, we may
assume Z is affine. Taking an affine open U C Y and considering the composite
X xy U — U — Z, we reduce to the case that Y is affine. Finally, since Y is
quasicompact and X — Y is open, we can precompose with a flat, locally of
finite presentation map X’ — X from an affine scheme such that X’ — X — Y
is fppf. Thus we may assume X is affine as well.

So consider A — B — C ring maps whose composite is of finite type/presen-
tation, and B — (' is faithfully flat of finite presentation. We want to show
that A — B is of finite type/presentation.

(a) Finite type case: The generators of C' over A are also generators of B, so
write C' = Blzg,...,2,]/(f1,..., fr) where the images of the z; are A-
generators. By the lemma, let Ry C B be a finitely generated Z-subalgebra
and a faithfully flat Ry-algebra So = Ry[z]/(f), so C = B®pg, So. Writing

By = A®y Ry and Cy = A ®7 Sy, both finitely presented over A, we
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observe that By — Cj is faithfully flat. Since Cy — C is surjective by
construction, we deduce that By — B is surjective, thus B is finite type
over A.

(b) Keep the notation above, and assume in addition that C' is finitely pre-
sented over A. Write B = By/ K, then it suffices to show that K is finitely
generated. Then C = Cy/KCy, and since C' and Cj are finitely presented
over A we deduce that KCy is finitely generated. Choose generators of
this module, and let K’ C K be the ideal generated by the finitely many
elements of K involved in the generator expressions. Then K'Cy = KCy,
so by faithful flatness we deduce K’ = K is finitely generated.

(d) Assume that X — Y — Z are morphisms of schemes where X — Y is
surjective étale and X — Z is smooth. Then ¥ — Z is flat and locally of
finite presentation by (a) and (b), so it remains to show that ¥ — Z has
geometrically regular fibers. For each z € Z and field extension K D k(z), we
have the base change diagram:

X, X k(z) K—Y, X k(z) K — SpecK
L L

X Y Z

Then (X,)x — (Y2)k is a faithfully flat map of locally Noetherian schemes
with regular source, so (Y)x is regular by Lemma 3.1.36. O

Here is how assuming locality on the source gives us a new kind of definition
of morphism for algebraic spaces.

Lemma A.1.79 Let P be a property of morphisms of schemes which is stable
under base change and étale (resp. fppf) local on the source and target. Then
the following conditions are equivalent for a morphism f: X — Y of algebraic
spaces:

(a) There exists a representable étale (resp. fppf) surjection U — X from a
scheme such that U — X — 'Y is representable P.

(b) For every representable étale (resp. fppf) surjection U — X from a
scheme, U — X — 'Y is representable P.

(c) There exist representable étale (resp. fppf) surjections V.—Y and U —
X xy V' from schemes such that U — V satisfies P.

(d) For every representable étale (resp. fppf) surjections V.—'Y and U —
X xy V from schemes, U — V satisfies P.

Proof (b) = (a) and (d) = (c¢). Assume (c), and suppose that U — X is as in
(b). We have already shown that to check U — Y is representable P it suffices
to check on a single étale (resp. fppf) cover of Y. Let V. — Y and W — Xy
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be the maps in (¢), and consider the diagram:

UxxW — W
|
UXyVHXVi}V
I

U X Y

By our assumption, U xx W — U xy V is an étale (resp. fppf) surjection of
schemes, asis U xy V — Xy and U xx W — W. Since W — Xy — V is P,
étale (resp. fppf) locality on the source implies that

(UXXWHWHXVHV):(UXXWHUXyVHXVHV)

is a P morphism of schemes. Another application of locality on the source
implies that U xy V — V satisfies P, which proves (b).

Now assume (a), i.e. that U — X is an étale (resp. fppf) surjection for which
W — X — Y is representable P. Assume V — Y and W — X Xy V are as
in (d); we use the same diagram as above. We are given that U xy Xy — V
satisfies P; since W — Xy and hence U xx W — U Xy V are étale (resp.
fppf) surjections, locality implies that the composites

Uxx W —=V

satisfy P in either direction, thus U xx W — W — Xy — V does. Thus by
locality on the source, we conclude W — Xy — V satisfies P. |

Definition A.1.80 Let P be a property of morphisms satisfying the hypothe-
ses of Lemma A.1.79. We say a morphism f: X — Y of algebraic spaces
satisfies P if one of the equivalent conditions of the lemma holds with respect

to P.

Given this definition and the previous lemma, we can now make sense of an
arbitrary morphism of algebraic spaces f: X — Y being e.g. smooth, étale,
étale surjective, and so on.

Example A.1.81 Let P be one of the properties defined above for algebraic
spaces, and assume that Pgcheme 1S closed under composition. Then:

1. If X — Y is representable, then it is P iff it is representable P. This is
clear from (a),(b), and using locality on the source.

2. P is stable under base change. E.g., use Lemma A.1.79(a) and construct
UxyY — X xy Y’ — Y’ which is representable P and U xy Y’ —
X xy Y’ is a representable étale surjection.

3. P is stable under composition. Indeed, let X — Y — Z both individually
be P, choose U — Y — Z representable P from a scheme U with U — Y
an étale cover, then Xy — U satisfies P by (b). Thus choose V' — Xy an
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étale cover with V' — U satisfying P of schemes, then V — X - Y — Z
is representable P and V — X is an étale cover by base change.

At this point, since we now have independent notions of fppf and étale, we can
define the properties of being étale (resp. fppf) local on the source and target
for morphisms of algebraic spaces. Thus some more remarks:

4. Let Q be a property of a pullback-stable class of morphisms of algebraic
spaces which is local on the target with respect to representable étale/fppf
surjections from schemes (for instance, representable P among the class of
representable maps where P is étale/fppf local for schemes). Let X — Y
be a morphism (in the relevant class) and Y/ — Y an étale/fppf surjection
for which X xy Y’ — Y’ satisfies P. Then by choosing V — Y’ from a
scheme, pulling back shows that X xy V — V satisfies @, and V — Y’ —
Y is representable étale/fppf from a scheme by (1), (3). Thus X — Y
satisfies Q, i.e. Q is étale/fppf-local on the target.

5. Let P be as in the rest of this example. Then P is étale/fppf-local on the
target; suppose we are given a base change diagram on the right below

U -+ X —Y
[

U-—--3X —Y

where X’ — Y satisfies P and Y’ — Y is an étale/fppf surjection. Choose
U — X a representable étale surjection from a scheme, then U’ — Y’ is
representable P by Lemma A.1.79, so U — X — Y is representable P by
(4), hence X — Y is P by definition.

6. P is also étale/fppf-local on the source: Suppose X’ — X is an étale/fppf
surjection and X’ — X — Y satisfies P; choose an étale surjection U —
X’ from a scheme so that U — X’ — Y is representable P, i.e. U —
X — Y is representable P, meaning X — Y is P.

For instance, (4) applies to isomorphisms by Prop. A.1.75(d). It also applies to
properties defined using the diagonal: if X’ — Y” is a base change of X — Y,
then so too is X' — X’ xy» X' of X — X Xy X, and moreover both are
representable so it suffices to see that X’ xy» X' — X xy X is étale/fppf if
Y’ — Y is. Indeed, the former is the base change of the latter.

Example A.1.82 We want to use Example A.1.81 to conclude that rep-
resentable P is étale/fppf-local on the target, but the problem is that
representability does not satisfy fppf-descent. Instead, let € C Sch be a fibered
subcategory of schemes satisfying fppf-effective descent. Then viewing C as a
property of morphisms of schemes, € is fppf-local on the target.

Now suppose X — Y is a morphism of spaces and U — Y is an fppf cover
from a scheme so that Xy — U is representable €. For each scheme T" — Y,
Xy xyT — U xy T is representable C, and is the base change of X xy T — T.
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Since U xy T — T is an fppf cover of schemes, Lemma A.1.62 implies that
X Xy T is a scheme and X xy T — T is €. Thus (4) above now does show
that representable € is indeed fppf-local on the target for algebraic spaces.
We will see below that fpqc-effective descent implies fppf-effective descent, so
this in particular applies to affine morphisms, quasiaffine morphisms, open
immersions, etc.

Ezample A.1.83 There’s a short list of properties of morphisms of algebraic
spaces we defined that aren’t covered by one of the two examples above, which
are the ones depending on the underlying space. First, note that quasicom-
pact is already fppf-local by Prop. A.1.74(d) and (4) above. Surjectivity is
surjective-local hence fppf-local. By the diagonal case, this means that radi-
cial is fppf-local. Moreover, a representable fppf surjection from a scheme is
in particular universally open and hence induces a quotient map on spaces.
Thus the same proof as in Lemma A.1.17 alongside Prop. A.1.71 shows that
universally closed and open are fppf local.

Remark A.1.84 Knowing that our favorite properties of morphisms of algebraic
spaces are fppf/étale-local on the source or target is comparatively more useful
than the corresponding statement for schemes. This is because we don’t have
good control over open covers of an algebraic space, but we do have good
control over étale covers, since an algebraic space is étale-locally a scheme.

Ezample A.1.85 Let X be an algebraic space, and suppose that X has an
open cover {U;} by schemes. Then X is a scheme. Indeed, let U;; be the
scheme U; x x Uj, and since U; — X is an open immersion it follows that
U;; — U; is an open immersion. Let ¢;;: U;; = Uj; be the isomorphism
induced by the isomorphism U; xx U; == U; x x U; of fppf sheaves, which
corresponds to an isomorphism of schemes. This satisfies the cocycle condition,
so by Lemma A.1.5 we obtain a scheme Y equipped with open immersions
U; — Y and isomorphisms U; Xy U; == U; x x U; commuting with the cocycle
isomorphisms. Treating {U; — Y} as an fppf cover, the maps U; — X induce
Y — X, such that base changing along each U; produces the identification
Id: U; — U;. By Prop. A.1.75, this implies Y = X.

In the remainder of this section, we will briefly discuss epimorphisms and uni-
versal effective epimorphisms, fppf-effective descent for quasi-finite separated
morphisms of schemes, and finally that étale quotients of schemes are algebraic
spaces. The first part of this is general and holds in any sheaf category. So, let
C be a site (with fiber products, so we may use the description with covering
families), and denote by Sh(C) the corresponding sheaf topos of sets.

Lemma A.1.86 Let f: F — G be a morphism in Sh(C). The following are
equivalent:
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(a) f is locally surjective, meaning that for each T € C and s € G(T), there
exists a covering family {T; — T} such that s|r, is contained in the image
of F(T;) — G(T3) for each i.

(b) f is an epimorphism in Sh(C).
(c) f is a universally effective epimorphism in Sh(C).

Proof (a) and (b) are equivalent by standard sheaf theory. It remains to
show the following two claims: local surjections are effective epis, and local
surjections are stable under base change.

1. Effective epi: We have to show the existence part of the defining coequalizer

FxgF —=F—G.
™
Let g: F — H be a map such that gm; = gma. Let s € G(T), and lift s|z, to
r; € F(T;) for a cover {T; — T'}. The assumption says that for any ¢,¢' € F(T”)
such that f(t) = f(t’), we also have g(t) = g(t'). The restrictions of r;,7; to
T; x1 Tj have the same image s in G(T; x1 Tj), so g(r;) = g(rj) on T; x1 Tj.
By the sheaf condition there is a unique section g(s) € H(T) restricting to
g(r;). Here’s what we have to check:

1. The section g(s) is independent of the cover. Indeed if {7} — T} is another
cover on which local lifts exist, then the resulting section will have to
agree on T; x T} with g(s), and this forms an open cover. Therefore, we
obtain a well-defined map of sets g: G(T') — H(T).

2. As T varies, g is a morphism of sheaves. Indeed, commutativity of the
naturality diagram is checked sectionwise; then this is further checked on
a covering family where we already know it holds since g is a morphism.

3. Finally, g = gf. This is also checked sectionwise and locally, where it is
true by definition.

Thus we have found the requisite extension to G — H.

2. Stable under base change: Let g: G' — G be a map and consider F' =
F x¢G’, which is computed as a presheaf. Let s € G'(T'), consider g(s) € G(T)
and choose a cover {T; — T'} such that f(r;) = g(s)|r, for v, € F(T;). Thus
(rs, s|T,) defines an element of F'(T;), which projects to s|r,.

Example A.1.87 Suppose ' — @ is a representable fppf morphism of fppf
presheaves. For each scheme T — G, the fiber product 77" = F xg T is a
scheme and T — T is fppf. Thus the section in G(T') lifts along the cover
{T" — T} to a section in F(T"). Therefore F — G is locally surjective, hence
a universal effective epimorphism.

Now let X — Y be an fppf morphism of algebraic spaces. Choose U — X —
Y a representable fppf map, which is a universal effective epimorphism. By
Prop. A.1.45 we deduce that X — Y is a universal effective epimorphism in
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Sh(Schgppf). In particular, it is also clearly a universal effective epimorphism
in AlgSpg, because this subcategory is closed under pullbacks.

Next we discuss equivalence relations in sheaf categories. Recall the following
definition:

Definition A.1.88 Let D be a category with pullbacks.
(a) A groupoid in D is a pair of morphisms s,¢: R = U equipped with maps
e:U—R i:R— R w:Rxyg R— R

satisfying the following compatibility conditions: se = te = 1, si = t,
ti = s, tu = tm; and sp = tmwy, where 7; are the pullback projections.
Moreover, we have associativity, i.e. u(u(h, g), f) = p(h, u(g, f)), unitality
plet, 1) =1 = pu(1,es), and the inverse law u(i, 1) = es, p(1,47) = et.

(b) If R = U is a groupoid in D, then it is an equivalence relation if the
natural map R — U x U is a monomorphism.

Example A.1.89 Since the definition of a groupoid is completely equational
except for the pullback projection compatibility, it is preserved by all functors
which preserve pullbacks. Since such functors also preserve monomorphisms
and products (assuming terminal object), they also preserve equivalence
relations.

1. In the definition above, let U = * be a terminal object. Then a groupoid
is the same thing as a group object in D, which follows directly from the
definition since everything involving s and ¢ now becomes trivial.

2. Suppose D = Set and R == U is a groupoid. Define a category € with
objects U, morphisms R, and s and t the source/target projections. For
ue U, weset 1, =e(u). If f:u— vand g: v — w are morphisms in
R, then s(g) = t(f), so (g, f) € R xy R and we define g o f := u(g, f).
The axioms make clear that this is a category, and the inversion shows
that this is a groupoid. From this it is clear that the groupoids in Set
are the small groupoids in the standard sense. Note that it becomes an
equivalence relation iff there’s at most one map between any two objects.
Thus we can also call an equivalence relation a contractible groupoid.

3. Let S be a set and R C S x S a literal equivalence relation. Denote
by s,t: R — S the two projections and ¢ the restriction of the flipping
isomorphism, well-defined by the symmetric property. Let e: S — R be
the diagonal map, well-defined by the reflexive property. It is clear from
the description in (2) that the map p is uniquely determined, and that it
in fact exists by the transitive property. It sends ((b, ¢), (a,b)) — (c,a). It
is easy to see that the conditions in the definition follow, and hence that
this is in fact an equivalence relation in Set.

4. Let R = U be a pair of maps in D and s,t with e, i, u having the
source and target as given in the definition above. It is clear from the
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description/Yoneda that this data forms a groupoid/equivalence rela-
tion, if and only if the same Homqp (—, R) = Homqp (—, U) forms one in
Fun(D°P, Set), iff Homp (T, R) = Homp (T, U) forms one in Set for all
objects T' € D. Thus we can often reduce to the case of Set.

5. Let f: X — Y be amap in D, and consider the pair of arrows s,t: X Xy
X = X. Then we have the diagonal map e: X — X xy X, flipping
isomorphism 7: X xy X — X xy X, and projection map

(XXyX)Xx(XXyX):XXyXXyXHXXyX

to the outer two coordinates. This defines a canonical equivalence relation
structure; indeed, we may reduce to the case of Set by (4), but then
X Xy X C X x X defines precisely the relation x1 ~ xo iff f(z1) = f(z2),
so we are done by (3).

Below, we will give a partial converse statement to (5).

Lemma A.1.90 Let C be a site and s,t: R = U be an equivalence relation
in Sh(C). If X = coeq(R = U), then the natural map R — U xx U is an
isomorphism.

Proof Since evaluation at T' € € preserves pullbacks, R(T) C U(T) x U(T)
is a set-theoretic equivalence relation for each T. The coequalizer X is the
sheafification of T+ U(T)/R(T), and the map given is the inclusion

R(T) C U(T) xx(r) U(T).

Suppose u,v € U(T') have the same image in X (7T'). There is a covering {T; —
T} such that the images of u|r, and v|r, coincide in U(T;)/R(T3;), i.e. these
sections are equal modulo R. Thus (u|r,,v|r,) € R(T;) for each i, which corre-
spond to maps r;: T; — R for each . Since R(T") C U(T) x U(T) is a subsheaf,
this implies that (u,v) € R(T'), so we conclude R(T') = U(T) x x(r) U(T), i.e.
R~ UxxU. O

Remark A.1.91 Since every scheme has an fppf cover by affine schemes, it is
easy to check that if A is a ring, then Schf}fpf has a basis given by Afffj;pf,
and thus Sh(Sch™") = Sh(Aff™P). In particular, it is clear that we can check
whether R = U is an equivalence relation by checking that R(B) = U(B) is
an equivalence relation for each A-algebra B.

Ezample A.1.92 Let us give our first example of an algebraic space which isn’t
a scheme. Let k be a field, U = A,lc, and R = A'UG,,, both affine schemes. We
have maps a,b: R = U, where a = (1,¢) and b = (1, —¢). Let us see explicitly
that this is an equivalence relation.
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