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CHAPTER 1

Background

1.1. Homological algebra

At least at the beginning, we will take the following very standard inputs from
algebra:

1. The notion of an abelian category, which will usually be denoted by letters
like A, B, etc. Moreover, if we make element-wise arguments then we may
be implicitly using the fact that arguments can be extended via Mitchell
embedding.

2. Elementary homological algebra facts like the five-lemma, the four lemmas,
the snake lemma, and the fact that a short exact sequence of chain
complexes gives rise to a long exact sequence in cohomology.

3. The spectral sequence associated to a filtration, which is described below.

4. The basic theory of cones, which is described below.

Let A be an abelian category. We denote by Ch(A) the category of Z-graded chain
complexes with values in A, with cohomological indexing convention, meaning
its objects are sequences C*® of objects {C* : i € Z} in A with differentials
d: C* — C*! satisfying d*> = 0. Its cohomology is denoted H(C*®) as usual.
The homotopy category K(A) is the category with the same objects as A, with
morphisms as homotopy classes of maps.

1.1.1. Standard spectral sequences. Let C* be an object of Ch(A). A
(descending) filtration of this complex is a sequence { FPC*® : p € Z} of subcomplexes
of C'* such that:

(a) FPTLC*FPC* for all p € Z; and
(b) U, FPC* = C*.
The filtration is separated if (), FPC* = 0. Given a filtration, we can form its
associated graded grp C* = @,ey grh. C*, where grh. C* = FPC*/FPTIC®. For
each p,q € Z, write Ey? := (gl C*)PT? = grh, CPT4. Then the differential on
grh. C goes between
do: qu _ grz} orta gr’} cpratl — Eg,qul7
i.e. it is a vertical differential. Now take cohomology: so,
EP? = HPT(grh. C) = HPTY(FPC/FPHLC).
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Now there is a natural horizontal differential d;: EP? — EPT9 which works as in
the following diagram:

Fp0p+q+1/pp+1 crtat+l Fpt+l Cp+q+2/pp+2cp+q+2
do | do|
FpCPta / o adYe/ax! Fp+1loptatl / FPH2Cptatl
do | do|
Fropta=l/prtiopta-t Frticrta | pr2opta

This is part of the Ey page, and to get to F; we take cohomology at each step.
Suppose we have a cocycle in EV'? represented by an element [x] with z € FPCPT4,
Since d[x] = 0, dz € FPTLCPT4H! which we claim represents a well-defined element
of EPT14 Here’s what we have to check:
i. [dx] € FPHioptatl/prr2optatl s g cocycle: d[dx] = [d%z] = 0.
ii. If z € FPTLOPH4, then dx is by definition in the image of the differential
ERTLa L gPTL g6 we obtain a well-defined map ZP? — EPTH,
iii. Finally, if x = dy for y € FPCP+9~! then dx = 0, so this descends to a
well-defined map dy : EP? — EPTHI,

Lemma 1.1.1. Let C*® be an object of Ch A and F*C*® be a descending filtration.
There is a canonical spectral sequence (E»*,d,) with initial pages

EDY = g CPta EPY = HPH(grk C*),
and with dy and di as described above. In general, the differential has signature
dy: BP9 — Errmartl
This is called the spectral sequence associated to the filtration F of C*®.

Now we state the standard conditions for convergence. First of all, the filtration
F*C*, because it respects the differential, induces a descending filtration F*H*(C)
on the cohomology of C, which is induced from the chain map FPC®* — C*® as
follows:
FPH"(C) :==1im (H"(FPC) — H"(C)).
We say that the filtration is finite in cohomological degree if for each n € Z, there
are integers a, < b, such that FPC" = C" for p < a,, and FPC™ = 0 for p > b,.
In other words, for every n, the set
{peZ:gh.C"#0}

is finite; equivalently, along each diagonal {(p, q) : p+¢ = n} of Z?, E}'? is nonzero
for only finitely many terms. So, this includes cases like when Fjy is contained in
the first or third quadrant, or e.g. if it is contained in an infinitely long horizontal
strip but bounded above and below.

Now in general, at a point (p, ¢q), the differentials leaving this point for all r

are of the form (p,q) — (p+r,q — r + 1), which always adds to p+ ¢+ 1. In
particular, they all lie on a fixed diagonal, and likewise for those differentials



entering (p, q). Thus under this condition, the point (p,q) will stop changing once
r > 0 (depending on p and ¢). So in this case, the E, page is well-defined without
having to take any limits.

Lemma 1.1.2. Let C*® be an object of Ch A, let F' be a descending filtration of C*®,
and let (Ey,d,) be the associated spectral sequence. If F is finite in cohomological
degree, then there is a canonical isomorphism

EPI ~ FpHp+q(C)/Fp+1Hp+q(C) — gr% Hp+q<c).
In other words, the spectral sequence converges
EPY = HPTI(C®)
with the associated filtration F of the cohomology.

Recall how this convergence is used: to get information about the nth coho-
mology of C', we look along the diagonal E?:? for p + ¢ = n, which will necessarily
be contained in the finite horizontal strip a,, < p < b,. If we take the direct sum
along this diagonal, we get the graded object grp H™(C) in p.

There are a few immediate deductions: if there’s at most one object EZ? in
the n-diagonal which is nonzero, then H"(C) = EP:, because the filtration must
be of the form

H'=F"H">...> FPH" > ... Fn (" =,

where all terms to the right (and excluding) FPH™ are zero, and those to the
left are EL1. In general, we have to solve some extension problems to conclude:
namely, for each p we have an exact sequence

0— FPHIE™ - FPH" — EPP (),

and starting with Ft» H" = 0, so Ft»~1H" = Egg_l’”“_b", we can try to solve
downwards for FPH" until we’ve gotten to F'* H™ = H™. In practice, it is worth
mentioning that when we are working with finite-dimensional vector spaces, we
have dim grp H"(C) = dim H"(C), so it is especially easy to conclude dimensions
from the spectral sequence.

In these notes, we won’t care too much about this spectral sequence in this level
of generality; instead we will use much more the spectral sequence associated to a
bicomplex or double complex. A double complex is a bigraded collection of objects
{C% ;4,5 € Z} of an abelian category A, equipped with a vertical differential d,
and a horizontal differential dj, satisfying the following properties:

(a) For each (i,7), the vertical differentials
dy: O — B+t JEZ
make (C**, d,) a chain complex for all i. . o
(b) Likewise, the horizontal differentials dj: C*/ — C**1J for all i, j make

(C*9,dp,) a chain complex for all j.
(¢) The differentials satisfy d,dp, + dpd, = 0 for all i, j.
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If C** is a bicomplex with values in A, then there is an associated chain complex
called the totalization, given by

(Tot C)" @ CcPa,
ptg=n

where the differential (Tot C)" — (Tot C)"*! is defined with (p, q)th component
CP1 — P, g—pi1 C"° given by

P4 M} crtha g opatl (Tot C)n—f—l‘
Then (dy, + dp,)? = d? + dydy, + dpd, + d,zZ = 0 by definition.

We will have legitimate interest in complexes which are totalizations of bicom-
plexes.

Example 1.1.3. Suppose A has a symmetric monoidal structure compatible
with the abelian structure, and let A, B be chain complexes. There is a natural
bicomplex given on objects by CP? := AP ® BY, where the horizontal differential is

dp, =ds® B?: AP @ B! — AP™' @ B,
and the vertical differential is
dy = (—1)PAP @ dp: AP @ B — AP @ BIt,

Without the sign change on d,, the two differentials would have commuted, but
as defined they anticommute. Thus C**® forms a bicomplex, and we define the
tensor product A ® B := Tot C. Explicitly,

(A®B)"=  A?w B
pta=n
with differential d = d4 ® 1+ (—1)P1®dp. It would be useful to know the relation

between the cohomology of the tensor product complex and the cohomologies of
the individual complexes.

Now, let C be a bicomplex. There are two natural filtrations of the associated
totalization Tot C', induced by two filtrations on the bicomplex as follows. Arrange
CP in the plane Z?: the horizontal filtration F},C is defined by setting F PC to be
the same bicomplex except we set everything to the left of the line {(p,q) : ¢ € Z}
to zero. Likewise, FIC is defined by setting everything below {(p,q) : p € Z} to
zero. This induces filtrations on the totalizations:

FPTot C == Tot F}'C FlTot C := Tot FIC,
which explicitly on nth cohomological components are
FTotC"= @ P  F;TotC"= H P9
pHq=n,p>r ptHq=n,q=>s

These filtrations, by virtue of Lemma 1.1.1, are going to induce two spectral
sequences associated to the totalization. Our goal is to compute the Fy, E1, and



FE5 pages of these two sequences. From the above description, clearly:

FP*H(Tot C)" = CP™P @ FP(Tot C)"

FI(Tot €)™ = €™~ %9 @ F4(Tot C)"
So, if the associated spectral sequences are Ej , and F,,, then we will have
Epg = gry, (Tot )P+ = CP9 and likewise Ejj = CP?. Thus, it is clear that

the differentials on the first page are just the Vertlcal and horizontal differentials
respectively:

E% — (P4 v, E%EJ)H — Opatl Eqvg — (P4 An, Eq’gﬂ — Oprtla
b b /UV ’U’

This is because we took the totalization differential d, + dj, but quotiented the
target of the dj, differential (and likewise for the E, case). Thus we take vertical
(resp. horizontal) cohomology to get to Fj:

EPY = HY(CP®,d,) = HY(CP®)  EM = HP(C*%,dy) = HL(C™).

Now return to the definition of the Ei-page differential: we just used the cocycle
condition and took the total differential of the objects before taking the filtration
quotients. This corresponds to simply viewing the horizontal (resp. vertical)
differentials as chain maps and looking at the induced map on cohomology. Thus
our Fy differentials are

dn: HI(CP®) — HI(CVFL®)  dy: HY(C) — HE(CoY),
In particular, we have shown the following:

THEOREM 1.1.4. Let C** be a bicomplexr with values in A. There are two
spectral sequences (Ey,d,) and (E, ,,d,) as described above, which in particular
have Es-pages given by

By = Hy(H(C))  Egy = Hi(H;(C)).

If for each n € Z, {(p,q) : p+q = n,CP% # 0} is finite, then both spectral sequences
converge to HPT4(Tot C), where in the first case the associated filtration is induced
by Fy, and in the second it is induced by F,.

Remark 1.1.5. This data comes with some natural ‘edge maps’: for simplicity,
suppose we are in the circumstance where CP? is a first-quadrant bicomplex. Let
us just consider the first spectral sequence. There are two edge maps

H™(Tot C) — HY(H™(C))  HMHY(C) — H™(Tot C)

which either project a total cocycle to the (0,n) component, or include an (n,0)
cocycle in the total cohomology. These natural maps factor through E., and the
filtration on cohomology. So, if some of these edge components survive till F,
then we already know how they are subquotients of the total cohomology.

Example 1.1.6. Suppose we're in the situation of Example 1.1.3. An object X
of A is flat if X ® (—) is an exact functor. So, if B® is a complex which has no
cohomology (i.e. it is an exact sequence), then X ® B® also has no cohomology.



6 Background

Now suppose A°® is a complex of flat objects; does the tensor product A ® B also
have no cohomology?

Let’s answer this under the additional assumption that A® and B® are bounded
above complexes. Form the bicomplex C%/ = A* ® BJ as in Example 1.1.3, and
observe that our hypothesis ensures that the bicomplex is cut off at some point
along the x-axis and the y-axis, so this looks like a shifted third quadrant spectral
sequence. Thus by Thm. 1.1.4, we have a spectral sequence

EP? = HP(HI(C)) = H""(A® B).

Note that H(C)? = HI(AP ® B®,dg) = 0 because each AP is flat, so EY? = 0,
and thus H"(A ® B) is zero for all n € Z. Note that this simple fact would be
somewhat difficult to prove just using the definitions, but has a trivial proof via
spectral sequences.

Remark 1.1.7. Let us note that Lemma 1.1.2 and Thm. 1.1.4 actually hold in
a slightly more general setting: namely, e.g. for the former, we don’t need the
filtration to be finite in cohomological degree, only bounded towards the right. In
other words, we should have the condition that for fixed n, FPC™ = 0 for p > 0.
In our bicomplex situation, this means that we assume CP"™* P =0 for p > 0 for
the first sequence, or C"~ %9 = 0 for ¢ > 0 in the second one. However, in this
case, to get the convergence result, we need to assume that countable direct sums
are exact in the abelian category. In the examples we’re interested in this will
always hold, because filtered colimits will be exact.

The subtlety is that at a given point (p, ) € Z2, the sequence may not stabilize
anymore. However, the differentials leaving EP? are all going further down and
to the right along the p + ¢ + 1 diagonal, so eventually they are zero. Thus, we
do have a well-defined cocycle space ZP:4. To take the image of the incoming
differential, for large enough r we use the image BP'Y in ZP4, assuming Z29 = ZP:1.
Then BRI =, BPY, and B, = Z51 /B

In practice, we usually don’t need to worry about this because we hope that
the whole sequence degenerates quickly. For example, using this we can now
extend Example 1.1.6 to the case where A® is still a bounded above complex of
flat objects, but B*® is an arbitrary acyclic complex.

Remark 1.1.8. Again let C'**® be a bicomplex. Sometimes we care instead about
the product totalization, denoted Tot'(C),
Tot'(C)" = ] CP*
ptg=n
which is defined if A has countable products. The differential component mapping
to CP? for p+q =n+1, is given by
(d)p,g = dn(Tp-1,4) + dv(Tpg-1),

which we can still write as dj, + d,. Then again d?> = 0 and this forms a complex.
We still want a spectral sequence in this case, so we can use the following trick:



observe that DP9 .= C'"P~1 is a bicomplex in the opposite category A°P, and

A°P
(TOtAop D.’.)n = @ C P9 = H C—p,—q’
pt+q=n —p—q=—n

so (Totger D**)" = Totl}(C**)™™, and the differentials coincide with what we
just wrote down. So, we have two spectral sequences with reversed indices as
before, and let us focus on the first one. The boundedness assumption from the
previous remark was that along all diagonals, we must eventually get zero if we go
far enough to the right. Thus the condition flips, and we obtain the statement

EBY = HP(HY(C)) = HP™(TotC)

assuming that for each n, CP" P = ( for p < 0. If we do the second spectral
sequence, then the condition should be that C"~ %9 = (0 for ¢ < 0. We will see an
example of this in use when defining the Hom complex. Since we used the opposite
category, in this case we have to assume that countable products are exact. This
will not always be true for the categories we care about, so we should be careful.

1.1.2. Cones and homotopy. Let’s review some standard facts about cones.
Again, fix A an abelian category, and we generally work in either the category of
cochain complexes Ch(A), or its homotopy category K(A).

Let A be a chain complex. For i € Z, we define A[i] to be (A[i])" = A" with
dap) = (—1)'d4. Note that e.g. A[1] is the shift of A to the left, not the right.
This defines a functor Ch(A) — Ch(srcA). It is clear that H"(A[i]) = H*"(A),
and in particular H°(A[i]) = H"(A).

Let f: A — B be a chain map. Then Cone(f) is the chain complex with

—dgq O

Cone(f)" == A @ B dCone(f) = ( Fodp

) . Ai+1 ® Bz N Ai+2 D Bi+1.

There is a canonical exact sequence
(1.1.1) 0 — B — Cone(f) — A[1l] = 0

where the maps on the object level are the obvious ones: B* — A" @ B? and
At @ BY — A" 50 this sequence is ‘termwise-split’, but not split globally
because of the extra f component in the differential of the cone. Considering the
corresponding long exact sequence, we obtain

- — H'(B) — H'(Cone(f)) — HY(A) & HTY(B) — -+,

where 0 is the connecting map; it is easy to check in this case that § = f, is the
induced map, and thus we see that f is a quasi-isomorphism if and only if Cone(f)
is acyclic.

Many properties of maps are easily translated into properties of cones. The
following properties are important to define the derived category as a well-behaved
localization of the homotopy category of chain complexes. They will also be used
later to prove that the latter is a triangulated category.
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Lemma 1.1.9. Let f: A — B be a chain map. Then there is a natural homotopy
equivalence

Cone(B = Cone(f)) ~ A[l],
where in fact A[l] is a deformation retract of Cone(f).

PROOF (SKETCH). Let us describe what the deformation retract is:

Qqivl CF 10T i & (At @ BY) © 1 0 it
Then the composite written above is the identity on A[1], and the other composite
is a 3x3 matrix which is homotopy equivalent to the identity. O

As in the lemma, let 7: B — Cone(f) be the canonical map. Then we have a
commutative diagram:

A—— B — Cone(f) —— A[l] —L— B[

H H ne H

B —— Cone(f) —— Cone(1) —— B[1]

This diagram will tell us that we can shift distinguished triangles in the homotopy
category. More precisely, we will want to study triangle sequences of the form
A — B — Cone(f) — A[1], and if we ‘rotate’ such a triangle we get

B — Cone(f) — A[1] =L B[1].

The diagram above and the lemma show that this rotated triangle is isomorphic
to a triangle of the first form.

Lemma 1.1.10. Let f: A — B be a chain map, and consider the natural map
n: Cone(f)[—1] — A. Then Cone(n) is canonically homotopy equivalent to B[1].

PRrOOF. Follows from Lemma 1.1.9 and the homotopy invariance of cones
under homotopy equivalences, which is standard. O

Next, we will prove a lemma which is explained by the next section:

Lemma 1.1.11. Suppose we have morphisms X Ly& Z, where f is a quasi-
isomorphism. Then we can extend this data to a commutative diagram

A
]
x -1y

in K(A) where f' is a quasi-isomorphism.



PROOF (SKETCH). Let 7: Y — Cone(f) be the canonical map. By our previ-
ous results, we have a diagram:

Cone(rg)[~1] — Z —* Cone(f) —— Cone(rg)

7 g H 3

v

Cone()[—1] Y Cone(f) —— Cone(r)

T

Zlhe ‘ ’ ‘ ’ Elhe

/ Y —— Cone(f) — X][1]

Importantly, the two squares which involve a term that says he, ~ only commute
up to homotopy, because in fact the truly commutative square is the one where
we replace them by their homotopy inverses. Also, Cone(7g) — Cone(7) is the
natural map, induced by commutativity of the middle upper square, and this map
makes the upper left square commute because we could have added a downward
arrow Z[1] — Y[1] on the right side of the diagram.

To conclude, we want to check that Cone(rg)[—1] — Z is a gis. Since f is a qis,
Cone(f) is acyclic. Then Lemma 1.1.10 tells us that the cone of Cone(rg)[—1] — Z
is homotopy equivalent to Cone(f), hence acyclic. O

Lemma 1.1.12. Let f,g: A — B be chain maps. Then there exists a quasi-
isomorphism q for which qf ~ qg if and only if there exists a quasi-isomorphism

q for which fq' ~ gq'.
ProOOF. We may assume g = 0. The point is that both conditions are equivalent
to f factoring through an acyclic complex. O

Lemma 1.1.13. Let f,g,h be composable morphisms for which fg and gh are
quasi-isomorphisms. Then g is a quasi-isomorphism.

PRrooF. To check this we have to check it after applying H™ for all n, after
which fg and gh become isomorphisms. But this property is true for isomorphisms
in a category. O

1.1.3. Localizing classes. In this section we define localizations of categories
in the case of the existence of a localizing class. Let € be a category and S a
subclass of morphisms. By analogy with rings, S is multiplicative if it includes all
identity morphisms, and is closed under composition.

Recall the definition of the localization v: € — C[S™1], which is a category
€[S~ equipped with a functor v such that for every category D, restriction along
~ induces an equivalence of categories

v*: Fun(€[S™!], D) = Fun®(€, D),

where Fun® denotes the full subcategory of functors which send elements of S to
isomorphisms. Recall moreover that if we allow locally large categories, then we
can always construct this category with the same objects as €, so that v is an
identity-on-objects functor, and v* above is an isomorphism of categories, not just
an equivalence.
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The following setup is one way to make localizations behave well (another is
to go directly to triangulated categories, and a third is to use model categories).

Definition 1.1.14. Let C be a category and S C Mor(€) a multiplicative subclass
of morphisms. S is a localizing class if the following additional conditions hold:

(a) For every s € S and map f: X — Y, we can extend this data to a
commutative diagram

T ------ > Z X —Y
is’ s s %5/
x .y Z 5T

so that in both cases, s’ € S as well.
(b) Given two parallel maps f,g: X — Y, there exists s € S for which
sf = sg iff there exists s’ € S for which fs' = gs'.

The point of this definition is that we have a very explicit description of the
localization. Let S be a multiplicative subclass of morphisms; a roof diagram

from A to B is a pair of arrows of the form A <& X EN B for which s € S.
We temporarily denote this set Roofs(A, B), then there is a natural equivalence
relation on this set, where

(A< X - B)~ (A< X' — B)
iff there exists a commutative diagram of the form

X Lty

for which t,¢' € S.
Now suppose in addition that S is localizing. We are going to construct a
category C[S™!] with objects equal to those objects of C, and morphisms

Hom@[sfq(A, B) = ROOfs<A, B)/N
being equivalence classes of roof diagrams with respect to S. The identity maps
A — A will be represented by the roof diagrams A L AL A The composition of
two roof diagrams is defined by the following diagram:
Z

s3 .7 AN

3 7z N
. N
y N

K N
X Y
SO TN
A B C
In particular, we use the first axiom of a localizing class to choose an element

s3 € S and Z — Y as in the diagram, and then our composite is the outer
perimeter of the triangle.
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Lemma 1.1.15. Let S be a localizing class of morphisms in €. The composition
law defined above is well-defined on equivalence classes of roofs and independent
of any choices. With this composition, C[S™!] is a well-defined category, possibly
locally large.

Remark 1.1.16. In general, note that if € was small then the localization is
small. Thus we will ignore all set-theoretic technicalities by subtly referring to
Grothendieck universes.

Given this construction, there is a natural map ~v: € — C[S~!], which is the
identity on the objects, and on morphisms we send A — B to the roof diagram
A <& A — B. Under this map, note that everything in S becomes invertible.
If s € S, the corresponding map A Lol B, and we claim the inverse is

BE AL A Indeed, we can take as our composite roof:

A A
A B A

The same thing works in the other direction. More generally, if we are given any

roof of the form A < X L. B , we can always write it as the following composite:
X
AN
X X
FIN TN
A X B

In particular, this is equal to y(f) o y(s)~! as we just showed.

Lemma 1.1.17. Keep the notation above. Then:
(a) Every morphism of C[S™1] is of the form v(f)o~y(s)~! for some morphism
fandse€S.
(b) v exhibits C[S~!] as the categorical localization of C with respect to the
class S.

PRrROOF. We just proved (a). We also showed that v sends elements of S to
isomorphisms. To verify the universal property, let £': € — D be a functor which
sends S to isomorphisms. An extension along « is clearly unique by (a), and
moreover, defining F(v(f) oy(s)™!) = F(f) o F(s)~! is (we claim) well-defined.
Checking this comes down to using the equivalence relation on roof diagrams, and
this gives the result. O

Now let us study the basic properties of the roofs more closely. Once again,

we will fix v to be our localization functor. First, if a map g = v(f)y(s)~! is
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represented by the roof consisting of s and f, then by the first axiom of localizing
classes we can write s'f = f’s for some s’ € S, which implies that

g =)~ =) ().
So, any element can also be represented as a fraction with the denominator coming
first as well.
Second, suppose f, g are parallel arrows in €, we want to know when v(f) = v(g)
holds. According to the roof diagrams, this happens iff there is a commutative
diagram

/

X 25 Ay
TN
ALy A B

Kf/

with s,s’ € S. Thus s = s/, and so this happens iff gs = fs for some element s,
which happens iff s'g = s’ f for some element s’ € S, by Axiom 2 of a localizing
class.

Third, given morphisms f, g in €[S™!], we can always write them as a roof
with the same denominator, i.e. we can write them in the form

F=r@n(s)™  g=~0)y(s)™
for a single s (and similarly the other way too). To see this, first write f =
y(a)y(s1)~! and g = v(b)y(s2) !, and then by axiom 1 we may write s1s3 = sor
for some s3,r. Let s := s1s3. Then
f=(a)y(ss)y(ss) " y(s1) ™ = y(ass)v(s) ™",
and likewise g = v(br)7y(s)~!. More generally, we can do this simultaneously for n
elements: in the induction step, we’ll have

fi=ai)y(s)™ fa =)
for ¢ < n — 1, then we do the same trick as in the n = 2 case to obtain the desired
representation.

1

Lemma 1.1.18. Keep the same notation as above. The following are equivalent:
1. S satisfies the 2-out-of-6 property, namely if f, g, h are composable in C,
then
fg,ghe S = ge€S.
it. If g is in C and y(g) is an isomorphism, then f € S.
If any of these conditions hold, we say S is saturated. In this case, the isomorphisms
in C[S™Y] are exactly the elements of the form ~(s)y(s') 7.

PRrROOF. If (7) holds, then it also satisfies 2-out-of-3, because we can take f or
h to be the identity. If g has an inverse of the form v(h)y(s)~!, then v(fh) = v(s),
so fhs' = ss’ € S, hence by 2-0f-3 we have gh € S. Likewise, it has a left inverse
of the form ~(s2)~*y(f), so fg € S as well. Thus g € S.
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If (4i) holds, then v(f)v(g) and v(g)v(h) are isomorphisms, so (g) is both a
split epi and split mono, thus an isomorphism. Hence g € S.

Lastly, if e.g. the second holds, then consider a morphism f = v(g)v(s)
which is an isomorphism. Thus v(g) is an isomorphism, so g € S. O

-1

Lemma 1.1.19. Let C be an additive category and S a localizing class. Then
C[S™Y] is an additive category, and the localization functor v: € — C[S™1] is an
additive functor. Addition of morphisms is uniquely specified by the rule

() T+ (9 (s) T = A (f +9)v(s)
for parallel morphisms f and g in C.

PrOOF. We already know that the specification is unique, because any parallel
arrows in C[S~!] can be written in the form on the LHS. The only thing remaining
to check, in light of the above remarks, is that this is well-defined. This follows
(e.g. one step at a time) from the equivalence relations on roofs. O

We will very quickly state some final results about localizing subcategories.

Remark 1.1.20. Via opposites (and the symmetry in the definition), it is clear
that everything said here is equivalent if we use ‘right roofs’ instead of left roofs.
So, e.g., morphisms in €[S~!] can be represented as equivalence classes of diagrams

Alxep
where s € S, where we define things similarly as in the previous case.

Proposition 1.1.21. Let S be a localizing class in € and suppose B C A is a full
subcategory. Suppose SN B is a localizing class in B, and that one of the following
conditions holds:

(a) For any s: X' — X with s € S and X in B, there exists f: X" — X'
with X" in B such that sf € S; or
(b) The same as (a) but with arrows reversed.
Then, writing S == S N B, the canonical map B[Sgl] — C[S™1Y] is a fully faithful
embedding.

1.2. The Derived Category

Let A be an abelian category, and as usual we denote by K(A) the homotopy
category of chain complexes of A. We will from now also write

K*(A) K (A) KM«

for the full (additive) subcategories of bounded below, bounded above, and bounded
complexes, respectively. Note that for chain maps inside one of these categories,
taking the cone lands us back inside the same category. Therefore, Lemma 1.1.11
and Lemma 1.1.12 tell us that the class of quasi-isomorphisms in K(A) forms a
localizing class of morphisms, and from the above remark it is also clear that the
same is true for the three categories written above.
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Definition 1.2.1. The additive categories D(A), DT(A), D™(A), and D®(A) are
all defined as the localizations of the respective homotopy categories with respect
to the quasi-isomorphisms. Any of these is called the derived category of A. We
always consider these categories with their natural functor from K(A) or Ch(A),
or a subcategory of one of these.

Using Prop. 1.1.21, we identify the latter three categories as full subcategories of
D(A). Lemma 1.1.13 with Lemma 1.1.18 shows that the quasi-isomorphisms form
a saturated class in all four of the categories. Thus a map is a quasi-isomorphism
iff it becomes an isomorphism in the derived category.

For the sake of time, we will very briefly state some important results regarding
the homotopy categories and derived categories (to be filled in later).

1.2.1. The triangulated structure. In any of the categories D*(A) or
K*(A), a triangle will be a sequence of maps

A— B—C— All].
A morphism of triangles is a commutative diagram
A B C All]
o bl e

A~ B s — A1)

A standard triangle is one of the form

AL B = Cone(f) — Al1],
and a distinguished (or exact) triangle is one isomorphic to a standard triangle.
Lemma 1.2.2. A short exact sequence 0 — A — B — C — 0 of complezes
induces a distinguished triangle in D*(A). More precisely, there is a commutative
diagram
A — B — Cone(i)
A B C

where Cone(i) — C' is a quasi-isomorphism.

PROOF. The map Cone(i)" = A"*! @ B" — C™ is given by projecting to the
B factor and applying B — C. This is surjective, and the kernel is termwise of
the form A"t @ A", so we get an exact sequence
0 — Cone(14) — Cone(i) — C — 0.

Since Cone(14) is acyclic the map is a quasi-isomorphism. O
Lemma 1.2.3. Let A L B — Cone(f) — A[l] be a standard triangle in K*(A).

Then the rotations
B — Cone(f) — A[1] =L B[1]



15

and

Cone(f)[—1] - A — B — Cone(f)
are both distinguished in K*(A). In particular, the same is true in D*(A).

PROOF. We have already discussed this via a deformation retract. O

Lemma 1.2.4. Every distinguished triangle in D*(A) comes from an exact se-
quence in the sense of Lemma 1.2.2.

PRrOOF. Every distinguished triangle is isomorphic to a standard triangle, but
it’s also isomorphic to the rotation of some standard triangle. Indeed, if A — B —
C — A[1] is distinguished, then by the above lemma so is C[—-1] = A — B — C,
and thus this is isomorphic to a standard triangle.

In particular, they are all isomorphic to a triangle of the form B — Cone(f) —

All] =, B[1], and we know that this comes from the short exact sequence
0 — B — Cone(f) — A[l] = 0
in Ch(A). O

As a special case of this, we see that every distinguished triangle in D*(A)
induces a long exact sequence in cohomology. We will now partially axiomatize
the above results and revisit this more carefully.

Let € be a category equipped with an autoequivalence T": € — C. For simplicity,
we will assume T is actually an automorphism. Just as above, we can define
triangles in C to be sequences of the form A — B — C — T(A), and likewise
morphisms.

Definition 1.2.5. A triangulated category is an additive category € equipped
with an additive automorphism 7" and a class of triangles called distinguished or
exact triangles satisfying the following properties:
(TR1) (a) For Ain€C, A MA—-0- T(A) is distinguished.
(b) Any triangle isomorphic to a distinguished triangle is distinguished.
(¢) Any morphism f: A — B can be completed to a distinguished
triangle A - B — C — TV[1].
(TR2) A triangle A % B % C % T(A) is distinguished iff its rotation

B M) 21,

is distinguished.
(TR3) Given two distinguished triangles as in the diagram below

B C T(A)

A
|7 I in |7

A — B — O — T(A)

T(B)

with f and g given, we can find an A making the diagram commute.
(TR4) The octahedral axiom, which we will skip.
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One often calls a pre-triangulated category a category satisfying all axioms
except (TR4), and in fact we will mostly just be dealing with pre-triangulated
categories when we discuss basic properties.

Proposition 1.2.6. Let C be a triangulated category.
(a) The composite of any two morphisms in a distinguished triangle is zero.
(b) For any distinguished triangle A — B — C' — T'(A), we have long eract
sequences

- (X, T'(A)) — C(X,T(B)) — €(X,T"(C)) — C(X, T} (A4)) —

and likewise in the contravariant direction for any object X in C.

(c) Given a diagram as in (TR3), if f and g are isomorphisms, then h is an
isomorphism.

(d) The distinguished triangle of (TR1) is unique up to a non-canonical
isomorphism.

(e) If in a morphism of triangles, any two of the first three maps are isomor-
phisms, the third is an isomorphism.

PRrROOF. (a) By rotation, consider A — B — C — T(A) and we show that
A — B — (C is zero. The axioms imply that we must be able to complete the
diagram below,

A1 A 0 T(A)
bl
Ao 1A

but then A — B — C factors through 0.
(b) By rotation, we just have to check that if A - B — C — T(A) is
distinguished, then

Hom(X, A) — Hom(X, B) — Hom(X, C)

is exact in the middle. By (a) the composite is zero. If a: X — B satisfies
X — B — C =0, then consider the diagram of rotated triangles

X —0—TX) — T(X)

I

B— C—T(A) — T(B)

where our assumption means that the first square commutes. Then we win by
using +h[—1].

(¢) By functoriality of 7" and the LES of (a), we obtain a diagram of LES’s and
the 5-lemma shows that for every X, Hom(X, k) is an isomorphism. Thus A is an
isomorphism.

(d) It’s unique because if we had two such C or C’, we can use (TR3) to get a
map between them with maps on A and B being identities, and thus we’re done

by (c).
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(e) Consider a morphism of triangles:

A B C TA
b b
A B’ C’ TA
We have just explained the case when f and g are isomorphisms. If f and h are

isos or g and h are isos, then rotate once to the right or once to the left respectively
to get into that case. O

Let € be triangulated and A be abelian. An additive functor F': € — A is
cohomological if for any distinguished triangle A — B — C — T'(A) the induced
sequence

F(A) — F(B) — F(C)
is exact in A. Given a distinguished triangle, we can always extend it to a sequence
= TY(A) = TY(B) - T(C) — T (A) = T™(B) — ---
where any subset of four terms is a distinguished triangle. Thus, a cohomological
functor induces a long exact sequence in A. For example, we have shown that
Hom(X, —) into abelian groups is cohomological for any X, and so is Hom(—, X)
if we view it as a functor € — Ab°P.
Here are two related notions:

Y

Definition 1.2.7. Let €, be triangulated categories, and A be an abelian
category.
(a) An ezact or triangulated functor F: € — € is an additive functor F'
together with a natural isomorphism

pu:FoT =T oF
such that whenever A — B — C' — T(A) is distinguished, the induced
triangle
F(A) — F(B) — F(C) — (F(T(A)) & T'(F(A)))
is distinguished.
(b) A morphism of triangulated functors is a natural transformation which
commutes with the natural isomorphisms p above.
(¢) A d-functor G: A — € is an additive functor which assigns to each short
exact sequence
0-A—-B—-C—0
amap 0: G(C) — G(A)[1] satistying the following properties:
i, GA—GB—GC % GA[1] is a distinguished triangle.
ii. ¢ is natural with respect to morphisms of exact sequences.

Lemma 1.2.8. Let F': € — €' be a triangulated functor which is also an equiva-
lence of categories. Then F' is a triangulated equivalence.
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PROOF. After unwinding the definitions, and even making the simplifying
assumption that F commutes with the translation functor, the main thing to prove
is that if

FALL FB . FC — T'(FA) = F(T(A))
is distinguished in €', then A — B — C — T A was already distinguished. Indeed,

to see this choose a distinguished triangle A LpoporT A, and apply F to it;
we are going to get a diagram:

FA L PB — PO F(TA)

|
1
|
H H !
~

FA L FB s FD — T'F(A)

Since both rows are distinguished we obtain a map FC — FD, which by the
previous proposition is an isomorphism. By full faithfulness, this is of the form
Fi: FC — FD for an isomorphism i: C' = D, s0o A - B — C — TA was
isomorphic to a distinguished triangle already. U

The definition of a d-functor is made so that for every cohomological functor
€ — D, the composite A — € — D is a §-functor of abelian categories. We will
discuss some general properties of such functors later.

Our main examples of triangulated categories are the homotopy categories
K*(A) and their localizations D*(A). Once we know that they are triangulated,
it will be obvious that the localization map K*(A) — D*(A) is a triangulated
functor.

It will also be obvious that H?: D*(A) — A is a cohomological functor: we may
show the property on the middle portion of the sequence A — B — Cone(f) —
A[1], and then we are done because we know that H°(B) — H%(Cone(f)) —
HO(A[1]) is part of a long exact sequence in cohomology. This gives another
proof of the fact that any distinguished triangle gives a long exact sequence in
cohomology.

Third, it will be clear that Ch*(A) — D*(A) is a J-functor. Indeed, we have
proven in Lemma 1.2.2 that for each SES0 - A — B — C — 0, we have a
corresponding exact triangle

AL B — Cone(i) — A[l]

induced because of the quasi-isomorphism ¢;: Cone(i) — C. Therefore, A — B —
C — A[1] is an exact triangle in the derived category, and the map ¢ is the natural
map corresponding to Cone(i) — A[1]. This is called the universal §-functor (not
to be confused with universal §-functors between abelian categories).

THEOREM 1.2.9. Let A be an abelian category. The homotopy categories K*(A)
are all triangulated categories with the shift functor [1] and the distinguished
triangles as defined.
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ProOF. (TR1) The cone C(14) is homotopy equivalent to 0, so the standard
triangle A — A — C(14) — A[1] is isomorphic to the triangle A — A — 0 — A[1].
(b) is obvious, and we have (c) by taking C' = Cone(A — B).

(TR2) We already proved that both rotations of cones are cones up to homotopy
equivalence.

(TR3) By replacing with a homotopy equivalent diagram, we may assume that
C = Cone(A — B), etc. Then h = f[1] & g and we are done.

(TR4) As usual, we skip the octahedral axiom. O

Let us now state a general means for constructing localizations in the presence
of a triangulated structure on a category. We will say a localizing class on a
triangulated category is compatible with the triangulation if s € S iff T(s) € S for
all s, and if in TR3, when both f,g € S, we can take h € S as well.

Proposition 1.2.10. Let C be a triangulated category, and S a localizing class
of morphisms which is compatible with the triangulation. The localization C[S™1]
admits a natural triangulated structure making

e — e[S
a triangulated functor. A triangle in C[S™Y] is distinguished if and only if it is
isomorphic to the image of a distinguished triangle in C.

PROOF. Everything is easy to check using roofs with the exception of (TR4),
which we skip as usual. O

Corollary 1.2.11. Let A be an abelian category. The derived categories D*(A)
are triangulated categories with the shift functor [1] and exact triangles as defined
previously. Moreover, the localization functors

K*(A) — D*(A)
are all triangulated functors. The functors

Ch*(A) — D*(A)

are d-functors, and a triangle in D*(A) is exact iff it is isomorphic to the image
of an exact sequence in Ch*(A).

PrROOF. We just have to check the hypotheses of the previous theorem for
quasi-isomorphisms. Clearly, a map is a qis iff its shifts are qis’s, and for the
(TR3) property, we have said that we can take f[1] @ g to be the third map. If f
and g are qis, then this map is also a qis. We have already explained the second
statement. 0

Any general lemmas about the basic structure of the derived category will be
added here.

Lemma 1.2.12. Let A be an abelian category and f: X — Y a morphism in
D*(A). Let Q: K*(A) — D*(A) denote the localization functor. The following
are equivalent:

(a) f is an isomorphism.
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(b) f=Q(s)oQ(t)~! for s and t quasi-isomorphisms.
(c) f= Q(s)"L o Q(t) for s and t quasi-isomorphisms.
(d) H'(f) is an isomorphism in A for alli € Z.
PRrROOF. We already know that (a) = (b) because of isomorphisms in a saturated

localization, Lemma 1.1.18. If (c) holds then clearly it is an isomorphism, and
conversely if (b) holds, we can choose a diagram

A=Y
a la
X -5 B

by Axiom 1 of a localizing class, with ¢ a quasi-isomorphism. Then by 2-out-of-3
r is a quasi-isomorphism, and we get (c). Finally, if (d) holds, then write f in the
form f = Q(b) o Q(s)7, so that f o Q(s) = Q(b). Applying H?, this implies b is a
quasi-isomorphism, so we’re in the case of (b). O

1.2.2. Derived functors. We are now going to define derived functors on
the derived categories of an abelian category A. We will at first not do this using
injective/projective resolutions, and instead define adapted classes directly. In the
next section, we will explain what assuming the existence of enough injectives (or
projectives) buys us.

Let A be an abelian category, and let F': A — B be an additive functor. What
we say now will depend on a specific parity, so by convention our chosen ‘parity’
is left exact functor, right derived functor, etc., and the other case is delegated to
parentheses.

Definition 1.2.13. Let F': A — B be a left (resp. right) exact functor of abelian
categories. A subclass R C ObA of objects is adapted to F if the following
properties hold:

(a) R is closed under finite direct sums (meaning it includes 0).

(b) For each acyclic complex C* in Ch™(R) (resp. Ch™(R)), the complex
F(C*) in Ch™(B) (resp. Ch™(B)) is acyclic.

(c) € has enough objects in R, or R is large enough, meaning every object of
€ admits a monomorphism into (resp. an epimorphism from) an object
of R.

If R only satisfies conditions (a) and (c), then it is called preadapted, independent
of the functor F.
The main theorem which will allow us to define derived functors is the following:

THEOREM 1.2.14. Let R be a preadapted class of objects of A. Then Sg, the
class of quasi-isomorphisms between complexes with terms in R, is a localizing
class, and the canonical functor

K*(R)[Sg'] — D (A)
is an equivalence of categories. Moreover, KT (R) is a triangulated subcategory of

K" (A), Sr is compatible with the triangulation, and the equivalence above is an
equivalence of triangulated categories.
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PrOOF. We do the case that everything has a monomorphism into R. S is a
localizing class, because to prove that qis’s were a localizing class in the homotopy
category we constructed it out of shifts and cones of some maps given. If those
maps lie in K*(R), then since R is closed under finite direct sums the cones (and
shifts) are also in the same category. Thus Sg is a localizing class in KT (R).

Claim For any complex A in KT (A) there exists a qis A — R where R is in
K™ (R).

Once we have shown the claim, to check that this canonical functor is fully
faithful, we apply Prop. 1.1.21(b), so we need to show that if s: X — X’ is a qis
with X in R, then we can find f: X’ — X" such that fs is a qis in R. Indeed,
just take f to be a quasi-isomorphism in the claim where R is in R.

Next, to check that this is essentially surjective, the claim says that every object
in DT (A) is isomorphic to an object in K*(R). This means it’s an equivalence.
For the statements about the triangulated structure, note that we have said K*(R)
is closed under shifts, cones (and contains 0 by definition). This is all we needed
to establish the triangulated structure on the homotopy category. To prove that
Sr is compatible, we already said it is closed under shifts, and the other condition
is one on maps, not on objects.

It is clear from this that the natural map is an exact functor of triangulated
categories, and hence it is a triangulated equivalence. Thus we have reduced to
proving the claim. This will be deduced from the following lemma. g

Lemma 1.2.15. Let A be an abelian category, and R a class of objects of A such
that every object of A admits a monomorphism into an object of R. Then for each
A® in Ch™(A), there exists R® in Ch"(R) and a quasi-isomorphism A® — R®,
which we may take to be a monomorphism. Moreover, if A* =0 for i < k, then
we may assume that R =0 fori < k.

PROOF. Assume A’ = 0 for i < 0, choose a mono f%: A% — R?, and take a
pushout as in the following diagram:

1

00— A0 T4, 41— 41
Lol s

0—0— R > P—ns R!

The bottom composite R® — R! is what we define as d%. Since pushouts of monics
are monic in an abelian category, A’ — P is monic, and thus so are f° and f!.
Now if we’ve constructed the ith step of R already, we do a similar thing;:

. d . - d’ ) .
AL B AT Ty cokdit A AT — A7

lfﬁ‘—l lfi 7 va lf”l

Ri-1 8, Ri Py cok(dizl) -2y Pty Rt

Namely, construct the same pushout, except first pass to the cokernels. This
ensures d2 = 0 because we factor through the cokernel of d*~!. Moreover, we have
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the relation df4q = df4. Then define dl}é = cbp. This construction defines a map
f: A* — R®. Observe also that if fi is monic, then a is monic, so fi*! = ca is
monic.

We have to show that f is a quasi-isomorphism and that all the f? are monos. To
do this, in the diagram above we are going to show that H*(f) is an epimorphism,
and then that the map cokdy — cokdy induced by f**! is monic, which will
imply that its restriction to the subobjects H*(A) — H(R) is monic as well. As
explained in the construction this will keep each f* monic.

For the former, let [z] € H'(R) so cbp(z) = 0, so bp(x) = 0, meaning that the
image of (p(z),0) in P is 0. Thus we can find 7 such that (p(z),0) = (f7,d",)7,
where we may assume g = q(y). Thus (p(z),0) = (pf'(y), d4(y)), so [y] € H'(A),
and x — fi(y) € kerp = imdj; ', ie. [2] = [fi(y)].

To show that the induced map F on cokernels is monic, we want to show
that if z € A"! maps to the image of d%, then it is in the image of d’y. So suppose
ca(x) = cbp(z), i.e. a(x) = bp(x), then the element (p(y), —x) maps to zero in P,

so is of the form (f, —@)Z, where we may assume z = ¢(z). Thus —d/y(z) = —x,

as desired. (]
Here’s another statement about preadapted classes which is sometimes useful.

Lemma 1.2.16. Let R be a (right) preadapted class in A. Let X € K(A) satisfy
the property that
HomK(A) (X, R) =0

for every acyclic R in K (R). Then the natural map
Homy (4)(X, B) — Homp4)(X, B)
is an isomorphism for all B € KT (R).

PROOF. Let ¢: B — B’ be a quasi-isomorphism in K*(R). Then B — B’ —
Cone(q) — B[1] is an exact triangle in K(A), so applying the cohomological functor
Homg4)(X, —) and noting that Cone(q) is acyclic, we deduce that

g« : Homg () (X, B) — Homg ) (X, B')

is an isomorphism. Now consider the natural map in the lemma statement:
represent a map X — B by a right roof X — A «— B with B — A a quasi-
isomorphism. By considering A — 7>, A for m > 0, we may assume A is bounded
below. Choosing a quasi-isomorphism A — B’ with B’ in K*(R), we may assume
we have a roof
X-B<B
for ¢ a quasi-isomorphism in K*(R). By the above remark, there’s a unique map
X — B in K(A) making the diagram commute.
Conversely, if a map X — B in K(A) is sent to zero in D(A), we can repeat
the argument above to get a qis ¢: B — B’ in KT(R) such that X — B — B’ = 0.
By the above remark, X — B is zero in the homotopy category. U
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Now we can come to the definition and construction of derived functors in the
presence of an adapted class. As usual, we state the left exact case, where the
other one follows just as well.

Definition 1.2.17. Let F': A — B be a left-exact functor of abelian categories,
and denote the standard localization functors by
Qa: KT(A) = DT(A)  Qg: KT(B) — DT (B).
A (total) right derived functor of F' is a triangulated left Kan extension of Q3 o
K™ (F) along Q4. More precisely, it is a triangulated functor
RF: DY (A) — DT (B)
equipped with a natural transformation e: Qg o K (F) — RF o Q4 with the

universal property that for every triangulated functor G: DT (A) — DT (B) and
map 7: Qg o KT (F) — G o Q4, there is a unique map n: RF — G such that

Qp o K*(F)
sl \\<;&
RFoQu L%, o0y,
commutes.

In particular, the derived functor, if it exists, is unique up to canonical isomor-
phism commuting with the natural transformation.

Example 1.2.18. The universal property is made exactly so that natural trans-
formations induce natural maps of our derived functors. More specifically, suppose
F,G: A — B are functors for which (RF,er) and (RG,eq) are derived func-
tors. Suppose we have a map u: F© — G. Then this induces a natural map
u: KT(F) — KT(G), so by the universal property there is a unique natural map
1n: RF — RG such that

QoK (F) == Q3 oK™ (G)

ia F lac

RF o QA # RG o QA
commutes. More concretely, for every A® in K™ (A), the diagram
F(A®*) —— G(A*)
RF(A*) -5 RG(A®)

commutes. Usually, this is the best way to define maps out of/into derived functors,
and in particular out of/into their cohomology.

We now show the main theorem of this section, that the derived functor exists
(and how to construct it) in the presence of an adapted class.
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THEOREM 1.2.19. Let F': A — B be a left exact functor of abelian categories,
and R an F-adapted class of objects of A. Then the derived functor RF exists
with the following construction: For any choice ® of inverse to the canonical
equivalence of Thm. 1.2.14, define RF by the diagram:

K*(R) — K*(R)[Sg!] «*— D*(A)

e~ L
K+

(B) —22 D*(B)

Then there is a canonical construction of € making (RF, ) the right derived functor
of F, which satisfies the property that for each R® in KT (R), the component

er: F(R*) = RF(R®)
is an isomorphism in DV (B).

To prove this theorem, let us make a few observations. Firstly, it is clear from
the definition that for any additive functor F', we have F'(Cone(f)) = Cone(F'f)
(where we are implicitly using F' for the functor on Ch*(A) and K*(A) as well).
Therefore, since F' preserves acyclics between objects of R, it preserves quasi-
isomorphisms between objects of R. Hence it extends along the localization
K™ (R) — K (R)[Sz'], justifying the left triangle in the diagram above. Note
that this extension is triangulated because F preserves cones, so if A — B —
Cone(f) — A[1] is distinguished then

FA — FB — F(Cone f) = Cone(F'f) — FA[l]

is distinguished. Then Thm. 1.2.14 shows that ¥: D*(A) — KT (R)[Sz"], so we
can choose a homotopy inverse ®. With this choice, the diagram above indeed
makes sense and we get a well-defined functor RF between the derived categories.
By the above, RF is triangulated because V¥ is a triangulated equivalence (so @ is
one t00).

Now we construct the natural map €. By definition, there is a natural isomor-
phism

BI IdD+(A) = ‘I/Oq),

so for any A in K*(A), viewed as an object of D™ (A), we have an isomorphism
Ba: A =5 U(B(A)), where ®(A) = Y is some object of KT(R). On objects,
U(Y) =Y. Thus we may write 84 = Qa(s)"1Q4(t) for some quasi-isomorphisms
s,t, in a commutative diagram

A
Qﬂ(t)l \ﬁj
X —Y
Qa(s)™!
By taking a quasi-isomorphism X — R for some R in K*(R) and composing, we
may assume that X is in K*(R). Now define £4 to be

) Qs (F(1)) ) Qz(s)~1

F(A F(X

F(Y) = RF(A),
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viewed inside DT (B), where the second map is defined because s was a qis between
objects of KT (R), so F(s) is a qis. First of all, note immediately that if A was in
KT (R), the left map would also be a quasi-isomorphism so Q3 F(A) - RFQ4(A)
would be an isomorphism in D" (B). Second, we claim that this map is independent
of the choice of middle object X in K*(R).

This is clear, because for any two X; and X middle objects over R we can
complete this to a commutative diagram of the form:

Here X may not be over R, but once we apply F, s; and s2 become invertible, so
commutativity of the diagram gives the desired statement. It is not difficult from
this to check naturality of €. Finally, checking the universal property of the left
Kan extension is also a standard roof argument, where at each step we can assume
our right-roofs have middle term in R. This completes the sketch of Thm. 1.2.19.

Example 1.2.20. Suppose we are in the situation of Thm. 1.2.19, and A is a
complex for which A® = 0 for i < k. Then H(RF(A)) = 0 for i < k. Indeed, by
Lemma 1.2.15, we can choose our resolution R® to have no terms below degree k,
and then the cohomology of F'(R®) will have the same property.

Example 1.2.21. Suppose A and B are complexes. Since Ch*(A) — D*((A))
is additive, A & B can refer unambiguously to the termwise direct sum complex.
Since H' is an additive functor (e.g. on complexes or the derived category), we
have H'(A) @ H'(B) = H'(A @ B). Since the derived functors are (in particular)
additive, RF(A® B) = RF(A) ® RF(B).

In the rest of this section, we discuss what happens when we want to compute
a composition of two derived functors. This is the first place where the derived
category makes something significantly easier than classical derived functors.

THEOREM 1.2.22. Consider two left exact functors between abelian categories
AL B % e
Let Ry be a class adapted to F', and Rp a class adapted to G. If F(R4) C R,

then the three derived functors RF, RG, and R(G o F) all exist on the (bounded
below) derived categories, and the natural map

R(GoF) =5 RGoRF
is a natural isomorphism.

ProoOF. RF and RG exist by Thm. 1.2.19. Note that R, is adapted to Go F',
since if A € KT(R,) is acyclic, then F(A) is acyclic and in K*(R3), so GF(A)
is acyclic. Thus R(G o F') exists; note RG o RF is exact and the natural maps
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eq(B): G(B) — RG(B) and ep(A): F(A) — RF(A) in the derived category give
a composite

7(A) = GF(A) 2P, pa(Fa)

Hence there is a map R(G o F') — RG o RF such that
(GoF)A —— RG(FA)

l l

R(Go F)A - RG(RF(A))

RGEerM), pa(RF(A)).

commutes in DT (C) for each A® in KT (A). If we take A to be in KT (Ry4), then
the left map is an isomorphism, and F'A — RF(A) is an isomorphism so the right
one is too, and FA is in KT (Rg) so the top map is an isomorphism too. Now we
are done since every object is isomorphic to one of this form. O

So, in practice, we now have a good idea of how to compute derived functors
in these situations: pick a quasi-isomorphism A®* — R® where R® has terms in our
adapted class, and then RF(A) = RF(R) = F(R). Finally, let us discuss the
trivial case of the above.

Lemma 1.2.23. Suppose F': A — B is an exact functor of abelian categories.
The class of all objects of A is adapted to F', and the right/left derived functors of
F both exist and coincide with the restrictions of the natural induced functor

F: D(A) — D(B).

PRroOOF. This natural functor exists because F' sends acyclic complexes to
acyclic complexes, and hence preserves quasi-isomorphisms. Thus we clearly get
a triangulated functor as above on the full derived category. Now if we restrict
e.g. to DT (A), it is clear that € is an isomorphism of F and RF because it is
an isomorphism on all objects, since indeed the class of all objects is adapted by
definition. O

1.2.3. Basic objects of the derived category. Here are some useful things
to work with the derived category D*(A) of an abelian category A. First, we have
some standard filtrations associated to any complex A®: The stupid filtrations are
o>nA and o<, A, which are given by truncating the complex.

(UZnA)i = { (USnA)i = {

and the differentials are the obvious ones. There are some obvious properties,
namely there is an inclusion 0>,C — C, and

0 1<n
At i<n’

0 1<n
At i>n

0 1<n
H'(o5nA) = {kerd” i=n.
Hi(A) i>n
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For the upper filtration we likewise have a quotient map C' — 0<,C and a similar
statement as above. Finally, the main property is that we have an exact sequence

0— 05p41C — 05,C — C"[-n] — 0
of complexes.
The smart or canonical filtration is 7>,C, defined as follows:
- —0—0— cok(d"™) & okt I onr2

The differential is well-defined because of d?> = 0 in the original complex, and now
the nth cohomology is

ker d"/ cok(d" ') = ker d" /im (d"~') = H"(C),

with the natural map C' — 7>,C identifying cohomology > n. There is a natural
map 7>, C — T>,41C because the diagram

0 — cokd» ! -4 ontl __, o2

| | H

n+1
0 — s cokd® &5 on+2

commutes. This map is surjective, and the kernel is clearly
0[n — 1] — cok d"*[n] — imd"[n + 1] — 0.
The nontrivial differential is surjective, so the H"*! of this complex is zero, and

H™ = H"(C). Thus the kernel is quasi-isomorphic to H"(C')[—n], and hence there
is a distinguished triangle

H"(C)[=n] = 72nC = Ton1C — H"(C)[-n + 1]
in the derived category. Likewise, the upper filtration 7<,C is given by

2 S0 S kerd” - 00— -

Y

so we have a natural inclusion 7<,,C — C preserving cohomology in degrees < n,
and a similar distinguished triangle

Tgnflo — Tgnc — Hn(C)[—TL] i Tgnflc[l}
in D*(A).

Example 1.2.24. If RF: Dt (A) — D" (B) is a right derived functor in the
presence of an adapted class, Example 1.2.20 showed that if A has no terms below
degree k, then RF(A) has no cohomology below degree k. Now we can weaken
the assumption to A having no cohomology in degree less than k. Indeed in this
case, A — 7>, A is a quasi-isomorphism, and Example 1.2.20 applies to this latter
complex.

We next would like to discuss complexes concentrated at 0 (called 0-complexes),
and complexes whose cohomology is concentrated in degree 0, called H°-complexes.
Obviously, A — Ch*(A) sending A — A[0] is a fully faithful embedding. Com-
posing this with Ch*(A) — K*(A) remains a fully faithful embedding, because a
homotopy between 0-complexes must be 0.
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On the other hand, suppose A°® is an H%-complex. Then A — 750C is a
quasi-isomorphism, and then 7<(g7>0C — 7>0C is a quasi-isomorphism, so A is
isomorphic in the derived category to a complex concentrated in degree zero,
namely H°(A)[0].

Lemma 1.2.25. The natural map A — D*(A) defined by A — A[0] is a fully
faithful embedding, giving an equivalence to the full subcategory of HC-complexes

of D*(A).

PrOOF. Consider the cohomology functor H’: D*(A) — A, and restrict to
the H°-complexes. The composite A — D*(A) — A is the identity, so our functor
is at least faithful. It is also essentially surjective because of the remark made
above.

Now let a: A[0] — B[0] be a map in the derived category, and write it as a
roof A[0] <~ X = B[0] in the homotopy category. Then X is an H%-complex,
so by precomposing our roof with the natural inclusion 7<gX — X (which is a
quasi-isomorphism here), we may assume X has no positive degree terms.

The quasi-isomorphism X — 750X = H°(X)[0] sends X' to 0 for i # 0, and
XY — cokd™! = HY(X). On the other hand, since B[0] is concentrated in 0, the
map X — BJ[0] satisfies u’d~! = 0, namely u° factors through the cokernel H%(X).
Thus u factors through X — H%(X)[0] and likewise for s, so we have an equivalent
roof , /

AJ0] < H(X)[0] % B[0)].
Since the left map is a quasi-isomorphism, it must be an isomorphism of complexes,
so we have found the representative u/ o s' ' as a chain map for A[0] — B[0]. This
shows full faithfulness. O

Here is an application. If A and B are objects of A, we define
Exty (A, B) = Hom p- 4 (A[0], B[i]) ieZ

(as an abelian group), where this is independent of * because the respective
embeddings are fully faithful. Since the shift functors [k] are additive equivalences
of categories, it is also isomorphic to look at Hom p«(4)(A[k], B[i + k]) instead of 0.

Lemma 1.2.26. Let A be an abelian category and A, B be objects of A. Then
(a) Exty (A, B) =0 for all i < 0.
(b) ExtY (A, B) = Homy(A, B) = A(A, B).
(¢) Given a short exact sequence 0 — B' — B — B"” — 0 in A, there is a
long exact sequence
0— A(A,B') — A(A,B) — A(A,B") — Ext (A, B) — -

of abelian groups.
(d) Given a short exact sequence 0 — A" — A — A” — 0 in A, there is a
long exact sequence

- Exty (A", B) «— A(A',B) « A(A,B) «+ A(A",B) «+ 0

of abelian groups.
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PRrROOF. We already proved (b) above, and (c) and (d) follow from (a) and the
fact that Homs in either variable are a cohomological functor to abelian groups in
any triangulated category. For (a), represent a map A[0] — B[—i] by a roof

Al0] £ x L B[4
with s a quasi-isomorphism. Since 7<gX — X is a quasi-isomorphism, we may

assume X has no positive terms. But B[—i| is concentrated in degree ¢ > 0, hence
f=0,s0 A|0] — B[—i] is zero in D*(A). O

From the lemma, it is obvious that if Ext) (P, B) = 0 for every B in A, then
Homy (P, —) is exact, so P is projective. Likewise, if Ext} (A, I) = 0 for all A, then
I is injective. We will in greater depth explore the converse in the next section.
These are especially nice functors on the derived category, because they exist even
independently of injective or projective resolutions.

Here are some elementary observations we can make in the case of Ext. The
proofs will also illustrate general techniques for working with roofs. A main idea
will be the following remark: Suppose we have an exact sequence

0—-P'=>P' 5450

and a map P~' — B. Then we can extend this to a diagram of exact sequences

0 p1 Po A 0

by simply taking B’ to be the pushout (since the pushout of monos in an abelian
category is a mono), where the bottom row is still exact by the pasting lemma
(paste the square with 0, so B'/B = P°/P~! = A). Thus, if we have an exact
sequence 0 - P~ — ... - P - A — 0 and a map P~% — B, we can do the
same thing: First split this up into short exact sequences

0 — P—i _ P—i+1 N C—i—‘rl =0 0 — Ck _ Pk+1 N Ck+1 =0
ending with 0 — C~' — P — A — 0. Then fill in each sequence, compose

the squares together, and recombine the exact sequence to obtain a commutative
diagram

0 P e pY A 0
| l H
0 B o B’ A 0

with exact rows. Now the result:

Lemma 1.2.27. Let A, B be objects of an abelian category A. Morphisms in the
derived category from A[0] to BJi], i.e. elements of Extl(A, B), are equivalence
classes of roofs of the form

Alo] £ P — BJi]
where P is concentrated in the interval [—i,0] and q is a quasi-isomorphism, with
P~ = A and the map P~% — A is the identity.
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PROOF. If a map is represented by a roof A[0] « @ — Bli], then we may
immediately precompose the roof with the map 7>0Q — @ (which is a gis since @
is an HY complex), so we may assume @ is concentrated in (—oo, 0]. Now we want
to factor this roof through the quasi-isomorphism @ — 7>_;Q; the map Q — A[0]
obviously factors through 7>_;Q because A is zero in degree < 0.

For Bli], we are considering a diagram:

Qzld Q—ZHQZ—FI

| ls |

0 B 0

The fact that fd=*~! = 0 means exactly that f factors through the cokernel of
this differential, which is how we defined 7>_;@Q. This gives an equivalent roof
where the middle term is concentrated in [—3, 0].

Equivalently, we may view this as an exact sequence 0 — P~% — ... PO — A
equipped with a map P~% — B, and now by the remark above we can choose
another complex ) concentrated in [—i,0] with @) — A[0] a quasi-isomorphism,
Q" = B, and a quasi-isomorphism P — Q so that the diagram

/l\

Al0] «+— Q — BJi]

commutes. This shows what we wanted. (]
This lemma shows that elements of Ext’y (A, B) are roof equivalence classes of
exact sequences,
0—-B=P ' p ... .pP' 5 4-0.
Let us examine what the equivalence relation is: Two roofs A[0] « P — B|[—i]

and A[0] < @ — B]|—i] of this form are equivalent iff there are quasi-isomorphisms
q: R — P and r: R — @ making the diagrams

o _1° 0 - rt —i
R —— Q Rt —— Q
U
PP — A P —— B

commute. By the standard trick we may assume R is concentrated in negative
degrees, which as before implies R’ — A is an epimorphism. This looks like a
big commutative diagram below, the middle resolution row R is exact, as are the
other two rows. Moreover, the two maps R~% — B on either side are the same.
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0 B Q—H—l L. QO A 0
! ! 1 T

— Rl 3 Ry RIHL RO A 0
| l l L
0 B pitl pO A 0

Given such a diagram, commutativity means that we may replace R~% with
cok R~~! — R~% and the lower R terms with zero without changing the diagram.
Thus we can also assume RF = 0 for k < —i. Finally, we can use the same trick
from earlier: pushout the map R~* — B along the sequence 0 — R~% — R~ —
C — 0. This will give a diagram like this:

Now replace R~ — R~ with B — X, which leaves the middle row exact and
the maps still factor through as desired.

Corollary 1.2.28. Let A be an abelian category with objects A, B. Then elements
of Extfq(A, B) correspond canonically to equivalence classes of acyclic complexes
P e ChI=*U(A) such that P~* = B and P' = A, as follows:
(a) P,Q are equivalent iff there are morphisms P «— R — Q with R also in
Exty (A, B).
(b) Given such an acyclic complex P, and considering the associated quasi-
isomorphism o<oP — A, its Ext class is the one corresponding under

Ext®(A, A) < Hompg)(A, 0<oP) — Ext'(4, B),

to the identity map, where the second map is Hom (A, —) applied to the
projection o<oP — Bi].

ProOOF. We already proved (a). Note that the arrows in (b) are obtained
by applying Homp 4 (A, —) to A[0] « o<oP — B[i], which is exactly the roof
that corresponds to the sequence P. Applying Hom and taking the element
corresponding to 1 recovers the map associated to this roof. O

Notice that this puts a natural abelian group structure on the equivalence
classes of exact sequences from B to A. To construct the addition in the general
case is a bit annoying, but we can at least write down the zero element by copying
the proofs above. Namely, we should start with A[0] «— A[0] 2B [i], and then
pushout repeatedly.

So, if i > 1, then the zero sequence looks like

0-BLBL0— ... 5045 4—0.
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However, if i = 1 then we get
0—B—Ba&A—-A—0,

the canonical split exact sequence. Moreover, in the Ext! case, note that two short
exact sequences induce the same element of Ext! iff they both connect to another
complex R as in:

0 B P A 0
I
0 B R A 0

But by the five lemma, the existence of such a diagram already gives an isomorphism
P == R, and hence an isomorphism of exact sequences. Thus Ext! classifies
short exact sequences up to isomorphism, with the zero element being the split
sequence. A nice thing in the Ext' case which follows immediately from (b)
of the above corollary is the fact that the extension class of an exact sequence
0— B — C — A — 0 is the image of 1o under the map

Homy (A, A) & Extl (4, B)

in the long exact sequence. In this case, we can describe the addition more clearly.
Recall that in an additive category, to add two morphisms f,g: X — Y, we use
the following recipe:

XS xaex®yveyvy Ly

For addition of extensions of A by B, we do a similar thing. First take the sum of
the two sequences as in the bottom of the diagram:

0 —— B R Q A 0
v ! H
0 — B&B —— P - »A—— 0

H L [
00— BB — FEQF — AGA—0
Then pushout upwards along the addition map V. We claim the resulting sequence
at the top is the sum of E and F. Indeed, this data induces a commutative
diagram:
Hom(A, A) ——— Ext'(A, B)
| T
Hom(A, A) —— Ext'(A, B @ B)
! |
Hom(A, A® A) — Ext'(A, B® B)

Since Hom and Ext! preserve sums in the second variable, the images of (1,0)
and (0,1) in the bottom right Ext! respectively are [E] and [F], and the left-
lower vertical map sends 1 — (1,1). Therefore the upper horizontal map sends
1 — [E] + [F] as desired.
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Example 1.2.29. (This is misplaced.) Let R be a right preadapted class in A.
Let us prove two easy related statements.

1. If every object of A has a bounded resolution in R, then every complex
in Chb(A) has a bounded right resolution in R. If every object of A has
R-resolution of length d, then every complex in Chl®®! (A) has a right
resolution in Chl»**4(R).

Let A®* € KT(A) be bounded, so that A* = 0 for i > N, and take a resolution
A — X where X € K"(R). The map AV — X composed with d¥ factors
through ANT! = 0, so it factors as AY — kerdy — X¥. In particular, A — X
factors as A — <y X — X.

Since X can only have cohomology in degrees < N, the second map is a
quasi-isomorphism, so the first one is too. 7<nyX has all but its last term ker d%
in R. Take an exact sequence

0—kerdy - Y% —... 5 Y40
with Y? € R, and then form the new complex
Y = ('-‘—>XN72—>XN71—>Y0—>Y1—>~~-)

where the middle differential is XV =1 — ker d)]\g — Y0, Then Y has top degree
N +d, and the obvious map 7<y — Y is a quasi-isomorphism because Y is exact
in [N +1,d + N] and has Nth cohomology ker dY /im d¥ !, as desired.

Here’s a less direct statement on the level of cohomology. Now we’ll assume
that R is a right adapted class for a left exact functor F': A — B. If A is an object
of A, its RF-dimension is the largest i for which R'F(A) # 0 (or 00). If A® is in
Ch*(A), then the RF-amplitude of A is the interval [a,b] in which RF(A) has
nonzero cohomology.

2. If every object of A has finite RF'-dimension, then every complex in Chb(A)
has bounded RF-amplitude. If every object of A has RF-dimension < d,
then every complex in Chl*?(A) has RF-amplitude inside [a, b + d].
To see this, let A be a bounded complex, and consider the triangle
T<n-14A — <A — H"(A)[—n] — 1,—1A[1]
in the derived category of A. Applying the triangulated functor RE to this, we
deduce that if 7<,,—1 A had cohomology concentrated in [a, by + d|, and H™(A)[0]

has no cohomology after degree d, then 7<, A is concentrated in [a, by + 1 + d].
Thus we conclude by induction.
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1.3. Homological algebra revisited

1.3.1. Basic notions. We now have quite a big toolkit to do homological
algebra, and yet we have gotten no real results. Now we come to this. Let A be
an abelian category, and suppose we have a short exact sequence

0—-—A—-B—-C—0

of chain complexes. If F': A — B is a left exact functor with an adapted class
R, then RF' exists and is triangulated on the derived categories. In particular
if A, B,C are bounded below, then A — B — C — A[l] is an exact triangle, so
RF(A) — RF(B) — RF(C) — RF(A)[1] is an exact triangle. In particular, there
is a long exact sequence in cohomology:

- — H'(RF(A)) — H'(RF(B)) — H'(RF(C)) — H"(RF(A)) — - -
Likewise, if F' was left exact, and A, B,C were bounded above, then the left
derived functor LF': D™ (A) — D™ (B) exists and we have an exact triangle

LF(A) — LF(B) — LF(C) — LF(A)[1]

in D™ (B), producing a similar long exact sequence in cohomology. In practice, we
usually care most about objects of A themselves, and not chain complexes. In the
situation above, we define the classical right derived functors by

R'F =A< DT(A) EL pt(B) L 3.
So,if 0 - A — B — C — 0 is an exact sequence of objects in A, then we get a
long exact sequence

0— F(A) — F(B) — F(C) —>R1F(A) —>R1F(B) —
of right-derived functors, natural in the exact sequence. The first few terms of
this are justified by the following lemma.
Lemma 1.3.1. In the situation above, R'F = 0 fori < 0, and there is a natural
isomorphism F — RVF.

PROOF. For A in A, e.g. from Lemma 1.2.15 we have a quasi-isomorphism
AJ0] — X*® with X* =0 for i < 0 and X’ in R for all i. We have the commutative
diagram on the left below,

F(A)[0] — RF(A[0)) F(A) —— ROF(A)
Lk [
F(X) —2 RF(X) HO(F(X)) —=5 HY(RF(X))

and on the right is what we get by applying H 0. First, if we apply H' for i < 0,
then H'(F(X)) = 0 because F(X%) = 0 for i < 0. The natural map F — ROF is
the top of the right-hand square. Since F' is left exact, the map

F(A) — HY(F(X)) = ker(F(d%)) = F(ker(d%))

is given by applying F to the isomorphism A — ker(d%) (since 4 — X is a
quasi-isomorphism), so is an isomorphism. O
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Let F': A — B be a left exact functor, and suppose its right derived functor
RF: Dt(A) — D*(B) exists. We say an object A of A is F-acyclic if R'F(A) =0
for all ¢ # 0. F-acyclics behave nicely in long exact sequences:

Lemma 1.3.2. Let F': A — B be a left exact functor and R an F-adapted class
so that RF exists.
(a) If0 = A — B — C — 0 is an exact sequence of objects of A and A is
F-acyclic, then B is F-acyclic iff C is.
(b) Given a (bounded below) long exact sequence

0— A" - Al - 42 - ...
of F-acyclic objects, the corresponding sequence
0— F(A% — F(AY) - F(A?) — -
is exact as well.
The corresponding statements for right exact functors hold as well.

PROOF. (a) The LES gives an exact sequence 0 — R'F(B) — R'F(C) — 0
for ¢ > 0.
(b) Break up the sequence into short exact sequences:

0—- A4 Al -t —o, 0-C' AT ol 0 i>1.

Since R'F(A%) = 0, F preserves the first exact sequence. Moreover, since A%, Al
are F-acyclic, (a) shows that C! is F-acyclic. But inductively, if C* is F-acyclic,
then C**! is too by the second SES and (a). Thus applying F to all of the
exact sequences above we get exact sequences, and then we can put them back
together. O

Next we prove a powerful result about F-acyclics. The first proof is by trickery,
so we provide another direct proof afterwards. We’ll give a third proof in a special
case once we construct Cartan-Eilenberg resolutions.

THEOREM 1.3.3. Let F': A — B be a left exact functor and R an F-adapted
class, so that its right derived functor RF: DV(A) — DT (B) exists. For each
compler X*® of F-acyclic objects, the natural map

F(X) — RF(X) in DT (B)

is an isomorphism. In fact, if R is the class of all F-acyclic objects, then R
s the unique largest class of objects adapted to F', and it is closed under taking
summands, quotients (of F-acyclics by F-acyclics), and extensions.

PROOF 1. The second statement, particularly that R is an adapted class,
implies the first immediately by uniqueness of the derived functor. R contains
0 and is closed under biproducts. Part (b) of the lemma above was exactly the
statement that F' takes acyclic complexes in K™ (R) to acyclic complexes.

Now, if R’ is any F-adapted class, then for C in R', C[0] is in KT (R'), so
F(C)[0] =~ RF(C]0]) in the derived category, hence C is F-acyclic. Thus R’ C R.
In particular, R C R, so every object admits a mono to an object in R. Lastly,
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the statement about quotients and extensions follows from the previous lemma,
and the statement about summands follows from the fact that if A& B is acyclic,
then 0 = R'F(A® B) = R'"F(A) @ R'F(B) for i > 0. (]

In most cases, we will have either injective or projective resolutions of objects.
Here is the main set of lemmas telling us that they behave well. To make this
especially simple, we first define the Hom complex.

Given A® and B*® in Ch(A), we define the complex Hom 4 (A, B) by

Hom', (A, B) = H Homy (AP, BP*Y),
PEZL
(a complex of abelian groups), where the differential is given by
df =dpf — (=1)'f o fa,
or more precisely (df)? = db™ o f? — (—1)' fP*1 o d’,. An element of Hom®(A, B) is
a sequence of maps fP: AP — BP for all p; if df = 0, then df = fd, i.e. f is a chain
map. An element of Hom_l(A, B) is a sequence of degree -1 maps h?: AP — BP~L
and if a chain map f is of the form dh, then f = df + fd, i.e. f is nullhomotopic.
In other words,
kerd” = Homcp(a)(A,B)  imd ' ={f:A— B: f~0},
so H%(Hom(A, B)) = Homg4)(A, B). One checks easily that
Hom(A, B)[n] = Hom(A, Bln|) = Hom(A[—n], B).

Now we construct a bicomplex C'**®* whose product totalization is the Hom complex.
Define CP? := Homy (AP, BY), and let

do(9) =dfod  di(¢) = (~1)PT T god," .
Then in each direction we have d?> = 0, and the vertical and horizontal differentials
anticommute. It is then clear from the definition that
Hom 4 (A, B) = Tot'(C).

Therefore we can apply our spectral sequence associated to a product totalization.
Recall that in this case (e.g. for the first sequence) CP"P = 0 for p < 0. This
translates to asking for Hom(A?, B"*P) = ( for p > 0, e.g. if A or B is bounded
above. For the second sequence, we get the condition Hom(A?™", B?) for ¢ < 0,
which is satisfied e.g. if A or B is bounded below. Here, we are using the fact that
arbitrary products are exact in the category of modules. Thus:

Lemma 1.3.4. Suppose A or B is a bounded above complex in Ch(A). Then
there is a spectral sequence

B34 = HY(H](Hom(A", B"))) = H""9(Hom, (4, B)).
If A or B is bounded below, then we have a spectral sequence
By = HY(Hj(Hom(A", BY))) = H"*I(Homy(A, B)

In both cases, the filtration on the resulting object is described by the totalization
above and Thm. 1.1.4.
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Recall that an object I (resp. P) of A is called injective (resp. projective) if
Homy(—, ) (resp. Homy4 (P, —)) is an exact functor.

Corollary 1.3.5. Let I® be a bounded below complex of injective objects of A.
(a) If A® is an acyclic complex, then Hom 4 (A, I) is acyclic.
(b) If ¢: B — C' is a quasi-isomorphism, then
Homy (4)(C, I) — Homg ) (B, I)

is an isomorphism of abelian groups.

(¢) Any quasi-isomorphism q: I — A has a one-sided homotopy inverse,
i.e. a quasi-isomorphism r: A — I such that rq ~ 1;. In particular, a
quasi-isomorphism between bounded-below complexes of injective objects

1s a homotopy equivalence.
(d) The natural map

Homg 4y (A, I) — Hompay(4, 1)
is an isomorphism of abelian groups for any A in D(A).
The corresponding statements hold for a bounded-above complex of projectives.
ProorF. If A® is acyclic, then since I" is injective for each n, the sequence
-« Hom(A"™ 1, I") « Hom(A", I") « Hom (A", I") — ...
is exact for all n € Z. Thus H}l(Hom(A*, I"™)) = 0 for all n, so by the spectral

sequence of Lemma 1.3.4, Hom(A, I) is acyclic. Since cones commute with functors,
this means that for any quasi-isomorphism B — C', the map

Hom(C,I) — Hom(B,I)
is a quasi-isomorphism. Taking H” gives the statement of (b). For (c), we have an
isomorphism of abelian groups
—oq: Homg g (A, I) = Homg (I, 1),

so there is a map r: A — I such that rq ~ 1;. Since ¢ and 1; are quasi-
isomorphisms, r is as well. So, ¢ is a split monomorphism in K(A) and r is a
split epimorphism. In the case that A = I’ is also a bounded below complex of
injectives, r satisfies the same hypotheses and hence is a split monomorphism
itself. Thus r is a homotopy equivalence, so ¢ is too.

For the last result, any map A — I is represented by a right roof

A-XxdT

for some quasi-isomorphism ¢. By (c), there is a one-sided homotopy inverse
r: X — I, so we get an equivalent roof (commutative in K(A)):

A—s XL g

\\\\ Tl /
"y 17
I

Then the map A — I on the bottom right is equal to the one we started with, and
induced from K(A). Similarly, if a: A — I becomes zero in D(A), then there’s



38 Background

a quasi-isomorphism ¢: I — X such that the composite A = I 2, X is 0. Then
rq ~ 17 shows that a ~ 0. O

The above result will be central to the rest of these notes. Let us start to
deduce some consequences. If A is an object of A, then an injective resolution is
a quasi-isomorphism A[0] — I where [ is a complex of injectives with I’ = 0 for
i < 0. Likewise a projective resolution is one of the form P — A[0] with P =0
for i > 0.

Proposition 1.3.6. Let A be an abelian category. Let A, B € ObA.
(a) An object I is injective iff Exty(—,I) =0 iﬁExtfq(—,'I) =0 for alli > 0.
(b) An object P is projective iff Exth(P,—) = 0 iff Exty(P,—) = 0 for all
1> 0.
(¢) If B[0] — I® is an injective resolution, then there is a natural isomorphism
Exty (A, B) = H'(Homy (A, I*))

in A. Likewise, if P* — A is a projective resolution, then there is a
natural isomorphism

H'(Homy (P*, B)) = ExtY (A, B)
in B.
PrRoOOF. The injective and projective statements are dual, so we prove the

injective versions. If I is injective, then I[i] is a bounded below complex of
injectives, so

Hom p- (4 (A[0], I[i]) = Homy 4)(A[0], I[]) = 0,
since for ¢ > 0 every chain map A[0] — I[i] is zero.
(¢) If B — I°® is a qgis, then we have isomorphisms
Hom p4)(A[0], B[i]) =~ Homp4)(A[0], I[])

= Homg 4) (A[0], 1[i])
= H'(Hom 4 (A[0], 1)),

but since A[0] is a O-complex, we have Hom’(A[0],I) = Hom(A,I*) and the

differentials coincide as well. U

Example 1.3.7. It is not too difficult to show that elements of Ext!(C, A) are in
natural correspondence with extensions of C by A. Regardless, if 0 = A — B —
C — 0 is such an extension, then we define the extension class to be the image of
1o in Ext} (C, A) under the induced map:

-+ — Homy4(C, B) — Homy4(C, C) LN Exth(C,A) — -

Note that the extension splits iff the extension class is zero, because the latter
condition is (by exactness) equivalent to the existence of a section of B — C'. So,
e.g., I is injective iff every SES with I as the first term splits.
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Example 1.3.8. Consider the exact sequence 0 — Z SN/ 7/2 — 0 over
Z. This is a projective resolution of Z/2, so to compute Ext*(Z/2,7Z) we apply

Hom(—,Z) to 0 — Z 2,7 —0to get the same thing back, and the cohomology of
this is
ExtY(Z/2,Z) =0  Ext'(Z/2,Z)=7/2  Ext'(Z/2,Z)=0,i > 0.

Since the sequence above was not split, its extension class was the unique nonzero
element of Ext'(Z/2,7).

Continuing in our development of the theory, we consider the role of injec-
tives/projectives for computing derived functors.

Proposition 1.3.9. Let F': A — B be a left exact functor between abelian cate-
gories. Let R be an F-adapted class, so that RF' exists.
(a) Injective objects of A are F-acyclic.
(b) If I*® is a bounded-below complex of injective objects, then the natural map
F(I) — RF(I) in D*(B) is an isomorphism. In particular, if A® — I®

~Y

is an injective resolution, then canonically RF(A) = F(I).

In general, the class T4 of injective objects is adapted to any left exact functor F
if (and only if) A has enough injectives. The corresponding statements hold for
projectives.

PRrooF. (b) immediately follows from (a). For the statement about adapted
classes, consider an exact sequence

0—710 g1t ...
(bounded below) of injectives, and break it up into short exact sequences
0-1I">I1t—-ct—o 0—C'— I - ot -0,

Applying Ext’(A, —) to the first sequence shows that Ext’(—,C'), i.e. C! is
injective. Doing it to the second sequence shows that C**! is injective if C? is.
Hence by induction, all of the sequences split, so they’re all preserved by F', and
we can recombine. Thus if A has enough injectives Z, is F-adapted for any F.
For (a), embed an injective 0 — I — X — Y — 0 for X in R. Then
the sequence splits, so [ is a direct summand of X, which is F-acyclic, so I is
F-acyclic. O

Remark 1.3.10. Let A have enough injectives. Then 74 is a preadapted class,
so in the composite

KT (Zy) — K™ (Za)[S7)] — DT (A)

the second map is an equivalence. But the first map is also an equivalence,
because all quasi-isomorphisms between bounded above complexes of injectives are
homotopy equivalences. Because of this, much of the work of the previous (and
this) section would be a lot easier if we made this assumption, but we went to all
this trouble because in algebraic geometry one doesn’t have enough projectives.
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Example 1.3.11. Let A be a semisimple abelian category, which means that every
exact sequence splits, so equivalently every object is projective, or equivalently
every object is injective. Thus K¥(A) -~ DT (A) is an equivalence, and likewise
K™ (A) = D7 ((A)). For a complex C*®, let H*(C) denote the complex:

By choosing splittings H*(C) @ imd*~! = ker d’, including into the kernel gives
a map H*(C') — C*® which is a quasi-isomorphism. Thus every object in the
derived category is isomorphic to a complex with zero differentials. In the bounded
above or bounded below case, we know this must be a homotopy equivalence. By
definition, for such a complex a nullhomotopic map is necessarily zero, so this
gives an equivalence K™ (A) = D*(A) with Z-graded bounded above complexes,
and likewise in the bounded below case.

If we look more closely we can get this for the full derived category. The map
H*(C) — C constructed above is a termwise injection, with some acyclic kernel A
as in

0—H*(C)—C—A—0.
If we additionally split 0 — ker d® — C* — im d’ — 0, we get isomorphisms
C'=H'(C)®imd ' @imd = H'(C)® A,
where A is the exact sequence imd*~! @ imd* — im d’ @ imd**! — - -- that is the
identity on the common factor and zero otherwise. Thus A is precisely the cone of
the complex
> imd 'S imd L imd Tt — -
Since the sequence is termwise split, there is an exact triangle H(C) — C — A —
H(C)[1] already in K(A) with A = 0, so H(C) — C' is a homotopy equivalence.
(The termwise split detail will be explained later.)

The point of this example is that we will often end up with an object of D(k),
i.e. the derived category of k-vector spaces, and this tells us that two such objects
are isomorphic iff they have isomorphic cohomology.

1.3.2. Classical derived functors. Let us briefly revisit the classical theory
of derived functors using our new language. In the last section, we defined Ext
without any reference to derived functors, so let us explain the connection now.

In the previous section, Cor. 1.3.5(a) showed that if I* € K™(Zy), then there
is a well-defined functor

Hom 4 (—, I): D(A)*®® — D(Z),

where D(Z) = D(Ab). Likewise, if P was a bounded above complex of projectives,
then Hom(P, —) was well-defined on D(A). If I — I’ is a chain map, then we get a
corresponding natural transformation Hom 4(—, ) — Hom 4(—, I’) on complexes,
and thus as functors on the derived category above. Such a transformation is
independent of the homotopy class of I — I’, because the hom complex is already
well-defined on the homotopy categories. So this construction gives a functor

Hom: D(A)? x KT(Z4) — D(Z)
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Thus, if A has enough injectives, then by choosing an inverse DV (A) — KT (Z,)
we get a functor
RHomy: D(A)°? x DT (A) — D(Z).
The choice of an inverse gives, for each B € K*(A), a natural map
Hom,(—, B) — RHomy(—, B)

of functors, and hence a natural map Hom, (A, B) — RHomy (A, B) in D(Z) for
all A € D(A)°? and B € DT (A). By definition, it is an isomorphism if B is a
bounded-below complex of injectives.

Likewise, if there are enough projectives in A then we get another well-defined
functor

RHomy: D™ (A)°? x D(A) — D(Z)

with the same name. Note that we haven’t really done anything complicated
here: to compute RHom(A, B), say if the right entry is bounded above, take an
injective resolution B — I, then RHom(A, B) = Hom(A, I), the Hom-complex.
The ‘overlapping’ case works as follows: we will stick to the case where we are
assuming enough injectives, however.

RHom(A, B) —— RHom(A,I) = Hom(A, I)

4k N
RHom(P, B) — RHom(P,I) — Hom(P,I)

o~

A~
|
<

Hom(P, B) —— Hom(P, I)

In the diagram, since we’re taking the injective definition, our definition for
RHom(A, B) is to first take an injective resolution B — I and compute the Hom
complex. Now if P — A is any quasi-isomorphism, then the manipulations on
the right side are valid. If P — A is a bounded above projective resolution (e.g.
even if A is unbounded in both directions), then the bottom steps are valid. This
shows that as long as we replace one of the entries, we can compute using whatever
resolution we want.

Retain the assumption of enough injectives. As we have already seen, taking
cohomology of RHom computes maps in the derived category:

H'(RHom(A, B)) = Homy () (A, I]i])
= Hompy) (A, Ii])
= Hompy) (A, Bli])
(for possibly unbounded A, and bounded below B). Likewise, if we have enough

projectives, the same thing works via the first variable for bounded above A and
possibly unbounded B.

Proposition 1.3.12. Suppose A has enough injectives. For any object A of A,
the functor
RHom(A, —): DT(A) — D1 (Z)
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is canonically the right derived functor of Hom(A, —): A — Ab. Its classical right
derived functors agree with Ext:

H'oRHom(A, —) = R'Hom(A, —) = Exty (A, —).
Likewise, a similar statement holds if A has enough projectives.

PROOF. Since A has enough injectives, the supposed right derived functor
is well-defined. The natural map Hom(A, —) — RHom(A, —) is an isomorphism
on bounded above complexes of injectives, and we claim the same is true for
RHom(A, —) — Hom(A, —). Indeed, putting in a complex I of injectives we obtain
Hom(A[0],I) = Hom(A, I*) as desired. The second statement is a consequence of
the fact that we showed Ext’ could be computed by an injective resolution in the
second variable. (]

The tensor product is a bit more intuitive. The fundamental lemma we need is
something we proved a long time ago:

Lemma 1.3.13. Let A be endowed with a compatible monoidal structure, and let
P be a bounded above complex of flat objects. Assume that taking countable direct
sums in A is exact. Then P® A= A® P is acyclic for any acyclic complex A.

Proor. This was Example 1.1.6. O

Since the tensor product complex commutes with cones (check this), the functor
P ® (—) preserves quasi-isomorphisms if P is a bounded above complex of flats.
In particular, for each such P we get functors

P®(-),(-)®P: D(A) — D(A)

on the full derived category. Now assume R denotes the class of flat objects, and
assume A has enough flat objects so that R is a preadapted class. Then we have
a triangulated equivalence

K™(R)[Sz'] — D™(A).

The functor K™ (R) x D(A) — D(A) (and the flipped one) satisfies the property
that for P a bounded above acyclic complex of flats, and B € D~ (A), P® B
is acyclic. Indeed, take a quasi-isomorphism @ — B with @ € K™ (R), then
P®Q — P® B is a quasi-isomorphism, but P is acyclic so P ® @ is acyclic. It
follows that we get a functor:

(=) @" (—): D™(A) x D™ (A) — D™ (A).
Let us further assume that tensoring with a fixed object is right exact (e.g. our
category is closed monoidal). Then we have:
Lemma 1.3.14. Keep the notation and assumptions as above. For X,Y,Z in
D= (A):
(a) We have natural isomorphisms X @Y =2 Y @l X,
(b) We have natural isomorphisms (X @ Y) @V Z = X ot (Y @V 2).
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(c) If A is an object of A, then the functor A@% (=): D™ (A) — D™ (A) is
the left derived functor of A® (—): A — A, a functor for which R is an

adapted class. The same holds the other way around.
PRrOOF. (a) If P* — X* is a flat resolution, then
Xe'Y2Pey2YeP2Yg"X.
For (b), let P — X and Q — Z be flat resolutions, then by functoriality
(XetY)etz2(PelY)olZ= (PetY) el Q.

The latter expression is equal to (P ®Y) ® @ which is P ® (Y ® @), and then we
are done by the same argument backwards.

For (c), note that indeed R is an adapted class: a special case of what we have
said above is that tensoring with A sends bounded above acyclic complexes of
flats to acyclics. O

In light of this, we denote the higher left derived functors by
Tory(4,—) = Li(A@ —)  Tory(~,B) = Li(~ & B),
both of which coincide with H*(A @ B).

Lemma 1.3.15. In the situation above, for all A, B in A:
(a) Tory (A, B) =0 fori >0, and Tor’(A,B) = A® B
(b) Torl (A, B) = TorYy (B, A) for all A, B.
(c) An object A is flat iff Tory(A,—) = Tory(—,A) = 0 fori < 0, (iff
Tor;l(A, —) =0). Consequently, any projective object is flat.

PROOF. (a) is because Tor’s are the classical left derived functors of a functor,
and (b) is a direct consequence of Lemma 1.3.14(a). For (c), if Tor™! is zero then
tensoring with A is exact by the LES. Conversely, an object of the adapted class
for F is always F-acyclic. O

Example 1.3.16. Suppose 0 — A — B — C' — 0 is an exact sequence in A and
C is flat. For any X in A,

0 = Tor' }(X,C) — Tor'(X, A) — Tor'(X, B) — Tor'(X,C) =0

is exact, so the natural map Tor’(—, A) — Tor'(—, B) is an isomorphism for all
1 < 0. Therefore B is flat iff C' is flat.
Moreover, for any such X, the first part of this sequence is

0=Tor '(X,C) = X®A—-X®B—X®C—0,

so tensoring any object with the sequence is exact if C' is flat. Note that we are
using the symmetry of Tor in a crucial way here.

Remark 1.3.17. If we didn’t yet know that projectives were flat, but we had
enough projectives, then we note that projectives are automatically an adapted
class for A ® (—) for all A in A, so we could still define the derived functors
Tor*(A, —) and say Tor*(—, A)’. But, it’s not true that projectives would have to
be flat, and thus it’s not true that these two functors would coincide.
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Example 1.3.18. Let’s compute Z/m ®% Z/n in the derived category D~ (Z).
We can pick one of them to resolve, but for fun let’s resolve both simultaneously
and take the tensor product complex:

Z/m@  Zin=0—-2"72—-0)®(0—7Z27Z—0)

(m —n)T (n_m)

=(0—12 z? Z —0),

where the rightmost Z has degree 0. If m,n # 0 and d = ged(m,n), then the
cohomology of this complex is

Tor’(Z/m,Z/n) = Tor Y (Z/m,Z/n) = Z/d Tor Y(Z/m,Z/n) = 0,i > 2.

Example 1.3.19. Let k be a field, consider the ring A = k[e]/(¢?), and view
k = A/(e) as an A-module. Consider the sequence

= ASAS A A=k —0.

The kernel of the last map is (€), which is the image of the previous map. But
e: A — A has a kernel: ¢(a + be) = ae, so its kernel is (¢). Thus this repeats and
we get an infinite free resolution as above. Therefore,

kY k=ko[ - —-ASAS A0
[ =k2ES k-0,

because € acts by zero on k. Thus k @Y k = @, k[i] has cohomology in every
degree < 0. As we will discuss, we have just computed the derived self-intersection
of a point inside a double point. This also gives an example of a module with
infinite Tor-dimension, and hence infinite projective dimension.

Now let us study what we can say given two adjoint functors F': A — B : G
with F' 4 G. Given complexes A® and B®, we have a natural isomorphism
Homg (F(AY), B"™) =% Homy (A", G(B™ 1)),
and naturality in both components means that this commutes with the differential.
It follows that we get a (natural) isomorphism
Hom§ (F'(A), B) -~ Hom$ (A, G(B))
of Hom complexes. If we take zero-cycles or HY, we obtain
Homgy,(z)(F(A), B) = Homcp 4(4, G(B))
and
Homy (3)(F'(A), B) = Homg4)(4, G(B))
respectively, so we expect these adjunctions to pass to the derived category. If we
had been working with unbounded derived functors, this would be a lot easier. In
our setting, we will not be able to get this in full generality, because our derived

functors aren’t even defined on the same categories. However, if we assume e.g.
that B has enough injectives, then we can say something substantive.
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THEOREM 1.3.20. Let F': A = B: G be an adjunction between abelian categories
A and B. Assume F has a (left) adapted class Ry and B has enough injectives,
so that the derived functors

LF: D (A)— D (B) RG:D"(B)— DT(A)
both exist. Then for A € D™ (A) and B € DY (B) there is a natural isomorphism
HomD(B) (LF(A), B) = HOHID(A) (A, RG(B))
If A has either enough injectives or enough projectives, then there is a natural
isomorphism
RHomg(LF(A), B) = RHomy4 (A, RG(B))
in D(Z) for A€ D~ (A) and B € D" (B) as well.

PROOF. Let X — A be a qis with X € K7 (Rp) and B — I a qis with [ a
bounded below complex of injectives. Then

Hom pz)(LF'(A), B) = Homp g (F(X), I)
= HomK(B)(F(X), I)
= Homg 4) (X, G(1)).
Note that if C' is an acyclic complex in K™ (R ), then
Homg 4)(C, G(I)) = Homg ) (F(C),I) =0
because F'(C) is acyclic and I is K-injective. Hence by Lemma 1.2.16, we have
Homg 4y (X, G(I)) = Homp(g) (X, G(I)) = Homp4) (4, RG(B)),

so this proves the first statement. For the second one, note that we need enough
injectives or projectives in A simply to define RHom. Since LF' preserves bounded
above-ness and RG preserves bounded below-ness, the two sides of the desired
isomorphism are defined.

Almost all of the steps we did before still work:

RHomg (LF(A), B) = RHomgp (F(X)
= Homgy (FI(X

~
SN—

and we have the canonical map
Hom 4 (X, G(I)) — RHomy (X, G(I)) = RHomy (A, RG(B)).
Combining these gives a natural map
RHomg(LF(A),B) — RHomy (A, RG(B))
which we claim is an isomorphism. We can check this after applying H* for all
1 € Z, which gives the map
Hompg)(LF(A), Bli]) — Hompa) (A4, RG(B)[i]).
Since RG(B)[i] = RG(DBJi]), it is easy to see that this recovers the isomorphism
proved in the first part. O
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Remark 1.3.21. Here is an even easier case than the above where we can say
something much stronger. Suppose we have an adjunction F': A &= B: G as
before but F' is an exact functor and B has enough injectives. Then F' descends
to D*(A) — D*(B), and in particular D" (A) — D*(B). Moreover, G preserves
injective objects because
Homy(—,G(I)) = Homy (F(—), 1)

is a composition of exact functors if I is injective in B. Moreover, if I* € KT (Zg),
we have F(RG(I®)) <« FG(I*) — I* on the homotopy category with the left map

an isomorphism, and thus we obtain a natural map F(RG(B)) — B natural in
B € D*(B). Therefore this induces a natural map

HOHID+(A) (A, RG(B)) — HOIDD+(A) (FA, F(RG(B))) — HOHIDJr(B) (FA, B)
on Homs in the derived category, which we claim is an isomorphism. Indeed to

check this we may assume B = I* € K" (Z3), and A = A®, and then it follows
from

Horm () (A%, G(I*)) = Homyer () (4, G(I*))
= Homy g (F(4°), I°)
= Homp+ () (F(A®), I*),

since G(I®) is also a bounded below complex of injectives. Therefore in this
situation we get an actual adjunction F' <4 RG on the bounded below categories
induced by units and counits. Moreover, the units/counits also induce maps
between RHom, so it is clear by the same proof as above that we will have a
natural isomorphism

RHomy (A, RG(B)) = RHomg(F(A), B)
between RHom'’s.

To conclude this section, we are going to state an important result which
holds in the case of enough injectives, which is the existence of a Cartan-FEilenberg
resolution. From this we will deduce a very important spectral sequence which
relates the classical higher derived functors to the cohomology of the derived
functor applied to a complex. A special case of this will be the Grothendieck
spectral sequence. The existence theorem, whose proof is purely classical, will be
discussed in the next section.

Definition 1.3.22. Let A be an abelian category and C*® a bounded below
complex. A Cartan-Filenberg resolution of C is a bicomplex I*® equipped with a
morphism e: C* — I*? of complexes satisfying the following properties:

(a) 71 =0 for ¢ < 0, and there is k such that I”?7 =0 for p < k and all q.
(b) The natural maps CP[0] — IP-* are injective resolutions for all p € Z.
(¢) The natural maps

ker d7,[0] — ker df*® im d’é_l [0] — im de_l"

are injective resolutions for all p € Z.
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(d) The maps HP(C) — H}(I**) are injective resolutions for all p € Z.
A dual definition is made in the projective/bounded above case.

The point is to have an object-wise injective resolution which remains an
injective resolution after taking cohomology. The picture is as follows:

T T T

N I N (e R
T T T

N | (AN [

A A A

ol o — ot —

So, each vertical sequence provides an injective resolution of CP. Once we take
horizontal cohomology everywhere, so that there are only vertical differentials
remaining, we will obtain an injective resolution of H(C?). Note also that (a) in
the definition implies that the bicomplex is a shifted first-quadrant complex.

THEOREM 1.3.23. Let A be an abelian category with enough injectives. Then
every bounded below complexr admits a Cartan-FEilenberg resolution. Likewise,
if A has enough projectives, then the same holds for bounded above complexes.
Moreover, it can be chosen functorially.

The idea of the proof is simple, namely split up the complex into pairs of short
exact sequences, choose compatible injective resolutions of each term, and then
glue this data together. Since we will need some standard lemmas, we push this
to the next section.

If we're given a Cartan-Eilenberg resolution C' — I*?, the totalization behaves
nicely as well. First, since it’s a shifted first-quadrant complex, the totalization
Tot I involves only finite direct sums and therefore always exists. Moreover, we
have a canonical map

cn N In,O s @ P
ptg=n

which commutes with the differentials, hence a chain map ¢: C' — Tot I. Note
that each term in Tot I is an injective object. Now take vertical cohomology, so
we can apply the first spectral sequence associated to a bicomplex. Since the
resolutions are exact at degrees 1 and beyond, only the first row remains, and the
canonical maps C? — EY 0 are isomorphisms. Thus C*® = E ’0, and the sequence
degenerates at Fs:

EPY = HP(C)  ER'=0 ¢>0.

The edge maps induce €: HP(C') =~ HP(Tot I) an isomorphism, hence the natural
map € is an injective resolution of C.
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THEOREM 1.3.24. Let F': A — B be a left exact functor of abelian categories
with an adapted class R, so that RF exists. Suppose e€: C* — I*? is a Cartan-
Eilenberg resolution of a bounded below complex C. The two spectral sequences
associated to the bicomplex F(I**) are bounded, and satisfy

Ep{ = RF(C?) = HPM(RF(C))
Ef:g = RPF(HY(C)) = HPYY(RF(C))
each converging to degree-wise finite filtrations.

PROOF. It is clear from the definition that F(Tot I) = Tot(F'(I)) since F is
additive. We have just shown that C' — Tot I is an injective resolution, and both
sequences converge to the cohomology of Tot F'(I) = F(TotI) = RF(C'), so both
RHS’s above are correct. For the first sequence, if we apply F' and simply take
vertical cohomology, this is just taking the cohomology of F' applied to an injective
resolution of CP, which is exactly R1F(CP).

Now let’s take horizontal cohomology first. Our FEy page has the portion
F(IP~149) — F(IP9) — F(IPT19), and the underlying I differentials come with an
exact sequence

0 —im dszl’q — kerdi? — HY(I%9) — 0,
where our assumption is that all three of these terms are injective. In particular
the sequence splits, so applying F' keeps it exact. Therefore, the E; page looks
like:

: : :

- — F(Jphath F(Jrath) F(Jrtbatly 5 ...
T T T
RN F(prl,q) F(JPa) F(Jp+1,q> .

Here, JP? = Hﬁ(["q), so as q varies these are the terms in a vertical injective
resolution for HP(C'). Hence, when we take vertical cohomology to get to Es,
the (p, q)th spot will become RIF(HP(C)). The indices of this second spectral
sequence get flipped, so this gives the statement in the theorem. O

We will often directly use the first spectral sequence in the theorem, even when
we are interested in eventually computing classical derived functors themselves.
The reason is that we can try to find a resolution P* — A of an object A, and
then the theorem gives us a spectral sequence

EP = RIF(PP) = HPYY(RF(P)) = RPTIF(A).
This is especially nice because we even know the (horizontal) differentials on the
first page, namely they are RIF applied to the differentials in P. This technique

is useful because we usually can’t write down injective resolutions, but we can
write down e.g. locally free resolutions.
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We can also use the first sequence when we want hypercohomology, which
we’ll do when discussing Hodge-to-de-Rham. The second sequence gives us the
Grothendieck spectral sequence.

Corollary 1.3.25. Let F: A — B and G: B — C be left exact functors of abelian
categories such that R is an adapted class for F, and B has enough injectives.
Assume that for each X € Rp, F(X) is G-acyclic. Then there is a bounded
spectral sequence

EP = RPG(HY(RF(A))) — HP(R(G o F)(A))

for every A in Ch™(A) (converging to a finite filtration). In particular, if A is an
object of A, then

EY?= RPG(RIF(A)) = RPYI(GF)(A)
as a special case.

PRrROOF. Since B has enough injectives, RG exists and we may define it with
the maximal adapted class R¢ of all G-acyclic objects in B. Then F(Rr) C Rg,
so by Thm. 1.2.22 we can identify RG o RF = R(G o F'). Let A € Ch"(A). Then
RF(A) in D*(B) has a Cartan-Eilenberg resolution by Thm. 1.3.23 since B has
enough injectives, so applying the second sequence of Thm. 1.3.24 to C' = RF(A),
we are done. O

Example 1.3.26. Let us demonstrate an example showing that, in spite of the
Grothendieck spectral sequence, knowing R1F(A) does not determine R"(GF)(A).
We will instead do it using left derived functors. First some elementary observations:
if R — S is a ring map, then the functor

F=(-)®rS: Mod(R) — Mod(S)
preserves free modules, which are an adapted class for tensor products on both
sides. Using this and the fact that restriction of scalars is exact, it follows that
LF(A)|r = A®%S for any A € D™(R).
Now let S = k[e]/(¢?) which is a quotient of R = S[t] by t. Moreover, k is a
quotient of S by (e). Consider the functors
F=(-)®grS: Mod(R) — Mod(S) G = (—) ®g k: Mod(S) — Mod(k).

Lastly, consider the R-modules M = R/(e —t) and N = R/(t,e) = k. The
consideration about free modules above shows that the composition satisfies
the hypotheses for composing derived functors, and the Grothendieck spectral
sequence.

Now let’s compute: ¢ is a nonzerodivisor on R, so S = [R 5 R] in D™ (R).
Thus the underlying R-modules of LF(M) and LF(N) are

Mehs=[M5L M =[5SS]
because kle,t]/(€2,t — €) = k[e]/(e?) as S-modules. On the other hand,
Neks=[k%E =kokl
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So, LYF(M) = L~'F(M) = k and lower degrees are zero, and the same is true for
N. However, we showed previously that LG(k) has cohomology in every degree, so
the same holds for LG(LF(N)). On the other hand, our presentation for M ®% S

is already a free resolution, so applying LG gives k 9, k, which has cohomology in
only two degrees.
Let us see what is happening in the Grothendieck spectral sequence, which by
construction has the same Es-page in both cases:
-3 -2 -1 0]
k k kE k| O
kE k k k|-1

The differentials go 2 spaces to the right and 1 down, and since this is a spectral
sequence of k-vector spaces the differentials between nonzero terms are each either
0 or isomorphisms. In either case the sequence will degenerate on F3. Now we can
see that in the case of M, all of the nonzero differentials have to be isomorphisms
so that we end up with only & at (—1,0) and (0,0). For N, all of the differentials
are 0, so this is already F., and we get the expected two-dimensional cohomology
in all strictly negative degrees.
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1.4. Appendix: Classical homological algebra

This appendix will have a few short sections discussing some basic results from
the classical theory (in contrast to the previous section, which recast the classical
theory in our new language). In the last section, we will discuss any results from
commutative algebra which are helpful in establishing the cohomology theory
which we would like to set up in the next chapter.

1.4.1. More on resolutions. In the previous section we stated Thm. 1.3.23
on the existence of Cartan-Eilenberg resolutions. In this section, we will complete
the proof of this and introduce some useful homological techniques along the way.

A short exact sequence 0 — A 5 B 2 €' — 0 of complexes is termuwise split if
0 — A* - B* — (" — 0 is a split exact sequence for each i € Z. These behave
especially nicely because the connecting map in the long exact sequence already
exists in the chain complex category.

To see this, choose a splitting B* = A’®C* and let s*: C* — B’ and 7*: B! — A’
be the splitting maps. Then we claim that the family of maps

=g odhos": C — AT
defines a morphism ¢§: C' — A[1] of complexes. To see this, first compute the
matrix of the differential A’ & C* — A" & C*+1 of B: on the A* component, we
have dpi = idy i.e. the canonical injection. On the C* component the map is dps,
which has components

p(dps) = deps = deo wdps = 0.

=5 ,):
Doing matrix multiplication, d?> = 0 implies that
0=ds0+ddc = —dA[1]5 + ddc,
so indeed §: C' — A[l] is a chain map. From the explicit differential, we immedi-

ately conclude that B = Cone(—d)[—1] compatible with A, so there is an exact
triangle

This shows that

C =% A[1] — Cone(—6) = B[1] — C[1]

in K(A). Shifting and rotating this we obtain A - B — C LN A[1], thus a termwise
split sequence gives an exact triangle in K(A). Conversely, we know that all
triangles are of this form up to isomorphism, because 0 — B — Cone f — A[l] — 0
is a termwise split exact sequence.

In particular, if we pass to the derived category our triangle has the same form,
so applying the cohomological functor HY gives the usual long exact sequence
with the connecting map being induced by 4. Of course, this is non-unique and
depends exactly on the choice of splitting.

Lemma 1.4.1. Let A be an abelian category.
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(a) If ¢: B — C' is a quasi-isomorphism which is a termwise epimorphism,
then ker diB — ker dic s an epimorphism for all i.

(b) If i: A — B is a quasi-isomorphism which is a termwise monomorphism,
and I € Ch™(Zy), then every map A — I extends to B.

PRrROOF. (a) Consider the commutative diagrams with exact rows:

B! — imdl; — 0 imdi ! — kerdly — HY(B) — 0
LA | ! =
Ct — imds, — 0 imds! — kerd, — H'(C) — 0

The left-hand diagram shows that the map on coboundaries is an epi for all i, and
then the diagram on the right proves the claim by the epimorphism 4-lemma.

(b) Then Hom,(B,I) — Homy,(A,I) is a quasi-isomorphism, and it is a
termwise epi because Hom(C?, I**%) — Hom(B?, I**?) is surjective. Thus this
induces a surjection on 0-cocycles by (a), i.e.

Homcy,4) (B, 1) — Homey(a)(4, 1)
is surjective, so every map lifts as desired. U

We are going to apply this to the following powerful resolution extension lemma,
which is the key step in finding Cartan-Eilenberg resolutions.

Lemma 1.4.2. Let A be an abelian category, with0 — A — B — C — 0 a short
ezact sequence in Ch™(A). Let

Aﬂfl C‘—>Ig

be injective resolutions with Iy, I3 € Ch™(Z4), and assume the latter is a monomor-
phism. Then there exists Iy € Ch'(Z4) and a commutative diagram

0 A B c 0
b
00— 1) -1y - I3 — 0

of complexes in Ch™ (A) with exact rows, such that B — I is an injective resolution.
If I, I3 are concentrated in [a,b], then we may assume I3 is as well.

If the given sequence was split, then we could just take the direct sum of the
injective resolutions. We can’t reduce to this case, but we can reduce to the case
that it is termwise split, where we can take the direct sum termwise, and then
modify the differential.

PROOF (OF LEMMA 1.4.2). First take the pushout in the category of com-
plexes (which is done termwise), so that we get a commutative diagram of exact
sequences of complexes:

0 A B C 0

Lood

00— I -—->P—C—70
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By triangulated 2-out-of-3 in DT (A), the map B — P is a quasi-isomorphism.
Since I; is termwise injective, the bottom row is termwise split, so by choosing a
splitting P* = I ® C?, we can take the map §: C' — I[1] as above. This identifies
P = Cone(—4d)[—1]. We construct a resolution for the bottom row termwise as
follows:

0 —IlI —HoC* — C'— 0

H l [

0 — I —ILHaeli — I, — 0

All we have to do is equip I§ := I{ @ I} with a differential so that P — I is a
chain map: Once this is done, triangulated 2/3 will say that this is a diagram of
quasi-isomorphisms, and then by composing it with the initial diagram we are
done.

By the lemma we just proved, the map ¢: C' — I;[1] extends along the
quasi-isomorphic inclusion ¢: C' — I3 to a map dy: Is — I1[1]. In other words,
(17,17, ¢) is @ morphism of arrows J — da, so this induces a map Cone(—d)[—1] —
Cone(—0d2)[—1] which componentwise is exactly the middle map of the diagram
above. O

At last, we finish the proof that Cartan-Eilenberg resolutions exist in an abelian
category A with enough injectives.

PRrROOF (OF THM. 1.3.23). We use B and Z notation for coboundaries and
cocycles. Assume for simplicity that our complex C' has C* = 0 for i < 0, and we
inductively construct compatible resolutions for ¢ > 0. For simplicity, in this proof
we use the word ‘resolution’ to mean injective resolution of an object of A which
extends only to the right (so is termwise injective).

For the ith step, we’ll use the exact sequences

0—-2"'!'-0c"1' =B -0 0B —2Z — H(C)—D0,

and assume that we are given a resolution Z'~1[0] — Jé_l" from the previous step.
Choose a resolution B*[0] — J5;°, and using our lemma extend this to a diagram
of extensions like so:

0— Jy b s I s J® 0

~
T | T
0 — 241 — (1 — B —0
Of course, if 7+ = 0 then we take the left two vertical maps and the resolution to

be zero. To construct the next Jz resolution, choose a resolution H*(C)[0] — J5
and extend over the second sequence:
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Now we are done: pasting the successive diagrams of exact sequences of the first
kind together gives a commutative diagram with vertical maps e: C*[0] — I**
injective resolutions, so that when we take coboundaries, cocycles, and then
cohomology, we get the injective resolutions J}é, J%, J}I. This gives us a bicomplex
up to our sign convention, so we should flip the sign of the vertical differential in
the odd columns. (]

1.4.2. Cohomological §-functors. Here we quickly discuss the classical
topic of d-functors, and then relate it to what we defined as a d-functor from an
abelian category to a triangulated category.

Definition 1.4.3. A (cohomological) 6-functor T: A — B between abelian cat-
egories is a sequence (T%);>0 of additive functors T%: A — B equipped with
maps
§=04poc: THC) - TH(A)  i>0
for every short exact sequence 0 - A — B — C' — 0 in A, such that:
(a) For every short exact sequence 0 — A — B — C' — 0 in A, the sequence

0— TA) — T°B) — T°(C) & THA) — - -
is exact in B.

(b) Given a morphism

0—A—B—C—0

1 1 1
0—>A —>B —C —0
of short exact sequences in A, the corresponding diagram
TH(C) —2= THL(A)
Ti(lc') - Ti+1l(A')
in B commutes for all 7 > 0.

Note that in particular if 7" is a d-functor, then T° has to be left exact. The
primary examples of d-functors come from the triangulated J-functors in the sense
of Def. 1.2.7. Namely, if A — € is a §-functor from an abelian category to a
triangulated category €, and H: € — B is a cohomological functor, then

Ti=A e Xl g
is a cohomological J-functor, essentially by definition. So, for example:

(a) Since Ch*(A) — D*(A) are o-functors, whenever we have a cohomological
functor D*(A) — B we get a d-functor Ch*(A) — B.

(b) Since the inclusion A — D*(A) is a d-functor, any cohomological functor
on the derived category gives a d-functor A — B. For example, using the
functor Hom p(4)(A[0], —) produces {Ext% (A, —)} from A to Ab.
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(c¢) In particular, if F': A — B is a left exact functor of abelian categories
admitting an adapted class, so that RF: Dt (A) — DT (B) exists, then
the classical derived functors

(R'F)i>o RF:A—B

form a é-functor, because they are the following composite

06(4
A — DH(A) BE prmy Lo, g

where the composition of the first two functors is a triangulated é-functor
since the first one is, and RF is triangulated.

Definition 1.4.4. Let T and S be cohomological §-functors from A to B.

(a) A morphism f: T — S is a sequence of natural transformations fi Tt —
S* such that the diagram

Ti(C) 21 Ti+L(A)

il Lr

Si(C) 255 §i1(A)

commutes for every exact sequence 0 - A — B — C' — 0 in A.
(b) The o-functor T is called universal if for every d-functor S and morphism
fO: 7% — S9 there is a unique morphism f: T — S extending f°.

Clearly, a universal d-functor is uniquely determined by its first component,
meaning that if 7', S are universal, and 7° = SO, then there’s a unique isomorphism
T = § of é-functors extending the given one. In the special case of the d-functor
associated to classical derived functors, we have some kind of universal property
but it is a universality among exact functors of triangulated categories.

Sometimes, it is enough to check things on the level of classical derived functors
to get information about the derived category, and to construct maps between such
functors we don’t want to have to start out with the full data of a triangulated
functor. For example, if A, B are objects of A and there is a map A — B
such that R'F(A) — R'F(B) is an isomorphism, then we already know that
RF(A[0]) — RF(B]0]) is an isomorphism (because it is one on cohomology). We
need one final definition before proving the main result.

Definition 1.4.5. An additive functor F': A — B of abelian categories is effaceable
if for each A in A there exists a monomorphism i: A — X for some X in A such
that F'(i) = 0.

The following is the main theorem on §-functors.

THEOREM 1.4.6. Let T be a §-functor from A to B, and suppose that T* is
effaceable fori > 0. Then T is a universal §-functor.

PROOF. Let S be another §-functor and assume we have a natural transforma-
tion fV: 70 — 89, Suppose inductively that we have constructed a natural map
fr: T — S™. To define f**! on an object A, let A — X be an effacement (of
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degree n + 1), i.e. a mono as in the definition of effaceable. We have a diagram of
exact sequences

™X — T"C — TnHlA 9y prtly

| | .

S"X — S"C —— Sl gntly

(without the dotted line). The 0 means that T"*!' A is the cokernel of the map

T"X — T"C, and any dotted map filling in the square would have to factor

through the cokernel of S”X — S™C| so it is uniquely determined. We are going

to define this as f"*! and demonstrate the required properties, but note that this

morphism is already unique for any extension of f™ to a morphism of d-functors.

1. f*+ is independent of the chosen effacement. Suppose we are given two

(degree n + 1) effacements A — X and A — X’. Form the pushout P,

then we still have a mono A — P, and let D = P/A so that we have a
morphism

0 —A—-X—>C—0

| i 1

0 — A — P —D—0

of exact sequences. If we consider the associated long exact sequences,
we get a commutative diagram:

X — T"C — T"HA —— 0

v N N N
? ? ? ?
¢ + N N

S"pP —— S"D —— §ntlg — gntlp

There are two natural choices for the middle row: either we apply T to
the bottom row, or we apply S to the top row. The first choice, since
T is a 0-functor, shows that A — P is also an effacement. That ™ is a
natural transformation is exactly the statement that the first two vertical
composites T"X — S™P and T"C — S™D are the same no matter which
middle row we take. It follows from the same argument above that any
two maps 7"t A — S"+1 A filling in the diagram are equal.
For the two choices of middle rows, the possible composites are

Tn+1A i} Tn+1A _ Sn-i—lA Tn+1A N Sn+1A i} Sn+1A

where in the first case the second map is induced by the effacement
A — P, and in the second the first map is induced by the effacement
A — X. Therefore these two effacements induce the same morphism
7+ Since the same argument applies to 0 — 4 — X' — X'/A — 0
instead of the current top row, this shows that A — X and A — X’
induce the same map "1

2. f"*1 commutes with §. Start with a sequence 0 — A — B — C — 0,
and choose an effacement B — X. The composite A — X is again
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a monomorphism, so writing D = X/A we have a morphism of exact
sequences:

00— A —B—C—0

| 3 I

0—A—X—>D—0
One portion of the long exact sequence is the diagram

Tn—l—lA SN Tn+lB

| o

Tn+1A SN Tn+lX

which shows that A — X is also an effacement for X. We have another
commutative diagram as follows:

™C — T"D — T"t1A

| | !

SnC — S"D —— §ntlg

The right-hand square is the definition of f"*! using A — X, and the
left-hand square is naturality of f™. However, since we have a morphism
of exact sequences, the composites of both rows are exactly the § maps
for T" and S, which is what we wanted.

3. f*! 4s natural. This is similar to Step 1: Given an effacement A — X
and any map A — B, push out along the map to obtain a morphism of
exact sequences:

0—A—X —C—0
L 1 l

0—B—P—C—0

The long exact sequence gives us:

™X — T"C — T"HA — 0

v v v
? ? ?
4 4 v

s"p — S"C — S"HB

As before, we have two ways to fill this in, either applying T to the
bottom row or S to the top row. In either case, naturality of f™ shows
that the two maps T"X — S”P and T"C — S™C have to coincide, so
any two extensions filling in 7"*! A — S"T!B are the same. But these
two possibilities are exactly:
gl g, prtig I gntlp gl g I gntlp _, gntlp

Filling in the diagram in the second case is by definition of f**!, but in
the first case we are applying part (2) to deduce that the bottom right
square commutes. It follows that the above maps are equal, which is
what we wanted.
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We have constructed f"*! given f™, which completes the induction step, and we
have already explained why it is uniquely determined by f™. In particular, all the
f* are uniquely determined by fO, so this shows T is universal. O

Corollary 1.4.7. Let A,B be abelian categories, F: A — B a left exact
functor which admits an adapted class. The classical higher derived functors
(R'F)i>0: A — B form a universal §-functor.

In particular, if T = (T%);>o is a universal d-functor from A to B, and the
functor T® admits an adapted class (e.g. A has enough injectives), then the
canonical map T — (R'T°);>q is an isomorphism.

PRrROOF. The second statement is simply uniqueness of universal §-functors. To
check universality, we need to show that the higher derived functors are effaceable,
which is clear because members of an adapted class are F-acyclic. O

Remark 1.4.8. Note from the proof here that derived functors with an adapted
class satisfy a much stronger condition than effaceability: we found a mono to a
single object which made all higher functors vanish, whereas we only needed it to
send the map to zero, and the effacement was allowed to depend on the degree.
Thus, this gives a general criterion to check whether a §-functor is given by a
derived functor.

Remark 1.4.9. We note in passing that, as is immediate from the definition, we
can always precompose or postcompose a §-functor with an exact functor and get
a d-functor.
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1.4.3. Modules over a ring. Let R be a ring. Recall that we have made

the following definitions so far:

(a) I is injective if Homp(—, I) is exact.

(b) P is projective if Hompg(P, —) is exact.

(c) Fisflat if FF ®p (—) is exact.
Mod(R) denotes the abelian category of R-modules. We have shown that I is
injective iff Ext%(—,I) = 0 for i > 0, and P is projective iff Extly(P, —) = 0 for
i > 0. Observe that if P is a free module, i.e. P = R®! for some index set I, then
P is projective because

Homp(P, M) = [[ Homp(R, M) = [[ M,
Jj T

and it is clear that this functor is exact: if M — N — 0 is a surjection, then we

can lift a sequence (y;);cs termwise to a sequence in M. Moreover, every module

M admits a surjection from a free module, namely R™M) — M — 0, so Mod(R)

has enough projectives.

Note that R®! @ M = (R® M)®' = M®! and this functor is clearly exact,
because if M C N and a sequence (z;);es is zero in M, then it is zero in N
too. Thus Mod(R) has enough flats by virtue of having enough frees, so Tor is
well-defined and satisfies the standard properties. In particular, projective modules
are flat. In this section we will use the notation Tor(M, N) := Tory," (M,N).

Mod(R)
We have also shown that F is flat iff Tor®(F, ) = 0 for i > 0.

In such a setting we have also demonstrated the following equivalent conditions
for injectivity, projectivity, and flatness; I is injective iff every short exact sequence
of the form 0 — I — M — M" — 0 splits, P is projective iff every short exact
sequence of the form 0 — M’ — M — P — 0 splits, and F is flat iff for every
short exact sequence 0 — M’ — M — F — 0, the sequence

0 MeN->MN->FN -0

is exact. From this we deduce that a module P is projective iff it is a direct
summand of a free module, where the second direction follows from Ext!(P @
P, M) = Ext}(P, M) @ Ext!(P’, M) and the fact that free modules are projective.
The first goal of this section is the following theorem:

THEOREM 1.4.10. Let R be a ring. Then Mod(R) has enough injectives.
Moreover, injective embeddings can be chosen functorially.

We will deduce this by first studying abelian groups. To do this, we will use a
few times the right adjoint to restriction of scalars: recall that if R — S is a ring
map, then we have a canonical functor

Hompg(S,—): Mod(R) — Mod(S),
where for an R-module M we view Hompg(S, M) as an S-module by pre-
multiplication in the first factor. The adjunction gives isomorphisms

Homg(N,Homp(S, M)) = Hompg(N, M)
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of restricted R-modules, or of S-modules by doing the same thing as above on the
RHS. Here are some basic properties:

Lemma 1.4.11. Let R be a ring.

(a) A product of injective modules is injective.

(b) If R — S is a flat map, and E is injective over S, then E|g is injective
over R.

(¢) Let R — S be an epimorphism of rings and E an S-module. If E|g is
injective, then FE is injective.

(d) If R — S is a ring map and E is injective over R, then Hompg(S, E) is
injective over S.

PRrROOF. (a) Note that Hom(—,[[; E;) = [[; Hom(—, E;), and we already ex-
plained why taking products was exact.

(b) We have Hompg (M, E|r) = Homg(M ®g S, E), and both M — M ®pr S
and Homg(—, E) are exact.

(c) The forgetful map Homg(M, F) — Homp(M, E|R) is of course injective,
but it is surjective as well by assumption.

(d) Note that Homg(—, Homp(S, M)) = Homp(—, M) as functors of S-modules,
and restriction of scalars on the right is just Hompg((—)|r, M). O

A less trivial characterization is the ideal-wise criterion for injectivity:

Lemma 1.4.12. Let F be an R-module. The following are equivalent:
(a) E is injective.
(b) For any ideal I C R, every map I — E extends to R.
(c) Exth(R/I,E) =0 for every ideal I C R.

PROOF. (a) = (b) Hom(—, E) is supposed to preserve 0 — [ — R.
(b) & (¢) We have an exact sequence

Hom(R, E) — Hom(I, E) — Ext,(R/I, E),

so surjectivity of the first map is controlled by Ext! = 0.

Let us add our own extra statement:

(t') For a strict inclusion M C N and map ¢: M — E, there exists M' C N
with M C M’ and ¢': M' — E extending ¢.

(0') = (a) Let M C N and ¢: M — E. Consider the set of pairs {(M’', ¢')}
with M C M’ C N and ¢'|y;r = ¢, which is nonempty. Order this by inclusion on
the first factor and agreement of restriction on the second. Clearly if we have an
ascending chain of submodules then we can extend our map to the union. We are
done by Zorn’s lemma, because the hypothesis guarantees that a maximal element
must be N itself.

(b) = (V') Take x € N\ M and consider the ideal I = {r € R:rz € M}. The
map I — E given by r +— ¢(rz) can be extended to ¢: R — FE, and it is easy to
check that the extension M + (z) — FE sending a + rz +— ¢(a) + ¢(r) works, so
we are done. (]
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Recall that if R is a domain, then an R-module M is divisible if for each
nonzero r € R and x € M there exists y € M such that ry = «.

Corollary 1.4.13. Let R be a domain. Then an injective R-module is divisible.
If R is a PID, then any divisible R-module is injective.

PrOOF. For nonzero r € R, we have an exact sequence 0 — R - R —
R/(r) — 0, and thus an exact sequence:

Hom(R, E) — Hom(R, E) — Ext!(R/(r), E) — Ext(R, E)

E L E 0
The 0 on the right is because R is projective. Divisibility is the statement that
for all 7, the left-hand map is surjective, i.e. Ext'(R/(r), E) = 0. If E is injective
then this holds; conversely if R is a PID, then all ideals are either zero or of
this form. But for the zero ideal, Extl(R, E) is already 0, so we conclude by

Lemma 1.4.12. O

Example 1.4.14. It is clear from the definition that a quotient of a divisible
module is divisible. If R is a PID, then Frac(R) is injective, because it is clearly
divisible; thus the same is true of any R-quotient of it. In the case R = Z, this
provides the two most important injective abelian groups, Q and Q/Z. This also
gives us an example of an injective resolution 0 — Z — Q — Q/Z — 0. Note that
this is also a flat resolution of Q/Z.

Example 1.4.15. Here are some weird properties of the groups mentioned above.
Consider the sequence 0 — Z — Q — Q/Z — 0. It is a trivial exercise that
Hom(Q,Z) = 0 and Hom(Q, Q) — Hom(Z, Q) is an isomorphism, so we deduce
Hom(Q/Z,Q) = 0. More difficult is the group G = Hom(Q, Q/Z): One description
is via the sequence
0 —Q— G — Ext}(Q,Z) — 0,

which splits because Q is injective. It is a theorem that Extl(Q,Z) = R, then
G = Q@R = R. Alternatively, one can use the simple fact that Q/Z = lim | Z/nZ
as the colimit of its n-torsion parts, and then

Hom(Q/Z,Q/Z) = lim Hom(Z/nZ,Q/Z) = lim Z/nZ = Z.

We can combine this with the exact sequence
0 — Hom(Q/Z,Q/Z) = Z — Hom(Q, Q/Z) — Q/Z — 0,
which exhibits R as an extension of Q/Z by Z.

Let R be a ring, and M be an R-module. Via the unique map Z — R,
we define the R-module MV = Homgz(M,Q/Z), which is naturally a functor
Mod(R)°P — Mod(R). This is exact because Q/Z is injective over Z. Note that
RY is injective over R by a previous lemma.
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The double dual (M")Y = Homgz(M",Q/Z) has for each x € M a distinguished
element ev(z): MY — Q/Z given by ¢ — ¢(z). This defines a homomorphism
ev: M — (MY)V, which is in fact a monomorphism.

Claim: ev: M — (M")Y is monic.

Indeed, if = # 0, then let G C M be the abelian subgroup generated by x. Then
either G = Z/nZ or G = Z. In the former case, a nonzero map G — Q/Z is given
by choosing an n-torsion element, such as 1/n. In the latter case, any nonzero
element gives such a nonzero map. By injectivity, this extends to a nonzero Z-map
M — Q/Z, and therefore ev(x) is nonzero.

Using this, we can immediately deduce the existence of enough injectives in
Mod(R). If we cared, we could note easily that the construction is functorial.

PROOF (OF THM. 1.4.10). Take a surjection @; R - MV — 0, and apply
the exact functor (=) to obtain an injection

(MY)Y — Homz (D R.Q/Z) = [ [Homz(R,Q/Z) = [[ R".
1 1 I

We just proved that M injects into the LHS, and on the other hand the RHS is
a product of injective modules RY, hence injective. Lastly, it is clear from the
constructions that this is functorial. (]

Now all of our derived functor theory from the previous section applies. One
difference is that we now view RHom as a functor on the derived category of the
ring itself, rather than to abelian groups. (...finish this discussion...).

Some finiteness conditions

Let us briefly define some conditions and prove basic properties that we will
return to later. A module M is pseudo-coherent if it has a resolution by finite
projective modules. It is finitely presented if there is an exact sequence F' — F/ —
M — 0 where F, F' are finite free, i.e. there is a sequence 0 - K — F — M — 0
where F' is finite free and K is finitely generated.

We are going to use frequently and without mention that the forgetful functor
Mod(R) — Set creates filtered colimits. Recall that an object M is compact if
Homp (M, —) preserves filtered colimits as a functor to Set, which by the above
remark is equivalent to Hompg (M, —) preserving filtered colimits. It is clear that
the class of compact objects is closed under finite colimits because filtered colimits
commute with finite limits (in Set or Mod(R)).

Example 1.4.16. All finitely presented R-modules are compact. Indeed, observe
that Hompg(R,—) = Id so R is compact, hence finite free modules are compact,
and a finitely presented module is a cokernel of a map between finite free modules.

Lemma 1.4.17. Every R-module is a filtered colimit of its finitely generated
submodules. Fach R-module is a filtered colimit of finitely presented modules.

PROOF. The first claim is elementary. For the second, let M be an R-module.
Consider the collection of pairs (S, E') where S C M is a finite subset of M, and -
letting Kg := ker(R®S — M) - E is a finite subset of Kg.
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Let (S, E) < (S',E') if S C 5, and the image of E C Kg under the natural
map R®® — R®Y is contained in E'. For each (S,E), let Cg g be the cokernel of
the natural map R®F — R®S so Oy is finitely presented. If (S, E) < (', E'),
then by construction we get a commutative diagram:

R@E R@S CS,E 0
r |

j 1 i
R@E, e REBS/ — CS’,E’ — 0

The maps R®Y — M send the relations Kg to zero, hence factor through maps

Cs g — M. We claim li_H)l(S B) Cs g — M is an isomorphism. Taking the filtered
colimit of the above diagram of exact sequences, we get the exact sequence

ROK _ ROM _, iy Csg—0
H b
(S,E)

where K is the kernel of the map R®M — M, so we’re done. O

Lemma 1.4.18. Let M be a finite R-module. Then there is a finite filtration
M=MyC---CM,=M

such that M;y1/M; = R/I; for some ideals I; C R.

PrOOF. We induct on the number of generators of M, the case of a cyclic
module being clear. If M = (x1,...,x,,), then take a filtration by induction for
M/ (x1), which is of the form

0= No/{(x1) C Ni/{x1) C--- C M/ {(x1)
with cyclic quotients, then we win by taking
0OC(r1)cNiC---CN,CM
with the same quotients. O
We say that M is FP, if there is an exact sequence
P —...P' 5 M —0

with each P! finite projective. For example, if R is Noetherian (or more generally
coherent), then any finitely generated module M is FP,,, because if we have a free
resolution R — ... — R™ — M the left-hand kernel remains finitely generated
so we can extend it.

Proposition 1.4.19. Let R be a ring.

(a) ExtJ: (M, —) preserves arbitrary products for all j.
(b) Ext!(—, N) preserves arbitrary coproducts for all j.
(c) If M is FP,y1, then the functors

ExtY(M, —),Ext! (M, -),..., Ext"(M, -)

preserve filtered colimits.



64 Background

(d) If M is FP,4+1 and Q is flat, then we have
Ext!(M,N ® Q) = Ext'(M,N) ® Q
fori=0,...,n. If Q is finite projective and M is arbitrary, then
Ext'(M ® QY,N) = Ext'(M,N ® Q) = Ext'(M,N) ® Q
for every i > 0, where Q¥ := Hompg(Q, R).
(e) If R — S is a flat map and M is FP, 1, then
EX‘E%(M, N)®rS = ExtiS(M ®rS,N®pr59)
fori1=0,...,n as S-modules.
PRrROOF. (a) and (b): For the former, let P®* — M be a projective resolution,
so that Ext*(M, N) is the cohomology of
0 — Hom(P°, N) — Hom(P™', N) — -

If N =1][, Na, then we can move this out of the Hom and use the fact that
products are exact (so commute with cohomology). Likewise, if N — I°® is an
injective resolution, then Ext*(M, N) is cohomology of

0—>H0m(M,IO) —>Hom(M7[1) —

and taking M = @, M, we conclude in the same way as above.

(c) We may choose a projective resolution P®* — M so that P’ is finite for
—i <n+ 1. Let N, be a filtered diagram of modules, then to compute Ext we
take cohomology of:

0 — Hom(P°, N,) — Hom(P™' N,) — -
Since P_‘i is finite projective for ¢ < n, it is finitely presented hence compact, so
Hom(P~*, —) preserves filtered colimits. Since filtered colimits are exact (hence
commute with cohomology), for the terms 0,...,n we can take cohomology to
obtain the result.

(d) For the first part, just as in (c) (because (—) ® @ is exact) we reduce
immediately to showing that

Hom(M,N ® Q) = Hom(M,N) ® Q
if @ is flat and M is finitely presented. There is an obvious natural map from the
RHS to the LHS, and let RY — R™ — M — 0 be a presentation, and now for any
P we have an exact sequence
0 — Hom(M, P) — P" — P9.

On one hand, we could set P = N and tensor by @, so the right two terms become
(QeN)" — (Q ® N)4. On the other hand, we could set P = N ® @ and the right
two terms become the same thing.

For the second part, again because @ is still flat, we reduce to showing that

Hom(M ® QV,N) = Hom(M, N ® Q) = Hom(M, N) ® Q
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with no hypotheses on M. The point is to reduce to the free case: For the first
equality, note that

Hom(M ® QY, N) = Hom(M, Hom(Q", N)),

and if Q ® Q' = R" is free, then R" = (R")Y = Q" @ (Q')" implies Q" is
still finite projective. Thus by replacing () with its dual we may show that
QY ® N = Hom(Q, N). There’s an evaluation map ag in the forward direction
which is natural in @; choosing Q' such that Q@& Q" is free we see aggg = agdagy
is an isomorphism, so «( is an isomorphism.

For the second equality, there’s a canonical map

Bgo: Hom(M,N) ® Q@ — Hom(M,N ® Q)
which is natural in Q. If @ = R" were finite free, then this map would be the
isomorphism
Hom(M, N) ® R" = Hom(M,N") = Hom(M, N").

So for @ finite projective there exists @’ such that Sg & Q' is an isomorphism,
hence B¢ is an isomorphism.
(e) Observe that if R — S is a map, then we have

Ext% (M, N|g) & Exty(M @g S, N)

by reducing to the case of Homs and applying the extension-restriction adjunction.
Thus we conclude by applying this to (d). O

As an example of how to use this, we’ll prove the basic structure theorem on
finite projective modules.

THEOREM 1.4.20. Let M be an R-module.

(a) If M is (finite) projective, then M[S™!] is (finite) projective over R[S™1]
for any S.

(b) Every finite projective module over a local ring is finite free.

(c) If M is finitely presented, then M is finite projective if and only if M, is
finite free.

(d) M is finite projective if and only if there exist fi,..., fn generating the
unit ideal of R such that My, is finite free.

PrOOF. (a) If M @ P = R®! is (finite) free, then M[S~!] @ P[S™!] =
(R[S~'])*.

(b) Let (R, m) be local, M finite projective, and choose {z1,...,2,} a minimal
generating set, which defines an exact sequence 0 - K — R" — M — 0. Thus
R"=K ® M; if (r1,...,r,) € K, then

rixy+ - +rpx, =0

by definition, so none of the r; are units by minimality. In particular K C m",
which means K C mK @ mM, so K/mK = 0. Since K is finitely generated, it is
zero by Nakayama’s lemma.
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(c) One direction is (a) and (b), and the other is the fact that as functors
Homp(M, =), = Homp, (M, (=)y),

so if M, is finite projective over A, for all p, then the functor above is exact for
all p, hence Homp (M, —) is exact.

(d) In this case Spec A = [J; D(f;), so for all p let My, be free over Ay, for
p € D(f;), then M, = (Mjy,), is free over A,. Conversely, suppose M is finite
projective, so M, is finite free for each p. Consider a basis Ay — M,, which
by clearing denominators we may assume is the localization of a map A" — M.
The cokernel C' is a finite module so its support is closed, and thus there is
some f such that A% — My — 0 is exact. Its kernel is another finite projective
module, and since its support is closed there is some g such that A?g — M4 is an
isomorphism. O
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Basic results on flatness Now we’ll discuss some basic properties of Tor,
which will give some nice flatness criteria. As in the last statement, we really want
to be making many of these statements in the derived category of modules.

Lemma 1.4.21. Let R be a ring. For any M the functors
Torf(M,—)  Torf((—,M) i>0
preserve filtered colimits.

PROOF. Let (N;)icr be a filtered diagram. Let P* — M][0] be a flat resolution,
then

Tor, (M, lim N;) = H™"(P* ®p (lim N;)) = lim H"(P* ®p N;)

K3 7 (2

because cohomology commutes with filtered colimits. O

As an example, we will prove the following result. I like this result because
the statement is simple yet it demonstrates nice properties of classical derived
functors.

Proposition 1.4.22. Let M be an R-module. The following are equivalent:
(a) M is flat.
(b) For all finitely generated ideals I C R, the map I @ g M —= IM is an
isomorphism.
(c) Tor®(R/I, M) =0 for all finitely generated ideals I C R.

PRrROOF. For an ideal I, consider the sequence 0 — I — R — R/I — 0. Tensor

this with M to obtain
0 = Torf(R, M) — Tor®(R/I,M) = T®@ M — M — M/IM — 0.

The image of I ® M — M is IM, so (b) is equivalent to saying I @ M — M is
injective for finitely generated I. Thus (b) is equivalent to (c) by the sequence, and
clearly (a) implies (c). Assuming (c), let I be any ideal, then I = lim , J is a filtered
colimit of its finitely generated submodules, so by exactness R/I = lim J R/J, and
hence Tor'(R/I, M) = 0 for all I by the lemma.

Now, for any finite module N, take a filtration

0=NoC---CN, =N
with cyclic quotients by Lemma 1.4.18. For each ¢ > 0, there is an exact sequence
TOl"l(Ni, M) — TOI‘l(NH_l, M) — TOI“1 (R/I, M)

for some ideal I. The third term is zero, and inductively assuming that
Tori(N;, M) = 0 the middle term is zero. Thus Tor; (N, M) = 0 for every finite
module N. Since any module is the filtered colimit of its finite submodules,
Tori (N, M) =0 for all N, and thus M is flat. O

Corollary 1.4.23. Let R be a Bézout domain (e.g. a PID). An R-module M is
flat iff it is torsion-free.
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PROOF. A module M is torsion free iff the map M — M is injective for all
nonzero r € R, which is (=) ®g M applied to the exact sequence 0 — R - R —
R/(r) — 0. Thus

0 — Tory(R/(r)) — M & M
is exact, and all finitely generated ideals of R are principal, so we’re done by the
ideal-wise criterion for flatness. O

Here’s an easy observation. If F' is flat, then
M@UIN®F)=M@"N@"F=(M®F)@"N=(Ma"N)®F.
Since (—) ® F is exact, it commutes with cohomology, so
Tor'(M ® F,N) = Tor'(M,N ® F) = Tort'(M,N) ® F
foralli > 0. If R — S is a flat map so (—) ®pg S is exact, then
(M @Y% N)orS=(MerS) ok (NorSs),

and therefore
Tor® (M, N) @ § = Tor’ (M ® S, N ®x S)
as S-modules. In particular,

Torf (M, N)y = Tor,” (My, Ny) Torf(M, N); = Tor;" (Mj, Ny)
for all f € R and p C R prime. We have the following immediate corollary:

Proposition 1.4.24. Let M be an R-module. The following are equivalent:
(a) M is flat.
(b) M, is flat over Ry, for all primes p (or m mazimal).
(c) My is flat over Ay for all f € A.
(d) My, is flat over Ay, for (fi,...,fr) = (1) a Zariski cover.
PrOOF. Immediate from the above, because these properties all correspond
to criteria for a module to be zero. O

A map M — N is universally injective if M @ P — N ® P is injective
for all P. More commonly we say M is a pure submodule of N, and e.g. if
00— M — N — P — 0 is exact, we say it’s pure-exact if M C N is pure.

Lemma 1.4.25. Let 0 — M’ — M — M" — 0 be an exact sequence of R-modules.
The following are equivalent:
(a) 0 > M — M — M" — 0 is pure-exact.
(b) For every finitely presented module F,
0 — Homp(F, M) — Hom(F, M) — Hom(F, M") — 0
15 exact.
(c) There is a filtered family of split exact sequences
0— M} — M; - M -0
whose filtered colimit is 0 — M’ — M — M" — 0.
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ProoF. Note that (c) easily implies (a), because tensor products commute
with filtered colimits and tensoring with a split sequence remains split, and (b)
because F' is compact so Homp(F, —) preserves the filtered colimit (and split
sequences).

(a) = (b) Let S® be the exact sequence viewed as a bounded acyclic complex,
so that purity is equivalent to Q@ ® S® being acyclic for all Q). If F' is finitely
presented, then let Q1 — Q2 — F — 0 be a (finite free) presentation of F', so that
Homp(Q;, —) = QY ®p (—), then choose a cokernel C' as

O—>Fv—>Q\2/—>Q\1/—>C—>O_
Now apply Homp(—, S®) to the original presentation to obtain
0 — Hompg(F,S®*) — Qy ®g S* — QY ®r S* — C ®p S* — 0.

Exactness is checked termwise, and on the right four terms is by right-exactness of
tensor product and the cokernel sequence above. By assumption, the right three
complexes are acyclic, so the first one is too.

(b) = (c) Write M" = lim. M’ as a filtered colimit of finitely presented modules.
We can pull back the exact sequence along the natural maps M/ — M; to obtain
a commutative diagram of exact sequences as follows:

00— M — M; ----» M/ — 0
i
0 M M M'"— 0

By functoriality of pullback, the top row is a filtered diagram of exact sequences.
Note that if we apply h_H)li, the 5-lemma shows that h_n>11 M; = M and we

obtain the original diagram. To see that each of the top sequences splits, apply
Hom (M, —):

Hom(M/', M;) — Hom(M]', M!") — Ext*(M/, M;)

| | H

Hom(M!', M) —s Hom(M!", M") —~ BExt' (M, M;)

Our supposition is that the bottom left map is surjective, so that the bottom right
map is zero. Thus the top right map is zero, which means that the Ext! class of
each top sequence is 0. 0

This gives us a nice way to characterize various properties of purity, but most
importantly gives a new flatness result.

Corollary 1.4.26. Let F' and P be R-modules.
(a) If F is finitely presented, then every pure exact sequence 0 — M' — M —
F — 0 splits.
(b) P is flat iff every exact sequence 0 — M' — M — P — 0 is pure ezact.
(c) A finitely presented module is flat iff it is (finite) projective.
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(d) If P is flat, then a short exact sequence 0 — M' — P — M" — 0 is pure
exact iff M" is flat. So, pure submodules of flat modules are flat.

PROOF. (a) If F is finitely presented and the sequence is pure, then the map
Hom(F, F) — Ext!(F, P') is zero, so the extension is trivial.

(b) We already know one direction. Pure exactness is trivially equivalent to
Tory (M, N) — Tori(P,N) — 0 being surjective for all N. In particular, if we
choose M — P to be a surjection from a free module, then Tor; (P, N) = 0 for all
N so N is flat.

(c) If P is finitely presented flat, take a presentation 0 - K — F — P — 0
with F' free. Then this is pure, hence split, so P is a summand of a free module.

(d) One direction is known, and the other is by the condition in (b). O

Example 1.4.27. Let R = C*°(R) be the ring of smooth functions on R, and
m:={fe€R: f(0)=0} I={f€eR:3e>0,f(x)=0V]|z| <e}.

Consider the finite module M = R/I. We claim M is R-flat but not projective.
Note that the R-map R — Ry, has kernel those f which are annihilated by an
element of R —m, i.e. f such that gf =0 for g(0) # 0. If f is zero in a nbhd of
0, then we can clearly arrange this, and conversely if this holds, then f is zero
on the nbhd ¢g~!'(R — 0). Thus we get an injective map M < Ry, and if f/g is
an element of the codomain, with g(0) # 0, then we can find a function A which
agrees with f/g on a nbhd of 0, hence gets sent to f/g under localization.

M is flat because it is a localization. If M were projective, then I would be
a summand of R, so R — I — R would give an idempotent e which generates I.
If 2 = e, then e(e — 1) = 0 as functions, so e = 0 or 1. This is a contradiction,
because I # 0 and I # R.
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Derived categories of schemes

2.1. Sheaf cohomology

In this section, we are going to discuss the basic theory of sheaf cohomology
using the language of the previous section. The category we will focus on is
Mod(QOx), the category of sheaves of Ox-modules, where (X, Ox) is a ringed space.
In passing we will also care about PMod(Ox ), which is the category of presheaves
of Ox-modules. We will consider the derived categories D*(Ox) := D*(Mod(QOx)),
and the derived functors of standard functors associated to maps of spaces, global
sections, and tensor product. We will also construct Cech cohomology as a means
for computing sheaf cohomology.

2.1.1. General setup. Let us recall the basic setup of the theory of ringed
spaces. Let (X, Ox) and (Y, Oy) be ringed spaces. If f: X — Y is a morphism of
ringed spaces, then we have the pushforward map

f«: Mod(Ox) — Mod(Oy)
defined the same way on presheaves. We also have the inverse image map
f~t: Mod(Oy) — Mod(f~t0y),
which is an exact functor, along with the pullback map
[ Mod(Oy) — Mod(Ox)

obtained by base change f~'F ®f-10, Ox along f?: f~10y — Ox. We have an
adjunction f* - f,, so f* is right exact and f, is left exact. If U C X is an open
subset, then we have the sections functor

F(U, —): MOd(OX) — MOd(O)((U)>,

which is left exact. Slightly more generally, we usually consider the case where Ox is
a sheaf of algebras over some base ring R, i.e. Ox(X) is an R-algebra, in which case
we consider the composition of the functor above with Mod(Ox (U)) — Mod(R)
by restricting scalars. The same functor as given on presheaves is by definition
exact.

The categories are also naturally symmetric monoidal, with tensor products
F ®oy G given by sheafifying the sectionwise tensor products. Likewise we have
an internal hom given sectionwise by

/HOm(’)X(-/—", g)(U) = HOIHOX|U(.F’U,Q|U).

71
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This satisfies a tensor-hom adjunction, an internal tensor hom adjunction, and so
on.

Consider the case of an inclusion j: U — X of an open subset, where U
is considered as the ringed space (U, Ox|r). Then we have some more explicit
formulas

(jF)(V)=FUNV) JYF=Flv  §F=Flu,

where the second equality is to be interpreted alongside the fact that the natural
map j 'Ox — O is an isomorphism. Thus in this case, j* is an exact functor,
and this is exhibited by an explicit extension by zero functor which is left adjoint
to j* =71,

j!: MOd(OU) — MOd(Ox),

defined on F as the sheafification of the presheaf j F by:

i ={7¢ Vel

In particular jiF has stalks either F, if z € U, or 0 otherwise. This is witnessed
by the counit map 5 F|y — F which is an isomorphism in U and zero elsewhere.
Note in particular that j; is an exact functor by the explicit description of its
stalks.

We also mention that if Z denotes the constant sheaf at Z, viewed as a sheaf
of rings on X, then Mod(X, Ogz) is just the category Ab(X) of sheaves of abelian
groups on X. In this special case, we use f~! and f* interchangeably, and all of
our functors go between Ab(X) = Ab(Y).

We recall in this case that more can be said for closed embeddings i: Z —
X where the unit map i~!4,F — F is a stalkwise isomorphism inside Z, and
i+F|x—z = 0. Thus in this case, i, is an exact functor. The inverse image and
pushforward functors yield an equivalence of categories between abelian sheaves
on Z and abelian sheaves on X supported in Z.

To define the derived functors of all of the objects above, we want to have
enough injectives and projectives. Sheaf categories unfortunately don’t have
enough projectives, but since all of the non-left exact functors above were defined
with tensor products, it will suffice to consider flat resolutions. On the other hand,
they do have enough injectives.

THEOREM 2.1.1. The categories Mod(Ox) and PMod(Ox) have enough injec-
tives. In both cases, an injective embedding can be chosen functorially. Moreover,
the inclusion functor Mod(Ox) — PMod(Ox) preserves injectives.

To prove this (and other things), we will make a simple observation: If F': A &
B : G is an adjunction between abelian categories (so F' 4 G), and F is an exact
functor, then G preserves injectives. Indeed, if I is injective in A, then

Homs(—, G(I)) = Homy(F(—), ])

is a composition of two exact functors. As an example, since sheafification is exact,
we deduce immediately that the inclusion Mod(Ox) — PMod(Ox) preserves
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injectives. A second example is that if f: X — Y is a flat morphism of ringed
spaces, meaning that f* is exact, then f, preserves injectives. Another useful fact
is that an arbitrary product (which exists) of injectives remains injective. Indeed,

Hom(—, [[ Za) = [[ Hom(—, 1)
(6% «
as abelian groups, and arbitrary products of abelian groups are exact.

PROOF (OF THM. 2.1.1). The presheaf and sheaf cases are similar in structure
but the former is sectionwise and the latter is stalkwise. Let’s start with presheaves:
For each U C X, the sections over U functor I'ty: PMod(Ox) — PMod(Ox (U))
is exact on presheaves. Define a functor

QU: MOd(OX(U)) — PMOd(Ox)
by sending
@menz{f v

(note the difference in direction from extension by zero). It is easy to check that
maps F — Qu(M) are in correspondence with maps F(U) — M, and hence
that I'y 4 Qu. To conclude, fix a presheaf F and an inclusion F(U) — Iy into
an injective Ox (U)-module. Then Qu(Iy) is injective by the aforementioned
adjunction property, and it is equipped with a canonical map F — Qu(F(U)) —
Qu(Iy). This induces a map

F — H QU(IU)
vcx

where the RHS is injective, so it suffices to show that this is a monomorphism.
That is clear because over each open set, one of the factors in the product is the
inclusion F(U) C Iy.

For the sheaf case, the stalk functor (—),: Mod(Ox) — Mod(Ox ) is exact.
If iy : {x} — X is the inclusion, and we view {x} as a ringed space with structure
sheaf Ox ,, then the stalk functor is i;! & i%, so its right adjoint is i, ., which is
the skyscraper sheaf construction. Thus i, , preserves injectives; fix F a sheaf and
for each x choose a monomorphism F, — I, where I, is an injective Ox ,-module.

We have a natural map F — iy +F; — %1, which in particular induces a
map into the product

F— H ix,*Ixa
reX
where the RHS is injective. We can check that this is a mono sectionwise: over U,
the map is
FU) =1 7o = 11 L
zeU zelU

where the first map is monic for sheaves, and the second one is a product of
monomorphisms of modules.
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Note that in each case, as long as we chose the injective embedding of F(U) or
F, functorially, as we may do for modules over a ring (Thm. 1.4.10), it is clear
that the resulting injective embedding of F is functorial. (]

While we're at it, let us also discuss the existence of enough flat objects, whose
proof has a very similar structure to the one above. Recall that a sheaf F is flat
if F ®p, (—) is exact. Note that because tensor products commute with taking
stalks, F is flat iff F, is flat for all . From this definition and the tensor hom
adjunction, it is clear that a direct sum of flats is flat.

Lemma 2.1.2. The category Mod(Ox) has enough flat objects. The same is
true for PMod(Ox). In both cases, a surjection from a flat object can be chosen
functorially.

PROOF. Start with Mod(Ox): for each jy: U — X, the extension by zero
Ju, Oy is flat, because its stalks are either Oy , or 0. By adjunction,

Homop, (jiOy, F) = Homo,, (Oy, Flv) = F(U),

so each section s € U gives a map fys: ju 1Oy — F. On stalks, this is either the
zero map, or if x € U then it is the map Ox , — F; sending 1 — s,. Consider
the induced map
fo P juiOy - F
(Uss)

from the coproduct, where the LHS is flat. To show surjectivity, check at a point
x € X: each s, € F,, coming from s € F(U), is in the image of the corresponding
map fy,s on the stalk at x € U, so we are done.

In the case of presheaves of Ox-modules, repeat the same proof as above, but
replace jy, with j&!, and note that for presheaves, flatness is checked sectionwise.
But the map we constructed above from the coproduct is clearly surjective sec-
tionwise in the presheaf case. Lastly, it is clear that this construction is functorial
in either case. O

We will study the derived functors that the preceding two results give us in
more detail in the next section. In this section, we will focus on derived global
sections: if (X, Ox) is a ringed space, and I'y is the sections-over-U functor, we
denote the corresponding right derived functor

RF(U, —)2 D+(Ox) — D+(Ox(U))
If A® is a bounded above complex of Ox-modules, we usually write
H' (U, A*) :== H'(RT(U, A®))
and call this the hypercohomology of A over U. In the special case A®* = F[0] is
just an object of Mod(Ox), we write
H'(U,F) = H'(RI(U, F[0]))

for the classical higher derived functors and call this the sheaf cohomology of F
over U.
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First of all, let us see that our notation is not ambiguous. Let j: U — X be an
inclusion, so that j* is the restriction functor (—)|y on Ox-modules. Since j* is
right adjoint to the exact functor ji, it preserves injectives. Suppose V C U C X.
Then we have a commutative diagram

Mod(Ox) — = Mod(Ox|v)

[

Mod(Ox(V))

of functors. Since j* is exact, j* descends to the derived category, and since j*
preserves injectives, we deduce that the diagram

DH(Ox) L DH(Ox|y)

Rm lRFV

DF(0x(V))

commutes. In particular, RT'(V, —) depends only on (V,Oy) and not the ambient
space; likewise for H*(V, —). Since HY(U, —) coincides with the global sections
functor on sheaves, it is customary at this stage to write HY for sections.

Next, viewing 'y and I'y as functors on Mod(Ox) with V' C U, restriction
provides a natural transformation I'yy — T'y,, and hence a natural map RT'(U, —) —
RT'(V, —) which is restriction on a bounded below complex of T-acyclics. Thus we
obtain maps H"(U, F) — H"(V, F) natural in F*, which by the above description
form a presheaf:

H"(X,F*) = (U — H"(U, F*)).
These are called the hypercohomology presheaves. Here is the basic observation: let
i: Mod(Ox) — PMod(Ox) be the natural inclusion, which is left exact because
it is right adjoint to sheafification. We have already discussed the fact that 4
preserves injectives.

Thus, if F* — Z° is an injective resolution, Ri(F®) = Z® as a complex of
presheaves, and the nth cohomology of this is a presheaf satisfying

U ker (Z"(U) — "1 (U)) /im (21 (U) — T"(V)),

but the RHS is H™(I'(U,Z°*)) = H"(U, F*), which shows that we have a canonical
identification

H"(Ri(F*®)) = H"(X, F*),
and in particular R™i(F) = H"(X,F). In the rest of this section, we will consider
the theory of flasque sheaves. We will consider applications of flasque sheaves in
the section on derived functors of sheaves.

Let F be an object of Mod(Ox). F is called flasque if for each V' C U, the
restriction map F(U) — F(V) is surjective. Equivalently, all restriction maps
F(X) — F(V) are surjective, because we can lift to F(X) first and then restrict
down to F(U).

Flasqueness is a very non-geometric condition on a sheaf, since we usually
expect to obtain more ‘functions’ when we restrict to a smaller open. We care
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about flasque sheaves mainly because they are I'-acyclic, so we can compute e.g.
hypercohomology on flasque resolutions. The following is the main structure
theorem on flasque sheaves:

Lemma 2.1.3. Let X be a ringed space.
1. A finite direct sum of flasque sheaves is flasque.
2. If F is flasque, then F|y is flasque for every U C X.
3. If f: X =Y is a morphism of ringed spaces and F is flasque, then f.JF
is flasque.
Let 0 —» F' — F — F" — 0 be an ezact sequence of Ox-modules.
4. If F' is flasque, then
0— F(U)— FU)—F"(U)—0

is exact for every U C X.

5. If F' and F are flasque, then F" is flasque.

6. In the situation of (5), if f: X — Y is a morphism of ringed spaces, then
0 — fuF' — fuF — fuF" — 0 is an exact sequence of Oy -modules.

PROOF. (1) A direct sum of surjections is a surjection. (2) Flasqueness of
Fly is included in the definition of flasqueness of F. (3) The restriction maps
HO(U, f.F) — H°(V, f.F) are just the restriction maps

HO(f7H(U), F) — H(f7H(V), F)

of F, which are surjective. (5) assuming (4): We have a commutative diagram
involving the restriction maps

F(U) — F'(U)

l l

F(V) — F'(V)

where the horizontal maps are surjective by (4), and the left-hand vertical map is
surjective. Thus the right-hand one is too. (6) This is a sequence of flasque sheaves
by (3), hence it is exact over every open set by (5), thus exact as Oy-modules.

(4) We may take U = X; let s € F”(X) be a section and consider the collection
{(U,t)} of opens U C X and sections ¢t € F(U) such that ¢ — s|y. Order this
collection by setting (U, t) < (U’,t') if U C U’ and ¢|y = t. The fact that F — F”
is surjective means that the opens in this collection cover X. Also, given a totally
ordered subset {(Uy,tq)} of this collection, the sections ¢, glue to a section t over
Ua Ua, by definition of the ordering.

Thus there is a maximal element (U,¢) by Zorn’s lemma, so assume for con-
tradiction U # X. Then we can find an element (U’,¢') such that U’ C U, so
t—t' — s—s=0over UNU’, which means there exists r € F'(U NU’) such that
r — t —t'. By flasqueness, extend r to a section over U’, and consider its image
i(r) € F(U). Then t and ¢’ 4 i(r) have the same restriction to U NU’, so they glue
to a section of F over UUU’. The image of this section in F/(UNU’) is s, because
the composite F' — F — F” is zero, which contradicts the maximality. O
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Corollary 2.1.4. Let X be a ringed space. An injective Ox-module is flasque.
Moreover, the flasque Ox-modules form an adapted class for I, and f. for any
morphism f: X — Y. In particular, any flasque Ox-module is I'- and f.-acyclic.

Proor. Let U C X and j: U — X be the inclusion, then 5Oy — Ox is a
monomorphism, so

Homop (sOy,I) = HOHIOU(OU,I) = I(U) — Homo (Ox,z) = I(X)

is surjective for any injective sheaf 7, i.e. Z is flasque.

To show the second claim, note that the flasque sheaves are a (right) preadapted
class by Lemma 2.1.3(1) and what we just proved. Thus, let F* be a bounded
below acyclic complex of flasque O x-modules; we have to show I' and f, preserve
acyclicity. '

Assume F* = 0 for ¢ < n, and split into exact sequences

O—)Qi—>‘7j+1—>gi+1—>0
where G = F" and the lower G are zero. Since G" is flasque, by induction and
Lemma 2.1.3(5), all G* are flasque. Thus I' and f, preserve each sequence above,

by Lemma 2.1.3(4) and (6), and hence they both preserve acyclicity of the original
complex. O

Here’s an example of how to use this, which we will see more of in two sections.
Suppose i: Z — X is a morphism of ringed spaces which is a ‘closed topological
embedding’, meaning the underlying map of spaces is a closed embedding. Then
we know that i, is an exact functor, because (i4F), is either 0, or F, if x = i(2).
Thus this descends to a functor on the derived categories i,: D*(Oz) — D*(Ox).

Moreover, this comes with a natural ring homomorphism Ox(X) — Oz(Z),
along which restriction of scalars is exact. Thus this gives a map D*(Oz(Z)) —
D*(Ox (X)) on the derived categories, which is simply termwise restriction of
scalars. We can use this to formulate a basic ‘change of scalars’ result:

Lemma 2.1.5. Let Z and X be ringed spaces and i: Z — X be a closed topological
embedding. Then the diagram

DH(0z) —=— D+(0Ox)
RFl lRF
DH(0z(Z)) — DT (0x(X))

commutes (up to natural isomorphism). In particular, there is a canonical identifi-
cation

H"(Z, F*) = H"(X,i.F*)
of hypercohomology for all n > 0.

PROOF. We claim both directions of the square are the derived functors of the
composite Mod(Oz) — Mod(Oz(Z)) — Mod(Ox(X)). One way is clear because
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the second functor is exact, so all modules are acyclic for it. For the other way,
note that the composite is equal to

Mod(0z) 5 Mod(Ox) — Ox(X)

But flasque sheaves form an adapted class for both i, and RI', and i, preserves
flasque sheaves, so we are done by the results on composition of derived functors.

O

Remark 2.1.6. Note that if f: X — Y is any map of ringed spaces, then the
exact same proof can be repeated with f instead of i, except pushing forward may
not be exact, so we have to replace the top functor with

Rf.: DT (Ox) — DT (Oy)
and we’ll get a similar commutative diagram. In this case,
H"(X,F*®) =H"(Y,Rf.F*)

for all n > 0. We will study the properties of derived pushforward in the next two
sections.

Example 2.1.7. Suppose we have a morphism O; — Qs of sheaves of rings on
X. Then this gives a morphism of ringed spaces (X, ;1) — (X, O3), which on
underlying spaces is the identity map. Thus the lemma applies, and shows that the
hypercohomology of a complex of Oz-modules viewed as an Op(X)-module, is the
same as its hypercohomology by first viewing it as a complex of O1-modules. If we
take Z — Ox, then this shows that the underlying abelian group of cohomology
as Ox-modules agrees with abelian sheaf cohomology.

2.1.2. Cech cohomology. Recall that in a category with enough injectives,
we defined
RHomy: D(A)°° x DT (A) — D(Z)
via the equivalence K™(Z4) -~ D*(A), and showed that it can be computed
via an injective resolution in the second factor, or a projective resolution in the
first factor. If we consider A = Mod(Ox) or PMod(Ox), the hom complex
functor Homp  (—,Z) factors through Mod(Ox (X)) because each Hom group is
an Oy (X)-module, so we can consider RHom as a functor

RHomp, : D(Ox)°P x DT (0Ox) — D(0Ox (X)),

and likewise for the derived categories of PMod(Ox). This is because any relevant
exactness/acyclicity is checked on the underlying abelian group. Via the exact
restriction of scalars functor D(Ox (X)) — D(Z), the diagram

D(0x)°? x DT (Ox) — D(Ox (X))

\’ D(lZ)
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commutes (and again, likewise for PMod(Ox)). This is because, if we fix 7
a bounded below complex of injectives, the functor is just the one induced by
Hom(—,Z) on the localizations. Note that in particular, if A, B € DT (Ox), then

H°(RHomoy, (A, B)) = Homp+ (o) (A, B)

naturally has the structure of an Ox (X )-module.

Almost all of the properties of RHom carry over even when we consider it as
an Ox(X)-module. For example, for a fixed sheaf 7, RHom(F, —) viewed as a
functor D*(Ox) — DT (Ox(X)) is still the right derived functor of the left exact
functor

Homop, (F,—): Mod(Ox) — Mod(Ox(X)).

We prove this the same way as before: the right derived functor on the derived
category RHomp, (F, —) exists, and on the equivalent category K+(IMOd(O ) it is
isomorphic to Homoe , (F, —), but the same is true for Hom(F|[0], —) = Hom(F, —).
Likewise, the same holds for PMod(Ox). Combining the above remarks shows
that hypercohomology of a complex F* is just maps Ox — F* in the derived
category. Also, by this discussion we view Ext!(F,G) as an Oy (X)-module.

Now, let 4 = {U;} be an open cover of the ringed space X. For indices
10, - - - , ip, we use the notation

Uio~-~ip = Uio N---N Uz'p-
If F is an object of PMod(Ox), we define
CP(U, F) : H]—" ioip) P >0.
7/07 2

We make this into a complex in Ch+((’) x (X)) by defining the differential as
p+1

k
d(s)(io,...,ip+1) = Z(_l) 810"'lk"‘lp+1

k=0
where on the RHS we implicitly consider the restriction of the section s to the
open Uj..;,, - Here is d? = 0:

p+2
2 !
d (S)io---ip+2 = Z(_l) d(s)io~--a-~~ip+2
1=0
2 1)k g k1
+ o )k o
- Z (Z 10"'ik"'iz"'ip+2 + Z( 1) Sio~--il~~~ik+1~~~ip+2)
—0 k<l k>l
DFHs k=14,
_Z G0 inigipya +Z( 1) Sigriyineipi
k<l k>l
s B kL.
_Z G0+l ip 2 Z( 1) siO"'ik"'il"'ip+2
k<l k<l

=0.
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For the third equality, we re-indexed k to k + 1, and for the fourth we flipped k
and [. Thus, C”(L[,]—") is a complex, called the C complex of F with respect to U.
We write
HP(U,F) = HP(CPU, F))

for its cohomology, called the Cech cohomology of F with respect to U. Cech
cohomology behaves well with respect to products. Indeed, since taking sections of
presheaves (or sheaves) commutes with arbitrary products, and products commute
with products, we have

U I[F) =TIc WU, Fo).

Since arbitrary products are exact in the category of modules, we conclude
H"(U,T1, Fa) = [1, H*(U, F,) for all n.

Our next goal is to relate this cohomology to the sheaf cohomology defined
above, which will be through a spectral sequence. Cech cohomology is not itself
a derived functor on Mod(Ox), but it is one on PMod(Ox). The result is the
following: Let j;: U; — X be the inclusion, and consider the presheaf extension-
by-zero functors ji). We write Of© for the image presheaf of the canonical map

D !0, — Ox
7

induced by the counits j¥,Opy, — Ox, i.e. the sectionwise image. Then:

Proposition 2.1.8. The diagram of functors

PMod(Ox) —— )5 Ch* (Mod(Ox (X))

! !

D*(PMod(Ox)) —, D (Ox(X))

RHom%r; (Ou,—)
commutes up to canonical natural isomorphism. Moreover, there is a canonical
identification Homlg; (Oy,—) = H°(U,—). Therefore
RH(U,—) = Ext{ " (Oy, —) = H*(U, )

for alln > 0.

Let us demonstrate this in two simple steps. First, since we are working in the
presheaf category, Ox is projective, because it is projective sectionwise. So, Oy
is projective in PMod(Oy ), and since j is a right adjoint to restriction, which is

exact, jf Oy is projective.
Now, let ji,...i, be the inclusion of Uy,...;,. Write

K_n(u) = @ ]ﬁ)ln,'OUloln’

10y--+yin
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so each K™™(U) is projective Moreover,

Hompre (K H Homl(),)r; jlo i, OUiowin"F)
20550
H Hompre(OUiO...in7~F|U¢0---in)
7:0»"'77:”
[1 FWiin) = CPWU, F)

10senyin

for any presheaf F, by adjunction. Since the Cech differential é”(u, -) —
Cv*”“(bl, —) is natural, it corresponds by Yoneda to a map K"~ }U) — K "(U),
which also satisfies d> = 0 by Yoneda. We modify this differential by multiplying
the —pth one by (—1)P, so that

Hom(K*(U), F) = C*(U, F)

holds as complexes (according to our convention for Hom complexes). Since K*® is
a bounded above complex of projectives, we may replace the left-hand side with
RHom(K (U), F) after passing to the derived category. It remains to show that
K(U) is isomorphic in the derived category to O}/°.

This is the second step: form the augmented complex

s K2U) - K U) — K°U) = @ 7,00, — Oy — 0

We claim this is an exact sequence of presheaves; if this holds, then by apply-
ing Hom(—, F) and using one-sided exactness, we deduce that Hom(Oy, F) =
HO (U, F) as both sides are kernels of the same map. To prove the claim, we may
show that evaluating the sequence at each open set W produces a contractible
complex of Ox (W )-modules.

PROOF (OF ProOP. 2.1.8). This proof is essentially copied from Lemma 01EM
in the Stacks Project. As above, fix an open set W, and let I be the collection
of indices {i} such that W C Uj, so that by definition of the functors j¥, the
augmented complex above becomes:

- — @ Ox (W) — @ Ox(W) —
10,y lpr1 €1 90,..,0p €1

The differential here is
p+1

zo iy — 5 5 S’LO Aj_18tjipe

7=01i€el

Now, choose an element ¢ € I which we will use to define the contracting homotopy.
Set:

Siqeeei ’io =/
MoNarmipen = {01 SRy

Then it is an elementary check that
dh + hd(s)io...ip = Sig--ip
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by splitting the sum into components where ig = £ and iy # ¢, where the two sums
cancel as in the proof that d? = 0. (]

Here are some immediate deductions from this result. In fact, these can be
deduced in a more direct way by explicitly constructing homotopies, which we will
do e.g. in the case of the alternating Cech complex.

Example 2.1.9. Let U be an open cover of X, and suppose that X € U is itself
one of the elements of the cover. Then for each presheaf F, the Cech complex
C*(U, F) just has a zeroth cohomology group HO(U,F) = F(X) with higher
cohomology all zero. Indeed, in this case the presheaf O} is (by definition)
all of Ox, and HomP™(Ox, —) is the global sections functor which is exact on
presheaves. This will be the key observation in the proof that quasicoherent
sheaves on affine schemes have vanishing higher cohomology, which is because of
the fact that standard affine covers of local rings have an element which is the
whole space already.

In fact, in this case C*(U, F) ~ F(X)[0] already in the homotopy category:
indeed, we just showed that

K(U) ~ Oy[0] = Ox|0]
in the homotopy category, so applying Homlg; (—, F) gives homotopy equivalences
CU, F) = Homp (K (U), F) ~ Hompy (Ox, F) = F(X)[0)
as desired.

Example 2.1.10. One also might want to know the relation between Cech
complexes when we add an open set. Let &/ be an open cover of X, and Y UV =
U U{V} be the cover obtained from adding V. Alsolet YNV ={UNV :U e U}
be the open cover of V' obtained by restricting /. From the definition it is clear
that we have a canonical inclusion O}° C O, of presheaves.

This data gives a natural map O} ° @ j&!(’)v — O}y, which is surjective by
definition of the relevant objects, and we wish to compute the kernel. Fix an open
set W C X and consider the map on sections. The codomain is Ox (W) if W is
contained in V or an element of U, and zero otherwise. The domain is Ox (W) if
W is contained in an element of U but not V, zero if W is contained in neither,
Ox (W)@ Ox(W) if W is contained in an element of ¢/ and V, and Ox (W) if it’s
contained in V' and not an element of U.

Based on this explicit description, it is easy to see that we have an exact
sequence

0 = jv,Orv — O~ @ v, Ov — Oy — 0
of presheaves on X, and hence an exact triangle in the derived category. Applying
RHomg, (—, F) gives an exact triangle

CUVV,F)— CU,F)eFV)[0] - CUNV,Fly) = CUUV, F)[]

in the derived category of Ox(X). For the second term, we used the fact that
jv Oy was a projective object, hence RHom could be computed using Hom. This
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is called the Cech Mayer-Vietoris sequence. Thus we get a long exact sequence
which looks like this:

0— HUUV,F)— HU,F)aFV)— HWUNV,F) -

H'WUUV,F) - HWU,F) - HUNV,F) - H*UUV,F) — ---

As a sample application, let’s show by induction on n that a cover U consisting of
n opens has vanishing Cech cohomology in degree > n. In the case n = 1 we can
apply the previous result that the Cech complex only has H°. Assuming the result
for covers with n elements (for all spaces and presheaves), let U = {U,...,U,},
V = Uy,41, then for all ¢ > 0 there are exact sequences

HUNUns1, Flu,,,) — H U U Uyyr, F) — HTWU, F).

Since U and U N U, 41 are covers consisting of n elements, for all ¢ > n the left-
and right-hand terms in the sequence above are zero. Thus the middle term is
zero, proving the claim. We will prove shortly a much stronger result by exhibiting
a homotopy equivalent complex which has only n terms in it.

We now use what we have shown to relate Cech cohomology to sheaf cohomology,
which was the point of introducing it. We’ll give two different methods of doing
this, the latter of which will illustrate a slightly more general technique.

THEOREM 2.1.11. Let X be a ringed space and U an open cover of X .

(a) There is a natural map C(U,—) — RU(X, —) in DT(Ox(X)).
(b) For each Ox-module F, there is a bounded spectral sequence
B3¢ = HP (U, H'(F)) = H""(X, F)
converging to a finite filtration on the RHS, which is natural in F.
In particular, if the restrictions of F to all finite intersections of elements of the
open cover U are I'-acyclic, then the map C(U,F) — RI'(X,F) is an isomorphism
in DT (Ox(X)).

ProOOF. Consider the composition of functors

. 70 _
Mod(Oyx) X5 PMod(0y) 247,
First observe that HO({, F) is the kernel in

0—HWU,F) - [[FW:) = [[FWinUy)

1,3

Mod(Ox (X)).

where the second map is the same one as in the sheaf condition, by inspection
of the Cech differential. Thus this gives a natural map H°(X,F) — H Uu,r)
induced by restriction, which is an isomorphism iff F satisfies the sheaf condition
for the cover U. So, HO(U,—) oix = (X, —).

We know Mod(Ox) and PMod(Ox) have enough injectives and that ix pre-
serves them, so the theorem on a composition of derived functors says that
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RT = RH° (U,—) o Rix. The natural map ix — Rix provides a natural transfor-
mation

CU,—)=RH(U,~)oix — RH(U,—) o Rix = R.
The spectral sequence is exactly the Grothendieck spectral sequence for a composi-
tion of right derived functors, and our explicit computation of RPix as cohomology
presheaves. For the last remark, we have

EY* = CP(U, H(F)),
so by assumption for ¢ > 0 and p > 0, this is zero. Thus the spectral sequence
degenerates at Fsy, with only the first row
By = HP (U, H(F)) = H'U, F)

being nonzero. Thus HP (U,F) — HP(X,F) is an isomorphism, so the map of
(a) is a quasi-isomorphism. We are talking about the same map because of the
description of edge maps in the Grothendieck spectral sequence. O

The spectral sequence in the theorem above is called the Cech-to-derived
spectral sequence. We will give a different proof and slight generalization shortly.
First, some other results on Cech cohomology:

Example 2.1.12. If F is a flasque Ox-module, then H"(U, F) = 0 for n > 0
and any open cover U (and H(U,F) = F(X), since F is a sheaf). Indeed, any

restriction of a flasque sheaf is flasque, so by the theorem its Cech cohomology
agrees with its sheaf cohomology.

Lemma 2.1.13. Let F' be an Ox-module such that H' (U, F') = 0 for every
cover U in a cofinal system of open covers of X. Then for any exact sequence
0—F —F—F"—0 of Ox-modules,

0— F(X)— F(X)— F'(X)—0
is an exact sequence of Ox(X)-modules.

In this context, a cofinal system of open covers is a collection of open covers
such that every open cover has a refinement in the collection.

PROOF. We just have to check surjectivity of F(X) — F"(X), solet s € F'(X)
be a section. Then there’s an open cover {U;} and sections t; € F(U;) such that
t; — s|u,, and by restricting we may assume that this cover is in the given cofinal
system. For each 4, j, t; —t; — s — s = 0, so there is a unique r;; € F'(Uj;) such
that 7;; — t; — t;. Thus r = (r;7);; € C*({U;}, F'), and we claim it is a cocycle.
Indeed,

d(T’)ijk =Tjk — Tik T+ 735 = 0
holds because of injectivity of 7/ — F and
d("”)ijk =ty —t; — (tp — t;) + tj—1t;=0

over F(Usjr). Hence by assumption there exists ¢; € F'(U;) such that ¢; —¢; = ry;
for all 4, j. Letting f be the map F' — F, consider the sections t; — f(¢;). Then

tj— flg;) — (ti = f(@) =t; —ti = f(rij) =0
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over Ujj, so these sections glue to an element of F(X). This maps to s because it
does so on an open cover. O

Example 2.1.14. Suppose F is an Ox-module such that for all U C X and open
covers U of U, H?(U, F|y) = 0 for p > 0. Then H?(X,F) = 0 for p > 0. We
prove this by induction on p. Choose an exact sequence 0 - F -7 — G — 0
with Z injective, so that H(X,G) —~ H*1(X,F) for i > 0. Moreover, since
HY(X,T) =0, Lemma 2.1.13 shows that H!(X, F) = 0, which is the base case. For
the general case, Lemma 2.1.13 shows that this sequence is in fact an exact sequence
of presheaves, and since Cech cohomology is a derived functor on presheaves,
HU,G|y) = HY (U, F|y) = 0 for i > 0 since Z is flasque. Thus by the inductive
hypothesis applied to G, we are done.

A very slight generalization of the argument above will give us affine cohomology
vanishing for quasi-coherent sheaves, and gives a more practical criterion for
checking cohomology vanishing.

Lemma 2.1.15. Let X be a ringed space and F an Ox-module. Assume there
exists a basis B such that for each U € B, there is a cofinal system of open
coverings Covy of U such that:

(a) Forl € COVU, Uio---ip € B.
(b) For U € Covy, HP(U, Fly) =0 for p > 0.
Then HP(U,F) =0 for p >0 and all U € B.

PROOF. We proceed by induction on p > 0 over all F simultaneously. Choose
an exact sequence 0 — F — 7 — G — 0 where 7 is injective. First of all, this
gives an exact sequence

IZ(U) — G(U) — HY(U,F) - H'(U,Z) = 0,

and since the first Cech cohomology vanishes on a cofinal system of open covers
of U, we conclude H*(U, F) = 0 by Lemma 2.1.13. This is the base case. For
p > 1, note moreover that HP~1(U,G) —~ HP(U, F), so it suffices to show that
HP~YU,G) = 0, for which it suffices to show that G satisfies the same hypotheses
as F in the assumptions.

To check this, for each U and U € Covy, the sequence of sheaves induces a
sequence

(+) 0 — C*U, Flu) — C* U, I|y) — C* U, Gly) — 0

of complexes which we claim is exact. Since products of modules are exact, this
reduces to showing that 0 — F(V) — Z(V) — G(V) — 0 is exact, where V is of
the form Uj,...;,. But then V' € B, so this follows again from Lemma 2.1.13 as
before.

The exact sequence * of complexes gives an exact sequence

H"(U,T|y) — H"U,G|v) — H" U, Fly)
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in Cech cohomology for every n > 1. The left term is 0 because Z|y is flasque,
and the right term is zero by assumption. Therefore the middle term is zero, so G
satisfies the same hypotheses as F. (]

Now we come to the second method for relating Cech cohomology to derived-
functor cohomology. The idea is to sheafify (not literally) the Cech complex into a
complex of sheaves.

Continue the assumptions that X is a ringed space and U is an open cover of
X. Let F be a presheaf, and define the complex of presheaves

CPU,F) =[] JigwipwFlusyy = LI d1aFlus,
10,eenslp 2(1)=p
where we are using the obvious convention for the second notation, noting that I
runs over tuples of the form I = (i, . .., ip) and its length £ is p, not p+1. We define
the differential component-wise as before: to give a map CP(U, F) — CPT1 (U, F)
we have to give maps C?(U, F)lu, — Flu, for each I of length p, and restricting
commutes with the product so we define
p+1
d(s)io---ip+1 = Z(_l)ksio...{;...ip+1
k=0
sectionwise. Moreover, this is natural in F, so if F* is a complex of presheaves,
we can define a bicomplex ce (U, F*®) by the same formula levelwise, except that
we should twist the vertical differentials by (—1)7 to agree with our convention for
bicomplexes. Finally, note that there is no ambiguity about sheaves/presheaves
because arbitrary products in the two categories agree.

Lemma 2.1.16. With notation as above, let U be an open cover, F be an Ox -
module, and F* a bounded above complex of Ox-modules.
(a) As defined above, C(U, F) is indeed a complez, and C(U, F*) is indeed a
bicomplex.
(b) The identities

T(V.CU,F)=CUNV,Flv) CU,F)y=CUNV,F|y)
both hold for every open subspace V. C X. 5
(¢) The natural morphism of complezes F[0] — C*(U,F) is a quasi-
isomorphism. More generally, the natural morphism of complexes
F* — TotC*(U, F*)
is a quasi-isomorphism.
In light of (c), we usually call (f’(Ll,]-") or (f’(U,]-") a Cech resolution of F or F*

respectively.

PROOF. (a-b) Note that the first claim in (b) holds by definition of j.. Thus
the second claim of (b) holds for a single sheaf, and so it’s clear for a complex of
sheaves. For (a), the second claim follows from the first, and the first follows from
(b) applied to every open and the fact that the regular Cech complex is a complex.
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(c) The natural map F — []; ji«F|u, is the one induced by the restriction
maps. We need to show that

0—F—CU,F)—C'U,F)—---

is an exact sequence of Ox-modules. It suffices to show this after restricting to an
open cover, namely U, so by the second part of (b) we may assume that X € Y.
Then, by the first part of (b), evaluation on every open V produces an exact
sequence, because the augmented Cech complex is exact when the cover contains
the whole space. This proves the first part of (c).

For the second part, the natural map above extends termwise to a map
F* — éo(u,f') — Toté'(b[,]—"'). On the other hand, we have the spectral
sequence

EPY = HIHP(C*(U, F1)) = HPTI(TotC*(U, F*)).
The LHS is 0 for p > 0, and H?(F*) by the first part, so this coincides with the
cohomology of the totalization, and the induced map

HY(F*) — HY(Tot C*(U, F*)) = HI(F*)
is an isomorphism. O
This gives us a very easy way to formulate the Cech to sheaf cohomology map.
Namely, we have the natural transformation I' — RI', and thus a commutative
diagram:
NX,F) — C*(U,F)

I
RT'(X,F) — RIT(X,C*(U,F))
To check that this coincides with the comparison map we defined earlier, we have
to show that
. F) L. 7))

o |

RH(F) — RH" o Rix(F) — RIL(C(U,F))

commutes. We first claim that C® (U, F) is a complex of HOU, —)-acyclic objects
for any presheaf F. Indeed, since Cech cohomology commutes with products, we
may show that for j: V — X an inclusion,

ﬁp(u,jx/,*f‘v>:() p>0

where V is contained in an element of U; this is clear because C'(U, jy.F|V) =

v

CUNV,Fly), and the latter complex only has zeroth cohomology since V' is an
element of Y N'V. To apply this fact in showing that the two comparison maps
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agree, we consider the following diagram:
HY(F) ——— RH%x(F) —— RI(X,F)

l l [=

HCMU,F)) — RH°(CU,F)) — RT(X,C(U,F))

Since F is a sheaf, the outer composites agree with the natural maps I' — RI’
because of the uniqueness statement in the universal property of derived functors.
The bottom left map is an isomorphism because we just showed that ¢ U, F) was
a bounded below complex of RH® (U,—). So, what we have to show is that the
identification of RH%ix (F) with C(U, F) under the map to RH(C(U, F)) agrees
under the displayed isomorphism with HO(C(U, F)) = C'(U, F). This is evident
from the bifunctoriality of RHom and the projective resolution of Oare.

The Cech resolution gives a more natural way to describe the Cech-to-derived
spectral sequence, and we will state a slightly more general version of it.

Proposition 2.1.17. Let X be a ringed space, F* € Cht(Ox), and U an open
cover of X.

(a) There is a natural bounded spectral sequence
EY" = HP(U,H(F®)) = HPFYX,F°)
converging to a bounded filtration on the hypercohomology.

(b) Suppose f: X — Y is a morphism, and that U is finite. Denote the
composite Uiy..;, — X — Y by fig..i,- There is a bounded spectral
sequence

BV = @ HYRfigmipsF lvy.i,) = HPTIRF(F?)

converging to a bounded filtration on the derived pushforwards. Here the
E1 differential is the Cech differential on the higher pushforwards.

PROOF. (a) This is just the spectral sequence associated to a bicomplex, where
we take vertical cohomology first. Namely, choose an injective resolution F* — Z°,
and consider C* (U,Z*). Since restriction to an open set is exact, the right adjoint
J« preserves injectives. Since arbitrary products of injectives are injective, it follows
that C* (U,Z°) is a bicomplex of injective objects, and hence so is the totalization.

By Lemma 2.1.16, this means that we have isomorphisms

RT(X,F*) = T'(X,I°%) =5 I'(X, Tot C(U, Z%)) = Tot C(U,T*)

and likewise on open subsets. Computing vertical cohomology for C'® (U,Z°) first,
we obtain

HYCWU, 1) = [[ H(Z*Uig-s,))

L]
= ] B'Uipip, F*),
i(),“',ip
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and so the corresponding spectral sequence will give
HP(U,HY(F*)) = HPYTot C*(U,T°),
but we showed above that the RHS is RPTIT(X, F*) as desired.
(b) We argue the same way as before, except that while products of R-modules
are exact, products of Ox-modules aren’t. Once again consider C*(U,Z°®), which
is a bicomplex of injectives, and therefore

Rf.F = f.I° = f, Tot(C (L{ Z%)) = Tot f.C (Ll 7°).
This will take care of the RHS of the spectral sequence. For the LHS, note that

£.CP(U,T1) = B fiorips

10,.. aZp

’LO Zp

so taking vertical cohomology and using the fact that sums commute with coho-
mology, we obtain the desired spectral sequence. O

To conclude this section, we discuss an often-used variant of the Cech complex,
which is more convenient when actually computing with small open covers. This
is the ordered Cech complex, denoted C® (U, F), where U = {U; : i € I} is an
open cover of X and [ is an ordered set. Then we define

P, F)= T[] FUis,)
i< <ip
and so éfjrd(u ,F) =0if U| <p. We use the same differential as in the standard
Cech complex, which still works because if (t0,...,1p) is in strictly increasing
order, then (ig,...,,...,ip) is also in strictly increasing order. Thus we have a

new chain complex, and this admits a natural map C*(U, F) — C* (U, F) which
forgets the components that aren’t in strictly increasing order. The main point is:

Lemma 2.1.18. Let X be a ringed space, U an ordered open cover of X, and F
an object of PMod(Ox). The natural map

C"(U,F) - ord(u ’F)
is a homotopy equivalence.

PROOF. Recall from Prop. 2.1.8 that we defined OZre, constructed a projective
resolution K*(U) — OF°[0], and saw that Hom(K*(U), F) = C*(U, F). To prove
this lemma, we can make an almost identical definition

Kor(TiL = @ ]’LO 1n, 10 ip )
10<-<in
and it is just as clear from earlier that Homgy ' (K34 (U), F) = Je JULF). Tt s
also clear that the canonical projection as in the lemma statement is induced
(after applying Hom(—, F)) by a canonical inclusion K3 ;(U) — K*(U). It suffices
to show that this map is a homotopy equivalence. Since these are complexes of
projectives, we may show it is a quasi-isomorphism.
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The key point is that K°(U) = K2 4(U), and so the corresponding definition
for O)/° is the same in the ordered and unordered case. Therefore, we just need
to show that the augmented complex

= K (U) — Kog(U) — Kog(U) — O — 0
is exact. We now basically use the same proof as in Prop. 2.1.8, whereby we fix an
open W C X, and consider the set I’ of indices for which W C U;. Over W, the

augmented complex becomes
= P ox(W)— @ Ox(W) — Ox(W) =0,
ig<ii€l’ ipel’
(assuming I’ # @). We can use almost the same cone contraction as earlier, except

that placing a fixed index at the beginning might not retain the ordering. Thus,
choose ¢ € I', and define a homotopy by

“1)s. ~ o Fj =t
h(8)jo-jps1 = {( ) orcdrdprr Y

0 otherwise
Now, just as in the earlier proof, hd 4+ dh = 0 follows from breaking the sum into
terms including components with index ¢ and excluding them, and those including
¢ cancel out. O

This gives another proof that if ¢{ is a cover with n elements, then H? U,F)=0
for p > n. Note also that since the ordered Cech cohomology is identified with the
unordered one, we also have properties such as a cover being ordered Cech-acyclic
if one of the opens is the whole space. Using this, we can make the construction
sheafy:

Remark 2.1.19. We may make a corresponding definition égrd(u,f) for the
sheaf Cech complex by only including terms with strictly increasing indices.
Then the same argument we used earlier shows that the augmented complex
F[0] — V;rd(u ,F) is exact, provided F is a sheaf. Moreover, the corresponding
projection map C* Uu,Fr) — Vgrd(u , F) is therefore a quasi-isomorphism.
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2.2. The derived category D(Ox)

2.2.1. The main derived functors. In the previous sections we focused on
RT" and Cech cohomology. Now we will describe the other derived functors, such
as

Rf. Lf* (-)®6,(-) RMHom  Eut
to name a few. We will discuss their relation to RI', and some basic compatibilities
that they have with each other. Often, we can say a lot more if we consider certain
objects in DV (Ox) that satisfy more hypotheses, such as ‘pseudo-coherence’ or
‘perfectness’, which we will study more in the next section. Examples are the
consideration of duals, projection formulae, and so on.

The most important derived functor is Rf, for f: X — Y a morphism of
ringed spaces. We showed in Remark 2.1.6 that if f: X — Y is such a morphism,
then there is a commutative diagram

DHOx) —2 1 Do)

Rr| |&r

D¥(Ox(X)) — DT (Oy(Y))

where the bottom map is the restriction of scalars functor induced by Ox (X) —
Oy (Y). Thus, the natural map f, — Rf, induces a comparison map

RU(Y, fuF*) — RI'(Y,Rf.F*) = R['(X, F*)
which is an isomorphism, e.g., if F* is a bounded above complex of f.-acyclics.
Here is a much more general statement:
THEOREM 2.2.1. Let f: X — Y and g: Y — Z be morphisms of ringed spaces.
(a) There is a canonical identification
Rg.o Rf. = R(go f)«
of pushforwards DT (Ox) — Dt (Oy).
(b) For A € Dt (Ox), there is a bounded spectral sequence
EY = HP(Rg.H(Rf.A)) = H'"(R(go f).A)

converging to a finite filtration on the RHS. In particular, if F is an
Ox -module, then we have a spectral sequence

RPg.(RIf.F) = RPTI(gf).F.
This is called the Leray spectral sequence.
ProoF. This is a composition of derived functors and the corresponding
Grothendieck spectral sequence. We have to check that f, sends e.g. injectives

to gs-acyclic sheaves. Indeed, injectives are flasque, g, preserves flasqueness, and
flasque sheaves are g, acyclic. O
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Sheaf cohomology is a special case of derived pushforward. If X is a ringed
space, the unique map p: X — * extends to a map of ringed spaces by viewing
(%,0x(X)) as a ringed space. Then Mod(O,) = Mod(Ox (X)), and the functor
ps coincides with T,

Other useful results are the ‘hypercohomology spectral sequences’, for which
we apply Thm. 1.3.24. If F* is a bounded below complex of Ox-modules, this
gives us bounded spectral sequences

EP = RIf,FP = HPTMIRf.(F°)
and, for RI,
EP = HI(X, FP) = HPTI(X,F*).

This gives a way to convert results about cohomology of a single sheaf to results
about arbitrary objects of the derived category. We also have the corresponding
secondary sequences on cohomology:

EYY=RPf(HIA) = HPTIRf.(A)
and

E}Y = HP(X, HY(A)) — H(X, A)
for A € DT (Ox). In applications to algebraic geometry, we will often want to
argue about complexes which have quasicoherent or coherent cohomology, and
this spectral sequence lets us translate sheaf level statements about such things to
bounded below statements.

The following result, called the Mayer-Vietoris sequence, is a good demonstra-
tion of how to formulate results in the derived category:

Proposition 2.2.2. Let f: X — Y be a morphism of ringed spaces, and A €
Dt (Ox). Let U,V C X be open subsets, and denote by fu, fv, and funy the
composites of f with the inclusions of U, V, and U NV into X respectively. Then
there is a distinguished triangle

11)T 1-1
REAY REy Al @ RfvaAly Y2 RfuavaAluny — REAlL

in DT (Oy) which is natural in A.

PROOF. Choose a quasi-isomorphism A - Z°® with Z° € K*(Zop, ), then
the (augmented) ordered Cech complex for 7® with respect to U, V, is the exact
sequence of complexes:

° (1 1)T - ® . (] (1 _1) . °
0—-71° —— jU,*I |U @jv,*I ‘V — ]Uﬂv,*IUmV —0

This gives an exact triangle
A — RjusAlu © RjvsAly — RjvnvsA — Al]
in DT (Ox). Now apply Rf, to this. O
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The following observation justifies the name: take f to be the identity, apply
RT', and then the long exact sequence in cohomology is

- HY(X,A) - H(U,A) @ H(V,A) - H(U NV, A) - HTH(X,A) — -

mirroring the Mayer-Vietoris sequence in topology.

We next discuss the locality of derived pushforward, and a fundamental compu-
tation which expresses pushforward in terms of cohomology. First, let f: X — Y
be a map and U C Y an open subset. Let f|;-1; denote the restricted map
f~1(U) — U. Then by definition we have an equality of functors

(v o fue = (fly—10)x 0 (H)lp-10-
Now restriction is exact, and we showed that it preserves injectives. It follows that
we have a canonical identification

(RfA) v = R(f|p-10)+(Al -107),
and therefore
(RPfoF)|lu = RP(fly—10)«(Flp-1y)  »>0
for F an Ox-module. This means that whenever we are checking a property which
is target local, we may always check on an open cover. For example, if U C Y we
see that
RI(U, Rf.A) = RO(U, R(f|;-10)+A) = RD(f(U), A),
viewed in the derived category of the ring Ox (f~1(U)) by restriction of scalars.
Next let us consider a seemingly stupid composition of functors:

Mod(Ox) £ Mod(Oy) 25 PMod(Oy) & Mod(Oy)
Sheafification a is exact, and the composite of the last two functors is the identity.
Thus the whole composite equals f.. Since everything is a-acyclic, this implies
that
Rf. =aoR(iy o fi) =ao Riy o Rf,,
where in the second equality we have used the fact that a flasque sheaf is ¢y -acyclic.
That is the case because RPiy(G) = HP(G) = 0 as HP(U,G) = 0 if G is flasque.
Therefore, for A € D*(Ox), we have
HP(Rf.A) = aHP(Riy(Rf.A)) = aHP’(Rf.A)

— a(U (U, R, A))

=a(U— H(f'(U),A)).
Once again, we are implicitly viewing U +— HP(f~1(U), A) as a presheaf of Oy-
modules via restriction of scalars.

Example 2.2.3. Take A = F[0] and f = 1x. Then this says that F = a(U —
HO(U, A)), which we already know, and

0=a(U — HP(U,F)) = aHP(F)
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for p > 0, which is new. In other words, each cohomology class in HP(X,F)
restricts to zero in a nbhd of every point. This is a reincarnation of the fact that
taking sections is locally exact, but globally not right exact.

(Perhaps reorganize to add something more apt here.)

We now discuss a useful criterion for derived pushforward and cohomology
commuting with filtered colimits. First of all, exactness of a sequence of sheaves is
checked on stalks, which is a certain colimit, and filtered colimits commute with
colimits; therefore taking filtered colimits of Ox-modules is exact. It follows that
on each of the derived categories we obtain a functor

lim?: D*(Mod(Ox)") — D*(Ox),

where we use the superscript D to distinguish this from some kind of colimit inside
D*(Ox). If we restrict to the bounded above (or below) case, we know that this
can be computed by any preadapted class in K™ (Mod(Ox)!), where I. We usually
take this class to be the pointwise injectives. Every object of Mod(Ox)! admits
a monomorphism into a pointwise injective object because we have functorial
injective embeddings in Mod(QOx).

This preadapted class has good properties. Even if its elements are not them-
selves injective objects of the functor category, we note that exactness in a functor
category is checked pointwise. So, given a left exact functor F': Mod(Ox) — A, the
induced functor F': Mod(Ox)! — Al is also left exact, and given an acyclic com-
plex of pointwise injective objects A, F(A) is acyclic, because F(A)(i) = F(A(7))
is acyclic as A(7) is an acyclic complex of injectives. This means that we can define

the right derived functor RF: D*(Mod(Ox)) — D (A7).

Remark 2.2.4. More generally, here is what we have just said: If A is an abelian
category and R is a preadapted class with functorial embeddings, then for any
small category C, the class R¢ forms a preadapted class in A¢. Next, if R is
adapted to a left exact functor F': A — B, then RC is adapted to F¢: A¢ — BC
so that we can define the derived functor RF®: D*(AY) — DT (BY). Lastly,
suppose A® € Ch™(A®), and choose a resolution A* — X* with X*(c) € KT(R)
for each ¢ € C. Then RFY(A) = F(X) pointwise and termwise, i.e. RFY(A)(c) =
F(X(c)®). Since the evaluation functors are exact, A*(c) — X*(c) is also a quasi-
isomorphism, and RF(A®(c)) = F(X(c)®). Therefore, RF(A) is represented by
the object ¢ — RF(A(c)), where if ¢ — ¢’ is a map in C, then the corresponding
map RF(A(c)) — RF(A(c)) is given by functoriality of RF and the fact that
A(c) — A(c) is a chain map. Another way to say this last part is that the derived
functor RFC factors through

DT (AY) — DF(A)C —-» DT (BT)
where the first map is induced by the exact evaluation functors.

We can combine these two observations above to discuss how filtered colimits
interact with sheaf cohomology.
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Proposition 2.2.5. Let Y have a basis of gqcqs opens, X have a basis of quasicom-
pact opens, and f: X — Y be a gcqgs morphism of ringed spaces. For any filtered
category I, the diagram
h_I)I’lD
Dt (Mod(Ox)!) —1 D+ (0Ox)

R f{J{ Rf*i
. D

lim

D*(Mod(Oy)!) —% D*(Oy)

commutes up to canonical isomorphism. In particular, if F(—) is a filtered diagram
of Ox-modules, then:

(a) With the assumptions on f as above, the natural map
liy R £.F(0) — 2. (lim 7(0)
el el
is an isomorphism for all p > 0.
(b) If X is qeqs and has a basis of quasicompact opens, then the natural map
lim HP(X, (1)) — HP (X, lim 7))
el el
s an isomorphism for all p > 0.

Therefore, in the circumstances described above, the functors RP f, and HP(X, —)
preserve arbitrary coproducts for all p > 0.

ProOOF. Consequence (a) follows directly from the diagram and the fact that
RfI'is computed pointwise, which was discussed above. If we take Y = (%, Ox (X)),
then f qcgs means that X is qcgs, and we get (b). The fact about arbitrary
coproducts holds because a coproduct is a filtered colimit of biproducts (or empty,
in which case we already know the functors preserve 0).

Now the main result. First let us show that under the assumptions of the
proposition, lim  f.(F(z)) == fi(lim, F(2)). Since Y has a basis of qcgs opens
and f is qcgs, we reduce immediately to showing that lim. H 9(X,F(i) =
HY(X, lim F(i)) is an isomorphism whenever X is qcqs and has a basis of qc
opens. So, consider each F(i) as a sheaf on the basis of all qc opens, which is
closed under finite intersection by assumption.

We claim that the presheaf filtered colimit U — lim  F(i)(U) (for U quasi-
compact) is already a sheaf on the basis, which completes the proof since X is
quasicompact, and the sheaf colimit is the sheafification of the presheaf colimit.
To demonstrate the sheaf condition for an open cover {U;} of some qc open U, it
suffices to show the sheaf condition on any subcover, and hence we may assume
{U;} is finite. Thus the sheaf condition for each F(i) is the exact sequence

0 — F@)(U) = PFOU;) — P F@O)U; NUy),
i ik

and taking filtered colimits gives the sheaf condition for (lim_ F(i))(U).
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This shows that f, commutes with filtered colimits, and so the underived version
of the diagram in the proposition commutes. To conclude, we apply composition
of derived functors. By the discussion above, it suffices to show that if Z(—) is a
filtered diagram of injective objects, then lim, Z(i) is fe-acyclic. By the description
of RPf, as a sheafification, we may show that Hp(f_l(U),h_H)liI(i)) = 0 for all
p>0and U C Y qcgs. Then f~1(U) is qcgs, so we reduce to showing that
HP(X, hLQZ Z(i)) = 0 for p > 0 whenever X is qcgs and has a basis of quasicompact
opens, and Z(—) is a filtered diagram of injectives.

We show this using Cech cohomology. Let U be a finite open cover of a
quasicompact open U C X by qc opens. Since Uj,...;, is still qcqs and has a basis
of qc opens, we have

hi>n HO(Uio---ipv ]:(Z)) — HO(Uio---ipa h_II)l./_"(’L)),

i€l el
so lim, CPU,Z()|y) == Cv‘p(b{,li_rqi Z(i)|y) by finiteness of U. Since filtered
colimits are exact, this statement holds on the level of Cech cohomology. Since
each Z(i) is injective, the cohomology on the LHS vanishes, which proves that

HP (U im Z(i)|y) = 0 p>0
el

for every finite open cover U of U by qc opens. Since such coverings form a cofinal
system, we conclude by Lemma 2.1.15 that higher cohomology of hi,n, Z(i) vanishes
for all qc opens in X. O

Our next topic is RHom, which we will define in the exact same way as RHom.
We will see, however, that to prove the relevant properties of RHom, many specific
properties of sheaves are needed; namely, what follows is not just an obvious
generalization of RHom.

Let F*,G* be (possibly unbounded) complexes of Ox-modules, and define

Homp  (F*,G°) = [[ Homo, (FP,G"*P),
PEZL

with differential given by the same formula df — (—1)"fd, where this formula
makes sense on every open and hence as sheaves. So,

H°(U, Hom®  (F*,G*)) = Home, (F*|v,G*|v)

as complexes of O x (U)-modules since products commute with sections, from which
we immediately deduce e.g. that the definition above actually gives a complex.
More generally, most facts that we prove about the sheaf hom complex will pass
through the formula above. For example, we get for free that

Homp  (F*,G°[k]) = Homp, (F*[-k], G%) = Homo, (F*,G°)[K]
because it is true on every open.

Lemma 2.2.6. Let X be a ringed space. In what follows,
F* T, F3.60.01. G5
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are all possibly unbounded complexes of Ox-modules.

(a) Hom naturally defines a functor
Ch(OX)Op X Ch(Ox) — Ch(@)().
This restricts to Ch™ (Ox)° x Ch™(Ox) — Ch"(Ox). Moreover, these

are homotopy invariant, meaning that both restrict to functors
K(Ox)® x K(Ox) = K(Ox) K (0Ox)® x K"(Ox) — K" (Ox)

on the homotopy categories.
(b) For any map ¢: G} — G5, there is a canonical identification

Home  (F*, Cone(¢)) = Cone (Hombx (F*, cp))
For any map ¢: F7 — F3, there is a canonical identification

Hom, (Cone(9),G*) = Cone (Homb, (¢, G%))

as well.
(c) If I* € K" (Zoy ) and ¢: Fy — F3 is a quasi-isomorphism, then

Homp, (F1,1%) — Homp, (F3,1%)

s a quasi-isomorphism.

(d) IfI* € K(Zoy ), then Homg, (F*,Z°) is a complex of flasque O x -modules.
If in addition F* is a complex of flat Ox-modules, then Homg, . (F*,1°)
is a complex of injectives.

PRrROOF. (a) The first part is from functoriality of sheaf hom and of products.
Note that if the first argument is zero after degree ¢ and the second is zero
below degree r, then whenever n < —q +r, either p > qorn+p<n+qg<r,
so Hom(FP,G"P) = 0 either way. For homotopy invariance, note e.g. that a
homotopy G} — 9571 induces a map Hom(FP, gf”’) — Hom(FP, Qgﬂ’*l), and
hence a map

Hompp, (F*,G1) — Home '(F*,G3)  nel
which is a homotopy by functoriality. Likewise for the first argument.

(b) This is true after taking sections over every open set, and the identification
is compatible with restriction. Here we are using the fact that Hom preserves
finite biproducts in either variable.

(c) It suffices by (b) to prove that if F* is acyclic, then Homg, (G*,Z°) is
acyclic. But to show exactness we may show exactness on sections over every open
set, and indeed Home,, (F*|v,Z°|v) is acyclic for all U because Z*|; is a bounded
above complex of injectives.

(d) Note that a product of flasque sheaves is flasque, because products commute
with sections, and products are exact for modules over a ring. Thus we may show
that Homo, (F,T) is flasque for 7 an injective sheaf. Indeed, for an open inclusion
j: U — X, applying Homoe, (—,Z) to the injective morphism jF|y — F gives
the exact sequence

Homo, (F,Z) — Homoe, (jiF|v,Z) = Home, (Flu,Zly) — 0
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by adjunction. This shows flasqueness.

For the second statement, we once again reduce to showing that Homo (F,Z)
is injective if F is flat and Z is injective, because products preserve injectives. But
by the tensor-hom adjunction,

Homo (_7H0m(9x (f,I)) = HOInoX((—) Koy ]:,I),
so the LHS is a composition of two exact functors. O

By part (a) of the lemma, the sheaf hom complex gives a functor K(Ox )P x
K" (Zo,) — K(Ox), which by (c) descends to a functor D(Ox)°? x KT(Ox) —
D(Ox). Via the equivalence K™ (Zp, ) — D (Ox), we get a functor

RHomoX: D(Ox)OP X D+(Ox) — D(Ox)
By part (c) of the lemma, the functors
RHomo, (A, —) RHomo, (—, B)

are both triangulated for any A € D(Ox) and B € D*(Ox). Note that by (a),
if A € D7 (Ox), then this lands in DT (Ox). Lastly, the choice of an inverse
equivalence DT (Ox) — K*(Zo,) comes with a natural transformation which
induces a natural morphism

Hom — RHom
of bifunctors, which on the bounded below complexes of injectives in the second
variable is an isomorphism.

Proposition 2.2.7. Let X be a ringed space.
(a) If U C X, then
RHomo, (A, B)|ly = RHomo, (Aly, Blu)
for any A € D(Ox) and B € D™ (Ox).
(b) For F € Mod(Ox), there is a canonical identification
RHomo, (F,—) = RHomo, (F[0], —)

of the right derived functor with sheaf RHom.
(c) There is a canonical identification

RT (X, RHomo, (A, B)) = RHomo, (4, B)
in DT (Ox (X)) for A€ D~ (Ox) and B € D" (Ox).

PRroOF. (a) Replace B by a bounded below complex of injectives, then we
conclude by exactness of restriction and the fact that the restriction of a bounded
below complex of injectives still has the same property.

(b) Since RHom(F[0],—) is triangulated, and due to the natural map from
Hom(F[0], —) = Hom(F, —), there is a natural map in the direction specified by
the universal property of derived functors, making the obvious diagram commute.
This is an isomorphism on K™ (Zp, ), and hence on D™ (Ox).

(c) Note that I'(X, Hom(A, B)) = Hom(A, B), so we have some natural maps

RHom(A, —) « Hom(A, —) — RI'(Hom(A,—)) — RT'(RHomo, (A, —))
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in the derived category of Ox(X). Testing on Kt (Zp, ), the left- and right-hand
maps are isomorphisms, and the remaining map is an isomorphism as well because
Hom(A,Z*) is flasque, by Lemma 2.2.6. O

In light of (b) above, we write
Extey (=, =) = HP(RHomo, ((—)[0], (=)[0]))
for the classical right derived functors of Home, (F,—), so these form bifunctors
Mod(Ox)°® x Mod(Ox) — Mod(Ox).

Then by (c), or simply the fact that Hom(F,Z) is flasque if Z is injective, we have
the following spectral sequence:

HP(X, &xtl, (F.G)) = Exty (F,Q)

This is called the local-to-global spectral sequence. More generally, instead of
applying the Grothendieck spectral sequence, we can use the main ingredient in
its proof, which gives a spectral sequence

HP (X, H9(RHomo, (A, B))) — Homp o) (A, Blp + q])

of Ox(X)-modules, for A € D~ (Ox) and B € D" (Ox). The point of introducing
RHom is that it is in fact usually much easier to compute, and as we will see
it behaves a lot more like classical RHom’s for modules. For example, we know
that RHomo, (Ox, —) is the identity functor while RHome, (Ox, —) is RT". Thus
the spectral sequence above is a generalization of the hypercohomology spectral
sequence.

Another reason that RHom is more similar to the module case is because we
can often compute it using resolutions in the first variable. Let us temporarily
call an Ox-module internally projective if Homo, (F,—) is exact. Thus in this
case ErtP (F,—) = 0 for p > 0, and conversely if ExtP(F, —) = 0 for p > 0, then an
exact sequence 0 — Gy — Gy — G3 — 0 induces a long exact sequence

0 — Hom(F,G1) — Hom(F,Gs) — Hom(F,G3) — Ext' (F,G1) =0

by exactness of RHom. So being internally projective is equivalent to having
ExtP (F,—) = 0 for p > 0. For example, a finite locally free sheaf is internally
projective.

Example 2.2.8. If F is an internally projective module, then the local-to-
global spectral sequence for Exts immediately gives a natural identification
HP(X,Hom(F,—)) = Ext, (F,—). For instance if F = £ is finite locally free,
then HP(X,EY ®oy G) = Exty (€,0).

Example 2.2.9. Just as in the case where the target is modules, Hom(F*,G®)
is the product totalization of the bicomplex CP? = Homp, (FP,G?), so there is
an associated spectral sequence. However this doesn’t automatically converge to
what we expect since products aren’t exact; so, assume either that F* € Ch®(Ox)



100 Derived categories of schemes

and G* is arbitrary, or F* € Ch™(Ox) and G* € Ch"(Ox). Both of these ensure
that the products taken are finite, so we get spectral sequences

H} (Hf(Homo (F*,6%))) = H"™(Homo, (F*,G°))
and

Hg(HZ(HomOX (]:.7 g.))) — HP™ (Mox (‘F.7 g.>)
So, for example, if F* is a bounded above complex of internally projective sheaves,
then for G* a bounded below acyclic complex, Homo, (F?,G*) is acyclic. Thus
the first spectral sequence degenerates to 0 and the total complex Homy  (F*,G*)
is acyclic.

Lemma 2.2.10. Let F* be a bounded above complex of internally projective
modules. Then the natural map

MO}( (‘F.a _) - RHomOX (f.v _)
is an isomorphism of functors Kt (Ox) — DT (Ox).

PROOF. Let G* € KT(Ox) and G* — I*® be a gis with Z* € K*(Zp, ). Then
the diagram

Homo, (F*,G°) — RHomo, (F*,G°)

| s

Home  (F*, %) — RHomoy (F*,T°)

commutes by naturality in both variables, and we already know that the right
and bottom maps are isomorphisms. By Lemma 2.2.6(b) and the fact that
Homp, (F*, —) preserves acyclics, the left map is also an isomorphism. O

Here’s how this occurs in practice: we often care geometrically about computing
RHomp, (F,G), e.g. where F is some coherent sheaf, and we have a finite
resolution of F by vector bundles. So, we can first compute RHome, (F,G) which
is just Hom applied to the resolution, and then compute cohomology and use the
local-to-global spectral sequence. We will return to internally projective sheaves
in the next section.

Now let’s discuss Lf* and the derived tensor product. First, the latter; we
know that Mod(Ox) is closed symmetric monoidal and has exact arbitrary sums,
and enough flat objects, so the entire discussion about (—) ®% (—) already applies.
By convention, we denote the corresponding Tor sheaves as Tor¢,, (F,G), instead
of Tory,q(0,)(F,G), though they mean the same thing.

Example 2.2.11. Let A, B € D™ (Ox), and represent them by complexes F* — A,
G®* = B where F°® is a bounded above complex of flats. Then we defined the
complex F* ® G* as the (sum) totalization of the natural bicomplex. Since this is
a shifted third quadrant bicomplex, we have the associated spectral sequence

HPHY(F* @ G*) = HPY(F* 2 G).
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Since each F is flat, we have H(F* ® G*) = F* ® H(G*). Thus the LHS above
is HP(F* @ H1(G®)). Therefore, this gives a bounded spectral sequence
HP(A®p, HY(B)) = HPM(AgY, B),
which is called the hyper-Tor spectral sequence. In particular, if A = F is repre-
sented by a single sheaf, then
Tor?(F, HY(B)) = HP™(F @, B).

The general version is useful because it relates the cohomology of A @%X B, which
isn’t a derived functor of anything, to the cohomology of something which is a
derived functor, since

A@b, HI(B) = L((-) ®oy HI(B))(A)
as H9(B) is just an Ox-module.

Example 2.2.12. We can repeat the same trick as above for RHom, but we
have to make sure the first argument is bounded above as explained earlier. So
if A€ D~ (Ox) and B € D*(Ox), then by replacing B with a bounded below
complex of injectives we obtain a spectral sequence

HP(RHomo, (H™1(A), B)) = HPTI(RHomoe, (A, B)),
so in particular
&vt’(’gx(H_q(A),g) = H""(RHomo, (A,G)).
The same thing of course works for regular RHom, so we have
H?(RHome, (H9(A), B)) = HP*Y(RHomp, (A, B))
and likewise an Ext version as above.

The nice property of the derived tensor product is that it behaves well with re-
spect to stalks. First of all, since the stalk functor (—);: Mod(Ox) — Mod(Ox )
is exact, it induces a termwise map on the derived categories (—),: D*(Ox) —
D*(Ox ). Then, here’s a simple lemma about flat sheaves.

Lemma 2.2.13. Let X be a ringed space. An Ox-module F is flat if and only if
Fy is flat over Ox 5.

ProoF. We already know the < implication. For the other direction, we just
need to know that for any Ox , module M there is an Ox-module with stalk M
at x. So take the skyscraper sheaf corresponding to M at x. Il

Remark 2.2.14. In the tensor product case, we want to (as before) assert the
existence of a map

(-) ®6, (=) = (=) ®ox ()
natural in both variables, of functors K™ (Ox) x K™ (Ox) — D™ (Ox). This is
more delicate than the RHom case because we don’t have enough projectives
(actually, that case was a bit delicate too, so I should go back and fix it); so, if
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R is the class of flats, while we have a map K™ (Ox) — K~ (R)[Sz'], we don’t
automatically have a map K™ (Ox) — K™ (R) coming from a choice of inverse.

So here’s what we can do instead: By construction, for each F, the functor
F@%X (=) as D~ (Ox) — D™ (Ox) is a left derived functor of F ® (—) using an
adapted class, so we have a natural map F ®%X (—) = F ®oy (—) of functors
K™ (Ox) — D~ (Ox). Since a morphism F — F’ gives a natural transformation
F®(—) — F' ®(—), there is an induced morphism of left derived functors making
the diagram

Fol(-) — Fo(-)
1 1
Fal(-) = Fa(-)
commute. We know that if G* — B is a flat resolution, then the comparison
map is induced by F ®¥ B = F ® G* — F ® B; now if F* is any bounded above

complex, the differentials induce commutative diagrams like the one above, and
by taking direct sums we get a map of totalizations

F* @6, B ="Tot(F*®G*) — F*® B,
This is exactly the desired map of complexes. If B is a bounded above complex of

flats, then this is obviously an isomorphism, and if 7* is a bounded above complex
of flats, then tensoring with it preserves quasi-isomorphisms.

Remark 2.2.15. Here is another thing we are using to construct natural maps
when comparing derived functors. If R is a (say left) preadapted class, then
we know that the natural map @: K7 (R) — D~ (A) is a localization by the
quasi-isomorphisms. This means that restriction along @) induces an equivalence

Q*: Fun(D~(A), @) — Fun®(K~(R), @),

where Fun® denotes the full subcategory of functors which send quasi-isomorphisms
in K™ (R) to isomorphisms. By currying/product-hom adjunction, this also induces
an equivalence

Fun(D~(A) x €,D) — Fun®*} (K~ (R) x €,D),
where the RHS denotes the full subcategory of bifunctors G for which G(—, ()
sends quasi-isomorphisms to isomorphisms for every C' € C. Therefore, to provide

natural transformations between functors in the LHS, we can precompose with @)
and then provide natural transformations there.

The natural map (=) @, (—) — (=) ®oy (—) gives rise to a zig-zag of maps

(885 () = (De B0y, (Do = (e @by, (e

because regular tensor product commutes with stalks, all landing in D™ (Ox ).
Now in the first variable, place a bounded above complex F* of flat sheaves. The
left hand map becomes an isomorphism because the same was true before taking
stalks. The RHS is an isomorphism because F; is a bounded above complex of
flat Ox z-modules. Therefore, as functors K™ (R) x D™ (Ox) — D™ (Ox), the
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LHS and RHS are isomorphic, so the same is true on D~ (Ox) x D~ (Ox) by the
remark above. We have shown:

Lemma 2.2.16. Let A,B € D™ (Ox). For all v € X, there is a canonical
identification

(A®P, B)x = Ay @B, By
in D™ (Ox ). In particular, for F,G € Mod(Ox), the natural map

Tor0X (F.G)a — Tor ™ (Fy, Gu)
for every x € X andn € Z.

Now we discuss derived pullback. Let f: X — Y be a morphism of ringed
spaces. Consider the class R of flat Oy-modules, which we already know is
preadapted. We claim it is adapted to the pullback functor f*. If F* is a bounded
above acyclic complex of flat O x-modules, then apply f*, and consider the resulting
sequence on stalks at a point x € X:

T ]:}L(;; B0y, s0) OXz = Ff(a) @Oy oy Oxp =
n

Since each ) is flat over Oy j(,) and the sequence is bounded above, the
sequence above is in fact exact (by a result early on in the discussion of derived
tensor product). Therefore f*F*® is an acyclic complex, and we deduce that R is
an adapted class, so the derived functor Lf*: D~ (Oy) — D~ (Ox) exists. Here
are the very basic properties:
Proposition 2.2.17. Let f: X — Y be a morphism of ringed spaces.
(a) If g: Y — Z is a morphism of ringed spaces, the natural map
L(go f)" — Lf"oLg"
is an isomorphism of functors D~ (Oz) — D~ (Ox).
(b) Let U CY be an open subset, and f\fﬂ(U) denote the restricted morphism
f~YU) — U. Then there is a canonical identification

Lf*(A)l gy = L(flp1@0))" (Alv)
in D= (Ox| 1)) for A€ D™ (Oy).
(c) For any A € D~ (Oy) and x € X, the natural map
* L
L (A)e = Af@) @0y, ;) OX

is an isomorphism, where on the RHS we mean the derived functor of the
base change by Ox . defined previously.
(d) For any A, B € D~ (Qy), the natural map

Lf*(A®5, B) — Lf*(A) ©6, Lf*(B)

is an isomorphism.
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PRrROOF. (a) If F is flat over Oy, then f*F is flat over Ox, because its stalk at
z is the base change Fy(,) ®o,. ) Ox . and flatness is stable under base change.
(b) This follows from the commutative diagram

f| -1y
f ()U

F7HU)

[ |

x 1 vy

of ringed spaces, (a), and the fact that pulling back along an open inclusion is just
restriction.

(c) First of all, recall that we justified the notation on the RHS because the
restriction of scalars (which is exact) of the derived base change is indeed the
derived tensor product. The statement is derived functors of the composite in the
commutative square:

MOd(Oy) (M) MOd(Oy’f(x))

f*J/ l®0y’f(z)OX,z
Mod(Oy) “% Mod(Ox.)
Taking stalks is exact, so the only thing to do is find a preadapted class on
Mod(Oy ) whose stalks land in an adapted class for base change to Ox , for which
we can take the flat Oy-modules.
(d) We have maps

Lf*(A®p, B) = Lf*(A®o, B) = f*(A®o, B)
and maps
Lf*(A) @6, Lf*(B) — [*(A) @6, [*(B) = [*(A) ®ox [*(B),
all of which are natural in A and in B. The two RHS’s are naturally isomorphic in
A and B. If we take A and B to be bounded above complexes of flat sheaves, then
the first maps in the bottom and top row are isomorphisms. The second in the top
row is also an isomorphism because the tensor product of flat sheaves is flat, and the

second in the bottom row is an isomorphism because the pullback of flat modules
is flat. Thus we obtain a canonical isomorphism on D~ (Oy) x D~ (Oy). O

Remark 2.2.18. Let A — B be a morphism in D(Ox), and suppose that
A, — B, is an isomorphism in D(Ox ;) for every x € X. Since taking stalks is
exact and termwise, this implies that H"(A) — H"(B) is a stalkwise isomorphism,
and hence an isomorphism of sheaves. Thus A — B is an isomorphism. Therefore
we can often argue on stalks even in the derived category.

Remark 2.2.19. Let A — B be a morphism in D*(Ox), and suppose that
RT(U, A) — RY(U, B) is an isomorphism in D(Ox (X)) (or D*(Ox(U)), or even
D™ (Z)) for every open U C X. We claim A — B is an isomorphism. We may
assume A = Z? and B = Z3 are in K™ (Zp, ), and then since Z3 is a bounded below
complex of injectives, the map Z? — Z3 comes from a chain map. Then for each n,



105

IMU) — Z§(U) is an isomorphism for every U, so Z; — I, in K™ (Ox), which
implies the result.

Note that for this result, we only need to check on all opens U in a basis for X,
because that is all we used in the last step of the proof. Moreover, it is of course
enough to show that H"(U, A) — H"(U, B) is an isomorphism for all n and all U
in a basis, because that implies the condition in the statement.

Remark 2.2.20. Let ¢p: O; — O3 be a morphism of sheaves of rings on X, so
that we get an associated morphism f: (X, O2) — (X, O1) of ringed spaces. We
have already discussed the fact that f, is exact in this case and is just restriction
of scalars. Since f~1 =1d, f*(F) = F ®p, O is extension of scalars. Then we
have a canonical identification f.(F ®p, O2) = F ®p, O2, where on the RHS we
mean as Oi-modules. Since f, is exact, this implies that f,Lf*(4) = A ®{51 0o,
so we often write (—) ®%, Oz, for derived change of scalars.

Now let f: X — Y be a morphism, and observe that the functor f~! is exact,
so descends to the derived categories. We may write f as the composite

(X,0x) = (X, fH(Oy)) = (Y, Oy)
where the first map is induced by f~'0y — Oy, and the second is given on spaces

by f and the morphism of sheaves f~1Oy — f~1Oy is the identity. The second
map is flat, so we are justified in writing

Lf*(A) = f7(A) @F-10, Ox
according to the convention above.

A simple and practical example of a left derived functor is the closed-embedding
projection formula. Let i: Z — X be a morphism of ringed spaces which is a
closed embedding on the underlying topological spaces. If F is a sheaf on Z and
G is a sheaf on Y, then since i* (i, F ® G) = i*i,F ® i*G, the counit map induces a
morphism i*(i,.F ® G) — F ® i*G, and thus a morphism i,.F ® G — i, (F ® i*G)
by adjunction.

Consider the stalk at a point = ¢ i(Z): the RHS is 0, and the LHS is 0® G = 0.
On the other hand, if z = i(z), then the stalk at = on either side is

F ®0X,z’(z) gi(Z) — Fz X0y, (gz ®OX,i(z) OZ,Z)a

which is an isomorphism. Thus the natural projection map is an isomorphism.
Since i, is exact, this likewise induces natural morphisms

iv(A) ®%, B — i.A®oy B2i,(A®p, i"B) «— i.(A®, Li*B).

If we replace B with a bounded above complex of flat modules, the left map is
an isomorphism, and ¢*B is a bounded above complex of flat Oz-modules, so the
right-hand map is also an isomorphism. Thus we deduce the derived projection
formula:

Lemma 2.2.21. Let i: Z — X be a closed topological embedding, and A €
D=(0Ogz), B € D™ (Ox). Then the natural map

i A®p, B — i, (A®p, Li*B)
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is an isomorphism.

Because of this result, combined with the fact that hypercohomology is invariant
under pushing forward by closed embeddings, we often drop the 7, and just
implicitly view an object A € D™(Oy) as an object of D™ (Ox). It is separately
also true that i: D™ (Oz) — D™ (Ox) is a fully faithful embedding, but we won’t
discuss this yet.

Example 2.2.22. Since i, is exact, it commutes with cohomology (of complexes),
and so
HP(i,A®%, B)=i.H"(A®p, Li*DB).
In particular, for sheaves F and G we have
Ox (+ 2 O -k
Tory, X (ixF,G) = ix Tor, #(F, Li*G)
for all p. Now on the other hand, we have shown that i, actually commutes with
RI'. So, suppose that A ®Iéz Li*B € D*(Og). Thus when we apply i, we land in
D’(Ox), and therefore
RU(X,i,A®, B) = RI(Z,A®g, Li*B)
viewed in DT (Ox (X)).
Example 2.2.23. Suppose i1: Z1 — X and iy: Zo — X are two closed embed-
dings, and consider the structure sheaves i; ,Oz, and i3 .0z, as sheaves on X. In
scheme theory, we often want to think of their derived tensor product as a derived
intersection product, which generalizes the fact that their ordinary product is the

structure sheaf of their scheme-theoretic intersection. Then the projection formula
shows that:

1407, ®6, 12,07, = i1,.(0z, ®%Zl Liiz «Og,)
= i1 (Litin.Oz,)
= i9.4(Li5i1+Oz,)
In particular, we can compute the derived intersection by pulling back Oz, to Z;
or pulling back Oz, to Z3, and we get the same answer.

For example, suppose Z; and Zs are effective divisors on a scheme X. Then
we have two term resolutions

’L'17*Ozl >~ [Ox(—Zl) — Ox} [1] i27*022 ~ [Ox(—ZQ) — Ox] [1]

by line bundles, which are in particular flat resolutions. So we have a few options
for computing the derived intersection. If we replace both sides in the definition
by resolutions, then we will obtain a three term complex

Ox (=21 — Z3) — Ox(Z1) ® Ox(Z2) — Ox][2]

by definition of the tensor product. This is most ideal if we need to compute
something like RHom or further pullback, because it is a complex of locally frees.
Alternatively, we can directly apply e.g. L] to this, which gives the complex

[OX(_ZQ)|Z1 - OZI] [1]a
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which is best suited for directly computing cohomology.

The most interesting statements usually arise from relating left and right derived
functors. This often happens through adjunctions. For example, let f: X — Y
be a morphism, then we have the standard adjunction f* - f.. Therefore, by
our results on derived adjunctions, for A € D~ (Oy) and B € D*(Ox) we have a
canonical isomorphism

RHomop, (Lf*A, B) 2 RHomop, (A, Rf.B)

in DT (Oy(Y)), where the LHS is viewed via restriction of scalars along Oy (V') —
Ox(X). We would like to generalize this statement to something on the level of
sheaves.

To do this, first consider the sheaf-level adjunction; given a morphism f: X —
Y, applying the sheaf adjunction to f~1(U) — U and recalling the behavior of
pullback and pushforward with respect to this, we deduce a natural isomorphism

Homoffl(U) (f*]:|f_1(U)’g|f_1(U)) — HomOU (]:|Uaf*g|U)

This commutes with the restriction maps (i.e. is natural in U as well), so it induces
an isomorphism

[« Homo, (f*F,G) == Homo, (F, f.G)

of Oy-modules, by definition of the relevant objects, again natural in F and G. By
taking direct sums of both sides, this immediately generalizes to the case where
F*isin K~ (Oy) and G* € KT (Ox). Now, we have natural morphisms

fe Homo (f*F*,G*) ———— Homo, (F*, £.G*)

l l

Rf.Homo, (f*F*,G°*) Homo, (F*, Rf.G®)
l l
Rf.RHomo, (f*F*,G*) RHomoe, (F*, Rf.G*)

l

Rf.RHomo, (Lf*F*,G°*)

as functors K™ (Oy) x KT (Ox) — DT (Oy). If we take G* to be a complex of
injectives, then the two upper-most maps on the left are isomorphisms, the first
one because Homo, (—,G*) is flasque by Lemma 2.2.6. If we also take F* to be a
bounded above complex of flats, then Lf*F* — f*F* is an isomorphism, so the
bottom map on the left is an isomorphism. Therefore, this induces a natural map

(%) Rf.RHomo,(Lf*A, B) — RHomo, (A, Rf.B)

in D (Oy), natural in A € D~ (Oy) and B € D" (Ox). We note at this stage
that it does not obviously follow from the diagram that this is an isomorphism; a
bounded above complex of flats in the first variable doesn’t necessarily compute
RHom, and it is not clear if the pushforward of a bounded below complex of
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injectives (which is only a complex of flasques) computes RHom. Yet nonetheless
we still can prove the following theorem by indirect means:

Proposition 2.2.24. For A € D~ (Oy) and B € D*(Ox), the map (*) is an
isomorphism

Rf.RHomo, (Lf*A, B) = RHomo, (A, Rf.B)
in DT (Oy), natural in A and B.

PRrOOF. We are going to apply Remark 2.2.19, which allows us to check this
after applying RI'(U, —) for every U C Y. But because of the properties we have
proven regarding the relation of pushforward and pullback with restriction, doing
this gives a map

RHomo _,  (Lg"(Alv), Blf-11)) — RHomoy, (Aly, Rg«(Blp-1(1r)))

where g is the restricted map f~1(U) — U. This is the same map as the derived
adjunction applied to g, because both were defined using the adjunction ¢* 4 g.,
as one can check easily. O

We note that this is a nice example of using derived categories, because its
statement was not trivial after replacing with a complex of injectives or flats.
We also note that, because we have ignored unbounded derived categories, the
isomorphism is not induced by any unit or counit map, but instead we describe
it as the unique extension of the underived formula upon restricting to injectives
and flats.

Example 2.2.25. Let A = F be a sheaf, and take the map f to be the inclusion
x — X of a point where the domain has structure sheaf Ox ;. Then f* is the
functor (—), which is exact, and f, is the skyscraper sheaf functor, which is also
exact. So, both commute with cohomology, and since sheaf ext on a point is just
module ext, we get

feBxty (Fu, M) = Eatey (F, f.. M)

, T

for any Ox z-module M, so Extp, (Fu, M) = &xtgy (F, fuM),. In particular, if
F is internally projective, then Fy is projective for every x € X. E.g. if F is
also of finite presentation and X is a locally ringed space, then F is a locally free
sheaf of finite rank. So, being internally projective is usually equivalent to being a

vector bundle.

Example 2.2.26. Let us record the fact from the example above that if we denote
the skyscraper sheaf functor by Sk,, which descends to the derived category, then

Sk, RHomo, _ (A, B) = RHomo, (A, Sk, B)

for B€ DT(Ox,) and A € D™ (Ox). In particular, suppose A is itself of the form
Sk, A for A€ D7 (Ox ), then

Sk, RHomoy , (A, B) = RHomo, (Sk, A, Sky B).
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As an aside, we note that the usual derived adjunction formula tells us that
RHomoy , (Az, B) = RHomo, (A, Sk, B), which is an incarnation of the fact that
skyscraper sheaves are (clearly) flasque.

Remark 2.2.27. Let A be a bounded above complex of flats, and B a bounded
below complex of injectives. Now we can verify that

Home,, (A, f« B) — RHomo,, (A, Rf.B)
is in fact an isomorphism. Indeed by Prop. 2.2.24, it suffices to check that
Home, (f*A, B) — Rf. RHomo, (Lf*A, B)
is an isomorphism, which we already showed in this case.

For the last result in this section, let us show the easier proposition that
the tensor-hom adjunction derives well. Recall that from the adjunction, one
immediately proves

Homo (Fi ©oy Fa, Fs) = Homo (F1, Homo, (F2, Fs))
Now suppose F7, Fy, and Fy are (arbitrary) complexes of Ox-modules. Then

Homox( @ ‘Ff RPox fg? g) = H Hamox(}—f Rox ~7:§77:§)
pt+g=n p+q=n

i H Homox(}"{’,?{omox (Fg,f}f)).
ptg=n
Now take the product over all n, and set r = n 4+ m; thus we will get

Homy (F} @oy F3,F3) = H?—Lomox(}‘f, Homo (F3, f§+q+m)>
p,q
= [T Homo (F}. Homls ™ (73, F3))
p

= Hom(s (F}, Homo, (F3, F3)).
which gives a tensor-hom adjunction in the category Ch(Ox). Now we bring this
to the derived category.
Proposition 2.2.28. Let X be a ringed space. There is a canonical isomorphism
RHomo, (A ®%X B,C) = RHomo, (A, RHomo, (B, C'))
in DT (Ox) natural in A, B € D~ (Ox) and C € D" (Ox).

PrROOF. We will do this more quickly than the previous results. Choosing
representatives, the natural maps A ®%X B — A®p, B and the natural maps
from Hom to RHom, induce maps

Homp, (A ®oy B,C) — RHomo, (A®y, B,C)

and

Home, (A, Home, (B, C)) — RHomo, (A, RHomo, (B,C)).
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By the result in Ch(Ox), the two LHS’s are identified. Now, take B to be a
bounded above complex of flat O x-modules, and C' to be a bounded below complex
of injectives. Then the top map is an isomorphism. Moreover, by Lemma 2.2.6(d),
each Homp, (B, C) is a bounded below complex of injectives, so the bottom map
is an isomorphism too. O

In particular, under the same assumptions for A, B, C, we have
RHomo, (4 &6, B,C) = RHomo, (4, RHomoy (B,C)).

This is a result that we already knew if B € Mod(Ox), so this is a direct
generalization of that.

2.2.2. Appendix: Cohomology of a Noetherian space. The goal of this
short section is to prove the following theorem:

THEOREM 2.2.29. Let X be a ringed space whose underlying space is Noetherian,
and suppose dim(X) = d. Then HP(X,F) =0 for all p > d and F € Mod(Ox).

Corollary 2.2.30. Let X be a Noetherian ringed space of dimension d.
(a) For A € DI*¥M(0Ox), RT(X,A) € Dlev+d(Ox(X)). In particular RT
restricts to a functor D*(Ox) — D?(Ox(X)).
(b) Suppose f: X — Y is a morphism. For A € DI“Y(Oy), Rf.A €
Dlebtd(Oy).  In particular Rf. restricts to a functor D*(Ox) —
Db(Oy).

PROOF. (a) is a special case of (b). For each F, RP f,(F) is the sheafification
of U +— HP(f~Y(U),F), which for p > d is zero since f~1(U) is a Noetherian space
of dimension < d. Thus the result follows from Example 1.2.29. (]

The proof of the main result is by some trickery. First, to simplify notation,
we may assume that Oy = Z, so that all sheaves considered are abelian (because
cohomology commutes with change of ring). Thus all sheaves and ringed spaces
in this section are considered abelian. Also, the number in the theorem (namely
dim(X)) is definitely achieved, as e.g. the example of P™ will show.

For this section, we will use the following special notation: for an open set
U C X, we write Zy == jiZ where j: U — X. If F is an abelian sheaf and {s;} is
a collection of local sections with s; € F(U;), we say that F is generated by {s;}
if the induced map

@ZUi—)]:_)O
7

is surjective. Warning: a sheaf generated by finitely many local sections need not
be of finite type (e.g. Z itself has support U, so on a connected space it can’t be
of finite type).

But, what is true is that every sheaf F is a filtered colimit of sheaves generated
by finitely many sections. Indeed, let {F,} be the collection of all subsheaves
generated by finitely many sections of F, considered as a filtered system with
inclusion maps. Then the natural map h_r)na Fo — F is an isomorphism. Indeed,
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it’s injective, and surjectivity can be checked on stalks; but this is clear because a
local section s € F(U) generates a subsheaf of F which is generated by finitely
many sections.

The main lemma which actually does real ‘work’ is somehow the following
simple one. We will explain how to prove the theorem after stating the lemma,
and then prove the lemma at the end.

Lemma 2.2.31. Let X be an irreducible Noetherian space and F C Z an abelian
subsheaf generated by finitely many local sections. Then there is a filtration

O0=FC---CFy=F

such that for 0 < i < n, there are open sets U,V C X and an exact sequence of
the form 0 — Zy — Zy — Fi/Fi—1 — 0.

Intuitively, this lemma says that we can finitely filter the sheaf F so that the
filtration quotients are generated by one local section with one local relation. As
mentioned, let’s prove the main theorem. The main trick we’ll apply aside from
the lemma and the previous remark is that for a Noetherian space, as we showed,
cohomology over all opens commutes with filtered colimits of sheaves.

PRrOOF (THM. 2.2.29). The proof is a sequence of a bunch of reductions.
We prove by induction on d that if dim(X) < d, then all sheaves F satisfy
HP(X,F)=0 for p > d.

1. We may assume X is irreducible. Indeed, induct on the (finite) number of
components and assume the base case is done. Let X U---U X = X be
the components and write U = X \ X7, then we have the extension-by-zero
sequence

0— ju, ' Flu = F —ix, «F|x, — 0.

Then ji) Fly is supported in U C XoU---UX}, and ix, «F|z is supported
in X7, so both are pushed forward from a Noetherian space of lower or
equal dimension, and with strictly fewer irreducible components.

2. Now if dim(X) = 0, then since X is irreducible it is the only nonempty
closed set: if there were another one Z, then it would contain some
nonempty irreducible component Z;, and then Z; C X would contradict
dimension 0 unless Z = &. But then X has only one nonempty open, so
every sheaf on X is flasque.

3. For the remainder of the proof, assume X is irreducible and d > 0.
Since cohomology commutes with filtered colimits, we may assume F is
generated by finitely many local sections, say {s1,...,si}. If welet G C F
be the subsheaf generated by si,...,s;g_1, then in the exact sequence
0 — G — F — F/G — 0 the left and right sheaves are generated by
strictly fewer than k local sections. Thus inductively we may assume F
is generated by one local section.

4. We claim that we can actually assume that F is of the form Z . Indeed,
by (3) there is an exact sequence 0 — G — Zy — F — 0 for some open
set U C X, so under such an assumption H?(X,F) —~» HPTY(X,G) for
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p > d, and hence by replacing F with G we may assume F C Zy C Z.
Once again by writing F as a filtered colimit of its subsheaves generated
by finitely many sections, we may assume F C Z is generated by finitely
many sections. Thus we have a filtration 0 ¢ F; C --- C F, = F
where the lemma and claimed assumption show that HP(X, F;/Fi—1) =0
for p > d. Thus the sequence 0 — F;_; — F; — F;/Fi—1 — 0 shows
inductively that HP(X, F;,) = 0 for p > d, which includes the result.

5. Thus, let V' C X be a nonempty open and consider the extension-by-zero
sequence 0 — Zy, — Z — G — 0 where G is supported on the closed subset
X \ V. Since X is irreducible, and V' is nonempty, dim(X \ V) <d — 1,
and hence HP(X,G) = 0 for p > d. Thus, HP(X,Zy) — HP(X,Z) =0
for p > d, however Z is flasque because every open set of X is irreducible
and hence connected.

This proves the induction step as desired. O

We will see a few arguments of this form in the sequel, where we argue by
various inductions and sub-inductions, and keep reducing cohomology statements
via exact sequences until we get to something trivial. Finally, the lemma:

PROOF (OF LEMMA 2.2.31). Since X is irreducible, F(U) C Z for all U, so
F is generated by (Ui,n1),...,(Uk,ng), where we may assume n; > 0 for all 7.
Note that for any subcollection {(U;,n;) : i € I} of these generators, F((,; U;)
contains the ideal (n; : i € I) = (d) where d = ged(n; : i € I); so by adding all
such opens and geds over all I C {1,...,k}, we may assume that for each z € X,
ged(n; 4 € {i: x € U;}) is attained by some (U;, n;) containing x.

Let Fy = 0 and for each n let F,, be generated by {(U;,n;) : n; < n}. Thus
we get an ascending filtration as in the lemma statement which ends at F. Write
U<n = U n;<n Ui, and note that

(Fn)z =i {i<n:zeU})=gedn;:{i<n:zeU})Z.

(Fr)e = (Fn-1)z =0if & ¢ U<y, and (Fp)e = (Fn-1)z if # € U<,—1, because in
the latter case the gcd already occurs as a generator at x with value < n — 1.
In the remaining case (Fy); = nZ but (F,—1); = 0. Thus, the section n over
U<y, generates F,,/F,_1, and the kernel of Ly — Fn/Fn-1 — 0 is exactly the
subsheaf Z;_ . - O
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2.2.3. Pseudocoherent and perfect complexes. In this section, we start
to focus on more advanced notions regarding the derived category D(Ox) where
X is a ringed space. Pseudocoherent objects of the derived category will be a
generalization of finitely presented Ox-modules, and perfect objects will be a
generalization of finite locally free Ox-modules. In practice, pseudocoherence will
not be very different from a finite type assumption because we mostly care about
Noetherian schemes. Perfect complexes will not be very different from bounded
complexes of vector bundles.

Before moving forward, let us also make the following convention: so far DT, D~
and D? have referred to the localizations of the respective homotopy categories. We
now will use these to refer to the essential images of these subcategories in D(Ox).
In other words, these are the subcategories with cohomology bounded below, above,
or in both directions. Indeed, one direction is clear, and for the other observe that
the map from/to the smart truncation 7 will be a quasi-isomorphism. We may
also use the notation DI*Y(© x ) for objects whose cohomology is concentrated in
the interval [a,b]. We want to start to view the derived category D(Ox) more
abstractly, and think of its objects as more than just complexes. So, we use letters
A, B € D(Ox) when talking abstractly about its objects, and F*,G* € K(Ox)
when thinking about chain complexes of Ox-modules.

Here are the major definitions of this section.

Definition 2.2.32. An Ox-module & is strictly perfect if it is a direct summand
of a finite free Ox-module. An object £* € Ch(Ox) is strictly perfect if it is
bounded, and & is strictly perfect for all n € Z.

Definition 2.2.33. Let X be a ringed space.

1. A complex F* € K(Ox) is perfect if there is an open cover {U;} of X such
that for each 4, there exists a quasi-isomorphism £°* — F|y, in Ch(Oy;,)
such that & is strictly perfect.

2. An object A € D(Ox) is perfect if it is represented by a perfect complex.
We denote by Perf*(Ox) C D*(Ox) the full subcategory of perfect
objects.

Definition 2.2.34. Let X be a ringed space and n € Z.

1. A complex F* € K(Ox) is n-pseudocoherent if there is an open cover
{Ui} of X such that for each ¢, there exists a morphism £°* — F|y, in
Ch(Ox) with & strictly perfect, such that HP(E®) — HP(F*|y,) is an
isomorphism for 5 > m and an epimorphism for j = m.

2. A complex F* € K(Ox) is (—oo)-pseudocoherent, or just pseudocoherent,
if it is n-pseudocoherent for all n € Z.

3. An object A € D(Ox) is n-pseudocoherent if it is represented by an
n-pseudocoherent complex for n € [—o00, 00).

Remark 2.2.35. Here are some basic observations about these definitions. First,
a strictly perfect sheaf is clearly finitely presented, and thus over a locally ringed
space it is finite locally free. In that case, it doesn’t change anything if we define
perfectness and pseudocoherence using finite free sheaves, or finite locally free
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sheaves. Second, if X is quasicompact, then a perfect object A is in D?(Ox),
because there is a finite open cover {U;} such that HP(A)|y, = 0 for p > 0 and
p < 0. Similarly, if X is quasicompact then a pseudocoherent object A is in

Here are the basic properties of strictly perfect complexes.

Lemma 2.2.36. Let X be a ringed space.

1. If p: £} — &3 is a morphism of strictly perfect complezes, then Cone(¢)
is a strictly perfect complex.

2. If £1,&35 are strictly perfect complezes, then £ ® €3 s strictly perfect.

3. If f: X — Y is a morphism of ringed spaces and E® is strictly perfect
on'Y, then f*E® is strictly perfect on X. In particular if £ is strictly
perfect, then E°|y is strictly perfect for any U C X.

4. A strictly perfect complex is a bounded complex of internally projec-
tive sheaves. In particular, if E® is perfect, then the natural map
Homp (€%, —) — RHomo, (£°, —) is an isomorphism in D(Ox).

PROOF. It is clear from the definition that the direct sum of two strictly perfect
Ox-modules is strictly perfect. Therefore (1) is trivial. This also reduces (2) to
showing that if F,G are strictly perfect then F ® G is. Indeed if F & F' = O%
and G ® G’ = O, then taking the tensor product of both sides and distributing
has one summand as F ® G, and on the RHS we have O%". (3) is clear because
[ takes OF to O%, and preserves direct sums. For (4), note that if F & F' is
finite free, then Ext?(F, —) @ &xtP(F',—) = 0 for p > 0. O

Next we have some results that we aim to apply to the strictly perfect case,
but we can prove in more generality about internally projective objects.

Lemma 2.2.37. Let ¢: £* — F* be a morphism of complexes with £° a bounded
above complex of internally projective objects. Assume we’re in one of the following
situations:

(a) a € Z is such that EP =0 for p < a, and HP(F*) =0 for p > a.

(b) E° is bounded, and F* is acyclic.

(c) F* is acyclic and bounded below.
Then there is an open cover {U;} of X such that ¢|y, is nullhomotopic.

PROOF. We claim that in any of the cases, H'Homg  (£°,F*) = 0. For cases
(b) and (c), we showed this in Example 2.2.9. For (a), just use the same spectral
sequence of Example 2.2.9 slightly more carefully, which converges as expected
because £° is bounded.

Now, observe that H OMOX (E°, F*) is the sheafification of the presheaf

U — H°Home,, (E°|y, F*|v) = Homy (o, (E°|u, F*lv),

so the fact that this is zero means that every global section of this presheaf is zero
on an open cover. U
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Corollary 2.2.38. Let £° be a bounded complex of internally projective objects
and F* a complex.
1. Suppose E°® € K[a"’o)((’)x), and let ¢: G* — F* be a morphism of com-
plexes for which HP(¢) is an isomorphism for p > a, and an epimorphism
for p =a. Then for any map a: E* — F*, there is an open cover {U;}
of X and maps B;: E*ly — G®|u such that ¢|yB; = a in K(Op).
2. For any a € Homp ) (E®, F*), there exists an open cover {U;} of X
such that |y, is given by a morphism of complexes E®|y, — F*|u,.
3. If a: E* — F* is a morphism of complexes which becomes 0 in D(Ox),
then it is locally nullhomotopic.

PRrROOF. (1) The distinguished triangle G* — F* — Cone(¢) — G*[1] shows
that HP(Cone(¢)) = 0 for p > a. This also induces an exact sequence

Homg o) (E°*|v, G°|lv) — Homk (£°|y, F*ly) — Homk (£°|v, Cone(¢)|v)

because restriction is exact. By the lemma part (a), the composite map £°* —
Cone(¢) is locally 0, so on any such open cover, the exact sequence says that we
can lift it to a map £°|y — G°|u.

(2) Write « as a roof £* — G*® & F* where ¢ is a gis. Applying (1) to q, we
can locally lift against ¢ to get £°|y — F*|y making the diagram commute, which
is therefore a representative for c.

(3) A map becomes zero iff there is a roof £* — G* <& F* with the first map
being zero, commuting with «. Again by (a) we can locally lift against ¢, which
means that « has to locally be 0. U

Now we are going to apply these results to m-pseudocoherent and perfect
complexes. We’'ll first focus on m-pseudocoherence. First of all, as we have
already explained, the condition in the definition of m-pseudocoherent on the map
E® — F|y is equivalent to the cone having no cohomology in degrees > m. We'll
use this all the time.

Lemma 2.2.39. Let X be a ringed space and E € D(Ox).

(a) Suppose that for each U in an open cover of X, there is a strictly per-
fect complex £* € K(Oy) and a morphism £* — E|y whose cone is
in D<"™(Oy). Then E is m-pseudocoherent. Moreover, any complex
representing E is m-pseudocoherent.

(b) Suppose that for each U in an open cover of X, there is a strictly perfect
complex £* € K(Oy) such that £y is isomorphic in D(Oy) to E*. Then
E is perfect. Moreover, any complex representing E is perfect.

PROOF. In either case, choose a representative F* for E, and consider the
triangle £* — F*|y in D(Op ). It suffices to show that F* is m-pseudocoherent or
perfect. By Cor. 2.2.38, we may shrink U and assume £* — F*|y is represented
by a morphism of complexes, with the same hypothesis that either the cone is in
D<"™(Oy) or it is 0. This is the definition of m-pseudocoherent or perfect, and
the representative was arbitrary. g
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Next, there are some obvious properties of pseudocoherence which we write
down.

Lemma 2.2.40. Let X be a ringed space and E € D(Ox).

(a) If E is m-pseudocoherent, then it is k-pseudocoherent for all k > m.
(b) If E is m-pseudocoherent, then E[n| is (m — n)-pseudocoherent.

(¢) If E € D<™(Ox), then E is m-pseudocoherent.

(d) If E is perfect, then it is pseudocoherent.

PROOF. (a) and (d) are by definition. (b) Locally £°[n]| — E|y[n] — C[n] —
has C[n] € D<™"" since C € D<"™. (c) The triangle 0 - E — E — 0 has
E € D<™, U

Remark 2.2.41. In the following discussion, we will use the following facts (that
we have essentially already discussed) often. First, a left derived functor LF' (in
the presence of an adapted class) sends D<"(A) — D<"(B). The proof is that if
we choose a representative in KS™(A), then we can choose the resolution in the
adapted class to be in K™ as well. Next, specializing to Mod(Ox), the derived
tensor product and RHom preserve the following categories.

() ®B, (—): D=*(Ox) x D=*(Ox) — D="**(0x).

Indeed, we can choose a bounded above complex of flats in KS%(Ox) for the first

variable, and a representative in K=° for the second, then the tensor product lands
in K%+ Similarly,

RHom: DS4(Ox) x D=%(Ox) — D™ (0x),

because choosing a bounded below complex of injectives in K=°(Ox) for the second
variable and a representative in K=¢ for the first, any m > b — a satisfies either
p>aorp<m-+b.

Lemma 2.2.42. Let A — B — C — A[l] be a distinguished triangle in D(Ox).

(a) If A is (m + 1)-pseudocoherent and B is m-pseudocoherent, then C' is
m-pseudocoherent.

(b) If A and C are m-pseudocoherent, then B is m-pseudocoherent.

(¢) If B is m-pseudocoherent and C' is (m — 1)-pseudocoherent, then A is
m-pseudocoherent.

In particular, if any two of A, B, and C are pseudocoherent, then the third is
pseudocoherent as well.

PRrROOF. The conclusion follows immediately from the three statements, and
observe that (b) and (c) follow from (a) by rotation and the fact that A[1] is
m-pseudocoherent iff A is (m + 1)-pseudocoherent.
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For (a), fix z € X so that on a nbhd U we have maps as in the solid part of
the following diagram:

L !

A|U e B’U e C’U e A’U[l]

So, here F*®,G*® are strictly perfect, and the maps to A|y and B|y preserve
cohomology in degrees above (m + 1) and m respectively, and are surjections on
those degrees. By throwing out lower degree terms we may assume F® € K=m+1,
Now represent B by a complex (but we use the same letter).

By further shrinking U, we may assume that the composite F* — Bly is
represented by a morphism of complexes (Cor. 2.2.38(2)). Likewise, we may
assume that G* — B|y is represented by a morphism of complexes by shrinking
again. By the condition on G* — B|y, the composite F* — B|y lifts to a map
F --» G by again shrinking U, by Cor. 2.2.38(1).

By the triangulated structure, this data can be completed to a morphism
of triangles as shown in the diagram, where H® is strictly perfect as a cone
of morphisms of strictly perfect complexes. Now consider the diagram of long
exact sequences: the epimorphism 4-lemma shows that H™(H®) — H™(C|y) is
surjective, and the 5-lemma shows that HP(H®) — HP(C|y) is an isomorphism
for p > m. O

This is a useful lemma because often we will try to prove things by inducting
along smart truncation triangles. Also, note that in particular, the pseudocoherent
complexes form a full triangulated subcategory of D(Ox). The same is true for
Perf*(Ox), though this is much easier; we reduce immediately to the case of
strictly perfect complexes, and we already know they are closed under cones. Here
is one application:

Lemma 2.2.43. For m <0, an Ox-module F is m-pseudocoherent if and only if
for each point there is a nbhd U and an exact sequence

o = O™t — - S O = O = Fly — 0
of finite free modules.

PROOF. Since a finite free module is strictly perfect, such a local resolution
implies m-pseudocoherence. We remark that the only reason this isn’t trivial is
because we may not be in the locally ringed case. Conversely, note that if F is
0-pseudocoherent then it admits a surjection from a strictly perfect (so finite type)
module, hence is finite type. So 0-pseudocoherent is equivalent to finite type.

To complete the proof, suppose that there is a resolution as in the lemma
statement of length m, and assume F is (m — 1)-pseudocoherent. Split up into
short exact sequences

0—>gi_1—>(98i—>gi—>0
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where G° = F|y. It suffices to show that G™ ! is finite type, i.e. 0-pseudocoherent.
Each sequence corresponds to a triangle in D(Ox), each Of is (—o0)-
pseudocoherent, and G° is (m — 1)-pseudocoherent. Thus G! is m-pseudocoherent,
G? is (m + 1)-pseudocoherent, and so on, so G™ ! is 0-pseudocoherent. O

So, in particular, for modules 0-pseudocoherent is finite type, and (—1)-
pseudocoherent is finite presentation.

Example 2.2.44. Let A € D<%(Ox) be m-pseudocoherent with m < a. Then
in fact H%(A) is of finite type. Indeed, by assumption 7<,A = A, so we have an
exact triangle

TegA — A — H(A)[—a] — 1<, A[1].
Since m < a, A is a-pseudocoherent, and so is 7.,A, thus H*(A)[—a| is a-
pseudocoherent, so H*(A) is 0-pseudocoherent.

Proposition 2.2.45. Let A € D<%(Ox) and B € D=*(Ox).
(a) If A and B are perfect, then A (X%X B is perfect.
(b) If A is m-pseudocoherent and B is n-pseudocoherent, then A ®I(5X B is
max(a + n, b+ m)-pseudocoherent.
(c) Nowlet f: X — Y be a morphism of ringed spaces and A € D~ (Oy). If
A is m-pseudocoherent (resp. perfect), then Lf*(A) is m-pseudocoherent
(resp. perfect).

PRrROOF. For (a), we may choose U in an open cover so that A|y and B|y are
isomorphic in D(Ox) to strictly perfect complexes. Then by locality of tensor
product, flatness of strictly perfect complexes, and the fact that strictly perfect
complexes are preserved under tensor product (Lemma 2.2.36), we are done. For (c)
in the perfect case, the same thing works as f* preserves strictly perfect complexes.

For (c) in the m-pseudocoherent case, let F* be strictly perfect on U so that
we have a triangle 7* — Aly — C — F*[1] with C € D<™(Oy). Applying Lf*
gives the distinguished triangle

[f*F*—=Lf*(A)ly — Lf*C —
and we conclude because f*F*® is strictly perfect on f~1(U), Lf*(C) €
D="(Op-1(1ry)-

Now do (b): we’ll suppress open sets. We may also assume that n < b; if
not, then a +n > a + b, and since A ®%X B € D=t it is automatically (a + n)
(hence max(a + n, b+ m))-pseudocoherent. Locally on X, we have distinguished
triangles £ — B — C1 — and & — A — (3 — with £} and &3 strictly perfect,
and C; € D<™ (Cy € D<". Since n < b, Cy € D<% 50 £ € D=.

By exactness of @V, we get three distinguished triangles:

£ 6, & — A@p, & — C1 @b, & —
Aoy, E — A®p, B— Ay, Cy —
& @B, & — Ay, B— C3 —
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Here, C; ®5X £y € D<™*b and A®%X Cy € D 0 hoth are in D<max(atnm+b)

By the octahedral axiom, there is a distinguished triangle
C @, €5 — C3 — A®p, Cy —,
is strictly perfect by

so Cg € D<max(etnmtb) Byt £8 @b €5 = £ ® &
O

Lemma 2.2.36, so we are done.
Now let us prove a lemma which will be the key method in which we actually

use pseudocoherent and perfect objects of the derived category.
Lemma 2.2.46. Let F*,G*, H®* € Ch(Oy), and let f: X — Y be a morphism of

ringed spaces.
(a) There are canonical natural maps

ev: Home, (F°*,G%) ® F* — G°*
Homp, (F*,G*) @ H® — Homp,, (F*,G* @ H*)
F* @ H* — Hom(Hom(F,Oy), H)
F*Home, (F*,G*) — Home  (f*F*, [*G*)

all induced by the relevant adjunctions.
(b) If g('f) is a complex of filtered diagrams of sheaves, then there is a

canonical map
lim Home, (F*, G7) — Home, (F*,1im G;)
; i€l

el
where on either side we mean the termwise filtered colimit.

(c) Assume that F* is a bounded complex of finitely presented modules. Then
the map of (b) is an isomorphism. If H® is a complex of flat sheaves, then
second map of (a) is an isomorphism. If f is a flat morphism, then the

fourth map of (a) is an isomorphism. In particular, the canonical map

Homo, (F*,G*), — Home, (F3,G3)

is an isomorphism for ally € Y.
(d) If F* is strictly perfect, the second, third, and fourth maps of (a) are

isomorphisms. In particular, F* is dualizable, meaning that the natural

map
F* — Hom(Hom(F*,Oy),Oy)
is an isomorphism.
(e) If F* is bounded, and H® is strictly perfect, then the second map of (a)

is an isomorphism.
PRrROOF. (a) Recall that we have already shown the internal tensor hom ad-
junction for complexes. The external version of this (i.e. the actual adjunction) is
obtained by taking zero-cycles. The counit of this adjunction is the first map (and
it is also natural in F*). Now take the first map and tensor both sides with H°.



120 Derived categories of schemes

Then the tensor-hom adjunction produces the second map. For the third map, we
have a natural map
Homo, (F*,G°%) — Homo (F*, [f*G%) = fiHomo (f*F*°, [7G®)

where the first one is induced by the unit map G®* — f.f*G® of the standard pull-
push adjunction on complexes. Therefore by the same adjunction this corresponds
to the desired map. (b) just follows from the universal property applied termwise.

(c-e) Let us first prove all of these statements in the case of single sheaves, and
then we’ll generalize this to complexes. Throughout, note that if we have a natural
transformation a of additive functors and argg is an isomorphism, then ar is
an isomorphism. This is because e.g. we can consider the kernel and cokernel.
Therefore, to prove the strictly perfect case for sheaves we usually only need to
consider the finite free case.

First, consider the natural map

Hom(F,G) @ H — Hom(F,G @ H).

If 7= O, then this reduces to G" @ H — (G ® H)™ which is an isomorphism.
Hence this works if F is strictly perfect too. Likewise, if H = Of, then the
map reduces to Hom(F,G)" Tor Hom(F,G") which is also an isomorphism. So
we're done if H is strictly perfect as well. Finally, let F be finitely presented and
‘H be flat. Since the question is local, we may assume there is a presentation
0% — 0% — F — 0, then we obtain a commutative diagram:

0 — Hom(F,G)@H — G"OH —— G"OH

| ks

0 — Hom(F,.GOH) — (GOH)"™ — (GRQH)"

The two right-hand maps are isomorphisms because tensor products commute
with sums, so the left-hand one is.

Next consider the single sheaf case of the fourth map of (a). If 7 = O, then
this becomes the map f*(G") — (f*G)". This proves the statement when F is
strictly perfect. Now assume f is flat and F is finitely presented. Just as above,
we may assume that we have Oy — Oy% — F — 0, and then applying either
[*Hom(—,G*) or Hom(f*(—), [*G) preserves exactness by flatness and gives the
result by the finite free case. In particular, if we take f = {y} — Y, which is flat
because taking stalks is exact, we get that Hom(F,G), = Hom(F,,G,) when F is
finitely presented.

This last fact proves that (b) is an isomorphism in the case of sheaves with
F finitely presented, because stalks commute with filtered colimits of sheaves, so
we are reduced to the case of rings. But we have shown previously that finitely
presented modules over a ring are compact. Note that this implies that Hom(F, —)
commutes with arbitrary direct sums if F is finitely presented.

Finally, consider the third map of (a) in the sheaf case and assume F is finite
free. Then it is just the map

H" — Hom(Oy, H) = Hom(Oy, H)"
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which is an isomorphism. Thus the isomorphism holds in the strictly perfect case,
which completes all proofs in the case of individual sheaves.

It remains to reduce all claims to the sheaf case. Let’s start with the second
map of (a), and note that in all cases we are assuming F* is bounded, so the
products in the hom complexes become sums. Consider the chain of isomorphisms:

(Homo, (F*,G%) @ H®)" = P Homg, (F*,G%) @ H" P
p

~ (P Hom(F",G"P) @ H" P
T?p

= (D Hom(F', G+ @ H"P)

T?p

=~ P Hom(F PGP @ H"P)
T p
= P Hom(F", (G° @ H*)"*™)

= ng (F*,G* @ H®).
Here, in any of the three cases we are considering, the third step follows from
the individual sheaf case. Now the fourth step: in two of the cases, F" is finitely
presented, so Hom(F", —) preserves arbitrary sums as explained. In the remaining
case, H*® is bounded, so there are only finitely many p for which G"? @ H" P is
nonzero.

Next consider the fourth map of (a). Again in the cases we consider, F* is
bounded so the products turn into sums, and f* commutes with sums. So termwise,
we have

f*Hom" (F*,G%) = €D f* Hom(F*,G"*7)

p

o @Hom(f*}'p, frgnte)
P

= Hom"(f*F*, f*G*),
as desired, by the sheaf cases. The stalkwise consequence follows by taking f to
be the inclusion of a point, as before.
For the map of (b), note that we reduce immediately to the sheaf case because
finite direct sums commute with filtered colimits, so the Hom complex doesn’t
affect anything. All that remains is the third map of (a) when F* is strictly perfect.
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Indeed,
(FroH)" =EPFPoH"P
p
& @Hom(?—lom(fp, Oy),H"™P)
P
= @ Hom(Hom P (F*,Oy), H"P)
P
= @ Hom(Hom? (F*, Oy ), H"P)
P
= Hom" (Hom(F*,Oy), H®),
as desired, where in the fourth step we just replaced p with —p. O

It is a good moment to quickly discuss the relationship between some of the
conditions on sheaves we have been discussing. The upshot is that, in the algebro-
geometric setting, considering objects which are locally isomorphic in the derived
category to bounded complexes of finite locally free sheaves is really the most
general nice situation we can get for computing RHom in the first variable. Thus,
hereafter, we will forget about the notion of internally projective sheaves.

Proposition 2.2.47. Let X be a ringed space and F an Ox-module. We have
the following implications: F locally strictly perfect =—> F internally projective
= F stalkwise projective =— F flat. Moreover:

(a) If F is of finite type, then the first implication may be reversed.
(b) If F is of finite presentation, then the second and third implications may
be reversed as well.

Now suppose X is a locally ringed space. Then F finite locally free <= F locally
strictly perfect. Moreover:

(a) If F is of finite type, then F stalkwise projective implies F stalkwise free.
(b) If F is of finite presentation, then F flat implies F locally free, i.e. all
assertions are equivalent.

PROOF. In the first part, we have proven all of the starting implications. If F
is finite type and internally projective, then we can find a surjection Of — F — 0
and thus an exact sequence

HomoU(}"]U,OZ) - HomoU (.F‘U,f’(]) — 0.

Thus by further restricting U we can lift the identity section, which gives
a local splitting. Next, suppose F is of finite presentation. Then since
Hom(F,(—))e = Homoy , (Fz, (—)z), the RHS being an exact functor for all z
implies that Hom(F, —) is an exact functor. If F is flat and finitely presented,
then the same is true of F, over Ox, for each x, which implies that F, is
projective.

Now let X be locally ringed. If F is finite locally free, then clearly it is
locally strictly perfect. Since being locally strictly perfect implies being of finite
presentation, proving (b) will prove the other direction. Note that (a) holds
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because F, is a finite projective module over a local ring for each z. For (b), we
may assume F is stalkwise free.

Fix € X; choose a basis for F, over Ox ;, then by finiteness we can lift this
to a map Ofy — F|y whose stalk at  is an isomorphism. Considering the cokernel
Of — Flu — G — 0, G is of finite type so its support is closed, and G, = 0, so by
shrinking U we may assume Op — F|y — 0 is surjective. Consider the kernel IC,
which is of finite type since JF is of finite presentation, hence its support is closed.
Again KC; = 0, so by shrinking U again Of; — F|y becomes an isomorphism. [

Now we come to some applications of pseudocoherence and perfectness to
derived notions. We will not do things in full generality right now, and instead
will prefer to discuss perfectness in more detail until after we have talked about
tor-dimension.

Proposition 2.2.48. Let Y be a ringed space with A € D~ (Oy) and B €
D=%(Oy).
(a) Assume that F* € Ch=%(Oy) is a bounded complex of flat sheaves. There
s a morphism
RHomp, (A, B) @ F* — RHomo, (A, B ®o, F°*)

in D(Oy) natural in A and B.
(b) Assume that f: X — Y is a flat morphism. Then there is a morphism

F*RHomo, (A, B) — RHomo, (f*A, f*B)

natural in A and B.
(¢) Let I be a filtered category. Then there is a morphism

&)nfél RHomo, (A, B;) — RHomo, (A, h_n}lID B,)

natural in A and B, € Dt (Mod(Oy)!).

(d) Let A be m-pseudocoherent. Then the morphism of (a) induces an iso-
morphism on HP for p > m + a + b and a monomorphism on H™Tetb,
The morphism of (b) induces an isomorphism on HP for p > m+b and a
monomorphism on H™. In particular, if A is pseudocoherent both are
isomorphisms.

Remark 2.2.49. We are going to ignore (¢) for right now, but it’s easy to prove
with the same arguments as in (a) and (b). It is interesting to note that it implies,
in the case e.g. of a qcgs scheme, that RHomp, (A, —) commutes with filtered
colimits for A pseudocoherent. So for example in that case A is ‘derived-compact’.

PROOF. (a-b) Note that since F* is a bounded complex of flat sheaves, (—)®F*
preserves arbitrary quasi-isomorphisms. Likewise, the same holds for f* as it is
exact. We have a natural map

RH*om(A,B) ® F* «— Hom(A, B) ® F* — RHom(A,B® F*)

where the second map factors through Hom(A, B ® F*). When B is a complex of
injectives the left map is an isomorphism, so we obtain the desired map. Similarly
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we have
[*RHom(A, B) — f*Hom(A, B) — Hom(f*A, f*B) — RHom(f*A, f*B),

and the left map is an isomorphism when B € K*(Oy)

(d) Let’s do e.g. (b), and the proof of (a) will be the same. The statement
is local on Y, so by replacing f with f~1(U) — U, we may assume there is a
triangle £* — A — C — £°[1] with C € D<™(Oy) and &°* is strictly perfect. By
naturality, we get a morphism of distinguished triangles:

—— f*RHom(C,B) —— f*RHom(A,B) —— f*Hom(E®, B)

l l l

— RHom(f*C, f*B) — RHom(f*A, f*B) — Hom(f*E®, f*B)

Here we are using the fact that the pullback of strictly perfect complex is strictly
perfect, and that a strictly perfect complex computes RHom in the first variable.
The right-hand map is an isomorphism by Lemma 2.2.46 for two separate reasons,
and both of the objects in the left-hand map lie in D<0*™. Therefore the 5-lemma
and the monomorphism 4-lemma provide the result regarding the middle map. O

We record the important consequence that if A is m-pseudocoherent and
B € D= then we get a natural isomorphism

HP(RHomoy (4, B)), = H?(RHomo, (A, B,))

for p > m +b. So RHomoy (A, B): = RHomo, , (As, Bz) in the pseudocoherent
case, which is important because on Ox ; we have enough projectives, so we can
use alternative techniques to compute things there. Note in particular that for
individual sheaves F,G, we have

Extg  (F,G)e = Ext%x!z (Fz,Gz)

for p > m, where F is m-pseudocoherent.

Before moving to tor-dimension, let us prove a few more results which allow
us to relate pseudocoherence to having pseudocoherent terms or pseudocoherent
cohomology.

Lemma 2.2.50. A direct summand of an m-pseudocoherent object of D(Ox) is
m-pseudocoherent.

Remark 2.2.51. Here we will use that the direct sum of exact triangles is exact.
This is true in any triangulated category, but in K*(A) or D*(A) for an abelian
category A, this is especially easy because cones commute with direct sums of
morphisms.

PROOF. Suppose A @& B = C is m-pseudocoherent. We have distinguished
triangles A — A — 0 — A[1] and B % B—>Ba B[1] — BI]1], which add up to
the triangle:

C—)C*}B@B[l} HC[].].
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Thus B @ BJ[1] is m-pseudocoherent. Applying this same result inductively to
B @ BJ[1] shows that B[n| @ B[n + 1] is m-pseudocoherent. Now consider the
triangles
B[n] — Bin|® B[n — 1] — B[n — 1] — B[n + 1]

coming from the corresponding split short exact sequence. Since this is local we
may assume B is bounded above (since C' is). Thus for n > 0, B[n] is in D<" and
hence is m-pseudocoherent. Thus B[n — 1] is m-pseudocoherent, and so inductively
B is m-pseudocoherent. O

Lemma 2.2.52. Let X be a ringed space.
(a) If F* € K~ (Ox) and F* is (m — i)-pseudocoherent for all i, then F* is
m-pseudocoherent.
(b) If A€ D=(Ox) and H(A) is (m — i)-pseudocoherent for all i, then A is
m-pseudocoherent.

PrOOF. We prove (b), and (a) follows from the same trick but using stupid
truncations instead of smart ones. For every p € Z, use the canonical truncation
triangle

T<p14A = T<pA = HP(A)[—p] — 7<p 1 A[1].
By assumption, HP(A)[—p] is m-pseudocoherent for all p. Also, for p < 0, 7<p—1 A4
will also be m-pseudocoherent (e.g. for p < m). Thus at that point 7<,A is
m-pseudocoherent, and 7<,1A4 is as well, and so on. Now for p > 0, A = 7<,A
so we're done. O

Now we will discuss a nice condition on complexes which is that of having
finite tor-dimension or having bounded tor amplitude. An object A € D(Ox) has
tor amplitude in [a, b] if it is bounded above and A ®%X F € DI*b(Oy) for each
Ox-module F. In particular, it must in fact be bounded. An object A has finite
tor dimension if it has tor amplitude in [a, b] for some a, b.

The good behavior of tor dimension comes from the following result.

Proposition 2.2.53. Let X be a ringed space.

(a) Let F* be a bounded above complex of flat Ox-modules. If F* has tor-
amplitude in [a,b], then cok (F*~ — F9) is flat. In particular, F* —
T>aoF* 05 a quasi-isomorphism and T>,F* is a bounded complex of flat
modules.

(b) An object E € D(Ox) has tor amplitude in [a,b] if and only if it is
represented by a complex of flat Ox-modules in Ch[a’b}(OX).

(¢) Let Raqr C Mod(Ox ) denote the preadapted class of flat Ox -modules. Let
D{Z;”](OX) and D2, (Ox) be the full subcategories of D(Ox) of objects
with tor amplitude in [a,b], and finite tor dimension respectively. Then
the natural maps

K (Rpw) = DENOx)  KY(Rpiar) = Dhr(Ox)

tor

are triangulated localizations by the quasi-isomorphisms.
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PRrROOF. By assumption, F* is exact in degrees < a. Therefore
Cs For L ol L P o cok(d®TY) — 0

is a flat resolution of the cokernel, so 7'07"(_9; (cok(d®~1),G) is isomorphic to the
cohomology of

F oG- Fleg - Fred.
in the middle (for any G). But

H Y F 2G)=H" Y F 2, G)=0

since F* has tor amplitude in [a,b], so %réi(cok(d“_l),g) = 0 for every G.
For the second statement, the map is a quasi-isomorphism because F* only has
cohomology in degrees > a.

(b) One direction is obvious because a bounded complex of flats computes @% "
For the other direction, by (a) we may choose a complex of flats F* concentrated
in [a,00). Since it can’t have cohomology in degrees > b, the sequence

0 — kerd’” — Fb — Fb+l

is exact, and thus ker d® is flat. Thus T<pF* — F* is a quasi-isomorphism and
T<pF has the desired properties.

(c) Let us prove the bounded case, which is the one that we’ll actually use.
Consider the functor K®(Rga:) — D~ (Ox), which has essential image D? . by (b).
Thus we have to show it is fully faithful. Since R is preadapted, we already know
that quasi-isomorphisms form a localizing class (compatible with the triangulation)
in the source category, so we apply the criterion of Prop. 1.1.21.

Namely, we want to show that for any quasi-isomorphism 7 — G® in K™ (Rgat)
with F? in K®(Rgat), there is a map G* — F3 with F3 € K*(Rgat) such that the
composite is a quasi-isomorphism. Assume F7 is concentrated in degrees > a,
then the map G® — 7>,G° satisfies these hypotheses by (a). O

Remark 2.2.54 (experimental). Take the unbounded tensor product functor
K(Ox) x K(Ox) — K(Ox), and restrict it to the two subcategories

K(Ox) X Kb(Rflat) e K(Ox) Kb(Rflat) X K(Ox) — K(Ox)

Now if F* € K°(R fiat), then we know that (—) ® F* preserves quasi-isomorphisms
of unbounded complexes, because in fact we showed this for all bounded above
complexes of flat Ox-modules. But now suppose G® is an unbounded complex,
then we claim G® ® (—) preserves quasi-isomorphisms in Kb(T\’,flat). Note that it
is closed under cones, so we may show it preserves acyclics. But both spectral
sequences for a totalization apply here, because the corresponding bicomplex looks
like either a vertical or horizontal strip. Thus taking cohomology of G®* ® F™ first
shows that the totalization is acyclic. Therefore this descends to a bifunctor

(=) ®&, (—): D(Ox) x D{, (Ox) — D(Ox),
and likewise for the one in the other direction.

Thus, we can take derived tensor products when one of the factors has finite
tor dimension; but we should be very careful using this because we haven’t proven
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many properties of it. However, in general, almost everything carries over with
similar proofs as long as two unbounded complexes are not interacting with each
other. For instance, it is easy to see from the corresponding properties that
A@%X B=B ®%X A if A has finite tor dimension (in the sense of the two functors
above). Similarly,

(Aek, B)oh C=Aeb (Be% O)

if e.g. both B and C have finite tor dimension, so that both sides above make
sense.

Remark 2.2.55. We note that in the real world (i.e. under Noetherianity hypothe-
ses), pseudocoherence is usually not a real condition beyond finite-type/coherence
properties. But having finite tor dimension 4s a subtler condition. For example,
let X = Speckle]/(e)? and Z = V(e) C X. We essentially showed earlier that O
has infinite tor dimension on X; let us demonstrate this again. Indeed, we have
an infinite resolution
-—>(’)XL>OX—>(’)Z—>O

where each map corresponds to multiplication by € and the final map is the
canonical quotient. The section € is zero on Z, so

Oz®%xoxz['--—>02g02g02—>0]

= P Oz,
n>0
ie. Torp, (0z,0z) = Oz for all n > 0. Here, the point is that infinite tor
dimension is a detector of singularities. We will see later that sheaves supported
in the regular locus of a scheme tend to have finite tor dimension, and those whose
support intersects the singular locus have infinite tor dimension. Thus, in general,
we cannot expect sheaves to automatically have finite tor dimension unless we are
working over a regular scheme.

Lemma 2.2.56. Let A € D(Oy) have tor-amplitude in |a,b].
(a) For any f: X — Y, Lf*(A) has tor-amplitude in [a,b).
(b) For any B € D(Oy) with tor-amplitude in [c,d], A (X%Y B has tor-
amplitude in [a + ¢,b + d].
PROOF. Represent A by a complex £ € Chl®! of flats. (a) Then Lf*(A)
is represented by f*£®, which is still a complex of flats in [a,b]. (b) Represent
B by a complex of flats F* in [c, d], then £* ® F* represents the derived tensor

product, the totalization is concentrated in [a + ¢, b + d] by definition, and the
tensor product and direct sum of flat sheaves is flat. O

Let f: X — Y be a morphism of ringed spaces. We say f has tor-dimension
<n if Lf*(F) € DI-»Y(Oy) for every F € Mod(Oy).
Lemma 2.2.57. Let A € D(Ox).
(a) A has tor-amplitude in [a,b] if and only if Ay € D(Ox,) has tor-
amplitude in [a,b] for all x.
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(b) If f: X — Y is a morphism, then f has tor-dimension < n if and only if
Ox has tor-amplitude in [—n,0] as an object of D(f~1(Oy)), if and only
if Ox« has tor-amplitude in [-n,0] as an object of D(Oy,t(y)) for x.

PROOF. (a) One direction follows from (a) of the previous proposition. For
the other, note that an object being in D[“’b]((’) x) can be checked on stalks, and
®%X commutes with taking stalks.

(b) The same proof as in (a) shows that f has tor dimension n iff (Lf*F), =
Fi(a) @%Y’fm Oxz is in D=0 for every & and F. The other condition in (b)
says that M ®%YM) Ox  is in D=0 for every z and Oy, f(z)-module M. Thus
the question is whether or not every Oy, j;)-module M is of the form Fy, for
some sheaf F. This is true because we can take the skyscraper sheaf of M at f(z)
and apply f~1. O

Example 2.2.58. Let i: Z — X be a closed embedding on the underlying
spaces. By the projection formula, 7.0z ®%X G =1, Li*G for every G on X. Thus
i+Oz has tor amplitude in [—n,0] iff 4,Li*G is in D[_"’O](OX) for every G, iff
Li*G € DO (Oyz) for every G. Thus the tor dimension of i,z coincides with the
tor-dimension of 3.

Lemma 2.2.59. Let A — B — C — A[l] be a distinguished triangle in D(Ox)
(a) If A has tor-amplitude in [a 4+ 1,b+ 1] and C has tor-amplitude in [a,b],
then B has tor-amplitude in [a,b].
(b) If A and C have tor-amplitude in |a,b], then B has tor-amplitude in [a, b].
(c) If B has tor amplitude in [a,b] and C has tor-amplitude in [a — 1,b — 1],
then A has tor-amplitude in [a, b].

PROOF. Note that (—)[1] takes D%t to Dle=1b=1 Thus it suffices by rotation
to prove only one of the statements, and we’ll do (b). For each sheaf F,
A" F - B@"F - CeVF— Allje" F

is exact, and the first and third objects lie in DI*?, so the middle one does too,
completing the proof. O

Next we prove the main structure result relating perfect complexes to finite
tor dimension. The main element is the following trivial observation: if A — B
is a map in D(A) and B € D="(A), then the map factors as A — 7>, 4 — B.
Proof: Consider the canonical triangle 7<,,—-1A — A — 7>, A — and apply the
cohomological functor Hom(—, B) to get an exact sequence

Hom(7>,A, B) — Hom(A, B) — Hom(7<,—14,B) =0
where the 0 is because 7<,_1A € D"~ and B € D=".

Lemma 2.2.60. Let E € D(Ox) have tor amplitude in [a,b]. Then the following
are equivalent:

i. E is (a — 1)-pseudocoherent.
7. E is perfect.



129

1i. E is pseudocoherent.
. E is locally isomorphic to a strictly perfect complex concentrated in [a, b].

PRrROOF. The obvious claims are (iv) = (i) = (4i7) = (i), so assume (i) and
we prove (iv). The claim is local so assume there is a map £* — E inducing
isomorphisms on HP? for p > a with £° strictly perfect and EP = 0 for p < a.
Since E € D~%, this map factors as £* — 75,E®* — F so the second map is an
isomorphism. Moreover, by Prop. 2.2.53 7>,£° is a complex of flats. By definition
we have an exact sequence

ga—l SN - NN (7’2@8.)@ =0

which shows that (7>,€®)® is (—1)-pseudocoherent, i.e. finitely presented. Thus
(T>4€°®)® is locally strictly perfect (Prop. 2.2.47), so by restricting further 7,€°® is
strictly perfect.

Now we know that E can be locally represented by a strictly perfect complex
E® concentrated in [a,00). In particular it is exact in degrees > b, so we have
an exact sequence 0 — (7<,E®)’ — &% — £ — 0, and hence (7,E®)" is flat.
Since £ and £°*1 are pseudocoherent, it is also pseudocoherent, hence finitely
presented, hence locally strictly perfect. So by restricting, I = 7<,&® becomes an
isomorphism with a strictly perfect complex concentrated in [a, b]. O

Corollary 2.2.61. An object E € D(Ox) is perfect if and only if E is pseudoco-
herent and locally has finite tor dimension.

PROOF. (=) Clear because E is locally isomorphic to a strictly perfect complex.
(<) The question is local on X, and thus the claim follows from Lemma 2.2.60. O

Definition 2.2.62. If X is a ringed space, we define Perf®(Oy) := Perf(Ox) N
D} .(Ox) to be the full subcategory of D(Ox) of perfect objects with finite tor
dimension.

In particular, this is not the category of bounded perfect objects. However,
in practice this is not a big restriction because e.g. if X is quasicompact, then
Perf’(Ox) = Perf(Ox) by the above corollary.

Example 2.2.63. Perfect objects have the 2/3 property for distinguished tri-
angles. Indeed, we showed pseudocoherent objects do and it holds for finite tor
dimension too. Another property is that a direct summand of a perfect object is
perfect, because we showed this for pseudocoherence, and it’s obvious for finite
tor dimension.

Now let’s use this formalism to prove stuff. We showed earlier that if C' €
D! (Ox), then there is a natural map

RHomo, (A, B) ®%X C — RHomoy (A,B ®%X o),

and that if A is pseudocoherent then it is an isomorphism.
Now assume that A € Perf’(Ox), so it has tor amplitude in [a, b], and hence is
locally a strictly perfect complex in [a, b]. It follows that RHome, (A, Ox) is also
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locally a strictly perfect complex in [~b, —al, i.e. RHomo, (A, Ox) € Perf’(Ox).
If (and only if) A € Perf®(Ox), we define

AV = RHomo, (A, Ox) € Perf’(Ox)
to be the dual object of A. Also, perfect objects (or just objects of DY, (Ox)) have

tor

the property that tensoring with them sends D°(Ox) — D°(Ox), which we will
also use. First, by the tensor-hom adjunction,

HOHID(OX)(AV ®%X A, O)() = HOHID(OX)(AV, AV)
if A € Perf®(Oy), which makes sense because of what we have just said. Thus we

obtain a natural map ev: A (X%X A — Ox called the evaluation map. Now, for
B € D™ (Ox), this gives a natural map

AV @p, Bop, A— B
by associativity. If we assume B € DY(Ox), then the tensor-hom adjunction
makes sense and gives a natural map
AY ®(L9X B — RHomp, (A, B).
We claim this is an isomorphism; indeed, on an open set where AV is strictly
perfect, this reduces to Lemma 2.2.46(d). Now, if C' € D~ (Ox), consider the
associativity isomorphism
L L ~ L L
(Av ®OX B) ®OX C = AV ®0X (B ®OX C)
Thus if we assume B,C, B (X%X C € D*(Ox) to be safe, we obtain a natural
isomorphism

RHomo, (4, B) @6, C - RHomo, (4, B, O).

E.g. if we assume C € D!, (Ox) then this is a special case of what we showed
before, but otherwise this is more general.

Now return to the evaluation map. Since AV is in Perf’(Ox), (AY)Y is also in
Perf®(Ox), so the tensor-hom adjunction also gives the natural double-dual map

A — (AV)V

corresponding to A @%X A — Ox. This is also an isomorphism: on an open set
where A is a strictly perfect complex, the question reduces to the corresponding
statement in Lemma 2.2.46(d). Thus perfect complexes are dualizable in D(Ox).
Therefore, we have a natural isomorphism

A®p, B (AY)Y @, B = RHomo, (A", B)
For any B € D*(Ox).

Let’s play around with this some more. Under our hypotheses, as long as A
and C are bounded, the natural map

RHomo, (A, B) @6, C — RHomo, (A, B, C)

is an isomorphism if C' € Perf®(Ox) (meaning we don’t need to assume A is
pseudocoherent). To see this, recall that we showed this in Lemma 2.2.46(e) for
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C strictly perfect and underived, so the only issue is that B ®I@X C may not be
a bounded above complex of injectives even if C' is perfect and B is a bounded
above complex of injectives. The trick is that B ®%X C =2 RHom(CY, B), and
CV € Perf’, so locally on X it restricts to Hom(E®, B|y) where E° is strictly perfect.
But since £° is a complex of flats, this is a complex of injectives. Therefore in fact
B @%X C does compute RHom after restricting to a small enough open set.

Now let’s add in the sheafy derived tensor-hom adjunction. Assume that
A, B € D"(Ox) and E € Perf’(Ox). Then:

RHomo, (A%, EY, B) = RHomo, (A, E @5, B) = RHomo, (A,B) 2%, E
We sometimes like to write the first isomorphism in more perverse ways, like an
inverse tensor-hom adjunction:

RHomo, (RHomoy (E, A), B) = RHomo, (A, E @5 B)

Next we investigate the consequences of the derived pull-push adjunction under
the assumption of perfectness. First of all, let f: X — Y be a morphism and
suppose A € DY(Oy) is such that Lf*(A) € D*(Ox) (for whatever reason, e.g. A
or f have finite tor-dimension). Then by adjunction there is a canonical unit map
A — Rf.Lf*(A) corresponding to the identity Lf*A — Lf*A. In the special case
that A = Oy, this gives a map Oy — Rf.Ox, so
RHomo, (E,Oy) — RHomo, (E, Rf.Ox) = Rf. RHomo, (Lf*(F), Oy)
for any E € D~ (Oy). Now suppose E € Perf’(Oy), so that the RHom’s on both
sides are finite, since Lf*FE is also in Perfb((’)y). Then this by adjunction induces
a map
* * Vv
Lf(EY) — (Lf*(E))
which we claim is an isomorphism. Indeed, look on an open nbhd where E is
strictly perfect; then Lf*(E) and RHom(E,Oy) are strictly perfect, so they
compute RHom and Lf* respectively. Therefore this reduces to Lemma 2.2.46(d).
Now it’s easy to generalize this isomorphism: For any B € D!(Oy) for which
Lf*B € D*(Ox), this means
Lf*RHomo, (E,B) = Lf*(E¥ @%, B)

> L*(EY) &5, Lf*(B)

= Lf*(B)" @6, Lf*(B)

=~ RHomo, (Lf*(E),Lf*(B)),
extending the already-known case when f is flat.

Now, we finish this section with a discussion of the projection formula. Let

f: X — Y be a morphism, and let A € D*(Ox) be an object such that Rf.(A) €
D%(Oy). Then by adjunction there is a morphism Lf*Rf.A — A in D(Ox), so
we get a morphism

Lf*(Rf.A®p, B) == Lf*Rf.A®p, Lf*B — A®p, Lf*B
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for any B € D~ (Oy). Now assume B = E € Perf’(Oy), so that Rf. A ®I(5Y E and
A ®%X Lf*E are bounded. Thus we get by adjunction a morphism

Rf.(A) ®%, E — Rf.(A®p, Lf*(E))
called the projection map. We claim it is an isomorphism. The proof is easy:
Rf.A®p, E=RHomo, (EY,Rf.A)

>~ Rf. RHomo, (Lf*EY, A)

= Rf.(A®¢, Lf*E)
by the previous result. As a concrete application,

RU(X,A®%, Lf*E) = RU(Y,Rf.A®%, E)

on the level of sheaf cohomology.

Remark 2.2.64. The remark about tor-dimension also applies to derived pullback
along morphisms f: X — Y: f having finite tor dimension, and Lf*(B) being
bounded for some B, is a delicate question relating to singularities. For example,
if p € X is a point of a scheme, then Speck(p) — X has finite tor-dimension
essentially exactly when p is singular. However, asking for Rf.A to be bounded is
not a real condition; e.g. it’s satisfied for any bounded A with X Noetherian, or
any A with quasicoherent cohomology and f a qcqs morphism of schemes.

To conclude this section, we will summarize all of the results that we just
proved for perfect objects.

Proposition 2.2.65. Let E € Perf’(Ox) and A, B € DY(Ox). Then we have the
following canonical isomorphisms as described above:

(a) E®%, B - RHomo, (EY,B).
(b) EV ®% B - RHomo, (E,B).
(¢) RHomo, (E, A)®%XC’ — R’HomoX(E,A@J%X B) assuming A@%XB €
Db(Ox).
(d) RHomo, (A, B) @%, E = RHomo, (A, B®%, E).
(e) RHomoy (A®g, EY, B) = RHomoy (A, E®p, B).
Assume that f: X — Y is a morphism, E € Perfb((’)y), B € DYOy), A €
D(Ox). Then:
(a) Lf* RHomo, (E,B) = RHomo,(Lf*E,Lf*B), assuming Lf*B €
Db(Ox).
(b) Rf.A ®gy E = Rf.(A ®%X Lf*E), assuming Rf.A € D(Oy).
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2.3. The classical theory

In this section, we will specialize our discussions above to the case where the
ringed space X is a scheme. In the first section we will prove the foundational
results which allow us to work properly with the derived category of a scheme. In
the following sections, we will begin to do some basic algebraic geometry, however
the most interesting results and applications of derived categories will need to wait
until after an in-depth section on commutative algebra.

Let X be a scheme. In this case, we give the privileged notation D*(X) :=
D*(Ox) to differentiate it from the case of a ringed space. We write D7 .(X) C
D*(X) to mean the full subcategory of objects A such that HP(A) € QCoh(X)
for all p € Z. Likewise, D} ; (X) C D*(X) means the full subcategory of D*(X)
of objects A such that HP(A) € Coh(X) for all p € Z. We will have to work a
bit to relate this to D* QCoh(X) and D® Coh(X), so we will care more about D,
and D, for now.

At the very least, however, by the embedding of Mod(Ox) C D(X) as H°-
objects, we do have a canonical embedding QCoh(X) C D (X) and Coh(X) C
D}, (X). More generally, since the kernel and image of a map of quasicoherent
sheaves is quasicoherent, a complex F* of quasicoherent sheaves has F* € Dgc(X).
The inclusion QCoh(X) — Mod(Ox) is also exact, so we do have a natural map
D*(QCoh(X)) — D .(X).

The categories D.(X) C D(X) form triangulated replete subcategories. Re-
plete is clear, and closed under shifts is clear. If A — B — C' — A[l] is an exact
triangle with A, B € D} (X), then consider the exact sequence

H"(A) — H"(B) — H"(C) — H""(4) — H""(B)
which we can split up into:
H"(A) - H"(B) - F—0 0—G— H" " (A) - H""Y(B) -G —0
and
0—-F—H"C)—G—0.
The first sequence shows that F and G are quasicoherent, and thus the second
sequence shows that H"(C) is quasicoherent.

2.3.1. Cohomology of quasicoherent sheaves.

THEOREM 2.3.1. Let X be an affine scheme and F a quasicoherent sheaf.
(a) For an arbitrary cover U of X by quasicompact opens, ﬁp(u,}') =0 for
all p > 0.
(b) HP(X,F) = 0 for all p > 0. More generally, if {Fuo} is a family of
quasicoherent sheaves on X, then HP(X,[[, Fa) =0 for all p > 0.

PROOF. (a) First assume that the cover U by quasicompact opens is finite.
Then in the Cech resolution of Lemma 2.1.16

0—F— H j[,*]:|U1—> H j[,*]:|U1—>"'a
(D=0 (D=1
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we can write each product as a direct sum. All opens in an affine scheme are
separated, so for each I the inclusion j;: U — X is in particular a qcqs map,
so jr«F|u, is quasicoherent. Thus each term in the exact sequence above is
quasicoherent, so taking global sections shows that F(X)[0] — C*(U,F) is a
quasi-isomorphism. We’ll come back to the case that I/ is infinite momentarily.

(b) If {F,} is a family of quasicoherent sheaves on an affine scheme, then
HPU, 1, Fo) = 1, H? (U, F,) = 0 for every (e.g.) finite affine open cover U, by
(a). Since X is separated, the affine opens form a basis of X which is closed under
finite intersection. Therefore by Lemma 2.1.15 we conclude HP(X,[], Fa) = 0 for
all p > 0.

(a) Now we do the infinite case. Consider the same Cech resolution as writ-
ten above; even though the terms aren’t all quasicoherent, it is a resolution of
F by products of quasicoherent sheaves, namely a I'-acyclic resolution. Thus
H*(X, F) coincides with the (complex) cohomology of I'(X,C(U, F)) = C(U, F),
i.e. H*(U,F), so we are done by (b). O

We say that a scheme X is semiseparated if the intersection of any two affine
opens is affine, i.e. if the diagonal map X — X x X is affine. Note that:

separated = semiseparated = quasiseparated

The first implication is clear, and the second follows from the fact that an affine
morphism is quasicompact. We don’t really care about the difference between
semiseparated and separated schemes, but instead the terminology helps us remem-
ber how things are proved. We also sometimes say that a morphism of schemes is
semiseparated if f~1(U) is semiseparated for every affine open U. In particular a
separated morphism is semiseparated.

Corollary 2.3.2. Let X be a scheme and F* a bounded below complex of quasico-
herent sheaves.

(a) If X is affine then the canonical map I'(X,F*) — RI'(X,F*®) is an
isomorphism in D(Ox(X)).

(b) If f: X — Y is an affine morphism, then the natural map f . F® — Rf.F*
is an isomorphism in D(Y'). In particular, the natural map

RI(Y, f«F*) — RIU(Y,Rf.F*) = RT'(X, F*)
is an isomorphism in D(Oy(Y)).

(c) Suppose {U;} is an affine open cover of X such that Ui,..;, is affine
for all indices tg,...,i,. If F is a quasicoherent sheaf, the natural
map é'({Ui},f) — RT(X,F) is an isomorphism, so the natural maps
HP({U;}, F) — HP({U;}, F) are isomorphisms for all p > 0. More gen-
erally, this holds if F is replaced by an arbitrary product of quasicoherent
sheaves.

PROOF. (a) Then F* is a bounded below complex of I'-acyclic sheaves. (b)
To prove both claims it suffices to show that RP f,F = 0 for F quasicoherent and
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p > 0. Indeed, RPf,F is the sheafification of the presheaf
U HP(f7H(U), F)

on Y, yet on the basis of affine opens this presheaf is zero because f~1(U) is still
affine. (c) This follows from Thm. 2.1.11, because if [],, F, is a product of quasico-
herent sheaves, and U is affine, then (I], Fo)|lv = I1, Folv, so HP(U, 1], Fa) =0
for all p > 0. O

Corollary 2.3.3. Let X be a scheme and A € D (X).
(a) There are natural maps HP(X, A) — HO(X, HP(A)). If X is affine and
A € D}.(X), then these are isomorphisms.
(b) If f: X — Y is a morphism of schemes, then there are natural maps
HP(Rf.A) — f.HP(A). If f is affine and A € D .(X), then these are
isomorphisms.

PROOF. Let Z® be a bounded below complex of injectives. Then there is
the natural sheafification unit map given by Hpg, (Z*) — HP(Z*®), and hence
HP(Z*(X)) — HP(Z*)(X). This induces the desired map. Likewise for (b), this
construction gives a map HP(Z*(f~1(U))) — HP(Z*)(f~*(U)) for all U C Y, and
thus

HP(£.1°) — fHP(T°),
so this gives the desired map. To prove the isomorphisms, consider the two spectral
sequences:

EYY = HP(X,HI(A)) = HPTI(X, A)
qu = RV f,(HY(4)) = Herqu*(A)'
By cohomology vanishing for quasicoherent sheaves and the fact that the con-

structed maps are the edge maps of the spectral sequences we conclude. O

Note that in (c), if X is a semiseparated scheme, then every affine open cover
satisfies this property. Thus for such schemes we may compute sheaf cohomology
of quasicoherent sheaves using Cech cohomology with respect to an affine open
cover. A useful observation is that an open U C X of an affine scheme is, even if
not affine, separated. Therefore we still have control over the higher terms in the
Cech spectral sequence.

Lemma 2.3.4. Let X be a scheme and {Fu,} a family of Ox-modules.
(a) If X is semiseparated and each F, is quasicoherent, then the natural map

HY (X, [[Fa) — [ HP (X, Fo)

s an tsomorphism for all p.
(b) Suppose f: X — Y is a quasicompact semiseparated morphism of schemes.
If each F, is quasicoherent, then the natural map

R f ([ Fa) = [ RPfe(Fa)

s an isomorphism for all p.
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(c) If X is qcgs, then the natural map
P HP(Fa) — HP (D Fa)

is an isomorphism for all p.
(d) If f: X =Y is a qeqs morphism of schemes, then the natural map

@Rpf*(fa) - Rpf*(@fa)

[0}

is an isomorphism for all p.

PROOF. (c), (d) We know these results because schemes have a basis of qcqs
opens, and because of our result on cohomology and filtered colimits (Prop. 2.2.5).

(a) By Cor. 2.3.2(c), by choosing an affine open cover we may replace both sides
by Cech cohomology. But then we are done because Cech cohomology commutes
with arbitrary products.

For (b), note the extra quasicompactness. We have:

M%QPM%MUHWW”WHJED
= a(U — [[H(f1(U), Fa)
:MUHﬁHWUWJW
—a(U — :IO(U, R f.F)

= H RP f(Fa)
(e
where we are considering sheafification over the basis of affine opens of Y. Here,
the second step is by part (a) and the fact that f~!(U) is semiseparated, and the
third step is by quasicoherence of higher direct images, which will be proven in
Prop. 2.3.9. U

Remark 2.3.5. Recall that for (c) and (d), we actually know that cohomology
and derived pushforward (in the qcgs cases) commute with all filtered colimits.

Let X be a scheme. Observe from the definition that X is semiseparated iff
for each affine open U, the map U — X is an affine morphism. So, let F be a
quasicoherent sheaf and consider the Cech resolution:

0—F = [5-giF — 11 jrediF — -+
i 1]=1
If X is semiseparated, then HP(X, j;.jF) = HP(Ur, Flu,) = 0, so by our results
above, the complex above is a resolution of F by I'-acyclic objects. Now if X is
quasicompact and semiseparated, then we may even assume that the open cover
above is finite, so each term above after F is a quasicoherent I'-acyclic sheaf. Thus
this gives a functorial resolution by I'-acyclic sheaves.
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Lemma 2.3.6. Let X be a quasicompact semiseparated scheme. Denote by I'qc
the sections functor QCoh(X) — Mod(Ox (X)). Then the collection of I'-acyclic
quasicoherent sheaves is a right adapted class for I'qc, and hence the derived functor

RT.: DT QCoh(X) — DT (Ox (X))
exists and makes the diagram

D* QCoh(X) — D+(X)

}m lRF

D (Ox (X))
commutes.

PrOOF. We just showed above that upon choosing a finite affine cover, the
first map in the Cech resolution gives an embedding of any quasicoherent sheaf into
a [-acyclic quasicoherent sheaf. Both the I'-acyclics and quasicoherent sheaves are
closed under finite direct sums. If F* is a bounded below complex of quasicoherent
I'-acyclics, then of course applying I'yc gives an acyclic because I'qc = I'. This
proves the first claim. Finally, since the inclusion functor D+ QCoh(X) — DT (X)
sends the adapted class to I'-acyclic sheaves we are done. O

Next we discuss boundedness of cohomology, i.e. the fact that for the schemes
we care about, all quasicoherent sheaves have cohomology vanishing in large enough
degree.

Lemma 2.3.7. Let X be a scheme.
(a) If X is Noetherian of dimension d, then HP(X,F) =0 for all p > d and
all Ox-modules F.
(b) If X is quasicompact semiseparated, then HP(X,F) = 0 for allp > d
and quasicoherent sheaves F, where d+ 1 is the minimal size of an affine

open cover.
(c) If X is qcgs, then there exists d such that HP(X,F) =0 for all p > d and
all quasicoherent sheaves F.

Assuming the number d as in all three cases above, RI' maps D([fc’b] (X) to
D[a,b—f—d}(OX(X))'

PRrROOF. (a) is known from Thm. 2.2.29. (b) Note that if we use the ordered
Cech complex for a cover of size d + 1, then C” (U, F) =0 for p > d + 1, so the
result follows from Cech cohomology. (c) Consider the Cech spectral sequence

EY? = H'(U, H'(F)) = HPY(X,F)

for a finite affine cover U. For p > 0 and all ¢, EY? = 0 (e.g. once p exceeds
the size of the cover). For each io,...,ip, Ui,..;, is a quasicompact subscheme in
an affine scheme, hence quasicompact separated. Hence by (b), for fixed p, the
presheaf H(F) for ¢ > 0 gives zero when evaluated on all Uy,..;,. This means
that E2? is contained inside some large rectangle, and so the spectral sequence
above gives the result.
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For the final statement, if A € D([ﬁ{b] (X), then consider the hypercohomology
spectral sequence
HP(X,HI(A)) = HPTI(X, A).
Then p is concentrated in [0,d], and ¢ in [a,b], so the resulting diagonals have
nonzero range in [a, b+ dJ. O

Now we come to the result on higher pushforwards. The proof is simple, and
to simplify it even more one can use the following observation:

Remark 2.3.8. Suppose EDY — HP%4 is a bounded spectral sequence of
sheaves converging to a bounded filtration on an object H?T4. Assume that EpR1
is quasicoherent for all p,q. Then in fact EP? is quasicoherent for all r > rg, and
H™ is quasicoherent for all n. Indeed, the first claim is inductively clear: the
kernel and image of a morphism of quasicoherent sheaves is quasicoherent, and
quasicoherent sheaves have the 2-out-of-3 property. Now, we have a finite filtration
H" = FeH" D> FoH1H" ... 5 FPH™ = ( such that

0— FPIIH" — FPH™ — EP"P 0

is exact. By boundedness, EP"~P is quasicoherent, so if FPT'H™ is quasicoherent
then FPH™ is as well. By induction, F*H" = H" is quasicoherent.

Proposition 2.3.9. Let f: X — Y be a qcgs morphism of schemes. For A €
D.(X), we have Rf.(A) € D{.(Y). In particular, for each affine open U CY,
the natural map

HP(f71(U), A) — H°(U, H(Rf. A))
is an isomorphism of Oy (U)-modules for all p.

PrROOF. We may assume A = F is a quasicoherent sheaf, because in general
this case and the hypercohomology spectral sequence for pushforwards, i.e.

RPf.(HY(A)) = HPTRf.(A),

along with Remark 2.3.8 imply that Rf.A has quasicoherent cohomology. We will
apply the spectral sequence of Prop. 2.1.17 associated to a finite cover {U;} on X:

EV! = P Rif1.Fly, = RPYIfLF
lI]=p
Since the claim is local on Y, we may assume Y is affine, and hence X is qcgs, so
we can take an affine open cover and consider the spectral sequence.

Now if X was semiseparated, then each morphism f; would be a map of affine
schemes, so R?fr .F|y, =0 for ¢ > 0 and Rof[,*]:]UI = fr+F. Thus in this case
it follows from Remark 2.3.8 that RP f,F is quasicoherent for all p. Now, if X is
only qcgs, then each map fr: Ur — Y is qcgs out of a quasicompact semiseparated
scheme, and thus RYfr.F|y, is quasicoherent by the first case. Thus we conclude
again by Remark 2.3.8.

Now to establish the second claim, we apply Cor. 2.3.3: Since U is affine and
RfAly = Rf«(Alp-11y) € Dge(U),

HP(f~Y(U),A) = HP(U, Rf.A) — H°(U, HP(Rf.A))
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is an isomorphism. O

Example 2.3.10. Let X be a qegqs A-scheme and p: X — Spec A be the structure
map. If F is a quasicoherent sheaf, we can consider M = H"(X,F) as an A-
module. Then the above result says that R"p.F = M. We will give a more
functorial way to view this shortly.

Here is another example of this technique.

Lemma 2.3.11. Let f: X — Y be a qcqs morphism. If Y is quasicompact, then
there exists d > 0 such that RP f.(F) =0 for all quasicoherent F and p > d.

ProOF. By replacing Y with elements of a finite affine open cover we may
assume Y is affine. We again use the spectral sequence

B = D RUf1.Flo, = RTILF
[|=p
associated to some finite affine open cover {U;} of X, but this time its alternating
version, so that E"? = 0 once p exceeds the size of the cover. If X is semiseparated,
then each fr: Uy — Y is a morphism of affine schemes hence affine, so terms with
q > 0 are zero, proving the result in this case. In the general case, note that
fr: Ur — Y is a morphism between quasicompact separated schemes, so for each
of the finitely many columns with nonzero entries, vertical entries are zero for ¢
large enough, independent of F. Therefore the spectral sequence is contained in a
rectangle with size independent of F and we are done. 0

In the remainder of this section, we want to show that the derived category
constructions of the previous section are affine local, meaning that for an affine
open they just give the corresponding construction in the derived category of the
ring. At the very end, we will show that this holds for the actual derived category
itself, with some difficulty.

Example 2.3.12. Note that if Y = Spec A4 is affine, then an A-module M is
flat if and only if M is a flat sheaf over Oy. This is because flatness is checked
stalkwise in both cases, and both have the same stalks as Ay-modules. Therefore,
given a module M, we can choose a flat resolution of M by quasicoherent sheaves;
so if f: X — Y is any morphism, Lf*(M) can be represented by a complex of
quasicoherent sheaves, and hence is in D(;C(X ). So, if f: X — Y is an arbitrary
morphism of schemes, and F is a quasicoherent sheaf on Y, then by locality of
derived pullback, Lf*(F) € Dg.(X).
Next suppose A € DgC(Y). We could use the canonical truncations

T<n14A — T7<nA — H"(A)[-n] — 1<, A[1]

and induct starting at the bottom nonzero cohomology group of A: then since
Dy (X) is triangulated, induction will show that Lf*(7<,A) € Dyc(X) for all n,
and hence Lf*A € Dgy.(X).
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Finally, assume A € D (Y') is possibly unbounded. For each n € Z we have
the canonical truncations

T<n—1A — A — m5pA — <1 A[1],
so applying Lf* gives a new triangle. Note that Lf*(r<,_14) € D=""}(X), so
HP(Lf*(A)) = HP(Lf*(>nA)) for p > n. But 7>, A is in D} (Y'), so HP(Lf* A)
is quasicoherent for p > n. Since n was arbitrary we are done. Note that in this

argument, we couldn’t have naively applied a spectral sequence here because we
don’t have enough projectives.

Example 2.3.13. We can get away with using spectral sequences in the case
of derived tensor products. First, the same argument as before by using a flat
resolution on affine opens, shows that if 7 and G are quasicoherent, then F @%X g
has quasicoherent cohomology, i.e. Tory (F, G) is quasicoherent for all n. Now
recall the hyper-tor spectral sequence (Example 2.2.11):

HP(A®y, HYB)) = HP'(A®%, B)

First, if A = F is quasicoherent and B € D (X), then this shows that F ®éx B e
Dg.(X). By commutativity, we can reverse the logic: if A, B € Dg.(X), then
A ®%X HY(B) € D (X) by the first case, so A ®%X B € Dy (X) by the spectral
sequence. We remark that everything still works if we take one of the arguments
to have finite tor dimension and the other one to be unbounded.

So, in the last two examples we have shown:

Lemma 2.3.14. Let A,B € Dy (Y), and let f: X — Y be a morphism. Then
A® BEDL(Y), and Lf*(A) € D(X).

Next we will give another example, which involves pseudocoherence. Observe
that if A € D(X) is m-pseudocoherent, then HP(A) is locally isomorphic to HP(E®)
for £° a strictly perfect complex for p > m. Hence HP(A) is quasicoherent for
p > m, so if A is pseudocoherent then A € Dy (X).

Lemma 2.3.15. Let A € D™ (X) be pseudocoherent and B € DI (X). Then
RHomo, (A, B) € DL(X).

PROOF. First consider the case A = £°® of a strictly perfect complex, which
is in particular bounded with each term finite locally free. Since the claim is
local, we may assume that each term of £° is finite free; choose B = F°*, then
we claim Homp, (€%, F*) has quasicoherent cohomology. Since £° is bounded,
all products in the totalization are sums, and we can consider the corresponding
spectral sequence, which gives

EYY = Homo, (£, HI(F®)) = H""(Homo, (€%, F*))

since Homo, (€77, —) is exact. Then the LHS is of the form HY9(B)" since €77 is
finite free, so E**? is quasicoherent for all p,q. Thus the RHS is quasicoherent.
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Now we do the general case, so again since the claim is local, consider an exact
triangle of the form £* — A — C' — £°[1] with C' € D<™ and &°* strictly perfect.
Then

RHomo, (A, B) — RHomo, (€°, B) — RHomp, (C, B)[1] —

is exact. If B € D2’ then RHom(C, B)[1] € D>*=™~1 Thus right-hand map
above is an isomorphism on H? for p < b—m — 1. In particular, RHomo, (4, B)
has quasicoherent cohomology in degrees < b —m — 1. Since this holds for every
m, we are done. O

Remark 2.3.16. We can extract a slightly more specific statement from the proof
of the lemma. Namely, let A € D™ (X) be m-pseudocoherent and B € D(ib(X ),
then what we really showed is that HP(RHomo, (A, B)) is quasicoherent for
all p < b—m —1, ie. 7<p_m—1 RHomo, (A, B) € Dy (X). So, eg., if F is
(—d)-pseudocoherent and G is quasicoherent, then

Extdh (F.G), ... Euts H(F.G)
are all quasicoherent sheaves.

Now we come to an important result, which is the fact that the bounded below
derived category is affine local. Let X = Spec R, and recall that we have an
adjunction

(=) Mod(R) = Mod(Ox) : (X, —)
where (—) is an exact functor. Therefore, (—) extends to D*(R) — D*(X), and
by Remark 1.3.21 we obtain a derived adjunction
(%) (=): D*(R) 2 D*(X) : RI(X, —)
which comes with a unit and counit map. Since the original map factors through
QCoh(X), the left-hand functor factors through D (X).

Proposition 2.3.17. Let R be a ring and X = Spec R. The adjunction (x)
restricts to an equivalence

=y, + — Nt .
(=): DT(R) = DqC(X) : RT(X, —)
of triangulated categories.

PROOF. First consider the unit of (x), which is the map A — RT(X, A). We
claim this is an isomorphism; indeed, writing A = M*® this map is given by
M*® —T(X,M*) — RT(X,M®*),
and the first map is an isomorphism since Mod(R) — Mod(Qx) is a fully faithful
adjoint, and the second map is an isomorphism since M*® is a bounded below
complex of quasicoherent sheaves. Now consider the counit
RI'(X,B)—- B  Be€ D" (Ox)

and restrict B to lie in D(;“C(X ). We may show it is an isomorphism after applying
H?, giving the map

—_—

Hr(X, B) — HP(B).
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Since both sides are quasicoherent, this reduces to showing HP(X,B) —
H°(X,HY(B)) is an isomorphism, but this is exactly the isomorphism of
Cor. 2.3.3(a). O

It is in fact true that even the unbounded version (—): D(R) — Dg(X) is
an equivalence, but its proof is much harder since we haven’t set up unbounded
derived category theory. We will anyway give a self-contained proof of this in an
appendix to this section by introducing some ideas.

But, we anyway use this result to convert local questions about the derived
functors to commutative algebra. For example, this implies that if p: X — Spec A
is the structure map of a qcgs A-scheme, then for A € Da“C(X ), Rp,A is just (<)
applied to RT'(X, A). Another example is the following: If R is a ring, A € D™ (R),

B € DT(R), and suppose A is pseudocoherent. Then the natural map

RHomg (A, B) — RHomo, (A, B)

is an isomorphism, where X = Spec R. Indeed, since we know the RHS is in
D (X), we may show this after applying RT', and then after applying H*, from
which we obtain

Hompg) (A, Bli]) — Homec(X)(A, Bli]).

This follows from our result if A is bounded, and will follow from the unbounded
result once we prove it. We are also interested in the corresponding results for
tensor product and derived pullback. To get this, we will want to apply the functor
from the proof of the unbounded case, so we will prove this case later.

2.3.2. Unbounded right derived functors on schemes. The point of
this section is to extend the result of the previous section to show that D(R) =
Dqyc(Spec R). The idea behind the proof is to try to construct an inverse by
extending RT to all of Dy.(Spec R), which we will do by taking a derived limit of
the smart truncations 7>_,A of an object as n — oo. It will therefore require a
short detour into the theory of derived limits of inverse systems.

Let D be a triangulated category and consider an inverse system (K,) of
objects, which means a countable sequence

K1<£K2<£K3—>~~-

of objects and morphisms as above. Suppose that the product []; K; exists in
D; then this system induces a canonical map s: [[; K; — []; K; so that the nth
component [[; K; — K, is given by [[; K; — K,41 ELN K,,. The derived limit of
the system is an object K of D, equipped with an exact triangle

K — [ K —> ] K — K[1]
i i

in D. In this case, we write K = Rliini K;, and we view K to be equipped with
the maps K — [[; K; — K.
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Remark 2.3.18. Here’s why we make this definition. Suppose (k) is an inverse
system in Mod(R), then it is easy to check from the universal property that lim, K;

is canonically the kernel of the corresponding map []; K; 1=, [L; K; as defined
above. When we're in the case of a module category, we write R! lgnz K; to denote
the cokernel of the map 1 — s, so that we have a sequence

O—>l£anz—>HKz1;s>HKl—>Rll£anz—>O
1 K3

that is exact. We could, but at the moment will not consider this as a derived
functor of anything, and instead just view this as notation.

This construction in a triangulated category has an extremely weak kind
of universal property. Suppose C' € D and that we have maps g,: C — K,
compatible with the (f;). It follows that the induced map g: C' — []; K; satisfies
gs = g, i.e. g(1 —s) =0. Now applying the homological functor Hom(C, —) to
our distinguished triangle, we obtain the exact sequence:

Homyp (C, K) — HHomD(C, K;) il N l_lHom@(C’7 K;)

In particular, such a system (C, g,,) is induced by a morphism C' — K, but this is
certainly not unique.

Note that for each C, Hom(C, Kj;) is its own inverse system, and the kernel of
the middle morphism above is lgnz Hom(C, K;) in the category Ab. Therefore we
have an exact sequence

0 — R'lim.Hom(C, K;[—1]) — Hom(C, K) — lim_ Hom(C, K;) — 0
1 «—1

by splitting into short exact sequences. Note e.g. that if K were the categorical
limit then the right-hand map above would be an isomorphism, but here it’s only
surjective; the ambiguity is controlled by R! @Z We call this the Milnor sequence.

Example 2.3.19. Consider the case D = D(R) for a ring R. For L € D(R), we
know that H'(L) = Hompg)(R[—i], L). Thus given a system (Kj, f;) which has a
derived limit, we can take C' = R[—i] in the Milnor sequence to obtain an exact
sequence

0— R'lim H'"'(K,)— H'(K) —lim H'(K,) —0
in Mod(R) in cohomology.

Now let us study the basic properties of this operation. We do this by reducing
to the case of modules or abelian groups. For an inverse system (A,) in a
category, it is called eventually constant if there exists k such that the maps f,
are isomorphisms for n > k.

Lemma 2.3.20. Let (A,) be an inverse system in Mod(R).
(a) Removing finitely many terms doesn’t change lim or R! lim. More pre-
cisely, for any k the natural maps
limA4; —» limA4;  R'limA4; — R'lim A;
— P Pt P
i>1 i>k i>1 i>k
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are isomorphisms.

(b) Suppose (A,) is eventually constant. Then R lim, A; =0, and if k is
such that f, is an isomorphism for n > k, then linz A; — A is an
isomorphism.

PROOF. (a) We can just do the case where we go from ¢ > k to i > k + 1.
There is a commutative diagram of exact sequences:

11 li-s li-s

0 — Ay — [z 4i — [lizgr1 4 — 0

The kernel and cokernel of the left-hand map are zero, so by the snake lemma the
induced maps on kernels and cokernels of 1 — s are isomorphisms.

(b) By (a), we may assume all maps in A,, are isomorphisms, and thus identities,
so that A, = A for all n. The claim that the limit is A is clear in any category
since this is a connected diagram of identities. For the claim about R! lim, we
must show that

[14 = [T4: (@)= (@ = ai):

is surjective. Indeed if (b;) € []; Ai, then let a; = 0, and inductively a;+1 = a; — b;
for all 7 > 1. O

In the next result, we use the following construction: suppose (K,) and (L)
are inverse systems in a triangulated category, then a morphism of such systems is
a system of maps g;: Ky(;y — Li where a(1) < a(2) < --- is an increasing sequence
of numbers, so that these commute with the defining morphisms. This data defines
a morphism g: [[; K; — [[; Li by first projecting to []; K,(;) and then taking the
product morphism. On the other hand, we can define another map ¢’ with nth
component

a(n+1)—1
do: [1Ei = Lo gno( Y, TIKi— Kp— Kuw).
i p=a(n) 1

This is a telescoping sum and one easily checks that it satisfies g/, o (1 — sg) =
(1 —sp) o g, so we obtain a diagram

i ls o !

1
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of triangles. Thus by axiom there is a lift on Rliln’s. Again, this is non-unique,
but a defining feature of this is that we get a morphism

0 — R'lim. D(C, K;[-1]) — D(C,Rlim. K;) — lim. D(C, K;) — 0
i 1 A

! ; |

0 — R'lim.D(C, L;-1]) — D(C,Rlim. L;) — lim.D(C, L;) — 0
«—1 1 «—1
of exact sequences in Ab for all C € D.

Corollary 2.3.21. Let (K,,) be an inverse system in a triangulated category whose
Rlim exists.

(a) For any k, R@Dk K; exists, and any induced natural map R@i K, —
Rlim . K; is an isomorphism.
—i>k
(b) Suppose (Ky,) is eventually constant. If k is such that f, is an isomor-
phism for n > k, then the R@i K; — Ky, is an isomorphism.

PRrOOF. (a) This follows from the morphism of exact sequences above, the
corresponding result for abelian groups, the five lemma, and the Yoneda lemma.

(b) Consider the canonical exact sequence (e.g. the top row of the morphism
of exact sequences above). Then the R! lim term is zero by the abelian groups
case, and so we have isomorphisms

D(C,Rlim, K;) — lim, D(C, K;) — D(C, Ky)

where the composite is the map induced by R@i K; — Kj. Thus we are done
by the Yoneda lemma again. O

Now let us apply this to the case of derived categories. The first step is to
know that the categories we care about actually possess the relevant countable
products, and hence derived products. To do this, recall that if A is an abelian
category, then an object I* € K(A) is K -injective if for every acyclic complex A®,
Homg 4y (A%, I*) = 0. The following lemma is just summarizing some facts we
already know:

Lemma 2.3.22. Let A be an abelian category.

1. A bounded below complex of injectives is K -injective.
2. The following are equivalent for a complex I1°:
(a) I* is K-injective.
(b) The map Homp(4y(A®, I*) — Hompg)(A®, I*®) is an isomorphism
for all A®* € K(A).
(¢) Hom 4(—, I®) preserves acyclics.
(d) Hom 4 (—, I°®) preserves quasi-isomorphisms.
In particular, a quasi-isomorphism between K -injective complexes is a
homotopy equivalence. More generally, an isomorphism in D(A) between
K -injective complezes is represented by a homotopy equivalence.
3. A (termuwise) product of K -injective complexes is K -injective.
4. If I* is K-injective, then I®[n] is K-injective for n € Z.
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5. If A* — B* — C* — A°®[1] is a distinguished triangle in K(A) and any
two of the three objects are K -injective, then the third is as well.

PROOF. (1) and (2) were proven in Cor. 1.3.5 (for (2), the proof carries over
to K-injectives without change). For (3), it is clear that

Homq(—,HI;) %’HHomq(—,If)

because the same is true on individual homs, and products commute with products.
The result follows since products are exact in Ab.

(4) This follows from the fact that Hom(—, I*[n]) = Hom(—, I*)[n] and since
[n] preserves acyclicity.

(5) By rotation, we may assume A® C*® are K-injective. For any acyclic
complex K°, the functor Homg4)(K®,—) is homological, so it follows that
Homg 4y (K*®, B*) = 0 as desired. O

By the way, observe that categorical products in Ch(A) and K(A) are indeed
termwise. This follows because Hom 4(—, —) preserves termwise products in the
second variable, and the fact that products are exact, which means that taking
zero cycles ker d” and H® both commute with products. But these constructions
produce Homcy4) and Homg 4) respectively.

Lemma 2.3.23. Let A be an abelian category with countable products.
(a) Let (Ai)i>1 be a family of objects of D(A) such that each A; is represented
by a K -injective complex I?. Then ]; A; exists in D(A) and is represented
by the K-injective complex []; L.
(b) If A has enough injectives, then D(A) admits all products of objects in
DT (A). In particular, D(A) admits derived limits of all inverse systems
in DT (A).

PROOF. (a) The product of K-injectives is K-injective by Lemma 2.3.22(3),
and since this is also the product in K(A), we have

Hompa)(X*, [[ ) = Homg () (X*, ] I})
= [ [ Homy 4 (X, I})
= [[Hompa)(X*, I7)

and thus we have the statement. (b) follows directly from (a) and the fact that
a bounded above complex of injectives is K-injective. Indeed, once the relevant
products exist we can always take cones and rotate. O

Remark 2.3.24. We usually write K(ZL) for the K-injective complexes, and our
results above show that this is a triangulated subcategory. Suppose (K,,) is an
inverse system in D(A) for which each K, is represented by a K-injective complex
Iy,. Then each map f,: K,41 — K, is represented by a morphism g,,: I}, — I3

in K(A), and the map 1 — s: [[; I? — I, I? represents the corresponding map



147

1—s: I]; Ki — I]; Ki. Therefore we may form its cone C' in K(A), and rotate to
obtain the triangle

ol - [ =201 —cC

i i
in the homotopy category. It follows that C[—1] is a K-injective complex repre-
senting RliLni K;. Observe that if each I was termwise injective, then the same

is true of the product, and hence of the cone C.

Here is the main situation we are going to be interested in. Let A be an abelian
category with countable products and enough injectives. Let A € D(A) be an
object, then we have canonical truncation maps A — 7>_,A4 and 7>_, 14 —
T>_pA. Thus there is a natural inverse system

7'2,114 — TZ,QA — T2,3A A

which is called the Postnikov tower of A.

Write A, == 7>_pA, so A, € DT(A) for each n. Thus by the lemma we
may form R@n A, € D(A) equipped with its natural triangle and hence maps
Rliinn Ay, — 7>_,A. Moreover, the canonical morphisms A — 7>_, A are clearly
compatible with the morphisms in the inverse system, thus we obtain some non-
unique morphism A — Rliinn A, making the diagram

A ~~ Rlim A,
«—n

~

T>_nA

commute for every n. Note that the following are equivalent:
(a) An induced map A ~» Rlim Ay is an isomorphism.
(b) An induced map A ~» Rlim A, induces epimorphisms H kA) —
HE(RIlim A,) for all n.
—n
(c) For all n, Rlim Ap — 7>_nA induces isomorphisms on H k for k > n.
(d) For each k, there exists some n > —k such that the maps Rlim A, —
T>_nA induce monomorphisms H’“(Rllnn Ap) — H¥(1>_, A) = HF(A)
PRrOOF. All of these follow from the fact that in the situation of the above
diagram, for all £ > —n we get an induced map
H*(A) ~ H*RIlim A,) — H"(7>_,A)

where the composite is an isomorphism (i.e. the identity). The induced map is an
isomorphism iff it is one on all cohomology; the sequence shows that the first map
is a split monomorphism, and the second is a split epimorphism. So, the first is an
epimorphism iff the second is a monomorphism iff they’re both isomorphisms. [

In particular, whether A ~~ Rylln A, is an isomorphism is independent of the
chosen map, and in fact it’s independent of the choice of Rlim, because any
two choices admit an isomorphism commuting with the maps to 7>_,A. Thus,
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we will signify this situation by saying that ‘the map A ~~ Rliﬂln T>_nA is an
isomorphism’, and this statement is independent of all choices.

Example 2.3.25. This is a warmup for the main result. Suppose A = Mod(R)
for a ring R. Then for any A € D(R), we claim that A4 ~ Rlim 7>_,4 is an

isomorphism. By considering the Milnor sequence for Hompg)(R[—k], —), we
obtain a commutative diagram

HF(A) =———= HF(A)

H l

0~ R! @12 Hk_l(’Tz,iA) - Hk(le(TE,ZA)) - linz Hk(TZ,iA) -0

with the bottom row exact. But now H¥~!(7>_;A) and H¥(r>_;A) are eventually
constant inverse systems, so the R lim term is zero, and the right-hand vertical
map is an isomorphism. Thus the middle vertical map is an isomorphism as
desired.

Finally, we prove the case of interest below, which will require computing
the derived limit in K(X) and then passing to the derived category. To do this,
observe the following: if j: U — X is an open inclusion, then we know that
Homop, (71O0y, F) = F(U), thus if F* € K(X), we have canonically

Homy, (1Oy, F*) = F*(U) = Homgx)(HOv[-pl, F*) = HY(F*(U))
by taking HP of both sides.
THEOREM 2.3.26. Let X be a scheme and A € Dqc(X). Then the map
A~Rlim 7~_,A
—n =
is an isomorphism.

PrOOF. Following Remark 2.3.24, represent A, = 7>_,A € Dy (X) by a
bounded below complex of injectives Z, and write Z* for the K-injective complex
fitting into

* - [Iz2 = 1z — °[1]
n n

in K(X), so that 7* = Rlim A, in D(X). For each open U C X, the Milnor
sequence in either K(X) or D(X) (since the targets are K-injective), applied to
710u[—p] gives the exact sequence

0— R'lim HP{(D(U,Z3)) — HP(D(U,2%)) — lim HP(D(U,Z3)) — 0
by the remark above. In other words:
0 — R'lim HP~Y(U, A,) — HP(T(U,Z%)) — lim HP(U, A,) — 0
—n —n
If U is an affine open, then we know that
HP (U, m>—nA) = H(U, H? (1> _nA)),
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since A;, € Dqc(X), so this system is essentially constant with value H°(U, HP(A)),

and likewise for p — 1. Thus the exact sequence shows that the canonical map
H°(U, H?(A)) — HP(I(U,1°))

is an isomorphism for all U C X affine. We are trying to show that HP(A) —

HP(Z*) = HP(Rlim Ay) is an isomorphism for all p, and we have a commutative

diagram

o

HO(U, HP(A)) —— HP(I'(U,I°))

H(U, H?(1*))
for affine opens U. Taking the filtered colimit over the basis of affine opens of this
diagram identifies the two right-hand terms, because HP(Z*) is the sheafification of
Uw— HP(U,ZI°). Thus HP(A), = HP(Z°®), for all z, so HP(A) = HP(Z*). O

The operative result here is already contained in the proof of the above
theorem. Namely, it says that if X is affine, A € Dy.(X), and Z°® is the K-injective
representative for Rlim 7>_, A induced by injective resolutions for 7>_n A, then
I'(X,HP(A)) = HP(I'(X,Z°)).

Now the remaining proofs will be trivial using this. We use two basic general
observations. First, let F': D — & be an exact functor of triangulated categories
and (Kpy) be an inverse system in D. Assume that Rlim K, and Rlim F(Ky)
both exist. Then the maps R@n K, — K, induce a comparison map

F(Rlim K,)— Rlim F(K,)
«—n —n
making the obvious diagrams commute. The second simple fact that we will use is
that the canonical map A — 7>_, A induces the map
Hom p4) (7>—nA, B) — Homp (A, B)
which is an isomorphism if B € D=Z""(A). We have discussed this before, and it’s
true because Homp A)(D<_”, DZ7") = 0 and the canonical truncation triangle
TenA—A—1>_pA— 1, All]
for any abelian category A.
Corollary 2.3.27. Let R be a ring. The functor
(=): D(R) — Dqc(Spec R)
is an equivalence of categories.
PROOF. Since (—) is exact, it commutes with the canonical truncation functors

and cohomology. Let A € Dy.(Spec R), then we have the inverse systems 7>_,A
and RI'(7>_,A). First, consider the Milnor sequence

0 —R'lim H" '(RT(7>_,A)) — H?(Rlim RI(7>_,A))
—lim HP(R[(1>_,A)) — 0
—n =
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over D(R), but then HP(X,7>_,A) = I'(X, HP(A)) for n > 0, so the left- and
right-hand systems are essentially constant. Thus R! lim vanishes, and we obtain
isomorphisms H?(Rlim RI'(t>_nA)) = I'(X, HP(A)). Applying (=) to both
sides and using quasicoherence of HP(A) shows that

—_—~—

HP(Rlim RI(r>_nA)) = HP(A).

On the other hand, we may consider the canonical comparison map

Rlim RI(7>-,A) — Rlim RI(7>_,A4)=Rlim 7>_,A4 = A4,
where the two equalities follow from the bounded below theorem and Thm. 2.3.26.
Taking cohomology produces the isomorphism above, and hence this is an isomor-
phism in D(Spec R). This shows essential surjectivity.
It remains to show that if M, N € D(R), then the map

Hom p ) (M, N) — Hompx(M, N)

is an isomorphism. This is true if M € DT (R), because in that case the remark

above identifies both sides with the Homs from 7>_,, M and TZ_nZ\Aj , and then
the result follows from the bounded below case. In the general case, we can write

n=Rlim 7>_,n and N = Rlim T>_nN =Rlim 7>_,N, so
—n = —n = —n =

R'lim D(R)(M,7>-n,N[~1]) = D(R)(M,N) = lim D(R)(M,7>_,N)

| J |

e~ —~——

R'lim D(X)(M, >y N[~1]) + D(X)(M,N) + lim D(X)(M,7>_,N)

commutes with exact rows (with the four zeros, but they didn’t fit into the
diagram). By the bounded case, the left- and right-hand maps are isomorphisms,
so we are done by the five-lemma. O

This was the main result we cared about, but we can now use the theory above
to discuss some aspects of unbounded derived category theory. We will use the
notation Kq.(X) C K(X) for the full subcategory of objects with quasicoherent
cohomology.

Corollary 2.3.28. Let X be a scheme.

(a) For each F* € Kqy.(X), there is a morphism F* — Z° in Kq.(Ox) which
is a quasi-isomorphism and I® € ch(l')]g). Moreover, we may choose I*®
to be termuwise injective, and F* — 1I°® to be termwise injective.

(b) The natural functor Kqc(X) — Dqgo(X) is a triangulated localization by
the quasi-isomorphisms and the induced map Kqo(ZX) — Dye(X) is a
triangulated equivalence.

PROOF. (a) Choose an isomorphism F* — Rlim 7>_,F* in Dgc(X), then we
already explained that we can choose the Rliin to be represented by a K-injective
complex Z°®. Thus the corresponding map F* — Z° is induced from the homotopy
category and is a quasi-isomorphism.



151

(b) The first claim is just because Kg(X) is saturated under all quasi-
isomorphisms, so the standard localization subcategory criterion applies. For
the second statement, the same criterion and (a) imply immediately that
Ko (Z¥) — Dqe(X) is fully faithful, and then (a) implies again that it is
essentially surjective. g

Remark 2.3.29. Since we already proved Postnikov completeness in D(R) for a
ring R, the same argument shows that all M* € K(R) admit a quasi-isomorphism
to a K-injective complex of R-modules, and K(Zr) — D(R) is a triangulated
localization. Note that this is not automatically implied by the affine equivalence
because a priori, K-injective representatives could live in Mod(Ogpec r)-

Write Qx: Kqe(X) — Dqc(X) for the localization functor, and suppose
F: Ky(X) — € is an exact functor of triangulated categories. A right de-
rived functor of F' is an exact left Kan extension of F' along @Qx. In more detail,
it is an exact functor RF': Dq.(X) — € equipped with a natural transformation

e: F— RFoQx

satisfying the following universal property: for every triangulated functor
G: Dyc(X) — € and map n: F — G o Qx, there is a unique map u: RF — G
such that n = uQx oe. Of course, if a right derived functor exists then it is
unique up to canonical isomorphism.

Lemma 2.3.30. Any ezact functor F': Kq.(X) — € has a right derived functor,
which in fact satisfies the left Kan condition against all functors Dq.(X) — €.

The canonical morphism F — RF o Qx is an isomorphism on the subcategory
Kqo(Z%)-

ProOOF. Choose an exact inverse S: Dgc(X) — Kqc(Zx) and an isomorphism
u from Id to Dgc 3, Kge(Zx) = Dgc(X). Define
F

RF = Dgo(X) 2 Kee(Tx) = Kgo(X) 5 €,

and for each F* € Kq(X) we have a natural map ug, (rey: F* — S(F*) in
Dyc(X). Since S(F*®) is a K-injective complex, this comes from a unique map
vre: F* — S(F*) in Kq(X). v is a natural transformation because the naturality
condition is equality of two maps to a K-injective complex, so it follows from
naturality of u. Define ¢ = Fv, giving a natural transformation

e:Fold=F — Foi,0S =RF.

Note that RF is a composition of exact functors, hence exact. Also, the restriction
of Qxe to Kqye(X) is the isomorphism v in Dyc(X), and since the source and target
are K-injective, [k, is also an isomorphism.

To check that (RF,¢) is a left Kan extension, suppose G: Dyc(X) — € is a
functor with a map n: F — G o Qx. Again letting ¢t: Kqc(Zx) — Kqe(X) be
the inclusion, we obtain a map nt: Ft — Go Qxt, and et: Fit = RF o Qxt, and
since Qxt¢ = 1 compatibly, we induce a unique map RF — G with the desired
properties. O
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Remark 2.3.31. Note that in the proof, we didn’t need to use the fact that &
and F' were triangulated except to assert that the resulting derived functor was
triangulated. Thus the result more generally allows us to Kan extend functors
along the localization map Qx.

In particular, since the functors I': Kqc(X) — D(Ox (X)) and fi: Kqo(X) —
D(Y) for a morphism f: X — Y are triangulated, we obtain unbounded derived
functors

RT': Dye(X) — D(Ox (X)) Rfi: Dye(X) — D(Y).
It is safe to use the same notation as the derived functors we have been working
with thus far, because the natural map from the bounded below versions to the
restrictions of the unbounded ones are isomorphisms, as is checked on the bounded
below complexes of injectives. Of course, the definitions above all apply dually,
and to any triangulated subcategory of K(A) for any abelian category. When
there are enough K-injectives, then the above proof applies as well.

Example 2.3.32. Suppose F: A =2 B : G is an adjunction between abelian
categories and suppose that F' is exact. Then G preserves K-injectives. Indeed,
this is because termwise application of F' and G descends to an adjunction on the
homotopy category, and exact functors preserve acyclic complexes. For example,
we can use this to see that the restriction functor (—)|y preserves K-injectives,
and hence unbounded RI" and Rf, behave well with respect to restriction.

To actually reason about these functors, it will be easiest to reduce them to
the bounded below cases using derived limits. Thus we should discuss and prove
some compatibilities.

Corollary 2.3.33. Let X be a scheme. Let (K,) be an inverse system in Dqc(X).
(a) All products of objects of Dqyc(X) exist in D(X), and Rlim K, exists in
D(X).

qc 7 non qac 7

RT(X,Rlim K,) — Rlim (RT(X, K,))
—n —n

Rf.(X, Rllnn K,) — Rllnn Rf.(Ky)
(¢) There is a canonical hypercohomology Milnor sequence
0— R'lim H"'(U,K,) — H*(U,Rlim _K,) — lim H*(U,K,) — 0
for each k and U induced by any presentation of Rliinn K, € Dy.(X).
Remark 2.3.34. In (c), if Rlim K, is not necessarily in Dg(X), then

we still have such a sequence except one replaces the middle term with
Homp(r)(Ov, Rlim Kn|v).
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PROOF. (a) This follows from Lemma 2.3.23, since every object of Dg.(X) has
a K-injective representative.

(c) A presentation is of the form

Rlim K, — [[ K, — [[ K» — Rlim K,[1],
n n

so take the Hom-Milnor sequence for jiOy|[—k]. It remains to observe that
Hompx)(ji0u, A) = H(U, A)

for A € Dy(X). Indeed, this result is already known to us on K(Zx). In the
remaining case of the remark, just ignore this observation in the middle part of
the sequence. O

Remark 2.3.35. TODO: The reason for the crossed out text is that I naively
claimed that RI" and Rf, commute with products. At this stage, my argument
was wrong because there’s no guarantee that e.g. [],, f«(Zy) represents the product
in €. Instead, we would want to use e.g. that Lf* 4 Rf, which is not available
yet. However, I didn’t cross out part (b) from the statement because I think we
could still prove it using one of the examples below.

Remark 2.3.36. What we showed in (b} should really be broken up into
the following two steps: (1) An exact functor Do (X)) — & which commutes

Example 2.3.37. If X = Spec R is an affine scheme, let A € Dy.(X) and write
A — Rlim 7>_,A. Then for each k,
—n =
H*(X, 75> _pn) = HY(X, H*(r>_,A)) = H(X, H*(A))

for n > 0. Thus the Milnor sequence gives H*(X, A) = HO(X, H*(A)) for all k,
extending the bounded below result. Thus, now let X be arbitrary and consider
the map H¥(U, A) — H°(U, H*(A)) for A € Dyc(X). Since it is an isomorphism
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on the basis of affine opens, we deduce that aH*(A) =~ H*(A) is an isomorphism
of sheaves.
There is a similar statement for pushforward; note that if Z*® is in Kqc(Zx),
then we have maps
HP(D(f~H(U),Z*)) = HP(T(U, f(Z*))) — T (U, H?(f.1*))
where the last map is the sheafification unit. Therefore we have a natural map
HP(f~1(U),A) — HP(U, HP(R[.A))

for A € Dyo(X), i.e. a morphism f,HP(A) — HP(Rf.A) of presheaves on Y. This
morphism is a sheafification, meaning the induced map af.H?(A) — HP(Rf.A) is
an isomorphism, because on K-injectives it is so by definition.

Remark 2.3.38. In the situation of Remark 2.3.36, RF': Dy.(X) — D(B) is
called left t-exact, which means that it sends DgC”(X) to D="(B) for all n. This

is clear because to compute RE' on D%”(X ) we can just use the classical bounded
below RF. We can also say something in the opposite direction, which will be the
next focus.

Lemma 2.3.39. Let X have globally finite QCoh-dimension (e.g. X is qcgs).
Then for each A € Dyo(X) and k € Z, the inverse system (T>_n,A)y, is eventually
constant. In particular, the natural map

H*(X, A) = lim H*(X, 7> A)
is an isomorphism for all k € Z.

PRroOOF. The first statement (applied to & — 1) implies the second by the
hypercohomology Milnor sequence. For the first, consider the truncation triangle
HMA)[n) = 75nA — T_ni1 A — H(A)n + 1,

which induces an exact sequence
HM"™(X, H(A) = HF (15> _pA) = HF (15 _p1A) — HFM (X, HTY(A))

for every k (where the X’s are suppressed in the middle). For fixed k, the
middle map is an isomorphism for n > 0, because H*™"(X, H "(A)) and
HF7H (X, H™"(A)) are zero once n + k exceeds the global QCoh dimension
bound. O

Lemma 2.3.40. Let f: X — Y be a qcqgs morphism of schemes. Then Rf. maps
Rfi: Dgc(X) — Dgc(Y).
Furthermore, if d > 0 is such that RP f,.F = 0 for allp > d and F € QCoh(X), then

Rf. maps D;Cb(X ) to D(iber(Y). Such a d exists for instance if Y is quasicompact,
or X is Noetherian.

PROOF. We are going to first prove the boundedness result, and then use it to
establish quasicoherence of unbounded pushforward. We have seen that such a d
exists if X is Noetherian or if Y is quasicompact. We have also seen previously that
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this condition on d implies the result in the bounded below case by considering
the spectral sequence on the pushforwards of the cohomology.
Now suppose A € D<P(X). Then Rf.(m>_nA) € DSP*4(Y) for all n. For every
affine open U C Y, we know from Prop. 2.3.9 that
HP(fH(U), 7>-nA) = HO(U, HP (Rfs7> -0 A)) = 0
for p > b+ d. Therefore, by Lemma 2.3.39,
HP(f~1(U), A) = lim HP(fH(U), m>-nA4) =0

for p > b+ d and U affine, since f~'(U) is qcgs and hence has globally finite
QCoh-dimension. Since HP(Rf.A) is the sheafification of the presheaf U —
HP(f~1(U), A) on the basis of affine opens of Y, we conclude H?(Rf,A) = 0 for
p>b+d.

It remains to prove quasicoherence of cohomology of Rf,A for arbitrary A €
Dyc(X). This is local, so we may assume Y is quasicompact and thus some d as
in the first part exists. By the triangle

TenAd — A — 5 A — 7, A[],
exactness of Rf, and the result we just proved shows that
HP(Rf.A) = HP(Rf.t>nA) p>n+d.

Note that HP(Rf,7>,A) is quasicoherent because of the bounded above case, and
since n is arbitrary we can make p arbitrarily small by reducing n. |

Remark 2.3.41. Let f: X — Y be a qcgs morphism of schemes and A € Dy.(X).
Then we have the canonical map

HP(Rf.A) — lim HP(Rf.m>-nA)

which we claim is an isomorphism. Indeed, restriction commutes with limits (since
e.g. it is a right adjoint), so the statement is local on Y. Thus we may assume Y
is quasicompact and then this is eventually constant as explained at the end of
the proof. This is a simple result which allows us to reduce to the bounded below
case when we’re working with natural maps. For example, the following corollary.

Example 2.3.42. Suppose f: X — Y is a morphism of schemes. The argument
(verbatim) of Cor. 2.3.3 using K-injectives instead of bounded above complexes of
injectives shows that there are natural maps HP o Rf, — fro HP forp e Z. If f
is affine, then these are isomorphisms. Indeed, f is qcqs, and by the remark above
and naturality we reduce to testing on DZ.(X), which was Cor. 2.3.3(b).

Corollary 2.3.43. Let f: X — Y be a qcgs morphism of schemes.
(a) Let g: Y — Z be qegs as well. Then the natural map
R(f 0 g)« — Rf«o Ry
is an isomorphism of functors Dqyc(X) — Dgc(Z).
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(b) Assume Y (and hence X ) is qegs. Then the natural map
RI'(X,A) — RI'(Y,Rf.A)
is an isomorphism in D(Oy (Y)).
(¢) For each affine open U C 'Y, the natural map
HP(f~1(U), A) — HP(Rf.A)
is an isomorphism. In fact, the natural map
RU(f~1(U), A) — Rf«(Alj-1w))
is an isomorphism in Dqc(U).

PRrOOF. Throughout this proof, we are suppressing some implicit change of
scalars morphisms, which is harmless because these functors are exact and hence
behave well on the unbounded derived category, and when applying them after
unbounded derived functors.

(a) The natural map is induced by the universal property. We have a commu-
tative diagram

HP(R(

g0 £).A) HP(Rg.(Rf.A))
= i |
lim HP(R(go f).(rs—nd)) —=+ lim H?(Rg.(Rf.(>_nA)))

by naturality. The bottom map is an isomorphism by the bounded below case,
and the left-hand map is the above remark. To see that the right-hand map is an
isomorphism, note that it suffices to show

HP(RgRfs(T<—nA)) =0 n>0

for all p, locally on Z. We can thus restrict to a qcgs open of Z, and thus assume
Z and Y are qcgs since g is qcgs. Thus X is qcgs as well since f is qcgs. Then
both Rg, and Rf, increase cohomological amplitude by finite numbers, and the
claim follows. This implies that the top map of the diagram is an isomorphism for
all p.

(b) Same argument as (a), but for the left side use Lemma 2.3.39. Then for
the right side, use the fact that Rf. and RI'(Y, —) (since Y is qcgs) both increase
cohomological amplitude on the right by finite numbers.

(c) For the first part, we can argue directly from the bounded below case
by applying both the remark above and Lemma 2.3.39. For the second part,
by replacing Y with U we have to show that the sheafification of RI'(X, A) in
D(Oy(Y)) is Rf+A. But by the equivalence D(Oy(Y)) = Dqc(Y) for affine
schemes, it suffices to show that

RT(X, A) = RU(Y, Rf,A),
which is part (b). O
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Remark 2.3.44. Note that this is the first stage where we proved some results
strictly less general than what we could state in our framework. Indeed, part (a)
is true without g being qcgs, and part (b) is true without Y being qcgs. But these
are drawbacks associated with avoiding general existence results for K-injective
complexes. In any case, this won’t really matter because real results usually rely
on schemes being qcgs.

Example 2.3.45. Of course, if X is affine and F* is a complex of quasicoherent
sheaves on X, then I'(X, F*) — RI'(X, F*®) is an isomorphism, because F* = M*®
and then both sides are M*® by the affine equivalence D(R) = D(Spec R). It follows
that if f: X — Y is an affine morphism and F* is a complex of quasicoherent
sheaves on X, then f,F®* — Rf,F*® is an isomorphism. Indeed, the claim is local
on Y so assume X and Y are affine, then (c) of the above corollary reduces us to
the initial observation.

Example 2.3.46. If f: X — Y is affine, then Rf.: Dyc(X) — Dqc(Y) is con-
servative. Indeed, by choosing triangles it suffices to show that ker(Rf,) = 0. If
Rf.A =0, then for each affine open U C Y,

0= Rf:Aly = Rf -1+ (Alp1 )
so we reduce to the case where X and Y are affine. But in this case R f, computes

RT'(X,—) and then restricts scalars to Oy (YY), and both of these functors reflect
zero as X is affine.

Example 2.3.47. Here is a more specific variant of the previous result; suppose
again that f: X — Y is affine. Then in fact

Rf(DEN(X)) c DY) RETHDEN(Y)) € DEM(X)

where a and b can possibly be infinite. Indeed, the left-hand statement follows
immediately from Example 2.3.42, and the right-hand one also follows from
Example 2.3.42 and the fact that f.: QCoh(X) — QCoh(Y) reflects 0, clear by
checking on an affine cover of Y.

Finally, let us briefly discuss unbounded RHom. This will be especially difficult
to work with since we need strong hypotheses for it to be quasicoherent. We have
already discussed one case when this works, which is when the first argument is
pseudocoherent, but in that case the second argument must be bounded below
anyway. The new case we will get is when the first argument is perfect. Then
the new formalism will allow us to remove some boundedness hypotheses on our
earlier work with perfect objects.

As usual, we start by considering MOX as a functor on the unbounded
homotopy categories, and then restrict to a functor

K(Ox) X ch(Ix) — K(Ox)

When the second variable is fixed, it sends acyclics to acyclics by the criterion
for K-injectivity, and therefore (after choosing a quasi-inverse) we obtain an
unbounded functor

RHome, : D(X) x Dge(X) — D(X)
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In parallel, we do the same thing for the functor RHomp, , and we obtain a functor
RHomop, : D(X) X Dge(X) — D(Ox(X)).
We know from before that these are exact in each variable. Now fix F* € K(X);
the functors
RHomo, (F*,—) RHomop, (F*,—)
are exact, and we have constructed them exactly as in the construction of a derived
functor from K-injectives. Therefore these coincide with the right derived functors
of
Hom(F*, —): Kqe(X) — D(X)  Hom(F*, —): Kqe(X) — D(X),
and we obtain canonical maps (between functors out of Kqc(X))
Hom(F*,—) — RHomo, (F*, —) Homy, (F*,—) — RHomp, (F*,—)

which are isomorphisms on the K-injectives. By the universal property of right
derived functors, a map F* — G*® induces a unique natural transformation between
these functors. By uniqueness this gives natural maps

Homep, — RHomoy Homy, — RHome,

of bifunctors K(X) x Kyc(X) — D(X), which is an isomorphism when the second
variable is K-injective. Importantly, and simply by construction, these agree with
the derived functors we defined for ringed spaces earlier.

We will wait for the next section to prove any serious results about these
functors in the unbounded case. However, since the restriction of K-injective
complexes with quasicoherent cohomology retains the same property, we can at
least assert that RHom behaves as expected upon restriction. What we will show
is the following important case where the unbounded RHom works well.

Lemma 2.3.48. Let E € D(X) be perfect. Then RHomo, (E, B) € Dy.(X) for
each B € Dyc(X).

PROOF. The claim is local on X, so we may assume F is strictly perfect, thus
in particular a bounded complex of locally frees. Write B = Z* as a K-injective
complex with quasicoherent cohomology. By boundedness in the first variable, the
Hom-totalization spectral sequence only involves direct sums, so it applies and
converges to the cohomology of RHom. We claim that the FEs-page consists only
of quasicoherent sheaves. Indeed, by further restricting, each object in Fs is the
cohomology of a sequence of the form

Hom(O%, 7" 1) — Hom(O0%,Z") — Hom(O%, 71,
and thus it is a finite power of a quasicoherent sheaf. O
Now suppose X is qegs and E € Perf(X). There is a natural map
RHomo, (E, B) — RI'(X,RHomo, (E, B))

which we know is an isomorphism in the usual case, and we are going to use
techniques introduced in this section to prove it in this case as well. First, since
X is qcgs, there is a global cohomological QCoh-bound d. Since F is perfect and
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X is qc, it has amplitude in [a,b]. Note that from the spectral sequence in the
proof above, it is clear that RHomo, (£, C) is in D="~% whenever C' € D=,

The observations above show that RI" and RHom(E, —) only increase bounded
above amplitude by a finite number, so by the truncation triangle

T«_nB — B — 71>_n,B — 7«_, B[]
we deduce that for fixed p,
HP (RHomo, (E, B)) — HP(RHomo, (E, 7>_nB))

is an isomorphism for n > 0.

Now let’s consider RHomp, (E, B). We claim that for each p, the inverse
system HP(RHomp, (E,7>_,B)) is eventually constant. Indeed, considering the
standard sequential truncation triangle shows that the obstruction to the maps of
the system being isomorphisms lives in specific cohomology modules which have
to be zero once n > 0 because X has bounded QCoh-dimensions.

Since this applies to p — 1, the corresponding Milnor sequence has vanishing
R! liin, and thus gives an isomorphism

H? RHom(E, B) = lim H?(RHom(E, 7>, B)),

and the right-hand system is eventually constant. Therefore combining the two
results gives us the desired property. We’ve shown:

Lemma 2.3.49. Let X be gegs and E € Perf(X). Then the natural map
RHomo, (E, B) — RI'(X,RHomo, (E, B))
is an isomorphism in Dqc(X) for all B € Dyc(X).

2.4. Unbounded derived categories for schemes

2.4.1. Unbounded left derived functors on D(Ox). Now we discuss the
unbounded versions of Lf* and (—) ®%X (—). This will be very different from the
prior discussion in two respects: First, even though we don’t have K-projectives,
it will be much easier and much more general (in particular we will be able to
construct this on the whole category D(Ox) of a ringed space). Moreover, we will
usually just be able to give direct arguments for compatibilities among the left
derived functors, and can avoid derived colimits of truncation towers.

The downside is that the left derived functors are in some sense more classical
and less interesting. They behave very well with stalks and thus one can usually
reduce them to the case of modules. On the other hand, the way we constructed
the unbounded right derived functors was heavily reliant on affine cohomology
vanishing, which will not matter in the left case. The main motivation for
constructing left derived functors is that they will be adjoint to our right derived
functors, and thus we can use them to argue about the right functors. In this
sense, we will give new proofs of various facts from the previous section.

We will repurpose our definition from the previous section of a derived functor
of an exact functor K(Ox) — € from K(Ox) (or a triangulated subcategory), to
a triangulated category €. But we consider the dual case, so now we consider
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right Kan extensions along the localization map @: K(Ox) — D(Ox). We note
that for the first part of this section, we have in mind an arbitrary ringed space
(X, Ox), not necessarily a scheme.

Definition 2.4.1. Let X be a ringed space. An object F* € K(Ox) is K-flat if
the complex F* ® G* is acyclic for every acyclic object G* € K(Ox).

Lemma 2.4.2. Let X be a ringed space.

(a) A bounded above complex of flat Ox-modules is K -flat.

(b) If F*,G* are K-flat, then F* ® G* is K-flat.

(c) If f: X — Y is a morphism and F* is K-flat over Oy, then f*F* is
K-flat over Ox.

(d) If F* is K-flat, then F®[n] is K-flat for every n.

(e) If F¥ — F5 — F3 — Fr[1] is a distinguished triangle in K(Ox) and any
two of the three are K-flat, then the third is K-flat.

(f) F* is K-flat iff Fy is K-flat over Ox 5 for every x € X.

(9) An arbitrary termwise direct sum of K-flat complexes is K-flat.

(h) A termuwise filtered colimit of K-flat complexes is K -flat.

PROOF. (a) We have shown this already using a spectral sequence. (b) This
follows from associativity of tensor product of complexes.

(f) Since stalks commute with sums, they commute with tensor product of
complexes. Since stalks preserve and jointly reflect exactness, it is clear that Fy
being K-flat for all z implies that F* is K-flat. Conversely, if F* is K-flat and
M* € K(Ox,_) is acyclic, then Sk,(M*®) is also acyclic, thus F* @ Sk, (M?*) is
acyclic and we conclude by taking its stalk at x.

(c) By (f), we reduce to showing that if A — B is a ring map and M* is K-flat
over A, then M*®* ®4 B is K-flat over B. Indeed, for an acyclic complex N°®,

(M®*®aB)®p N®*= M®*®4 N*®

holds as underlying A-modules, so the LHS is in particular acyclic.

(d) This is clear because F*[n] ® G* = (F* ® G*)[n].

(e) We have shown previously that (—) ® G®* commutes with cones, and hence
is triangulated. Thus the result follows from the 2/3 property for acyclicity.

(g) Since coproducts commute with each other, it follows that (—)* ® G*
commutes with termwise sums. Then the result follows because direct sums are
exact in Mod(Ox). O

Remark 2.4.3. Let A be an abelian category. Then if K € Ch(A), it is clear
that

Hom*(@ K, L) = [] Hom*(K, L*)

since products commute with one another, where @,, K,, denotes the termwise sum.
Since products of abelian groups are exact, taking zero cycles and zeroth homology
shows that @,, K is also the coproduct in Ch(A) and in K(A). Similarly, if
{K? :i e I} is a diagram of complexes, denote by thZ K; the termwise colimit.
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Then
Hom(lim K?, L*) = lim Hom(K?, L*)
icl icl
since limits commute with products, and since limits commute with kernels we can
take zero cycles to show that lim K7 is also the colimit in the category Ch(A).
However, this does not pass to the homotopy category.

As an application of this, we see that a termwise filtered colimit of K-injective
complexes is K-injective. Indeed, a termwise filtered colimit of acyclic complexes
is acyclic because filtered colimits are exact. Then, by the tensor-hom adjunction
in Ch(Ox), (—) ® G* commutes with colimits, so the result follows.

Lemma 2.4.4. Let X be a ringed space.

(a) The map K(Ox) — D(Ox) preserves arbitrary coproducts.
(b) For a direct system (Fy) in Ch(Ox), the canonical sequence of complexes

0~ @5 DF - lm, 7 -0
n n
is exact, where lim_Fy is the termuwise filtered colimit.
—nNn

PROOF. (a) Let {F? :i € I} be a collection of complexes, and consider maps
fi: F? — G* in D(Ox); represent this by maps
fl'. (& ﬁo i} go’
in K(Ox) where the ¢;’s are quasi-isomorphisms, and then since direct sums are

exact, this induces a roof @, F; & b, ]'zz'. EN G*® with ¢ a quasi-isomorphism, and
it’s clear that the corresponding map in D(Ox) shows the existence part of the
universal property.

For uniqueness, suppose we have a map @, F; — G® in D(Ox) such that the

(2
composites
@t
i

are all zero. Represent f by a roof @, F; EN G* < G* with ¢ a quasi-isomorphism,
then the composites

ﬁa@ﬁi@

exist in K(Ox) and become 0 in D(Ox). This means that there are quasi-
isomorphisms F; 2, F? whose composites with the above pair are zero in K(Ox).

Again by exactness of coproducts, this means that the induced diagram
®F = @r Lo Lo
i i

has the properties that s and ¢ are quasi-isomorphisms and the composite of the
first two maps is 0 in K(Ox). If we invert the last map in D(Ox) this shows that
fos=01in D(Ox), hence f = 0.
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(b) (This is unrelated, so I'm not sure why it’s in this lemma.) This sequence
is exact on the right, because we can check this after taking Hom’s, which recovers
the universal property that to map into h_n>1n Fo we give a sequence of maps into
the F3 compatible with the maps F; — Fp .. For injectivity, since everything is
termwise we can assume these are single sheaves. The tuple (z,),>1 maps to

(1'1,.%'2 - fl(xl)axii - f2(x2)7 cee )7

so if this is zero, then x1 = 0, so o — 0 =0, and so on. O

Remark 2.4.5. The argument above shows that if A is an abelian category which
admits ezact coproducts indexed by a set I, then D(A) admits coproducts indexed
by I, and they are computed on any representative.

In particular, D(Ox) has arbitrary direct sums and they are computed termwise
on any representative. Also, for any collection {A,} in D(Ox), the natural map

@H”(Aa) — H”(@AQ)

is an isomorphism. Indeed, this follows by choosing representatives for the A,
and then noting that cohomology of complexes commutes with termwise direct
sums because they are exact. It follows e.g. that Dg.(X) for X a scheme also has
arbitrary direct sums.

If € is a triangulated category and (K, f,) is a direct system in &, then we
define the homotopy colimit of the system to be its derived limit in the opposite
category. In other words, it is an object K equipped with a distinguished triangle:

PK, —>PK, — K- PEK,]
n n n

In this case, we write K = hocolim,, K. The dual of the theory we constructed in
the previous section applies. For instance, every L € € provides a Milnor sequence

0 — R'lim Homg (K,, L[-1]) — Homg (K, L) — lim Homg (K,, L) — 0
of abelian groups. Again, all of the same non-uniqueness issues apply from before.
We note immediately that in D(Ox) (or Dg(X) for X a scheme), homotopy
colimits for all systems exist and are computed by taking the appropriate direct
sums and then the cone.

Here is another approach to computing a homotopy colimit. If (Fn), is a
system of complexes, equipped with actual chain maps f,,: F; — F5, 4, then the
exact sequence of the previous lemma gives a distinguished triangle

P F = PFr—limFr - PFN
n n n

in D(Ox) where lim 73 is the termwise direct colimit. Therefore, we have

hocolim,, F; —=> lim F,
—n



163

as objects in the derived category. Note that since filtered colimits are exact, this
proves that the canonical map

lim H?(A,) — H”(hocolim,, Ay)
is an isomorphism for all p € Z and systems (Ay), in D(Ox). Dual to the case of
derived limits, if A € D(A) is an object, then the maps
T§1A — T§2A — T§3A —

form a canonical directed system, so we have induced maps hocolim,, 7<, A — A
and we can ask whether these are isomorphisms. For the same reason as the
limit case, even though these maps aren’t unique, the condition that they be
isomorphisms is independent of the choice of presentation of homotopy colimit
and choice of map.

Lemma 2.4.6. Let X be a ringed space.
(a) For F* € Ch(Ox), the canonical map from the (termwise) colimit
lim | T<nF* — F°*
is an isomorphism in Ch(Ox).
(b) In particular, if A € D(Ox), then the canonical map
hocolim,, 7<, A ~ A
is an isomorphism in D(Ox).
PROOF. (a) Since it is termwise, we just have to show lim T<nFE = FF for
all k. This is true because this system is eventually constant (i.e. after n > k),
and that implies the stated result as can be seen e.g. by applying Hom’s and using
the corresponding statement for inverse limits.

(b) By choosing a representative A = F* and the remark above, (a) finishes
the proof since the system lifts to Ch(Ox). O

Lemma 2.4.7. Let X be a ringed space and G* € Ch(Ox). For each n > 1, there
is a bounded above complex F; of flat Ox-modules and a commutative diagram

Fr F3 F3

l l |

Tglg. E— ngg. E— ngg' —_—

such that the vertical maps are surjective quasi-isomorphisms.

PROOF. We showed that Ox-modules admit surjections from flat O x-modules
functorially, meaning that there’s a functor F: Mod(Ox) — Mod(Ox) and a
natural transformation F — Id giving the surjection. Therefore, since our explicit
construction of bounded above resolutions for adapted classes is also functorial,
there is a functor F': Ch(Ox) — Ch(Ox) with a natural transformation F' — Id
that is componentwise a surjective quasi-isomorphism. Applying this to the system
(T<nG*®) gives the result. O
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The previous lemma is the key observation allowing us to construct useful
unbounded left derived functors.

Corollary 2.4.8. Let X be a ringed space.
(a) For each G* € K(Ox) there is a surjective quasi-isomorphism F* — G°®
in K(Ox) such that F* is K-flat.
(b) Denote by K(Fo, ) C K(Ox) the full (triangulated) subcategory consisting
of K-flat complexes. Then the natural map

K(Fox) — D(Ox)
is a triangulated localization by the quasi-isomorphisms.

PROOF. Observe that by Lemma 2.4.2, K(Fp, ) is indeed a full triangulated
(replete) subcategory, and we have seen many times why the result of (a) implies
the localization statement of (b), from the localization of subcategories criterion.

For (a), we apply the above lemma and set F* := hi>nn Fo to be the termwise
filtered colimit. Then we get an induced map F — h_H)ln T<nG*® = G*, which is first
of all surjective because filtered colimits are exact, and is also a quasi-isomorphism,

e.g. because F* and G*® represent the hocolim of the two isomorphic systems in
D(Ox). O

We are now going to quickly generalize our proof of the universal property for
K-injectives as discussed in the previous section, to use a framework which applies
to K-flats.

Remark 2.4.9. This is a brief recap of how we have been using triangulated
localizations. Let A be an abelian category, and suppose we have full triangulated
subcategories
ECDCK(A).

(1) Denote by S the localizing class of quasi-isomorphisms in K(A). Since &
and D are closed under cones, it follows that Se = SN &€ and Sp = SN D are
both localizing classes in the respective subcategories. The restricted classes are
compatible with the triangulation, because the subcategories are closed under
shifts, and the other property is clear because they are full subcategories. These
are saturated localizing classes because the same was true before restricting.

(2) Then we have the two criteria for localizing subcategories, each dual to the
other (in the saturated case): For any quasi-isomorphism A®* — D} with D} € D,
there exists a quasi-isomorphism D3 — A® with DS € D. Then the natural map
between localizations is fully faithful. Alternatively, we can reverse the arrows
with the same conclusion.

(3) Here are the simple cases where (2) is satisfied for D that we actually use.
First is when D is saturated under quasi-isomorphisms, meaning that anything
isomorphic in the derived category to an object of D is already in D (e.g. Kqe(X)
for X a scheme). Another case is (e.g.) D = KT (A), for if A* has bounded below
cohomology, then the map A® — 751, A® is a quasi-isomorphism for k£ < 0.

(4) Now assume that Dp(A) == D[Sp'] — D(A) is fully faithful. We describe
this situation by saying that D C K(A) is a localizing full triangulated subcategory.
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We usually apply the criterion again to the subcategory € to see when &[S =
Dy (A) is an equivalence. We almost always apply this by saying that for each
object D*® € D, there exists a quasi-isomorphism E®* — D*® with E®* € €. Or the
other way around, as long as the direction is consistent across different objects.
Then the criterion shows that € — Dqp(A) is a triangulated localization by the
quasi-isomorphisms.

(5) Assume we're in the situation of (4) and F': € — T is a triangulated functor.
Then F sends quasi-isomorphisms to isomorphisms iff it sends acyclic complexes
to 0; thus in this case, this induces a triangulated functor on the localization
F: Dp(A) — T; any map F — F’ of two such functors induces a unique natural
transformation of F — F'.

We will, going forward, use this remark without further mention. Our next
goal is to prove a more general version of our classical adapted classes result which
also covers the K-injective result from the last section. Since the application in
mind is to K-flats, we will state it in its ‘left’ version.

Definition 2.4.10. Let A be an abelian category and D C K(A) a localizing full
triangulated subcategory.

(a) A full triangulated subcategory € C D is left preadapted if for each object
A® € D there is a quasi-isomorphism E® — A® with £°® € €&.

(b) Suppose F': D — T is an exact functor of triangulated categories. A left
preadapted subcategory € C D is left adapted to F if for every acyclic
complex E*® € €, F(E®) =0.

We make the dual ‘right’ definitions as well.

It is immediate from Remark 2.4.9 that a left preadapted subcategory € satisfies
the property that € — Dp(A) is a triangulated localization.

THEOREM 2.4.11. Let A be an abelian category and D C K(A) a localizing
full triangulated subcategory. Let F': D — T be an exact functor of triangulated
categories and suppose € C D is left adapted to F.

(a) F has a left derived functor (LF: Dyp(A) — T,¢), which in fact satisfies
the right Kan condition against all functors.
(b) If (LF,¢) is a left derived functor of F, then cge: LF(E®) — F(E®) is

an isomorphism for all E®* € €.

The key idea of the proof is the following observation: Suppose there is a
morphism E®* — D*® in Dp(A) represented by a roof E® <« E} — D®, where the
assumption means that we can always take the middle object to be in €. Since F'
preserves quasi-isomorphisms in €, we can apply F' to this and obtain

F(E*) & F(E?) — F(D*) ind7,

which allows us to define a map F(E®) — F(D®). Moreover, this doesn’t depend
on the choice of roof: To show this, it suffices to show that the map is stable under
quasi-isomorphic refinements of ET, and we can always choose this to be some
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E35 € €. Thus there is a diagram:

124
e
Upon applying F' to this, the three maps labeled with ~ become isomorphisms,
and the claim is clear. Therefore we get a well-defined map
Homp g (E®, D*) — Homg(F(E®), F(D*))
of sets, independent of any choices. Since F' sends quasi-isomorphisms in € to

isomorphisms, we can view both sides as functors €[S; '] x D — Set, and we
further claim that the map above is natural in each variable.

Fix a map E* — D*® represented by E® < E? % D*. If we have D* LR D? in
D then the composite map is represented by
E* £ B S Do Y Do
and its image becomes F(ba)F(s)~! = F(b)F(a)F(s)~!, which shows naturality in

D. For the other variable, consider a map £ — E* represented by ES 4, E3 L E°,
then in one direction the resulting map in 7T is

(F(a)F(s)™") (F(D)F(a) 7).

If we compose roofs first, then by definition we form a commutative diagram

-

\ @]
\
’
’

K7 b s
B3 Eq
q b s a

and take the outer roof, which maps to
F(ab)F(g5)~" = F(a)(F(b)F(5) ) F(q) ™,
and by the commutative square this agrees with the previous direction.
PROOF (OF THM. 2.4.11). Let Q: D — Dp(A) and Qg: € — Dp(A) be
localizations. Denote by R a quasi-inverse to £[S; '] = Dqp(A), so that we have
a natural isomorphism u: (R —= Id.

Since the kernel of F|¢ contains the acyclic complexes, this restriction extends
to an exact functor which we call

LF: Dp(A) =T

such that LF oQ¢ = F|g. For each D®* € D, we have the natural map u: R(D®) —
D* which is in Dp(A), but by the construction described before the proof and the
fact that R(D®) € &, this defines a map

e: F(R(D*)) = LF(D*) = F(D*)  in 7.
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The fact that the morphism of Homs was natural in both variables implies that € is
natural in D. Finally, if E® € €, then u: R(E®) — E*® is an isomorphism in Dq(A)
by definition of R and u. Thus both arrows in R(E®) <« E} — E°® are quasi-
isomorphisms between objects of €, so applying F' shows that e: LF(E®) — F(E*)
is an isomorphism.

It remains to prove the universal property: let G: Dp(A) — T be a functor
equipped with a natural map 7: Go @Q — F of functors D — T. If we restrict this
to &€, then we can view this as a map

GoQe -5 Flg < LFo Qe

where the second map is an isomorphism. By the universal property of localization,
this ascends to a unique map 77: G — LF such that

GoQe —s LFoQs

Xig

Fle

commutes. We just have to extend this commutativity to D, and uniqueness
will follow from uniqueness on €. Let D* € D be arbitrary and E* — D*® be a
quasi-isomorphism with E*® € &, then we have a commutative diagram:

G(D*)

G(E*) -5 LF(E®*) —» LF(D*)

o

n\) (e I
F(E®*) —— F(D*)
Because of the displayed isomorphisms, and naturality of 7, the composite € o 7 is
forced to be n as desired. O

Let X be a ringed space. Then we showed that the full subcategory K(Fo, )
of K-flat complexes is replete, triangulated, and forms a left preadapted class. We
will use this to define bounded derived pullbacks and tensor products.

Lemma 2.4.12. Let Y be a ringed space and F* an acyclic K-flat complez.
(a) For any complex G* € K(Oy), F* ® G*® is acyclic.
(b) For any morphism f: X =Y, f*(F®) is acyclic.
PRrROOF. (a) Let F§ — G* be a K-flat resolution of G*. Then
FF - F*oG*
is a quasi-isomorphism since F* is K-flat, but the LHS is acyclic since F* is acyclic
and F7 is K-flat.

(b) By taking stalks, it suffices to show that if M* is a K-flat acyclic complex
over A and A — B is a ring map, then B®4 M*® is an acyclic complex of B-modules.
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But this is the same as B ® 4 M*® being acyclic over A, and then the result follows
from (a). O

It follows that if f: X — Y is a morphism, then K(Fp, ) is left adapted to f*,
so we get a left derived functor

Lf*: D(Oy) — D(Ox).

The left derived functors will have all of the nice properties, and it will be
easy to establish them. For instance, given maps f: X — Y and g: Y — Z,
Lf*o Lg* is an exact functor equipped with a map from (g o f)*, so there is a
natural map L(go f)* — Lf* o Lg*. It is clear that this is an isomorphism on
the K-flat complexes because pullback preserves K-flatness, so we conclude that
L(go f)* = Lf*oLg*. Similarly, it is easy to prove that it commutes with stalks in
the appropriate sense since K-flats are closed under stalks and pullbacks. Finally,
since a bounded above complex of flats is K-flat, this construction does extend
what we said before.
Now we discuss tensor products. If we restrict the tensor product to

K(Foy) x K(Ox) — K(Ox),

then fixing the first variable, we note that the second preserves quasi-isomorphisms
by definition of K-flat, and fixing the second shows that the first preserves quasi-
isomorphisms by (a) of the lemma above. Thus by localization we obtain a
functor
(—) 8%, (-): D(Ox) x D(Ox) — D(Ox).

By construction, for each G*, the functor (—) ®% G* is the left derived functor of
(=) ® G*, so we obtain canonical natural maps (—) ®“ G®* — (—) ® G* between
functors K(Ox) — D(Ox). But, if G} — G35 is a map in K(Ox), then by the
universal property we obtain a natural morphism

(-) @G — (-)@" g3
making the obvious diagram commute. In particular, the derived tensor product
is equipped with a map
f. ®gx go N _F. ®(’)X go
natural in both variables, i.e. as functors K(Ox) x K(Ox) — D(Ox). Our

construction says that this map is an isomorphism when F* is K-flat, but if G® is
K-flat, then commutativity of

Frelge — F1®g*

Fe ®L go Fe ® go
shows that it is an isomorphism even when G* is K-flat (here 7 — F* is a K-flat
resolution). Using this map, we can prove all of the standard properties essentially

in the same way as before. We will repeat the proof of a few but in general these
are easy.
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For example, suppose we want a natural isomorphism
A (Bl C) = (Aet B) gt C
as functors D(Ox) x D(Ox) x D(Ox) — D(Ox). Indeed, if we represent A and

B by K-flat complexes then this is clear, also using that the tensor product of
K-flats is K-flat. For another example, we show there is a canonical isomorphism
Lf*(A®" B) — Lf*(4) @ Lf*(B).

To construct it, we have natural maps

LY (F @t G — LI(F ©G%) — [{(F 0 G°) = [*(F*)® [*(G%)
and

Lf*(F*) @M L (G*) — [*(F*) @ [1(G°) — [*(F) & f*(G*).

If 7*,G° € K(Jo, ), then each of the maps in the bottom row would be isomor-
phisms because tensor products and pullbacks preserve K-flats. Thus by inverting
we get a morphism Lf*(F* @Y G*) — Lf*(F*) @Y Lf*(G*) which is natural as
functors K(Oy) x K(Oy) — D(Ox). By the universal property of localization
this gives a unique map with the desired source and target on the derived category.
But also when F*® and G® are K-flat, the first row is an isomorphism, so this
unique map is an isomorphism.

We mention that since K-flatness can be checked stalkwise, it is in particular
a local notion stable under restriction. Therefore we have the standard restriction-
to-an-open properties of Lf* and (—) ®%X (—) as in the bounded above case.

One of the major reasons to do unbounded derived category theory is that
we can use adjunctions in a literal way. In fact, a powerful strategy to prove
something about unbounded right derived functors, which is sometimes annoying
as we saw, is to prove a different statement about left derived functors and argue
by adjointness. Generally, however, we need K-injectives for this, so we will usually
do this over schemes. Thus let us first discuss how the unbounded left derived
functors behave over schemes, and then we revisit adjunctions.

Let X = Spec R be an affine scheme. We claim that a complex M*® € K(R) is
K-flat iff M* is K-flat. The latter condition holds iff My is K-flat over Ry, for all p.
It is clear that if this condition holds then M*® is K-flat since (M*®N®), = Mg®@N,;
and localization is exact. Conversely, if M*® is K-flat, then as a special case of f*
preserving K-flatness we deduce My is K-flat for all p.

In particular, by the equivalence D(R) = Dg.(Spec R), a quasicoherent sheaf
on an affine scheme has a K-flat resolution by quasicoherent sheaves. We use this
to give trivial proofs of results like the following one:

Lemma 2.4.13. Let X be a scheme.
(a) If f: X — Y is a morphism, then Lf* maps Dyc(Y) to Dyc(X).
(b) If A, B € Dyc(X), then A®F, B € Dye(X).

PROOF. (a) This is local on Y, so assume Y is affine. Then A € Dy (Y) is
isomorphic to F* where F* is a K-flat complex of quasicoherent sheaves, and so
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Lf*(A) = f*F* is a complex of quasicoherent sheaves and hence has quasicoherent
cohomology.

(b) Similarly, the question is local so we may assume X is affine, in which
case we can take quasicoherent K-flat resolutions of both terms, and then the
tensor product is quasicoherent (since the direct sum of quasicoherent sheaves is
quasicoherent). O

Remark 2.4.14. Here is an observation which we essentially already know. Let
& C K(A) be a left preadapted class with the property that £,. L B® for some
B*® € K(A). Here, &,. denotes the full subcategory of € of acyclic complexes, and
the notation means that for every A® € €,. we have Homg4)(A®, B®) = 0.

If we are in this situation, then in fact the natural map

HOI’I]K(A) (A., B.) — HOH]D(A) (A., B.)

is an isomorphism for all A®* € €. Note that this is easy to see in the presence
of K-injectives, but the general proof is easy too. Given a roof A® «— E®* — B*®
representing a map in the target, take the cone sequence

E* — A* — Cone — E°[1]

and apply Homg A)(—, B*®); by our assumption, the natural induced map
Hom(A®, B*) — Hom(E*®, B®) is an isomorphism, and thus there is a lift to a map
A®* — B°® already in K(A). Conversely, if A* — B® in K(A) becomes 0 in D(A),
there is a quasi-isomorphism E® — A® such that the composite is zero already in
K(A), and we may assume E® € €. Then the argument above gives

Homy 4)(A*, B®) = Homg ) (E®, B®),

so the map A®* — B® was already zero.

We note that this is of course an iff statement, since any acyclic A® is 0 in D(A).
This also shows that if €, L B®, then & is left adapted for Hom 4(—, B®), and
thus that the corresponding derived functor computes RHomy (—, B®) as expected.

Given this, let us do the main example of an adjunction. We could formulate
this generally, but it will be a bit annoying because our K-injectives only exist on
an appropriate subcategory, and we also won’t need to do this many times.

Let f: X — Y be a qcgs morphism of schemes. We saw in Lemma 2.3.11 and
the lemma prior that we get functors

Lf*: Dge(Y) . Dge(X) :Rf.

on the Dgy.’s. We claim this forms an adjunction. We have already shown that
adjunctions of functors descend to the homotopy category, so for each F* we have
a counit map f*f,.F®* — F*, so we can obtain a zigzag

If F* is K-injective, then the left-most map is an isomorphism, and therefore

this extends to a natural morphism Lf*Rf. — Idp_ (x) whose restriction to the
K-injectives agrees with the formula above. Thus we obtain a natural map

HOI’anC(Y) (A, Rf*B) — HomeC(X) (Lf*A, B)



171

factoring through Homp,_ x)(Lf*A, Lf*Rf.B). To show that this is an isomor-
phism, take B = Z°® to be K-injective, and A = F°*® to be K-flat. The key
observation is that on the homotopy category
0 = Homg x)(f*F*,Z°) = Homgy)(F*, f<Z°)
if F* is acyclic (in K(Fx)), since then f*F* is acyclic. Therefore, Kyo(Fx) L fiZ°,
so the remark above applies, and thus
Homec(Y)(}_.,f*Z.) = HomK(Y)(f.7f*I.)
& Homgx)(f*F*,Z°)
= Hompx)(f*F*,I°),

which is the desired result.

Example 2.4.15. Recall the adjunction j; - 7% where j: U — X is an open
inclusion. By exact adjunctions (which don’t even require K-injectives), this
descends to an adjunction
ji: D(Oy) = D(Ox) : j*.

In particular, as long as j: U — X is qcqs and A € Dy.(U) we have an isomorphism
A = j*Rj.A, and hence an adjoint map j1A — Rj,A in D(X). Suppose that
Supp A C Z where Z is closed in X. Then this map is an isomorphism. Indeed,
this can be checked on the level of sheaves of abelian groups, where we have
closed immersions i: Z — U and i1: Z — X; again the exact adjunction i~' i,
descends to the derived categories, giving a map A — i,i~'A. This map is an
isomorphism on all cohomology, as that can be checked on stalks. Therefore

Rj, A= Rjivi ' A =i A,

and that j.A = iy ,i 1A can be checked after taking cohomology and applying
stalks.

We can do the same thing for RHom. Indeed, we have a natural map
Hom(F*,G*) — Hom(Lf*F*, Lf*G*) — RHom(Lf*F*, Lf*G*),
so we obtain a natural map
RHomo, (A, B) — RHomp, (Lf*A,Lf*B)
for B € Dq(Y). If we replace B with Rf,B for B € Dy (X), we can use this
observation and the adjunction counit to obtain
RHomop, (A, Rf.B) — RHomo, (Lf*A, B),

which is an isomorphism since it induces an isomorphism on all cohomology by
the case above.

These questions become more delicate if we want to involve RHomp, , because
as we saw it often doesn’t land in Dg.(X). We mentioned that if the first argument
is pseudocoherent and the second is in D:{C (X), then the result is quasicoherent,
but this case was already known to us. The other interesting case is when the
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first argument is perfect, but most of this case is easy to handle directly from the
dualizability properties we discussed earlier.

For instance, this puts a big limitation on proving the unbounded tensor Hom
adjunction, because we cannot make sense of a term like

RHompx)(A, RHomo (B, C))

unless RHomo, (B,C) € Dq.(X). However, we can use the above strategy to
prove the standalone adjunction

Hom p(x)(A @, B,C) = Hompx)(4, RHom(B,C))

only under the assumption that C' € Dy.(X). This is clear after one notices that if
F* is K-flat and Z°* is K-injective, then Hom(F*®,Z®) is again K-injective. Indeed,
if G*® is acyclic then

HOmK(X)(g.,M(f.,I.)) = HOI’HK(X)(Q. ®F.,I.) =0

by the assumptions and the underived adjunction. Therefore, taking C = Z*® €
Dy.(X) to be K-injective, B = G* to be K-flat, and A = F*, we obtain

Hom p(x)(F* @6, G° I°%) = Homy ) (F* @6, G°,I°)
= Hom (x)(F*, Hom(G*, Z°))
= Hompx)(F*, Hom(G*,1%))
= Homp(x)(F*, RHom(G"*,Z*))

as desired. Note that in this argument, if we want F*® and G*® to represent arbitrary
objects of D(X), then it’s important that we use the fact that Z°® is truly K-
injective as an object of D(X) and not just of Dy.(X). But, as explained, we
don’t have the tools to show (or state) this on the level of RHom or RHom unless
B is perfect.

Remark 2.4.16. When dealing with perfect complexes over schemes, we usually
like to replace the notion of strictly perfect which we discussed in the previous
section with ‘bounded complex of locally free sheaves. We can do this for two
reasons. First, as we showed, a strictly perfect complex on a locally ringed space
is a bounded complex of finite locally free sheaves. Second, because there are only
finitely many terms, a bounded complex of finite locally frees is locally a complex
of finite free sheaves, hence strictly perfect. Thus, we can also equivalently just
work with bounded complexes of finite frees.

The most important property is that bounded complexes of finite locally free
sheaves are internally projective in the unbounded sense. In other words, if F* is
a bounded complex of vector bundles, then the natural map

Mox(f.7g.) - RHomOX(f.vg.)

is an isomorphism even for unbounded G*® € Kq.(X). This follows because the
corresponding internal Hom spectral sequence works as the first argument is
bounded, so Home , (F*,—) preserves acyclics and hence quasi-isomorphisms.
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Let us briefly revisit tor dimension and possibly unbounded perfect objects
and show that they have the right properties which extend the cases we studied
earlier. Recall our working convention, that whenever we use terms like perfect,
tor dimension, etc. for objects of a derived category of a ring R, we mean to
consider it as a special case of the earlier sections for the one point ringed space
with structure sheaf R.

Lemma 2.4.17. Let X be a scheme.
(a) If X = Spec R is affine, the natural map

Aol B— AckB
is an isomorphism for all A, B € D(R).
(b) Let A € Dqy.(X). Then A has tor-amplitude in [a,b] iff A (X%X F e

D([fg”] (X) for all F € QCoh(X).

PROOF. (a) Writing A = F* and B = M*® with F* K-flat, we know that F*®
is also K-flat so the result follows from the underived case. (b) (<) Since Ox is
quasicoherent A is bounded. We showed that tor dimension is stalk local, and
since stalks commute with cohomology and (a), we reduce to showing that if
A € D(R) has tor amplitude in [a, b], then A, has tor amplitude in [a, b] for all
p € Spec R. Indeed this is just the fact that tor amplitude respects base change
under A — A,. d

Lemma 2.4.18. Let X = Spec R be an affine scheme and A € D(R).
(a) A has tor amplitude in [a,b] iff A has tor amplitude in [a, b].
(b) M* € K(R) is strictly perfect iff M® is strictly perfect.
(c) A is m-pseudocoherent iff A is m-pseudocoherent.
(d) A is perfect iff A is perfect.

PROOF. (a) This is an immediate consequence of the previous lemma and the
fact that (—) preserves cohomological amplitude. (b) It suffices to show that a
module M is strictly perfect iff M is strictly perfect. One direction is clear because
(=) commutes with sums and preserves frees, and if M @& F = O%, then by 2/3 F
is quasicoherent and so F = N , and thus M & N = R" by full faithfulness.

(c) Since open sets are trivial, we have a triangle F* — A — C — E°[1]
with E® strictly perfect and C € D<™(R). Since (—) is exact and preserves
amplitude, the result follows from (b). Conversely, if A is m-pseudocoherent, then
by the definition and the properties mentioned above and (b), we see that Ay, is
m-pseudocoherent over Ry, for {f1,..., f;} a Zariski cover.

Ay, is m-pseudocoherent over a point hence bounded above, so by finiteness A
is bounded above, i.e. A € DS%(R). If a < m then we are done so assume a > m,
then we proceed by upwards induction on a. Indeed, note Ay, € Dga(Rfi), so by
Example 2.2.44 we have

Ha(Afi) = Ha(A)fi
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is finitely generated for ¢ = 1,...,7, hence H*(A) is finitely generated. Take
F a finite free module with a surjection F' — H%(A) — 0, and choosing a
representative A = M*® with M* € KS%(R), we have a surjection M® — H®(M)
and hence we have a lift to F — M¢. Again since M*® € K=%, this extends to a
map F[—a] - M%[—a] — M* = A inducing the aforementioned surjection on ath
cohomology, and we can take the cone sequence

Fl—a] - A— C — F[-a+1].
The construction implies that C' € D<*! however localizing at all f; and using
that Fy,[—a] remains finite free and hence pseudocoherent, shows that Cy, is
m-pseudocoherent for all 7. Hence by induction C is m-pseudocoherent. Thus A
is m-pseudocoherent. B
(d) (=) is clear e.g. because we can apply (b) locally. (<) If A is perfect, then

since Spec R is quasicompact, A is pseudocoherent and has finite tor dimension,
thus by (a) and (c) the same hold for A, hence A is perfect. O

Example 2.4.19. Let f be qcgs. Since we have a map
Lf*(Rf.(A) ®" B) = Lf*(Rf.A) @ Lf*(B) - A" Lf*B,
there is an induced projection map
Rf.(A) ©6, B — A@g, Lf*(B)

only by assuming that A € Dq.(X) and B € Dq.(Y). We will show shortly that
this is an isomorphism.

Example 2.4.20. If f is qcgs, then Rf, preserves limits that exist in Dqc(X).
We can use this to show that if (K,) is an inverse system in Dy.(X) for which
Rlim Ky € Dgc(X), then Rf, commutes with the derived limit. The naive proof
which goes through the fact that R f, preserves products doesn’t work unless [[,, K,
remains in Dqc(X). If we make the additional assumption that Rlim Rf.(K5) is
in Dqc(Y'), then this has an easy proof, where we just use that Hom is homological
and apply the five-lemma and adjunction.

Example 2.4.21. If f g are qcgs and composable, then we get a trivial proof
that Rg.« o Rf« = R(go f)s, simply because this follows for the adjoints. Note that
we proved this with some difficulty in the last section by approximation from the
bounded below case.

Example 2.4.22. Let X be an R-scheme, and consider the map p: X — Spec R.
Here we identify R-modules with their associated quasicoherent sheaves. We can
construct a natural map

(%) Lp* RHomop, (A, B) — RHomo, (A, B)

as follows: If F* is a complex of Ox-modules and Z*® is K-injective, then we have
natural maps

Lp” Homp, (F*,1°%) — p" Home, (F*,1°%) — Home  (F*,I°),
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~

where the second map is adjoint to the isomorphism Homy, (F*,Z°) -~
pHomep  (F*,I°). Thus we obtain (x). If X (and thus p) is qcgs, and
RHomo, (A, B) € Dyc(X), then this corresponds to a map

RHomo, (A, B) — RT(X, RHomo, (A, B)).

We've seen in Lemma 2.3.49 that if A is perfect, then this is an isomorphism. Of
course, we also know that we always have this isomorphism under the appropriate
boundedness assumptions, for all Ox-modules. We will extend this (in the
unbounded case) later.

Example 2.4.23. Here is a simple example of a nontrivial homotopy colimit
which can be useful. First let R be a ring and f € R. For each n > 0, the map
R — Ry sending 1 — f~" induces a morphism
im(RLRLRL .. SRy

from the sequential colimit. This map is an isomorphism: it is clear from the
definition that a/f™ is in the image for all n and a € R, and on the other hand if
a— a/f" equals 0 in Ry, then a/1 = 0 so f¥a = 0 for k> 0. In other words a
becomes zero at a later stage in the directed system.

Let us make this scheme-theoretic and derived. Let £ be a line bundle on a
scheme X, s € £(X) a global section, and recall that the inclusion j: X; — X is
affine. Indeed, on an affine open U C X where L is trivialized and s ~ f € Ox(U),

we know that U N Xs; = Dy(f). In particular we have the derived adjunction
7% 4 Rj.. We will construct a map

hocolim (A % Ay, L5 Aep, L% — ) = Rj,j*A
for any A € Dq.(X) and show that it is an isomorphism. Indeed, since s is
nowhere vanishing on X, the map s: Ox, — L|x, is an isomorphism, so we have
isomorphisms £%"|x, — Ox, for each n sending s™ — 1. Tensoring this with A
we obtain
(A0, L5)|x, = Alx, @8, L%"[x, — Alx,

so by adjunction this gives maps A ®%X L8 — Rj,.j*A. These commute with
multiplication-by-s maps since this held before adjunction and the same fact for
the maps L®"|x, — Ox,. Thus we obtain the desired map out of the hocolim.

To see that this is an isomorphism, restrict to an affine open U C X on which
L is trivialized, so s corresponds to f € Ox(U). Then Al|y is represented by
a complex of quasicoherent sheaves corresponding to M*®, and j*M ¢ = M;, SO
everything reduces to showing

hocolim (M* L pre Loye Loy - g

is an isomorphism inside D(Ox (U)). But homotopy colimits of systems where the
maps are chain maps are computed as termwise filtered colimits, and termwise
this is an isomorphism by the initial computation. Thus this is an isomorphism.
We call this the homotopy colimit localization formula.
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In this setup, we can also relatively easily extend the Mayer-Vietoris triangle
and the 2-open cover descent result to the unbounded case.
Remark 2.4.24. Suppose we have an exact triangle

A% pao ™ poan

in a triangulated category, and e.g. ¢ is an isomorphism, then it follows that the
map A — B is an isomorphism. Indeed, consider the diagram of triangles

A— B C — D — A]l]

b

B — B®C — C — BJl]

where

1 0

Now f is an isomorphism because f - diag(1l, —1) squares to the identity matrix.
Thus this extends to an isomorphism of triangles for some r: A — B. Therefore
we deduce

(T, 0>T _ f(b/,C/)T — (b/’cflbb/ —I—C/)T,
and in particular r = b’ is an isomorphism.
Proposition 2.4.25. Let X be a scheme and U,V C X be quasicompact
opens. Suppose A € Dy.(U), B € Dq.(V), and we are given an isomorphism
a: Alyny == Blunv in Dec(U N'V). Then there exists C € Dy(U U V) and
isomorphisms

fu: Cly = A By:Cly = B

making the diagram

Clunv

Bulvnv Bvlvnv
/ ™~

Alyny —— Blunv

commute. Moreover, such a (C, By, By) is unique up to an isomorphism whose
restrictions commute with By, By .

PRrOOF. Let jy,jv,Jj be the (qcgs) inclusions of U, V,U NV into the union
U U V. Consider the maps

. ‘ Rjs .
RjuA % RiAluav —2% Rj.Bluny
and )
Rjy+«B — Rj.Blunv,
and extend the middle map below to an exact triangle:
o L), pin A Rjy,B LY, Rl Bluey — CA.

Upon restriction to U, the map —b becomes —Id, hence by the observation above
the proof it follows that Sy |y is an isomorphism C|y == A|y. Likewise upon
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restriction to V, Rj.a o a becomes Rj.«a|y which is an isomorphism, so fy |V is
an isomorphism C|y == B|y. Finally since this is an exact triangle,

Rjsaoao By —bo fy =0,

so restricting to U NV shows a o By|unv = Bv|unv-

For uniqueness, now suppose we are given (C’, 8;;, 8i,) satisfying the same
properties as C. Adjunction will provide a map ¢’ — Rjy+«A @& Rjv«B whose
composite to Rj.B|yny equals 0, and therefore there is a map €' — C such that
the diagram

!/

PR A® Rjy.B
commutes. In particular we can split off the two summands, and then restricting
to U and V individually shows that C'|;; == C|y and the same for V. O

Remark 2.4.26. We can easily record the following consequence of this proof,
which is the Mayer-Vietoris triangle in the unbounded setting. Namely, if we
start with A € Dqc(U U V), then the map A — Rjy.Aly ® Rjv.Aly satisfies the
conditions of C as above, so the uniqueness gives a triangle

. . 1-1) .
A — RjuAly @ Rjv.Alv 4, RjvrvsAluny — A[l]

mirroring the Mayer-Vietoris triangle from earlier.

Let us briefly check that perfectness still behaves as expected even in the
unbounded setting. Most importantly, we want to ensure that duals of perfect
complexes still behave well. Now that we have an unbounded tensor hom adjunc-
tion, the fact that Ox is quasicoherent means that we have a natural evaluation
map

RHomo, (A, Ox) ®%X A— Ox
for any A € D(X). Therefore, again by adjunction and quasicoherence of Ox, we
get a map
A — RHomo, (RHom(A, Ox),Ox).
If E € Perf(X) is a possibly unbounded perfect object, then this double dual map
is an isomorphism, because the claim is local and hence we may reduce to the
bounded case. Next, tensor the evaluation map with B € Dy.(X). Adjunction
gives
RHomp, (4, Ox) ®%X B — RHome, (A, B)
for all A € D(X). If A= FE € Perf(X), then this is an isomorphism: indeed we
can check locally, where E is strictly perfect, and then so is Hom(E|y, Oy), so
both sides reduce to the underived case. Any other properties we care about can
be derived from these two.

Now suppose E°® is a perfect complex, i.e. represents a perfect object of Dqc(X).
Then if 7* € Kqc(Zx), we know that

Home, (£°,Z%) — RHomo, (£°,1°)
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is an isomorphism (in Dq.(X)). If f: X — Y is a qcqs morphism, we have maps
f«Home, (E°,1°) —— Rf.Homep, (E°,1°)

\ e

Rf.RHomo, (E°,1°)

and we claim the diagonal is an isomorphism. Indeed, the top map is an isomor-
phism because we may check this locally, where £° admits a quasi-isomorphism
from a strictly perfect complex; by naturality of the top map, this is an isomor-
phism because strictly perfect complexes are K-flat, and hence the corresponding
Hom is K-injective with quasicoherent cohomology.

To apply this, consider the zigzag

Rf.RHomoy (Lf*E*,I°%) « fiHomep  (fE*,1°)
= Homp,, (E°, f:I°)
— RHomoe, (E°, Rf.I°).
The first map is an isomorphism because the same argument as above applies to
Lf*, since £° locally admits a quasi-isomorphism from a strictly perfect complex.
Therefore there is a natural map
Rf.RHomo, (Lf*E,B) — RHomo, (E, Rf.B)

for E € Perf(X) and B € Dq.(X). To see that this is an isomorphism, we can
apply RI'(U,—) over every affine open U C Y, and by our earlier result in the
qcgs case this reduces to the adjunction on the level of RHomp, , which relies on
the fact that Lf*FE is perfect as well.

We’ll now use this to extend some of our prior isomorphisms. First, if E is
perfect, we can use the natural map Oy — Rf,Ox,

EY — RHom(E,Rf.Ox) = Rf. RHom(Lf*E, Oy),

so by adjunction we get a map Lf*(EY) — (Lf*E)Y. This is an isomorphism
because locally we can reduce to the bounded case. Therefore, by replacing F
with EV in the sheafified adjunction formula above, we obtain

Rf.(B®%, Lf*E) = Rf.(B) @4, E,

i.e. the projection formula map is an isomorphism for perfect £ and unbounded
B € Dy(X). Since Lf* commutes with tensor product, we easily obtain

Lf*RHomo, (E,B) = RHomo, (Lf*E,Lf*B)
when E € Perf(Y) and B € Dyc(X).

2.4.2. Generators and Brown representability. In this section, we are
going to show that when f is a morphism between qcqs schemes, then there is an
adjunction

|

Rfi: Dqe(X) 2 Dy (Y) = f,
but we will construct f' through abstract means, and in particular it will not
be a derived functor of a functor which exists on Kg.(Y). We are making the



179

unconventional choice to prove this result before actually doing any algebraic
geometry, but the point of this is to emphasize that we can use category theory in
a non-trivial way with the introduction of derived categories. We will see later
that this abstract result is a generalization of Serre duality.

There are two major steps to this result. We need to prove the Brown repre-
sentability theorem for triangulated categories, and then we need to prove that
Rf, satisfies the hypotheses for this theorem. The main one, which is perfect
generation, we will discuss in the next section. Let’s do the easier one of the
hypotheses as a warmup:

Lemma 2.4.27. Let f: X — Y be a gcqs morphism of schemes. Then the functor
Rfi: Dqc(X) — Dqc(Y') preserves arbitrary coproducts.

PROOF. Since there is a natural comparison map, the claim is local on Y, so
we may assume Y is quasicompact. Thus Rf, has finite right QCoh-dimension d,
which means that for any A € Dy (X),

HP(Rf.A) — HP(Rf.(T2nA))

is an isomorphism for p > n + d. It follows from Prop. 2.2.5, and the fact that
coproducts in Dq.(X) are computed termwise on any representative, that Rf,
commutes with arbitrary direct sums of collections of objects of Dgc(X) which are
globally bounded below. Moreover, since coproducts of Ox-modules are exact,
they commute with truncation. Therefore we have a commutative diagram:

HP (@, Rf:As) —— HP(Rf. @, Aa)

l l

HP (@ Rfu(12n40)) — HP(Rf @ m>nAa)

The right-hand vertical map is an isomorphism when p > n + d, and the same
holds for the left-hand map because cohomology commutes with direct sums. The
bottom map is always an isomorphism by the bounded below case. Therefore for
p > n + d the top map is an isomorphism. Since n was arbitrary we are done. [J

Remark 2.4.28. As an immediate consequence, if (A4,),>0 is a sequential system
in Dy.(X) and f is qcgs, then the comparison map

hocolim,, RfsA, — Rf.(hocolim, A4,)
is an isomorphism in Dyc(Y"). Indeed, Rf. preserves the defining hocolim triangles

and the direct sums in these triangles.

Example 2.4.29. This is a continuation of Example 2.4.23, where we proved a
canonical isomorphism
hocolim, (A ®%, L") = Rj.j*A

whenever £ is a line bundle on X, s € £(X) a section, j: X; <— X the inclusion,
and the transition maps of the system are multiplication by s. Now suppose X is a
qcgs R-scheme. Then pushforward to Spec R is RI', so we obtain an isomorphism

hocolim,, RT'(X, A @, L¥") = RT(X,, A)
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inside D(R). Since taking cohomology turns hocolims into filtered colimits, this
shows that the natural map

lim HP (X, A ®%, L%") = HP(X,, A)

n>0
is an isomorphism for any A € Dy (X), s € L(X), and p € Z. This simple
observation will be very useful for instance when dealing with an ample line bundle.
We will also use it in computing the cohomology of projective space.

Let € be a triangulated category. A collection {E;} C & of objects generates & if
for each A # 0 € € there exists some index ¢ and n € Z such that Home (E;, An]) #
0. This is a somewhat weird notion, so a few observations:

(a) If € is a subcategory of a derived category which admits unbounded
RHom, then the condition is equivalent to the existence of some ¢ such
that RHom4(E;, A) # 0.

(b) If € has coproducts and {E;} is a (small) set, then {E;} generates € if
and only if €, E; is a single generator, since

Home (P Ei, Aln]) = ] ] Home (E;, Afn))

and the RHS is nonzero iff one of the factors is nonzero.
(¢) If A — B is a morphism in &, then it is an isomorphism iff

Home (E;, A[n]) — Home (E;, Bln])

is an isomorphism for all ¢ and n. Indeed, one direction is clear, and
on the other hand, consider the triangle A — B — C' — A[1]. Indeed,
the corresponding exact sequence shows that Home (E;, C[n]) = 0 for all
n € Z and 4, and thus C = 0.

Of course, the criterion of (b) is in fact equivalent to the set {E;} generating the
category, and this is the most reasonable explanation of the terminology. Our
main theorem of the next section will be the following one:

THEOREM 2.4.30. Let X be a gcgs scheme. Then Dq.(X) has a perfect genera-
tor.

We instead discuss consequences now. First, if € is triangulated and has
small coproducts, an object E € € is compact if Homg (E, —) preserves arbitrary
coproducts (which is distinct from our general definition of a compact object in
an arbitrary category). We say € is compactly generated if it is generated by a set
of compact objects.

First, for any scheme X, if E € Perf(X) then RHomo, (E,—) = EY @, (—)
as a functor Dge(X) — Dg(X). By the tensor hom adjunction, this is a left
adjoint and hence commutes with colimits in Dq.(X). If X is qcgs, then X has
coproducts. Moreover,

RT' o RHomo, (E,—) = RHomp, (E, —).

since X is qcgs, and as a special case of Lemma 2.4.27 we see that RI' preserves
coproducts. Finally, we showed that taking cohomology preserves coproducts, so
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we conclude Homp_ (x)(E, —) preserves coproducts (as a functor from Dqc(X)),
and thus £ € Dqc(X) is compact. We will in the next section show the converse,
that all compact objects are perfect.

We emphasize that Thm. 2.4.30 is a remarkably strong statement; it says,
for example, that there is a perfect object E such that to check if A — B is an
isomorphism, it suffices to check that

HF(X,E %, A) — HP(X,E®p, B)

is an isomorphism for every p € Z. Indeed, take EV to be a perfect generator, then
we know that it suffices to check isomorphisms after applying RHom(EY, —), but

RHomop, (EY,—) = RI' o RHomo, (Ox,E @4, (—))
= RI(X, E €6, (-))

which proves the statement. The strength of this statement comes from the fact
that we are only looking at global cohomology here. In many geometric examples,
especially for projective varieties, we will be able to write down explicit generators
and can use the principle above.

Let T have coproducts and E € T.. Most immediately, the defining property
of compactness says that any map E — €, X; corresponds to a collection of
maps F — X; with all but finitely many nonzero, so in particular the map factors
through some summand with only finitely many X; involved. Here’s an alternative
way to state this.

Suppose X = hocolim,, K,, for some direct system (K,) in T, and take
Hom(E, —) of the associated triangle to obtain an exact sequence

@Hom (E,Ky) _>@Hom (E,K,) — Hom'(E, X) @Hom

but now e.g. as a (very) special case of Lemma 2.4.4, all the left-hand maps are
injective, so applying this to ¢ = 0,1 we see

0— @Hom(E,Kn) 18, @Hom(E, K,) - Hom(E,X) — 0

is exact. A second application of Lemma 2.4.4 shows that the natural map
lim Hom(E, K,,) — Hom(FE, X)
—n

induced by the maps K,, — X is an isomorphism. So, this is the replacement for
the statement that Hom’s out of compact objects should preserve filtered colimits.

Proposition 2.4.31. Let € be a triangulated category (with coproducts) and {E;}
a generating set of compact objects.

(a) Suppose D C €& is a full replete triangulated subcategory closed under
coproducts. If E; € D for each i, then D = €.

(b) Let u: F — G be a morphism of exact functors F,G: & — D which
preserve coproducts. If ug,: F(E;) — G(E;) is an isomorphism for each
i, then u is an isomorphism.
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ProoF. We will deduce both of these from the following slightly more specific
statement.

Lemma 2.4.32. Under the same assumptions, let A € E. Then there is a direct
system (Kp)n>0 where Ko =0 with morphisms fitting into exact triangles

L, — Ky — Kpy1 — Ln[l]
such that Ly, is a coproduct of shifts of generators and A ~ hocolim,, K.

Indeed, for (a), L, € D, so by induction K,, € D. Since D is closed under
coproducts, it follows that hocolim,, K,, = A € D as well. (b) Consider the class
of objects D € D for which up is an isomorphism. By naturality, this is closed
under isomorphism. Since F' and G commute with shifts and coproducts, it is
clear that D is closed under shifts and coproducts. Finally, by the triangulated
5-lemma, D is closed under cones. Thus by (a) we conclude. (]

PROOF (OF LEMMA 2.4.32). Let K; be the direct sum over E;[m| for all
i,m € Z and all maps F;/m| — A. This comes with a natural map K; — A. For
aesthetic purposes define Ky = 0 and Ly = K1[—1] so that we have the n = 0
triangle as above.

Inductively, given K,, — A, we construct L,, as the coproduct over all E;[m)]
indexed by all ¢, m € Z, and maps E;[m] — K,, for which the composite E;[m] —
K, — A is zero. This comes with a canonical map to K, so define K,,11 by the
triangle

L, — K, — Kn11 — Ly[1].
By definition, the given map K, — A is in the kernel of Hom(K,, A) —
Hom(L,,, A), hence it extends to a map K, 1 — A commuting with K,, — K.
Thus we obtain a morphism hocolim,, K,, — A.

To see that this is an isomorphism, we can check this after applying
Hom(E;[m|, —) for all ¢ and m, which by compactness yields the map

lim Hom(E;j[m], Ky) — Hom(E;[m], A)

which sends a representative [¢]| to E;[m] — K, — A. The map was already
made surjective when we defined K7, so suppose ¢: E;lm|] — K, represents a
class mapping to 0. Then this is a basis element of L,, and since the composite
L, — K,, — K41 is zero, we have [¢] = 0 in the source, showing injectivity. O

Remark 2.4.33. Though we loosely assume that all of our categories are locally
small, it is crucial that € be locally small for the construction in Lemma 2.4.32.
In the application we have in mind, namely Dy.(X), this is clear because it is
equivalent to a subcategory of K(X). Likewise, it is crucial for the generators to
form a small set and not a proper class.

We say that a triangulated category T is compactly generated if it is generated
by a (small) set of compact objects. Now let’s discuss some corollaries of the
perfect generation theorem.
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Corollary 2.4.34. Let f: X — Y be a qcqs morphism of schemes. Then the
natural projection map

Rf.(A) ®%, B — Rf.(A@p, Lf*B)
is an isomorphism for all A € Dy(X) and B € Dy (Y).

PROOF. The claim is local on Y, so we may assume Y (and thus X) are qcgs.
By fixing A, this is a natural transformation in B of exact, coproduct preserving
functors Dye(Y) — Dqc(Y). Indeed, (—) ®% (=) preserves colimits in each variable,
as does L f*, since they are left adjoints, and Rf, preserves arbitrary coproducts.
We have seen that it is an isomorphism if B € Perf(Y). Thus by Prop. 2.4.31
applied to Dqc(Y') via perfect generation (Thm. 2.4.30), it is an isomorphism. [

Example 2.4.35. We wish to stress that Cor. 2.4.34 is a truly interesting result
because it is one of our first examples of statements which are true only in the
derived category. Namely, we did not prove this by reducing to the underived case,
but instead by extending such a case via some category theory. To illustrate this,
we’ll give an example of a projective morphism f: X — Y of Noetherian schemes
and individual quasicoherent sheaves F on X and G on Y where the underived
projection formula doesn’t hold. In fact, in our example, G will even be a perfect
sheaf.

Let k be a field, X = P}f[t], and consider the structure morphism p: X —

Spec k[t]. We know (or will see) that
Exty (Ox,0x(-2)) = H' (X, 0x(-2)) = k[t],

so we can choose a nonzero extension class [F] € t - Ext!(Ox, Ox(—2)) in the
submodule generated under multiplication by ¢. Recall that this is the data of a
short exact sequence of sheaves

() 0—O0x(-2)—-F—-0x—0
on X (in particular vector bundles) such that the map Hom(Ox,Ox) —
Exty (Ox, Ox(—2)) sends the identity to [F]. On the other hand, regard k as
the k[t]-module k[t]/(t), and consider the corresponding quasicoherent sheaf G = k
on Spec k[t]. We claim that the projection map

p«F QrG — p*(f oy p*g)

is mot an isomorphism.
Indeed, since R'p, computes H'(X, —), we have an exact sequence

0 — (pJF)(X) — E[t] — Ext!(Ox, Ox(-2))

by (*), and since the Ext term is a torsion free k[t]-module and the map from k[t]
is [F] # 0, this is injective and thus p,F = 0 since it is quasicoherent. Thus the
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left-hand side of the projection map is zero. Next consider the cartesian square:

P,lc —— Speck

Lok

X 25 Specklt]

By base change under a closed immersion, i*OPi = p*i,Ospeck = p*G. By closed
projection, tensoring () with p*G produces the bottom row in the commutative
diagram:

0—— OX 2) F OX 0

(_
! | |

Here the zero on the bottom left is due to L™1p*(Ox) = 0 as Oy is flat. This
means that [F] — [i*]-"|P11C] under

Ext!(Ox, Ox (~2)) 25 Bxt! (Op1, Op (—2)),

which is computed by ordinary pullback ¢* since both domain and codomain are
flat. But we claim that [F] is also in the kernel of this map. Indeed, this map
is isomorphic to H'(X,0x(-2)) — H! (]P’}c,O]P}C(—Q)), and we have a defining

exact sequence 0 — Ox Lo X — i*OP}C — 0, which follows from the sequence

0 — k[t] 4 kt] — k — 0 and the fact that p is flat, since it is the base change
of IP)/,lC — Speck. Thus the long exact sequence shows that multiplication by
t- HY(X,0x(-2)) is in the kernel of the map, but we chose [F] to be in this
submodule.

We have shown that the extension class in the bottom row above is zero, so

i Flpr = F ©p*G = i,0p1 & 0,051 (—2).
Applying p, takes global sections, and hence gives

which is not zero. Therefore the underived adjunction formula fails. Let us see
precisely how the derived version fixes this. Since both sides are quasicoherent
on an affine scheme we will identify Dqc(Speck[t]) = D(k[t]). As F is locally free
and p is flat, the only modification we have to make to the RHS of the projection
formula is Rp, instead of p,. This gives

Rp.(F @ p*G) = Rp«(ixOp1 ) & Rp«(ixOp:1 (=2))
~ RI(P}, Opt) @ RL(B}, Opi (—2))
= k[0] & k[—1].
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On the other hand, Rp,F ~ RI'(X,F), we showed already that R’p,F = 0, and
we have the exact sequence

0— H°(X,0x) — H'(X,0x(-2)) —» H'(X,F) — 0.
By construction, the first map sends 1 — [F], so identifying the first two terms
as k[t] — k[t] and [F] € (t), write [F] = tf(t) with deg f = n. Then H!(X, F) =
E[t]/(tf) as a k[t]-module. More importantly, this gives

Rp.F =~ [k[t] L k[t] € D(k[t]),

in degrees 0,1, and then applying ®i‘[ﬂk we obtain k = k, i.e. k[0] & k[—1], which
is what we got before. Note that regardless of which f(¢) we pick, F is a vector
bundle of rank 2 which cannot be a sum of line bundles, because it has non-free
cohomology k[t]-modules.

Example 2.4.36. Let X and Y be qcgs schemes. Denote by
px: X XY =X py: X XY =Y

the projection maps, noting that X x Y is also qcgs. For any K € Dq.(X x Y),
we define the functor

Pp: Dae(X) = Dge(Y)  @x(A) == Rpy.(K @@, LpkA).

A functor of the form @y is called a Fourier-Mukai functor, and the object K is
its kernel. We will see in our geometric examples that almost any real functor
which comes up is Fourier-Mukai. To start to see why, let W be a qcgs scheme
and take maps f: W — X and g: W — Y, then we claim that

A Ry, (K @@, Lf*A)
is a Fourier-Mukai functor for any K € Dq.(W). Indeed, let (f,g) denote the

induced map W — X x Y, and consider the kernel R(f, g)«K in Dy (X xY). By
the qcgs projection formula, the associated Fourier-Mukai transform is

Dp(t.0).x(A) = Rpy.(R(f,9).K @8, LpxA)
= Rpy«R(f.9)«(K ©8,, L(f,9)"Lpx A)
= Rg.(K ®,, Lf*A)
as desired. Therefore, the following functors are all Fourier-Mukai:

1. The functor Dgc(X) — Dqc(X) given by A — E®%X A for some E, since
we can just take f = g = Id and F = K. This includes the identity
functor, all shifts A — A[n], and A — RHomop, (E, A) when E is perfect.

2. Rfi: Dge(X) — Dy (Y) for any f: X — Y, since we can take g to be
f, f =1d, and K = Oyy. This in particular includes RI'. Likewise, it is
clear how to do Lf*.

3. We will see later that the functor f' we are going to construct is also a
Fourier-Mukai transform, at least for sufficiently nice f.

We also observe that all Fourier-Mukai functors preserve arbitrary coproducts,
and hence the result we prove will show that they all have right adjoints.
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Now let’s return to the general theory. Let T be a triangulated category. Recall
that a strictly full triangulated subcategory N C T is thick if whenever XY € T
and X @Y € N, we have X,Y € N. It is clear from the definition that thick,
and (strictly full) triangulated subcategories, are conditions closed under arbitrary
intersection and that T itself satisfies both properties; thus if S C T is a collection
of objects, we write

tria(.9) and thick(.S)
for the smallest strictly full triangulated and thick subcategory respectively contain-
ing S. So, N is triangulated /thick iff tria(N) = N/thick(N) = N. We sometimes
write thicks(S) to denote the ambient category; it is clear that tria(S) can be
computed in any ambient (strictly full) subcategory/supercategory containing S.
On the other hand, if N C T is thick and S C N, then thicky(S) = thicks(S),
because thick(S) C N, and any T-summand of an object in S must lie in N.

Example 2.4.37. Almost all triangulated subcategories we care about are thick.
For instance, we have seen that if (X, Ox) is a ringed space then Perf(X) C D(Ox)
and PsCoh(X) C D(Ox) are thick. Dq.(X) and Dcon(X) are also thick inside
D(X), since summands of quasicoherent (resp. coherent) sheaves are quasicoherent
(resp. coherent), which follows from the fact that we can realize a summand of F
as the image of an idempotent F — F. Other examples include the kernel of an
exact functor (as is clear from the definition), and the class of objects for which
a natural map of exact functors F' — G is an isomorphism, since if we write the
triangles

FA—-GA—-C—FA FA — GA — C' — GA'[1],

then F(A® A) - G(A@ A') - C @ C' — is exact, and C @ C' is zero iff C' and
C' are zero. For example, this shows that T, the class of compact objects in a
triangulated category T with coproducts, is thick. Other special cases are the
so-called ‘right-orthogonal’

St ={X €T :Hom (A, X)=0,A€c S icZ}
and ‘left-orthogonal’

1S ={X €T :Hom'(X,A)=0,A€S,icZ},

which we will discuss more in the next section.

Remark 2.4.38. Both tria(S) and thick(S) are finitary operations, in the following
sense:
tria($) = |J tria(S)  thick(S)= |J  thick(S)
S'CS finite S'CS finite

Indeed, first note that tria(S") U tria(S”) C tria(S” U S”) from the definition, and
likewise for thick; so if A — B — C — A[l] is a triangle and A € tria(S) and
B € tria(S’), then A, B € tria(SUS’) and C € tria(SUS’). The same thing works
for direct summands and thick.

We also note that there is an inductive construction which one can make as
follows: let triag(S) = S, and if tria,(S) is defined then tria,;1(S) is defined
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as the class of all objects which are isomorphic to shifts of objects in tria,(.5),
or cones of morphisms in tria,(S). Then in fact tria(S) = U, tria,(S). Indeed
clearly D holds, and if A € tria,(S) then A[k]| € tria,+1(S) for all k € Z, and if
A — B — C — A[l] is a triangle, then choose n so that A, B € tria,(S), then
C € trian41(5). The same thing can be done with thick(.S), except thick,11(S5)
should consist of all shifts, cones, and direct summands of objects in thick,(S).

In general, whenever N C T is a thick subcategory and thick(S) = N, we say
that S split-generates N. What we have just shown means that any object in N
can be written using iterated shifts, summands, and cones finitely many times
starting from finitely many objects of .S.

Remark 2.4.39. Recall in a triangulated category, all retracts of an identity
morphism 1: X — X produce direct sum splittings. In fact, the following are
equivalent for a triangle X — Y — Z — X[1]:
(a) The map Z — X|[1] is 0.
(b) X — Y has a retract.
(¢) Y — Z has a section.
(d) There is a splitting Y = X @ Z, so that the canonical maps X — Y and
Y — Z coincide with the ones in the triangle.

Indeed, assume (a), which implies that for all W the sequence
0 — Hom(W, X) — Hom(W,Y) — Hom(W, Z) — 0
is exact. If we take W = Z, this implies that 1z lifts to a map Z — Y such that

Z —Y — Z is the identity, i.e. (c). Likewise if we took Hom(—, W) instead, we
would show (b). Then e.g. (c) shows that the exact sequence

0 — Hom(—, X) — Hom(—,Y) — Hom(—,Z) — 0

splits in the abelian category Fun(T°P, Ab), hence there is a retract which by the
Yoneda lemma is induced from Y — X. Moreover, also by Yoneda and additivity
of Homs we conclude (d). We can do the same in the other direction had we
started with (b).

To prove (d) = (a), we will show the stronger statement that X — X & Z —
7% x [1] is exact in any triangulated category. Indeed, extend Z % x [1] to
triangle X — Y — 2 & X [1], then the implication we already have shows
that ¥ = X & Z with the prescribed maps, so the triangle is isomorphic to
X - X&Z— Z— X][1]. We call triangles of this form ‘split triangles’. It also
tells us that the cone of X 5 Y is Y @ X[1].

If X € T we define a homotopy filtration of X by S to be a system (K,) in T
such that hocolim,, K,, ~ X, and all maps in the system fit into triangles of the
form

L, — K, — Kn+1 — Ly[1]
where L, € S. For example, Lemma 2.4.32 shows that all objects of a category
with compact generators {E;} admit a homotopy filtration by coproducts of shifts
of the generators. Here is another important application of this:
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Lemma 2.4.40. Let T be a triangulated category with coproducts and suppose
X € T admits a homotopy filtration by coproducts of shifts of {E;} C T.. For any
F € 7., each map F — X factors through tria({E;}).

PROOF. Let € = tria({E;}), and write X = hocolim,, K,, for the homotopy
filtration with triangles

Ly, — Ky — Kpp1 — Ln[l]

where K, = 0 and L,, a coproduct of shifts of the {F;}. Since F' is compact, a
map F' — X factors through K, for some n, so we may prove by induction on n
that any map from a compact object to K, factors through €. This is clear when
n = 0.

Since L; is a sum of shifts of the F;, any map from F' — L; automatically
factors through a finite direct sum of shifts of the {E;}, and hence through €. In
particular, the composite ' — K,, — L,_1[1] factors through M;[1] € &, so we
can complete this data to a morphism of triangles,

M, F F My[1]

! ; | !

L, — Kp-1 — K, — L,_1][1]

where Fy € T, since M € € C T.. By induction, F» — K, _; factors through
My € &€, then we can consider the composite map M; — F> — M, and take its
cone M3 € €. Thus we can factor the morphism of triangles above to obtain

M, 28 F M;[1]
H | ! H
M, M, Ms M;[1]

Ln—l —_— Kn—l — Kn —_— Ln—l[l]
along with two TR3-extended maps. Denote the map we wish to factor by
a: F — K,, the composite F' — M3 — K,, by 8, and consider the exact sequence
Hom(F, K,,—1) — Hom(F, K,,) — Hom(F, L,_1[1]).

The composites of both o and § with K,, — L,,_1[1] are equal to the composite
F — M;[1] — L,—1[1] and hence to each other; so, we may write

O‘_B:Fl’anl_’Kn

for some map . By induction, v factors through F' — M}y for some M, € €, which
means that the induced map

F—M;® My — K, ® K, 1— K,
is equal to 8+ (o — ) = «, so we are done via M3 @ My € €. O
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Corollary 2.4.41. Let T be a compactly generated triangulated category and
{E; : i € I} a collection of compact objects. Then thick(F; :i € I) = T, if and
only if {E; :i € I} generates 7.

PRrROOF. Since T, is thick, we always have thick({E;}) C T.. For the first
direction, if Hom*(E;, X) = 0 for all i € I, i.e. E; € X, then T, C X since the
latter subcategory is thick. Since T is compactly generated, this implies X = 0.

For the other direction, let F' € T, and consider 1: F' — F'; by Lemma 2.4.32
and Lemma 2.4.40, this factors through tria({ E;}) and hence thick({ E;}), meaning
(by Remark 2.4.39) that F' is a summand of an object of thick({E;}), hence
F € thick({E;}). O

Let’s now move on to the main theorem of this section, the Brown representabil-
ity theorem, which is written below in its standard form:

THEOREM 2.4.42. Let & be a triangulated category with coproducts which is
compactly generated. Let
H: &% — Ab
be a cohomological functor which preserves products (i.e. coproducts in £). Then
H is representable by an object of €.

We usually don’t use it in the form above, but instead to construct adjoints as
follows:

Corollary 2.4.43. Let F': &€ — &' be an exact functor of triangulated categories,
and suppose € is compactly generated and F preserves coproducts. Then F has a
right adjoint.

PrOOF. Recall that having a right adjoint is a pointwise condition. For each
E' € &, the functor Homg/(F(—), E’') satisfies the conditions of Thm. 2.4.42 by
assumption. Therefore, there exists some G such that

Homg/(F(E), E') = Home (E, Gpr)

natural in . This shows that F' has a partial right adjoint at E’, and since E’
was arbitrary it has a global right adjoint (such that E' — Gg/). O

Brown representability is surprisingly easy to prove, and we just have to repeat
the argument of Lemma 2.4.32 and insert the Yoneda lemma in some places.

PRrROOF (OF THM. 2.4.42). Let {E; : i € I} be a compact generating set of T,
and let K7 be the sum over all E;[m] indexed by all i € I, m € Z, and all elements
a € H(E;[m]). Then

H(EK) = ][] H(Eim)]),
(i,m,a)
so there is a canonical distinguished element a; = (a)(i’m,a) € H(K), which by
Yoneda’s lemma corresponds to a map a;: Hom(—, K1) — H. Inductively, given
an: Hom(—, K,,) — H, define L,, to be the sum over all E;[m] indexed by i € I,
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m € Z, and all a € ker(Hom(E;, K,,) — H(E;)). Each such a is a map to K, so
there is a natural map L,, — K,, and we take the cone

Ly — Ky — Ky — Ln[1]7

which induces an exact sequence H(K,+1) — H(K,) — H(L;). The map a,
corresponds to an element of H(K,,) which by construction maps to 0 in H(Ly,),
thus we obtain an element a,4+1 € H(K,+1), i.e. a map Hom(—, K, y1) — H.
That an4+1 — a, corresponds under the Yoneda bijection to the fact that the
composite Hom(—, K,,) — Hom(—, K,,11) — H equals the given map a,.

Let X := hocolim,, K, and apply H to the defining triangle to obtain an exact
sequence

H(X) — [[H(K,) =[] H(K).

The commutativity explained above (an41 — ay) means that the family (a,)n>1
in the middle maps to zero on the right, and hence is induced from some element
a € H(X), corresponding to a map Hom(—,X) — H. We claim this map is
an isomorphism. Indeed, since both sides are cohomological and send sums to
products, it suffices to check this on the generators E;[m| by Prop. 2.4.31. Since
E;[m] is compact, we have to show that

lim Hom(E;[m], K») — H(E;[m])

is an isomorphism for all m and i. Explicitly, this sends a representative [¢] to
the element corresponding to the composite Hom(—, E;[m]) — Hom(—, K,,) — H,
or in other words H(¢)(ay). By definition of K7, this is surjective. On the other
hand, if a representative F;|m| — K, maps to zero, then this map is in the kernel
of Hom(E;[m], K,,) — H(E;[m]), i.e. a basis element of L,. Hence it maps to
zero upon composing with K,, — K11, which shows injectivity. This proves the
claim. O

Remark 2.4.44. A priori we may ask if such a right adjoint as in Cor. 2.4.43
is exact. But indeed if F': T = J’ : G is an adjunction between triangulated
categories, then F' is exact iff G is exact. Assume exactness of F', and first note
that

Hom(A, G(B[r])) = Hom(F(A), B[r]) = Hom(F(A)[-r], B)
= Hom(F(A[—r]), B) = Hom(A[—r], G(B))
= Hom(A4, G(B)[r]),
for all A, so G(B]r]) = G(B)[r]. Next take a triangle A" — B" — C" — A'[1] in T”,

and then choose a triangle G(A’') — G(B') — C — G(A’). The adjunction counit
gives a morphism of triangles:

l l

A’ B’ c’ A'[1]
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The new map gives a map C' — G(C’) which we claim is an isomorphism; indeed,
adjunction and the diagram above show that it commutes with G(B’) — G(C")
and G(C") — G(A')[1], so this follows from the long exact sequence and the five
lemma.

Example 2.4.45. For any scheme X, we know the inclusion tx : Dgc(X) — D(X)
preserves coproducts. If X is qcgs, then by Brown representability there is an
exact right adjoint Qx : D(X) — Dgyc(X) which we will by abuse of language call
the quasi-coherator. Since the left adjoint is fully faithful, the unit Id — Qx o tx
is an isomorphism. Suppose that B € D=Y(X), then if A € DEC_I(X ) we observe
that
0= HOHID(X)(A, B) = Homec(X)(A, Q)((B)),

meaning 7<_1Qx(B) — Qx(B) is zero, i.e. Qx(B) € DZY. Thus Qx has left-
dimension 0. In particular, given an Ox-module G € D<(X), the truncation
triangle

H°(Qx(9))[0] = Qx(9) — m1Qx(G) — H*(Qx(9))[1]
shows that Homp(x)(4, H*(Qx(G))) = Hompx) (A, Qx(G)) whenever A € D=0,
In particular, if A = F € Dqc(X), then

Hompx)(F,G) = Homp_ (x)(F,Qx(G)) = Homp_ (x)(F, H(Qx(9))).
Since QCoh(X) embeds in Dqc(X) as the H%-complexes and Mod(Ox) embeds
in D(X) as the H°-complexes, we deduce an adjunction

tx: QCoh(X) = Mod(Ox) : H’ 0 Qy,

where we also call the right adjoint the quasi-coherator and sometimes write it
as @@ x. This gives a new proof of the existence of the quasicoherator on a qcgs
scheme.

Example 2.4.46. We have seen that for any ringed space (X, Ox), the unbounded
derived category D(Ox) (as well as D™ (Ox)) is a symmetric monoidal category.
We have also seen that if X is a scheme, C' € Dy.(X) and A, B € D(Ox), then
we have a bijection

Homp(x(A ®%X B,C) = Hompx)(A, RHomo, (B,C))

natural in A, B,C. We cannot a priori deduce a literal adjunction from this,
but we can observe the following: if B € Dyc(X), then (—) (X%X B as a functor
Dyc(X) — Dqc(X) preserves coproducts. Indeed, the usual argument shows

Hom p(x) (D 4a) ©6, B,C) = Hompx)(P(Aa @6, B).C)

(03
for C' € Dyc(X), and thus since both sides are in Dqc(X) this implies the result.
Therefore, if X is qcgs then (—) ®%X B has a right adjoint, which we will denote

RHomp, (x)(B, =) Dae(X) = Dae(X),

which also makes Dy.(X) a closed monoidal category. Thus by category theory
we obtain some facts formally, such as that this extends canonically to a bifunctor
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RHomp_ (x): Dqe(X)P X Dge(X) — Dge(X), and we upgrade to an internal
isomorphism

RHomp, (x)(A ®6, B,C)=RHomp, (x)(4,RHomp, (x)(B,C)),

among other closed/enriched category theory facts.

Note that if B = F is perfect, then RHomo, (E, —) preserves Dqc(X) so we
conclude that RHomp_(x)(B, —) = RHomo, (E, —), but in general the functors
may be different. However, we can ‘compute it’ in terms of the functor @ x of
Example 2.4.45; indeed, if A € Dy.(X) then we conclude

Hompx)(A, RHomo, (B, C)) = Homp,_ (x)(4, Qx (RHomo, (B,(C))),

so the initial formula shows that RHomp  (x) = @x c RHomo, . This shows in
particular that if ever RHomo, (A, B) lies in Dqc(X), then we can always compute
RHomp_ (x)(4, B) using it regardless of whether the condition is satisfied for all
B € Dy.(X).

Remark 2.4.47. A lot of the properties we have shown about RHome, relating
to the other derived functors are actually true for RHomp_(x) for formal reasons.
For example, let f: X — Y be a morphism of qcgs schemes. The adjunctions

Lf*4Rf.  (-)®6, B-1RHomp (x)(B,—)
imply that Lf*(—) ®%X B is left adjoint to Rf.RHomp_(x)(B,—). Taking B =
Lf*A and using that Lf* preserves the monoidal product, we deduce that
Lf*((-) ®&, A) 4 RfRHomp, (x)(Lf*A, -).

On the other hand, we observe that the left-hand side is left adjoint to
RHomp_ (vy(4, Rf«(—)), so we deduce a natural isomorphism

RHomec (Y) (A, Rf* B) = Rf*R’HomeC(X) (I/f*147 B) .

In particular if both sides can be computed by RHom, then we reduce to our
known statements.

Example 2.4.48. Let X be a qcgs R-scheme and write p: X — Spec R for the
structure map. In Example 2.4.22 we constructed a natural map

Lp* RHomo,, (—, —) — RHomoy (—, ).
By composition and the tx 4 @ x adjunction, we obtain a map
Lp* RHomoy (—, —) — RHomp__(x)(—, —)
in Dyc(X), and hence a comparison map
RHomo, (—, —) — RI'(X,RHomp_ (x)(—, —))

in D(R). We claim this is an isomorphism of functors; indeed, to show this we may
prove that RHomo, (—, B) — RI'(X,RHomp_(x)(—, B)) is an isomorphism of
functors Dqc(X) — D(R)P for all B € Dy.(X). We have seen it is an isomorphism
on Perf(X) C Dyc(X) using Example 2.4.46 and Example 2.4.22. Moreover this is
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a natural map of exact coproduct-preserving functors, therefore by Prop. 2.4.31
we conclude the isomorphism.

As a special case of this, we observe that if X is affine, so that RI' is an
equivalence, we see RHomp, () is the associated sheaf to RHomo, .

Now we come to the main interesting result of this section, which is the right
adjoint to derived pushforward. This functor is sometimes called the ‘twisted
inverse image functor’, and we will see in nice enough circumstances that it is
literally a ‘twist’ of the derived pullback.

Corollary 2.4.49. Let f: X — Y be a morphism of qcqs schemes. Then
Rfi: Dge(X) — Dqge(Y) has a right adjoint functor f*: Dgc(Y) — Dge(X).
Moreover, there are canonical isomorphisms
Rf.RHomp  (x)(4, f*B) = RHomp_ (v \(Rf.A,B)
and
RHomop, (A, f*B) = RHomo, (Rf.A, B)
natural in A € Dqc(X) and B € Dy (Y).

PROOF. The first statement is Cor. 2.4.43, Thm. 2.4.30, and the fact that
perfect objects are compact in Dq(X). The third statement follows from Exam-
ple 2.4.48 and applying RI'(Y, —) to the second statement. For the second, note
that the LHS is the composite of three right adjoints

Rf.oRHomp_ (x)(A,—)o f*

and hence is right adjoint to Rf.(Lf*(—) ®%X A), which is isomorphic to
(—) (X%Y Rf.A by the qcgs projection formula. But this functor is left adjoint to
RHom ch(y)(R f«A, —). All the adjunction formulae here are natural in A as well,
so the resulting isomorphism is natural in A. O

Example 2.4.50. Let ®: Dy.(X) — Dy (Y') be a Fourier-Mukai functor for X
and Y qcgs schemes. Suppose @ is presented in the form Rg,(K @Y Lf*(—)) where

f:W—-=X g W =Y K € Dyc(W)

for a qcgs scheme W. It is then clear that ® preserves coproducts, so it automati-
cally has a right adjoint. But we can explicitly write it as

A~ Rf,RHomp,, (K, g™ (A))
by breaking up ® as a composition of functors with right adjoints.

If f is a proper morphism, then we will write this as f' instead of f*; the
notational discrepancy will be explained in more detail later. The counit mentioned
in the proof is often called the trace map try: Rf,f* — Id, to which we will
ascribe a geometric meaning later. Note for instance that due to the adjunction
with pushforward, it follows that if f: X — Y and ¢g: Y — Z are morphisms of
qcgs schemes, then (gf)* = f*¢*. Without saying too much, let us explain why
this is already nontrivial.
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Example 2.4.51. Let k be a field and p: X — Speck a qcgs k-scheme. We
identify D(k) with the category of Z-graded k-vector spaces. Let n > 0 and write
wx = p*Ospeck[n] € Dgc(X). Then there is an isomorphism

RHomo, (4, wx[n]) = RHomy(RI'(X, A), k)
over k, i.e. if we take i — nth cohomology we get
HomEqC(X)(A,wX) =~ Homy, (H" (X, A), k).
If A= F € Perf(X), then this becomes
H'(X,EY ®%, wx) = H"/(X,A)",
which is an expression of Serre duality, modulo the fact that we don’t yet know

how to compute what wyx is. These isomorphisms are induced by the trace map
tr,, which here corresponds to a map H"(X,wx) — k.

Remark 2.4.52. This is mainly a recollection. Recall that given A € Dgy.(X),
we have Hom(D<% A) = 0 iff A € D>% Indeed, we have already seen the
orthogonality Hom(D<% D>%) = 0, and on the other hand the assumption implies
that 7<qA — A is zero. Since this is an isomorphism on cohomology < a, A € D~

So, given a morphism f: X — Y of qcgs schemes, suppose it has right-QCoh
dimension < d, meaning that Rf,(D5™(X)) C D™ (Y). Then in fact f* has
left QCoh-dimension < d. To see this, suppose B € D;Cm, then for A € DS™—4,
we have

Hom(A, f*B) = Hom(Rf.A,B) =0
since Rf,A € D™ thus f*B € D>™~ ¢ In particular, we obtain an exact functor
¥ DEL(Y) — DEL(X).

This is especially nice because it means that the adjunction Rf, - f* holds on
the bounded above categories as well, which is in contrast to our normal derived
adjunctions.

Definition 2.4.53. Let f: X — Y be a qcqgs morphism of schemes. f is quasi-
perfect if Rf.E € Perf(Y) for each E € Perf(X), and f is quasi-proper if Rf.A is
pseudocoherent in Dgy.(Y) for each pseudocoherent A € Dyc(X).

The relation between being quasi-perfect and quasi-proper is quite a bit more
subtle than that between perfect and pseudocoherent, but we will ultimately be
able to prove a similar result to the one relating perfectness to pseudocoherence.

Proposition 2.4.54. Let f: X — Y be a morphism of qcqs schemes.
(a) If f is quasi-perfect, E € Perf(X) and B € Dy.(Y), we obtain an iso-
morphism

Rf.RHomo, (E, f*B) = RHomo, (Rf.E, B)

natural in E and B.



195

(b) If f is quasi-proper, A € Dy.(X) is pseudocoherent, and B € Dj.(Y),
then we obtain an isomorphism

Rf.RHomo, (4, f*B) = RHomo, (Rf+A, B)
natural in A and B.

Proor. The hypotheses describe the two main cases where the RHom version
of the internal statement in Cor. 2.4.49 lies in Dgc. Thus the internal hom coincides
with RHom in these cases. Note that in (b) we are using that f*(D*) c D*. O

Prop. 2.4.54(c) is the classical statement of Grothendieck duality, which took
quite a bit of work in the past to prove, but is now comparatively trivial given the
perfect generation theorem.

The last elementary thing we want to do is relate f*B to f* Oy, which we
can reliably do when the morphism is quasiperfect. Indeed, for B,C' € Dy (Y') we
have the natural map

1®Lt
Rf.(LI*(B) @6, [*C) = B@p, Rf.f*C — Bwp, C,

by projection, and hence by adjunction a map

Lf*(B) &b, 1*C = f*(B b, C).
Since Lf* preserves tensoring, everything already comes from the special case

X: Lf*B @, f*Oy — f*B,

and we wish to see when this comparison map is an isomorphism. Note that in
such cases it will show that f* is a Fourier-Mukai functor.

Example 2.4.55. Suppose B = E € Perf(Y). Then the map x above is an
isomorphism. Indeed, in that case

Hom (K, Lf*E @@, f*Oy) = Hom(K,RHomo, (Lf*EY, f*Oy))
(K &%, LI EY, f*Oy)
(Rf(K @6, LI*EY),Oy)
= Hom(Rf. K ®%, EY,Oy)

= Hom(Rf.K, E) = Hom(K, f*E)
for every K € Dy.(X), so x is an isomorphism by Yoneda.

= Hom

= Hom

Lemma 2.4.56. Let f: X — Y be a morphism of qcqs schemes. The following
are equivalent:

(a) f is quasi-perfect.

(b) Rf.E; € Perf(Y') for a perfect generating set {E;} of Dqc(X).

(c) f* preserves coproducts.

(d) x: Lf*(—) @Y fXOy — f* is an isomorphism.
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PROOF. This uses the fact that Perf(X) = Dq.(X). which we will prove in
the next section. Clearly (d) = (c) since the LHS preserves coproducts, and
on the other hand if f* preserves coproducts, then this is a morphism of exact
coproduct-preserving functors; moreover it is an isomorphism on the compact
objects by Example 2.4.55, so Prop. 2.4.31 implies that it is an isomorphism.

We will see in Lemma 2.5.28 that (a) and (c) are equivalent, and of course
(a) = (b). To see (b) = (a), we observe that {A € Dqc(X) : Rf«(A) € Perf(Y)} is
a thick subcategory of Dyc(X) since Perf(Y') C Dg.(Y') is thick. Thus it contains
thick({E;}) = Perf(X). O

In general, if X is a qcgs scheme over a base scheme S, we will write Dx =
p* Qg for p: X — S the structure map.

Example 2.4.57. Let i: Z — X be a pseudocoherent closed immersion, which
means that ¢ is a quasi-proper morphism. We will easily see later that if X is
Noetherian then any closed immersion 4 satisfies this property. Taking A = Oz in
Prop. 2.4.54 shows us that

i+ B = RHomp, (i.Oz, B)

for B € D, and in particular i.i*Dx = RHomo, (Oz, Dx). By the composition
rule, if Z < X — S are S-schemes, then i*Dx = Dy, so we can at least compute
i+Dz as RHomo, (Oz,Dx). This doesn’t necessarily determine the object Dz in
the derived category, but for example we can determine its cohomology, and via
tools like the projection formula knowing i,Dz is often enough data.

Example 2.4.58. Suppose ¢: X — P” is a projective scheme over a ring R.
Then we already know that Dx = i*Dpn, and thus Example 2.4.55 shows that
i*(Dpn(d)) = Dx(d). Suppose that X is a hypersurface V(f) of degree d, for
f € R[xg,...,x,] a nonzerodivisor. Then by the exact sequence
0 — Opn(—d) L Opn — Ox — 0,
we use the above example to compute ¢, Dx as
R’Homopn (Ox, Dpn) = [O[pm — Opn (d)] ®L Dpn
= [Dpn — Dpn(d)],

which is in degrees 0 and 1, so we can compute this very explicitly. In fact, this
case is especially nice because we will show that Dprn = Opn(—n — 1)[—n], so the
expression above is exactly

[Opn(—n — 1) = Opn(—n — 1+ d)][~n] = Ox(—n — 1 + d)[(n — 1)].

Since this has only one cohomology sheaf, we conclude that Dx has only one
cohomology sheaf with

i»H" 1 (Dx) = H" ' (i,Dx) = Ox(d —n — 1),
hence Dx = Ox(d —n —1)[—n+1].
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Example 2.4.59. Again let X — Speck be qcgs over a field with dualizing object
Dx. We explained previously that

Homp(x)(4, Dx) == H°(X, A)" = Homp(x)(Ox, A)".
In particular, if E € Perf(X), then replacing A with A ®I(#)X EY implies
Homp, (x)(4, E ®%, Dx) = Homp_ (x)(E, A)".

Assume X is quasi-proper over k so that hom-spaces in Perf(X) are finite-
dimensional k-vector spaces, and let us make the additional assumption that
Dx € Perf(X). Then we can define a functor

Sx: Perf(X) — Perf(X)  Ew— E®p, Dx
such that we have natural isomorphisms
HomPerf(X) (E, SX(F)) — HomPerf(X) (Fv E>v

Such a functor Sx is called a Serre functor, and it has interesting abstract properties
which we will discuss later.

2.5. Perfect generation and more

In this section we will start to prove some deeper results in the derived category
theory of qcgs schemes. A few of the big theorems in this section are from a 2007
paper by Lipman-Neeman, while the rest are somewhat classical. Many of the
arguments will have a similar flavor: We first study the affine case, and then do
induction while using some nontrivial triangulated category theory. Many of the
affine cases will be a simple observation about the Koszul complex, so we start
here.

2.5.1. The Koszul complex. We review some basic aspects of the Koszul
complex and Koszul homology. We’ll use some easy properties in the construction
of a perfect generator, but we will also use this as a foundation for the appendix
about commutative algebra. This material will also be useful when computing
sheaf cohomology for some schemes from Cech complexes.

Let R be a ring and M an R-module. Recall (e.g. from the notes on the
exterior algebra) that one constructs a graded (skew-)commutative R-algebra
A(M) equipped with the wedge product, whose properties we will use. Associated
to a map ¢: M — R, we define a chain complex

co AR L AL (M) L AL(M) = AO(M) — 0
called Kos}(¢), with Kos%(¢) = AR (M) and differential:
k
d@i A Aag) =D (1) o(@i)ar A AT A Ay
i=1
A few basic checks are in order. First, this map is indeed well-defined: if z; = x;

for i < j, then all terms in the RHS vanish except for the two associated to i
and j. If the first term is (—1)T!(--- AZ; A ---), we can shift the position of the
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x; = xj term in the second term so that the factor is also (--- A Z; A ---), which
creates the sign (—1)7T140=7+1) = (—1)?, and thus these two terms cancel.
Next, we in fact have d? = 0, since

d(l‘l/\"'/\llz'k):Z(—l)i+j¢(l‘i)¢($j)"'/\@/\"'/\Zl?i/\"‘
j<i
_,_Z HJ(;S:I:Z YP(zj—1) - ATy Ao NTj_g A -e e
j>i
so if we replace j in the second sum with j + 1 we get
_Z H_Jﬁb% YO(Tj) - ATy A ANTjA -,
7>

and now by interchanging 7 and j we obtain the opposite of the expression in the
first sum. Kosy(¢) is called the Koszul complex associated to ¢. Let us prove a few
more basic properties of this construction. First, it is actually a differential-graded
algebra, which means that the underlying algebra structure of A(M) is compatible
with d in the following way: for o € A¥(M) and 8 € AY(M), the Leibniz rule

d(af) = d(@)B + (~1)"ad(B)
is satisfied, where we view a8 = a A 3 as an element of A¥T/(M). Indeed, if we
write « =21 A--- Axg and 8 =y A--- Ay, then split the sum as

danp) = (-1 o(z) (- AT A ) AP
i<k

+ > D) olyik)z AC ATk A--)
i>k+1

/\B‘i‘z l+k+1¢ )z A AGiA---)
(a)/\ﬁ+(— )ea nd(B)

as desired. We recall that since A(M) is graded-commutative, Kosk(¢) is a
graded-commutative dga, meaning af = (—1)l*ll5a.

Next, this behaves well with respect to sums. Namely, we showed in the other
document that if N is another module then the map

P A’M @r AN — A" (M ®N)
ptg=n
given by a ® 8 — («,0) A (0, 8) degree-wise is an isomorphism. If ¢: M — R
and ¢¥: N — R are maps, and (¢,9): M & N — R is induced, then this gives an
isomorphism
(Kosk(¢) ® Kosk(¢)) ™™ = Kosk(¢,¢)

of R-modules. We claim that this is a chain map, and hence the above is an
isomorphism of complexes. In fact since this came from an isomorphism of graded
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algebras, this will show that the above is an isomorphism of dgas. This follows
because the composites
a®B—aNp—dap)
and
a®f s d(e)®f+ (~DYa@d(8) = d(a)s + (-1)ad(5)

both agree by the Leibniz rule (here the second line is the differential of the tensor
product complex).

In practice, the most interesting case is when M = R", so the map R" — R
is given by a sequence of elements (f1,..., f,) of R. We often write f to denote
such an (ordered) sequence of elements. In this case, we write B

Kosk(f) = Kosk(f1,---.fn)

for the corresponding Koszul complex. Observe that in this case, the Koszul
complex consists of finite free modules, is concentrated in [—n, 0], with —ith term
having rank n choose i.

Next, suppose ¢: M — R and ¥: N — R are maps, and suppose there is a
map f: M — N over R, meaning that ¢ o f = ¢. Then there is a natural map

fe: Kosk(¢) — Kosk(v)
of dgas satisfying fi(z1 A - - Axy) = f(z1) A+ A f(z,,) in degree n. Indeed,
we know (e.g. from the other document) that this is a well-defined morphism of
graded algebras, and that it restricts to the corresponding map in each degree. To
see that it is a chain map, observe that
k

dfi(zi A Aag) = (1) (f(@) fm) A A )

=1
—Z 1) () fu(wr Ao A k)

with the right omissions in the sums. It is clear that this forms a functor out of
the category of maps over R, i.e. that this construction respects composition.

Now consider the case where we have f1,..., f, and g1,..., g, as sequences in
R, and suppose there is an invertible matrix A: R" — R" with f; =3, ai;g:, i.e.
f = gA. Thus by functoriality, we obtain an isomorphism of the corresponding
Koszul complexes.

Example 2.5.1. Let f = (f1,..., fs) in R. The right-most map in the corre-
sponding Koszul complex is

Rn (fly'-wf’n) R _ 07

so we conclude that H'(Kos(f)) = R/(f1,..., fn). The left-most map looks like
0— A"R" _)An—an
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where the basis vector e =e; A --- A e, maps to

n

D=1 fier Ao NG A Aen,
=1

which is written naturally in the canonical basis of A" 'R". Thus for a € R,
ae — 0 iff af; = 0 for all 7. In particular, H *(Kos(f)) = Anng(f1,..., fa)-

Our observation about tensor products above shows that
Kosg(f1;- -+, fn) = Kosk(f1) @r - - @r Kosk(fn).

Therefore, the isomorphism type doesn’t depend on the order of the elements.

Moreover, on one element the complex is just Kosk(f) = R EN R in degrees —1, 0.
We can often use this to reduce properties of the complex to the single case. Note
also that since each such complex is bounded with finite free terms, we can replace
®r with @% in D(R).

Example 2.5.2. Suppose (f1,..., fn) is a reqular sequence, which means that the
image of f; is regular (i.e. a non-zero divisor) on R/(f1,..., fi—1). Then

Kosgr(f1) = R/(f1)
by definition, and

R/(f1) @ Kosg(f2) = R/(f1) L R/(f1) = R/(f1, f2)-
Thus, inductively,

KOSR(f17"‘7fn) = R/(flv'”?fi—l) ®L KOS(fi) ®L"' 2R/(flv--'ufn)'

In particular the Koszul complex is exact in this scenario after degree zero, and
hence provides a finite free resolution of the quotient R/(fi,..., fn). We will
revisit this notion shortly.

Let f = (fi,..., fn), and let a € R. Since d(aa) = ad(c), multiplication by a
gives an endomorphism m,: Kos(f) — Kos(f) of dgas. Consider the case a = f;

for some 4, and let e; € Kos™'(f) be the degree 1 basis vector with d(e;) = fi. By
the Leibniz rule,

d(eix) = fix — e;d(x) = my,(x) = e; Ad(x) + d(e; N x).
In particular, e; A (—) provides a nullhomotopy for my,. In particular, the ideal

(f1,--., fn) acts on the cohomology modules H?(Kosg(f)) by 0, so they are
canonically (finite) R/(f)-modules.

Remark 2.5.3. Another way we sometimes phrase this result is the following:
we often consider the Koszul complex as a complex of quasicoherent sheaves by

Izgé%(f) on Spec R. Since

(f) € Anng(H"(Kosr(f))),
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taking V' (—) of both sides gives Supp H?(Kosg(f)) C V/(f), so in particular letting
U=D(f1,...,[n), we see that

KOSR(fla-'-)fn”U:O in ch(U)
because the restriction of the cohomology sheaves is zero. This is an important

observation which we will use later.

Next we discuss self-duality of the Koszul complex. Again suppose that M is a
general R-module and ¢: M — R is a map. For each n > 0 and k& < n, we have
the canonical wedge pairing

ANM A" *M - A"M  a® B+ af,
which we may view as a map A" %M — Homp(A*M, A" M). Note that another
way to write this is as a map

(] k [ ]

(Kos%(¢)[—n])" — Homb,(Kos%(4), A" M),
and we claim that as written this is a chain map. This is easy to check from the
Leibniz rule and the differential in the hom complex. We’ve seen that if M is
finite free of rank n, then the pairing is perfect, which implies that

Kosp(¢)[—n] = Homp(Kosk(¢), A" M)
is an isomorphism. In this case, one writes A" M = det(M ), and thus since the
Koszul complex on a finite free module is strictly perfect, we obtain

Kosh(6) = Kosh(6)” @5 det(M)[n].

We note that everything here is basis-independent. Choosing an oriented basis

gives an isomorphism det(M) = R, and in particular

Kos%(f1, -5 fn)" =2 Kosk(fi,---, fn)[-n],
i.e. a sort of ‘self-duality’ plus shift.

Remark 2.5.4. This is a vague remark which says that the Koszul duality
discussed here should remind us of other things in algebraic geometry. Suppose that
X is a smooth k-variety, R = Ox ), is the local ring at a k-point, and M = (Qk/k)x
is the cotangent sheaf at this point, which is free of rank n = dim(X). Then
det(M) = wx 4 is the canonical bundle at x, and a map ¢: M — R is a choice of
element of (Qﬁ{/k)v at the point z, i.e. a tangent vector in T, X. Given such a
tangent vector v, Koszul duality says

Kos(v) = Kos(v)” ® wx [n]
at x. This should remind us of Serre duality. Moreover, Kos(v) is locally

n—1

0—>WX—>QX/k—>"'—>QA2X/;€—>Q§(/1€—>OX—>0,

which should remind us of a dualized de Rham complex.
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We can easily sheafify the construction of the Koszul complex to work over a
ringed space (X, Ox). Let F be an O x-module equipped with a map ¢: F — Ox,
then by functoriality of the Koszul complex, the assignment

U — Kosp 1) (#(U))

is a complex of presheaves, and hence by sheafifying we obtain a complex
KOSE’)x(d)) = [ S A%Xf - A%’)X]: - OX]

such that Kosp, (¢)s = Kosp,  (¢z) for every x € X (see exterior power notes

section 2 for why this is clear). If X was a scheme and F was quasicoherent, then
for U C X an affine open we see

HO(U,Kosp, (¢)) = Kosg 1) (6(U))

as expected (see the same source). We almost always use this when F = £ is a
vector bundle of constant rank n, so then ¢ is identified with a global section of
£V, and the complex stops at the nth stage:

0—>det(5)—>A?9;15—>---—>A?9X5—>5—>(9X—>0

Note that, in this case, the Koszul complex is stalkwise isomorphic to a Koszul
complex given by a sequence of elements in Ox . Even more specifically, we
usually take & = @ ; L1 to be a direct sum of line bundles, so that ¢ is identified
with a sequence of global sections s; € £Y. In this case we write Kosg, (51, 5n)
for the associated Koszul complex.

Then in this case, we know that

Mo = D R

IC{1,...n},|I|=k i€l
- P cLie-0L,
1<i1 <<, <n
for k < n, which we can use to write out the Koszul complex explicitly. For
instance, the n = 2 and n = 3 cases look like:

0— Lol =2 pie g, O 0y o
and
0—>£1®£2®£3—>@E¢®Ej—>£1@ﬁg@£3—>(’)x—>0,
and so on. Just as before (with zfle same proof) we have
Kosbx(sl, ceySp) = Kosbx (s1) ®oy -+ 0y Kosfgx(sn)
= Kosp, (s1) ®%X ®%X Kosg , (8n)-
Recall that for a section s € LY, the subscheme V(s) cut out by s has ideal sheaf

given by the image of the corresponding map £ — Ox. Likewise for the general
case with more sections, so

HO(KOSZQX(Sh ) Sn)) = OV(sl,...,sn) = OV(sl)ﬂ---ﬂV(sn)'
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Therefore, the same proof as earlier shows that if s1, ..., s, forms a regular sequence
in X, meaning that V(s1,...,s) C V(s1,...,si—1) is an effective Cartier divisor
for each i = 1,...,n (and the final quotient is nonzero),
Kosgy, (81, ++58n) = Ov(sy,.on)
in D(X). We want to think of Kosg, (s1,...,sn) as a derived replacement for the
intersection of these subschemes. For instance, if V(s1),...,V(s,) are all effective
Cartier divisors, then
L L
Kosoy (515 -+58n) = Ov(s)) @0 = @6y Ovisn)

by the equations above. If these form a complete intersection in X, then this agrees
with V(s1,...,8p), which is the underived tensor product, but otherwise they may
not. In section 3.1, we will discuss more criteria for handling such intersections
correctly.

Remark 2.5.5. In general, it is always true that
HY(Oz, ®6, - ©8, 0z,) = Oz,n-2,.
Indeed, by induction, we may assume n = 2. Then this coincides with
TOT(()QX (02,,02,) =0z, ® 0z, = Oz,nnz,-
Of course, all intersections here are scheme-theoretic.
As a special case of this, we can write down the Koszul complex for the regular

sequence T, . . ., ¥, € HO(P%, Op%(l)) of projective space. By the formulas above,
this will look like
n+1 n+1

0— Opn(—n—1) — O[pm(—n)( ) BN O[pm(—l)( ) Opn — 0.

Note that this is quasi-isomorphic to the structure sheaf of V(xq,...,x,) = &,
meaning it is an exact sequence. We will call this the canonical Koszul sequence
for P™; it will appear again when we compute the cohomology of projective space.

Next we discuss a simple but important result about perfect complexes which
will provide the inductive step of some arguments in the rest of this section.

Lemma 2.5.6. Let R be a ring, fi,...,fr € R, and A € DS(R) such that
Supp H1(A) C V(f1,..., fr) for q € [-r 4+ 1,0]. Then every map R — A factors
through the canonical map

R — Kosk(f1', ..., i)
in degree 0 for some ny,...,n, > 1.

ProOOF. We prove this by induction but with a stronger base case: namely,
we’ll show that for any E € Perf(R) with E; having tor-amplitude in [a, c0), and
A € D(R) with Ay € D<%(Ry), any map E — A factors as

E — Kosh(f")@F F— A
for some n > 0. Indeed, since F is perfect over an affine scheme, we have
RHompg(E, A); = (EY ®f A)y = Ef @, Ay € D" 1 = DS7I(R),
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Therefore taking H® shows Hompg)(E, A)f = 0, so for each a: E — A there
exists n > 0 such that f"a = 0. Thus, tensoring the canonical triangle for Kos(f")
with E gives

E 1% B - Kosp(f) — B[],

so BELS B A being zero implies that the map factors through Kosg(f™).

Now for the general case induct on r, where r = 1 is handled by the above. In
general, we in particular have Supp H?(A) C V(f1,..., fr—1) for ¢ € [-r+2,0] C
[—7 + 1, 0], so factor any such map as

R — Kosgr(f1, ..., f'"1") — A.

yJr—1
The Koszul complex above has perfect amplitude in [—r + 1, 0], which remains
true of its localization at f,, and by assumption Ay, € D<7"*1 50 the second map
factors through

Kos(fi", ..., frh) @% Kosg(f™) = Kos(f", ..., ™)

r—1

which is what we wanted. O

Let’s also relate the powered Koszul complexes of the lemma above to the
standard Koszul complex Kos(f1, ..., fn). In general, if T is a triangulated category
and S C T is a collection of objects, we define the extension closure ExtCly(S)
to be the smallest strictly full subcategory € containing 0 and S such that if
A,C eCand A — B — C — Al[l] is exact, then B € C. This is not a triangulated
subcategory, as it is not closed under shifts.

Example 2.5.7. Let R be a ring and f1,..., f, € R. Then
Kosr(f1", ..., f') € ExtCl (Kosg(fi,-- ., fr)).

n—1 n
Indeed, since the composite R f’—> R ELR R equals R L R, the octahedral
axiom gives triangles

Kosg(f{'™") — Kosp(f]") — Kosr(fi) — Kosp(f"~)[1].
Tensoring this with Kosg(. .., fire . ) shows inductively that if

Kosp(f, ..., fir- oo f77) € BExtCl (Kosg(f1, .- ., f)

then Kosg(f1',..., ") € ExtCl (Kosg(f1,...,fr)). Repeating this across the
various ¢ one at a time proves the claim.

Example 2.5.8. Let T be a triangulated category, S a collection of objects, and
H: T — A acohomological functor. Write ker H for the strictly full (not necessarily
triangulated) subcategory of objects A such that H(A) = 0. If S C ker H, then
ExtCl(S) C ker H. Indeed, H(0) = 0, and if A — B — C — A[l] is a triangle
and H(A) = H(C) =0, then H(A) — H(B) — H(C) is exact so H(B) = 0. Of
course, the same thing applies for homological functors.

Let’s combine the simple observations above to obtain the following result:
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Lemma 2.5.9. Let R be a ring, f = fi,..., fr € R, and
A€ D(R) Supp A C V(f).
If H™(A) # 0, then Hom p gy (Kosg(f)[-m], A) # 0.
PROOF. By replacing A with A[m], we may assume m = 0. Note moreover
that Homp g (Kos(f), D>°(R)) = 0, so
Hom ) (Kosth(f). 4) = Hom ) (Kos (). <o),

and thus we may assume A € D<U. Take a nonzero element of HY(A) =
Hompg(R, A), which factors as

R — Kosg(fi*, ..., f’)— A
1

rJr
so that both maps above are nonzero. Thus Homp gy (Kos(f), A) # 0: indeed, if it
were zero, then Kos(f) lies in the kernel of the homological functor Hompzy(—, 4),
so by both of the examples above this would imply
Homp g (Kosg(f{", ..., f'"),A) =0

a contradiction. O
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2.5.2. Verdier quotients and localizing subcategories. Let T be a tri-
angulated category, and N C 7 be a strictly full triangulated subcategory which
is not necessarily thick. We say a morphism s: X — Y in T is an N-equivalence
if a (or equivalently every) cone of s lies in N. Write Sy for the collection of
N-equivalences.

Lemma 2.5.10. Let T be a triangulated category with N C T a strictly full triangu-
lated subcategory. Then S is a multiplicative, saturated, localizing class containing
all isomorphisms, closed under shifts, and compatible with the triangulation.

PROOF. As 0 € N and N is closed under shifts, it is clear that Sy has the
isomorphisms and is closed under shifts. If s: X — Y andt: Y — Z are morphisms
then the octahedral axiom gives a triangle

Cone(s) — Cone(ts) — Cone(t) — Cone(s)[1].

Since membership in N has 2-out-of-3 for triangles, it follows that of s, t, st any
two are in Sy iff the third is. This proves that Sy is a saturated multiplicative
class containing isomorphisms and closed under shifts.

To check that S is compatible with the triangulation, it remains only to show
that in TR3 if the first two morphisms are in S then we can take the third to be
in S. Indeed, given a commutative diagram as in the top left, we can use the 3x3
lemma to extend it to:

X —Y -—-- y 4 —
X —Y -7 —
)\((” — };” -0 Zv” —

L

Then since X", Y"” € N, Z” € N as desired.

It remains to see that Sy is a localizing class. First, start with A ER X<EB

and complete a diagram of the map A ® B ), C to a triangle
(avb) (fv_s)

P— A¢B—— X — P[1],
thus the successive composite is fa — sb = 0, i.e. the diagram
P2 A
b| %
B+ X
commutes. It remains to show Cone(a) € N. Indeed, a is the composite P —
A® B — A, and because of the triangle
A® B — A — B[l] - A® B[]
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the octahedral axiom gives a triangle
X — Cone(a) — B[1] =1 x71].

Cone(a)[1] € N as —s[1] € N, thus Cone(a) € N. The lifting condition for left
roofs follows similarly.

Finally, let f,g: X — Y be parallel maps, and suppose s € Sy with sf = sg.
Take an exact triangle

Y 2Y - Y" = Y[,

(so that Y” € N) and observe that s(f — ¢g) = 0, so since Hom(X, —) is cohomo-
logical this means f — g factors as a composite

f-g=X->Y"[-1]->Y

Thus we may complete this to X’ — X — Y”[—1] — X'[1] so that the first map
is in Sy, and its composition with f — g is zero. The converse follows dually. [

Definition 2.5.11. Let T be a triangulated category and N C T a strictly full
triangulated subcategory. We define

T/N = T[Sy]

to be the triangulated localization of T with respect to the saturated localizing
class Sy compatible with the triangulation. T/N is the Verdier quotient. We call
the localization map ¢: T — T/N the quotient map.

Corollary 2.5.12. Let N C T be a strictly full triangulated subcategory of T and
let g: T — T/N be the Verdier quotient map.

(a) Then q is exact and essentially surjective, and if X —Y — Z — X[1] is
a sequence of morphisms in T, then

q(X) = q(Y) = q(Z2) — qo(X)[1]

is exact in T /N iff the original sequence was ezxact.
(b) If f: X =Y is a morphism in T, the following are equivalent:
i. q(f)=0.
7. f factors through N.
1. fs =0 for some s € Sy.
w. sf =0 for some s € Sx.
(c) If X € T the following are equivalent:
i. ¢(X)=0.
7. idx factors through N.
7. X is a summand of an object of N.
1. X € thickN.
In particular, ker(q) = thick(N).
(d) If f: X — Y is a morphism in T, the following are equivalent:
(a) q(f) is an isomorphism.
(b) Cone(f) € thick(N).
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PROOF. (a) is the basic theorem on triangulated localizations, Prop. 1.2.10.

(b) The equivalence of (i), (iii), (iv) is already known to us from the theory of
saturated localizing classes. Next, ¢(N) = 0 because if X € N, then X — 0 —
X|[1] — is exact, showing X — 0 becomes an isomorphism in the quotient. Thus
(17) = (7). Conversely, assume fs = 0, and write

Xi>Y—>C—>X[1]

with C € N. If f: Y — Z, then since Hom(—, Z) is cohomological we see that
fs =0 implies s factors through C.

(c) ¢(X) = 0 iff ¢(idx) = 0. Thus (z) = (it) by (b). But (i¢) implies by
Remark 2.4.39 that X is a summand of an object of N, i.e. (¢i7). But if this holds,
then X € thick(N). Finally ker(q) is a thick subcategory, so ker(q) C thick(N),
and hence ¢(X) = 0. The equivalence implies ker ¢ = thick(N).

(d) ¢q(f) is an isomorphism iff Cone(q(f)) = g(Cone(f)) = 0, which happens iff
Cone(f) € thick(N) by (c). O

Example 2.5.13. Let A be an abelian category. Then we denote by K (A) C
K(A) the strictly full subcategory of acyclic objects. This is clearly triangu-
lated, and it is also clearly thick. Thus we obtain a Verdier quotient K(A) —
K(A)/Kac(A). Note that a morphism f is a quasi-isomorphism iff Cone(f) €
Kac(A), so it follows that the Verdier quotient is D(A).

Proposition 2.5.14. Let N C T be a strictly full triangulated subcategory. The
quotient map q: T — T/N has the universal property that composition with q
induces a 1-to-1 correspondence

(=)oq: {F:T/N—-T} 5 {F:T— T :NCker(F)}
where on both sides we consider only exact functors. Moreover, if either side is

viewed as the full subcategory of Fun(T/N,T") and Fun(T,T") spanned by the exact
functors, then this is an equivalence of categories.

PROOF. This is just the universal property of localization. Namely, all functors
T/N — T’ correspond to all functors T — J’ such that elements of Sy are sent
to isomorphisms. Since this is induced by an exact functor, the correspondence
preserves exact functors in one direction. On the other hand if F': T — T’ is exact
and F' = Fq, then by definition of the triangles in T/N we see that F' is exact.

Finally, if F': T — 7’ is exact, then F' sends N-equivalences to isomorphisms iff
Cone(F(f)) = F(Cone(f)) = 0 whenever Cone(f) € N. This condition is implied
by F(N) =0, and conversely every object of N is a cone. O

Remark 2.5.15. Here is our usual full-subcategory localization result translated
into this language. Suppose T, N C T are strictly full triangulated subcategories.
Then NN JT" C T’ is also a strictly full triangulated subcategory, and thus by the
universal property we obtain an exact functor

T/NNT T /N

between the Verdier quotients. This is fully faithful in either of the following
circumstances:
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(a) Every map from T’ — N factors through N N J".

(b) Every map from N — 7’ factors through N N J".
Indeed, let us see how it follows from the usual criterion. First, from the definition
we see that Sxng = Sy N T’ and both are localizing classes. Now, suppose e.g.
we're in the situation of (a) and are given a map X — T” in Sy with T € 7.
Write the triangle X — 7" — N — X[1] with N € N, then the second map factors
asT' — B — N for B € NN7J’. Apply the octahedral axiom to this composition,
which gives a triangle

Cone(T’ — B) — X[1] — Cone(B — N) — .

Thus the first term is in 77 and the third is in N, so shifting down one provides an
N-equivalence from an object of 7’ to X.

This description makes it very easy to apply the criterion: For instance to
show that K*(A)/K/.(A) = D" (A) embeds into D(A), we observe that every
map A® — X°, where A® is acyclic and X* is bounded below, factors through the
smart truncation A — 7>, A — X* for some n such that X* =0 for i < n.

Here are some more elementary results, which we have essentially seen before
in the specific case of the derived category. We note that the whole point of
introducing this is that we are going to take quotients of the derived category
itself. For instance, recall that if S C T is a collection of objects in a triangulated
category, we define

S+ :={T € T:Hom*(S,T) = 0}
and
1S = {T € T:Hom*(T,S) = 0}
as the right- and left- orthogonals of S. Then it is immediate that these are both
thick subcategories of 7.
Lemma 2.5.16. Let q: T — T/N be a Verdier quotient.
(a) For' Y € N+, the natural map
Homg(—,Y") — Homgn(q(—),q(Y))
s an isomorphism.
(b) For X € *N, the natural map
Homg (X, —) — Homg/n(q(X), q(—))
s an tsomorphism.

PROOF. Let’s prove (a) as (b) is dual. Represent ¢(X) — ¢(Y') by a roof
xix Ly
with a triangle X’ % X — N — X[1] so that N € N. By assumption,
Hom(X,Y) = Hom(X',Y)

so there’s already g: X — Y in T commuting with s, which proves surjectivity.
On the other hand if f: X — Y and ¢(f) = 0, then f factors through N by
Cor. 2.5.12, and hence it must be zero since a map N — Y is zero. O
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Here is a basic but important consequence of this simple lemma, which helps
characterize what we will call ‘admissibility’.

Proposition 2.5.17. Let i: N — T be the inclusion of a strictly full triangulated
subcategory, and q: T — T/N the corresponding Verdier quotient. Then the
following conditions are equivalent:

(a) The inclusion i: thick(N) — T has a right adjoint.

(b) q has a right adjoint.

(c) The composite N* — T — T/N is an equivalence.

(d) Each object X € T fits into an exact triangle of the form

Nx — X — Lx — Nx|[1]
with Nx € thick(N) and Ly € N*.
When these conditions hold, denote by i* and r any right adjoints as in (a) and (b)
respectively. Then i' and r canonically induce inverses to the functor of (c), and a
triangle as in (d) can be written
WX — X —rgX — i X[1].

Conversely any such prescription of exact triangles in (d) for all X € T defines
right adjoints i' and r as above, and r is always fully faithful.

The dual statements hold where we replace ‘right’ by ‘left’, N+t by N, and
the triangles in (d) with Rx — X — Nx — Rx[1l] where Nx € thick(N) and
Rx € *N.

PROOF. First note that N — T — T/N is always fully faithful by Lemma 2.5.16.
If each object has an exact triangle as in (d), then since thick(N) = ker(q) we
deduce that ¢(X) == ¢(Lx), showing essential surjectivity. Thus (d) = (c).

If we assume (c), take an inverse p: T/N — N1, then

Homgn(¢(X),Y) = Homy (u(q(X)), u(Y)) = Homg (X, u(Y)),

so the composite T/N — N+ — T is a right adjoint.
Assuming (b), let ¢ - r, then for N € N we have

Homy (N, r(A)) = Homg (q(N), 4) =0
which means that r lands in N*-. Thus r is fully faithful because
Homg (g4, B) = Homg(A,rB) = Homg(q4, qrB),

where the second isomorphism is by Lemma 2.5.16, and ¢ is essentially surjective,
so the counit B — q¢rB is an isomorphism. Complete the unit to a triangle

RQx — X —rgX — Qx|[1],
then upon applying ¢ the middle map is an isomorphism, so ¢(Qx) =0, i.e. Qx €
thick(N). Next r¢(X) € N+, so N C +(r¢X) and thus thick(N) C +(r¢X) since
this subcategory is thick. Therefore applying Homg(i(N), —) for N € thick(N)
gives an isomorphism

Hom e () (N, @x) == Homg(iN, X),
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showing Qx is a partial right adjoint to ¢ at X, and since X was arbitrary ¢ has a
right adjoint assembled out of such Q) x’s.

Note that this along with the exact triangle proves one direction of the claim
at the end of the proof. For the converse, note that the isomorphism above only
depended on r¢X € N1, so given triangles as in (d) proves that i has a right
adjoint ' with i'(X) = Nx and with counit Ny — X. Thus by uniqueness of
cones and the isomorphism above, we deduce rqX = Lx and can replace r with a
naturally isomorphic r’ with counits the maps X — Lx.

Finally, assume (a) and for any X € T complete the counit to a triangle

WX — X — C —ii' X[1].
For each N € N C thick(N), note that
Hom*(iN,#i' X,iN) = Hom* (N, i'X) -~ Hom*(iN, X)
is an isomorphism, so Hom*(N, C) = 0, hence C' € N+. This proves (d). O

A thick subcategory N C T is called right admissible (resp. left admissible) if
it satisfies the equivalent conditions of the first (resp. second) orientation of the
theorem. It is admissible if it is both right and left admissible.

Remark 2.5.18. We note that if N is any strictly full triangulated subcategory
and the inclusion N — 7 has a right adjoint, then N is automatically thick. Indeed,
using the notation as in Prop. 2.5.17, if X — i(N) — X is an idempotent splitting
in T with N in N, then since this is a fully faithful adjoint applying ' gives
i'(X) — N — i'(X) as a split idempotent in scrN. Thus i'(X) = X in T and we
conclude X € N.

Remark 2.5.19. Suppose that N < T is right admissible and let M := N+, which
is another thick subcategory. We know that the right adjoint r: T/N — T to ¢ is
identified with the inclusion M — T, so this in particular has a left adjoint. Thus
M is left admissible. The kernel of this left adjoint is supposed to be ~M, but on
the other hand we know that ker g = N. The same statements hold dually, and
thus N is right admissible iff M = N= is left admissible, in which case N = +M.

Here’s a related statement which gives a simple criterion for computing a
Verdier quotient.

Proposition 2.5.20. Let F': T — T’ be an exact functor of triangulated categories
with a fully faithful right adjoint. Then the induced map

T/ ker(F) — T’
is a triangulated equivalence.

PROOF. Let G: T’ — T be the right adjoint, then we claim that the composite

qG is an inverse to this functor. One direction is clear: Since G is fully faithful,
FG=1d, so
FoqoGX~FoG=Id.
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On the other hand, let n =n4: A — GF A be the unit of the adjunction, then we
know that Fnsa: FA — FGF A is an isomorphism, hence

0 = Cone(Fn4) = F(Cone(na))

which means Cone(n,) € ker F for all A. Therefore g(n4) is an isomorphism, which
is a natural map q(A) — (¢G)F(A). Both sides preserve Sye(p)-equivalences, so
by the universal property of localization this descends to a natural isomorphism
Idy )/ er(r) == (¢G)F as desired. O

Example 2.5.21. Let X be a scheme and j: U — X a quasicompact inclusion,
so that j is qcqs and Rjy: Dqc(U) — Dge(X) is well-defined. Then j* 4 Ry, and
the counit j*Rj,A — A is an isomorphism by the behavior of derived pushforward
under restriction. Therefore

J*: Dge(X) = Dqe(U)

satisfies the hypotheses of the proposition, and shows that Dg.(X)/ker(j*) =
Dy (U). We usually write

Dz(X) =ker(j*) ={A € Dqc(X) : Al =0} = {A € Dye(X) : Supp A C Z},
where Z = X \ U. Thus Dy (X)/Dz(X) = Dg(U). Since the quotient map
Dyc(X) — Dqc(U) has a right adjoint, we know by Prop. 2.5.17 that Dz(X) C
Dee(X) is right admissible, and has its own right adjoint i': Dye(X) — Dz(X)
which provides functorial triangles

i'A— A— Rjj"A—i'Afl].

These are called local cohomology triangles. We will see later that in this special
case, i' is induced by a derived functor of a right exact functor. Notice that
moreover the result shows Rj,: Dqc(U) — Dyc(X) gives an embedding whose
essential image is Dz(X)®. We will later write Dge(X) = (Dz(X), Dqe(U)) and
call this a semiorthogonal decomposition.

Next let T be a triangulated category with (arbitrary) coproducts. We wish to
study subcategories A C T which are strictly full, triangulated, and closed under
coproducts in A. Such a subcategory is called a localizing subcategory, though we
will only use this terminology in this section since we have (short-sightedly) used
it to mean other things.

It is clear that an arbitrary intersection of such subcategories has the same
property, and that T itself is localizing. Thus, given a collection S C T of objects,
we write Loc(S) for the smallest localizing subcategory containing S.

Lemma 2.5.22. Let T be a triangulated category with countable coproducts. Then
T is idempotent-complete.

PROOF. Let e: X — X be an idempotent in T so that e? = e. Write
Y :=hocolim(X & X & ...)
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so that we have a triangle
Px =2PxLy -Pxly
n n n
where s is given by st, = tp1+1€. Define

£:@X—>@X iy =1p(1—€) — Zbke.

k<n
Since we have (1 — e)e = 0, note that for each n > 1,

01— 8)ty =tp(l—e) — Z tke — lipyre

k<n
=il —e€)— ZLke— Z L€
k<n k<n+1

=1l =€)+ tne =iy,

meaning /(1 — s) = Id. Thus 1 — s is a split monomorphism, and exactness of
Hom(—, @,, X) shows in the defining triangle that Y — €,, X[1] is 0. Therefore
the triangle splits as a direct sum and ¢ is a split epimorphism.

Let jn, = qtn: X — Y. Note that

0= Q(l - S)Ln = Q(Ln - Ln+1e) = Jn = Jnt1€.
Since e is idempotent, all of the j,’s are the same map j: X — Y, satisfying

je = j. Finally, the maps (e: X — X),, commute with themselves as e? = e, hence
induce r: Y — X such that rqt, = e for all n. Thus rj = e, and note that

Jrqin =Jrj =je =73 =qin
for all n, hence jrq = ¢. Since q is split epi, this means jr = 1. Thus we have split
e. O

Corollary 2.5.23. Let T be a triangulated category with coproducts and A C T a
localizing subcategory. Then A is thick.

PROOF. Indeed, A has coproducts and hence is idempotent-complete. So if
X PY € A, the idempotent X Y — X — X @Y splits in A factoring through
some Z. By uniqueness, Z = X in 7 and hence X € A by strict fullness. Il

When a triangulated category T has coproducts indexed by I, then they are
necessarily exact, meaning that if X; — Y; — Z; — X;[1] is a collection of exact

triangles, then
@&H@ne@ze@&m

is also exact. To see this, let Z be a cone of the direct map between direct sums.
For each i € I, the canonical maps from X; and Y; to the direct sums induce (by
TR3) a family of maps Z; — Z, and hence a map @, Z; — Z. To check this is an
isomorphism, we can check after applying Hom(—, W) for every W; then 5-lemma,
the fact that Hom(—, W) turns sums to products, and that products of abelian
groups are exact, give the result.
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Lemma 2.5.24. Let T be a triangulated category with coproducts and N C T be a
localizing subcategory, and consider the Verdier quotient q: T — T/N. Then T/N
has coproducts, and q preserves coproducts.

PROOF. We copy the proof of Lemma 2.4.4. Let {X; : i} be a family of objects
in T and suppose we are given maps f;: ¢(X,) — ¢(Y) in the quotient. Represent
these by roofs and take the direct sum:

X, xSy Px L Px iy
A 7

Since Cone(s;) € N, what we showed above the lemma implies that Cone(€p; s;) €
N since N is localizing. This represents a morphism in the quotient making the
relevant diagram commute, and shows the existence part of the universal property.
Next uniqueness: Suppose we have a map f: ¢(®; X;) — ¢(Y') such that the
composites ¢(X;) — ¢(@; Xi) — q(Y) are all 0. Represent f by a right roof
®, X, 9, y" £ Y, then the hypothesis is that the roof X; 25 Y’ < Y is 0, i.e.
that ¢(X; Gy ) = 0. Therefore there are N-equivalences t;: X! — X; such that
X! — X; — Y’ is 0, so again by exactness of coproducts, the induced diagram

dx Py Ly iy
% %

is f followed by an isomorphism and an isomorphism followed by 0 in the quotient.
Thus f = 0. (]

Example 2.5.25. Suppose T is a compactly generated triangulated category and
N C T is a localizing subcategory. Then since ¢q: T — T /N preserves coproducts,
we deduce by Brown representability that ¢ has a right adjoint ¢.: /N — T. By
Prop. 2.5.17, g, is fully faithful and N = thick(N). Hence i: N < T has a right
adjoint i' and we have functorial triangles

WA — A — qq(A) — i A1
breaking up each object into its N part and its N- part. Note moreover that if
{E;} is a compact generating set for N, then we in fact have
Loc({E;}) = T/N.
Indeed, using Lemma 2.4.32, we may write any X € 7 as hocolim,, K,, where
Ky =0, and the transition maps fit into triangles
L, — K, — K,y1 — Ly[1]

such that L, is a coproduct of shifts of the F;. Apply ¢ to this; since it preserves
coproducts, it preserves each successive triangle and the hocolim, and writes g(Ly,)
as a sum of shifts of ¢(F;). Thus ¢(L;) € Loc({q(E;)}), and since Ky = 0 we
inductively have K, € Loc({q(E;)}). Thus hocolim¢(K,) = g(hocolim K,,) =

q(X) € Loc(q({Ei})).

Localizing subcategories control (weak) generation in the sense defined earlier.
In particular, we have the following result:
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Lemma 2.5.26. Let T be a triangulated category and S a collection of objects of
T. If Loc(S) =T, then S generates T. Conversely if S is a set of compact objects
and generates T, then Loc(S) = T.

Proor. Let A € T and consider the subcategory & of E for which
Hom*(E, A) = 0. Then this is triangulated, but moreover

Hom(@ E;,A) = H Hom(FE;, A)

is zero iff all terms are zero, so & is closed under coproducts and hence is a
localizing subcategory. So, if Loc(S) = T, then Hom*(E, A) = 0 for E € S would
imply Hom*(E, A) =0 for all E € T, i.e. A =0 by the Yoneda lemma. We proved
the converse as Prop. 2.4.31(a). O

Example 2.5.27. Let T be a triangulated category with coproducts and N C T a
localizing subcategory generated by objects in T.. Denote the generators by {E;},
then these are compact in N as well, so every object of N admits a homotopy
filtration by coproducts of shifts of the {E;}, by Lemma 2.4.32. By Lemma 2.4.40,
all maps from T, to N factor through thicks({E;}), which is in particular contained
in 7, and in N (since N is thick). Thus every map from T, to N factors through
T. NN, which implies that the induced map
T /NNT, - T/N
is fully faithful, by Remark 2.5.15.

Lemma 2.5.28. Let F: T =7 : G be an exact adjunction between triangulated
categories with coproducts.
(a) If G preserves coproducts, then F(T.) C TL.
(b) If T is compactly generated and F(T.) C T., then G preserves coproducts.
PRrROOF. (a) If E' € T,, then
HOID‘J'/(F(E), _) = HOmg'(E, G(_))

is a composition of functors which preserve coproducts.
(b) Let {B;} € 7" and consider the map @, G(B;) — G(®, Bi). For each
E € T., we have

Homs(E, P G(B;)) = ) Hom;(E, G(B;)) = @) Hom}(F(E), B;)
= Homy (F(E), P B;) = Homg(E, F(€P By))
since F(E) € 77. Since T is compactly generated, isomorphisms are detected by

T., so the comparison map is an isomorphism. O

Proposition 2.5.29. Let F': T — T’ be an exact, coproduct-preserving functor
of compactly generated triangulated categories. If F restricts to an equivalence
T. = T., then F is an equivalence.
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PROOF. By Brown representability, choose a right adjoint G: 7" — T. By the
lemma above, G preserves coproducts. For E1, E € T., the diagram

Hom(Ey, E) —— Hom(F(E,), F(E))

\ =

Hom(E;, GFE)

commutes by adjunction, and the upper map is an isomorphism since F'|y, is fully
faithful. Therefore Hom(E;, —) applied to E — GF(FE) is an isomorphism for
all compact Eq, so E = GF(F) by compact generation. Since this is a natural
map of coproduct-preserving functors, it follows that Id = GF', meaning F’ is
fully faithful. This means that the essential image is a triangulated subcategory
of 77, and it is localizing since F' preserves coproducts. It also contains J7, so we
conclude that F' is essentially surjective by compact generation of J”. O

Example 2.5.30. This is a continuation of Example 2.5.25; suppose ¢: T — T/N
is a quotient of a compactly generated category by a localizing subcategory of
the form N = Loc({K;}) where {K;} C T, i.e. so that N is generated by objects
compact in T. Continue writing 7' and ¢, for the relevant right adjoints.

1. Then N* is also localizing. Indeed, to check A € Nt we just check
N c LA. But - A is obviously localizing since Hom’s send coproducts in
the first variable to products. Thus it is equivalent to check K; € +A for
all i, ie. A€ KZL for all <. But now K; is compact, so KZL is localizing.
Therefore in fact

N+t =K
7

is an intersection of localizing subcategories hence localizing.

2. Then ¢(7;) C (T/N),. Indeed, to see this, we just need to show that g,
preserves coproducts, and ¢, is isomorphic to the inclusion N+ < T, so
it suffices to show that N+ is closed under coproducts which was (1).

3. Thus if {E;} is a compact generating set for T, then {¢(F;)} is a compact
generating set for T/N by Example 2.5.25. In particular the quotient is
compactly generated.

4. Moreover, the inclusion i: N — T also preserves compact objects, i.e. '
preserves coproducts. Indeed, we have functorial triangles

iitA — A — g qA — ii!A[l]

where A — A and A — ¢.qA preserve coproducts, hence A — ii'A
preserves coproducts. Since i preserves coproducts and is fully faithful, it
follows that i' does as well. Thus N, € NN T,, and conversely an object
of N which is compact in T is a fortiori compact in N, thus N, = NN T..
5. We know by Remark 2.5.19 that M = N is left admissible and that ' is
isomorphic to the quotient map T — T/M. Since i' preserves coproducts,
by Brown representability it has a right adjoint p, which means that M
is also right admissible and p: T/M =2 N — T is another fully faithful
embedding. Writing C for its essential image, we know that € = M=*
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and € = M, where € and N are equivalent categories. This remarkable
phenomenon is called a TTF triple.

In exactly the setting of the example above, there is a more interesting thing
we can say, called the Neeman localization lemma.

THEOREM 2.5.31. Let T be a compactly generated triangulated category, N
a localizing subcategory generated by compact objects of T, and q: T — T/N the
quotient. Then T. — (T/N). induces a fully faithful functor

Te/Ne=To/(NNTe) — (T/N),

which is an idempotent completion, and in fact for each Q € (T/N),. there exists
P € T, such that q(P) = Q & Q[1].

PROOF. The fact that this proposition makes sense is explained in Exam-
ple 2.5.30. The fact that the induced functor is fully faithful is Example 2.5.27,
so denote its essential image by & C (T/N)., which is of course also the essential
image of T, — (T/N).. By Example 2.5.30(3), € contains a compact generating set
for T/N, so by Cor. 2.4.41 we have thick(€) = (T/N).. This immediately shows
the idempotent-completion statement because (T/N). is a thick subcategory of an
idempotent complete category, and since € is triangulated we know all objects of
thick(€) are summands of objects of €.

Therefore let @ € (T/N). and choose F' € T, such that ¢(F) = Q @ Q' for some
Q' € T/N. Consider the two triangles

Qe>Q—-QoQ -l Q-Q—=0-Q]
and take their direct sum, which is isomorphic to
q(F) — q(F) — Q@& Q1] — q(F)[1].
Since € is triangulated, Q @ Q[1] € €. d
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2.5.3. Perfect generation and approximation. In this section we will
prove that if X is a qcgs scheme, then Dy (X) has a perfect generator, and thus
that Dg.(X) is a compactly generated triangulated category. First, let us give an
explicit example of generators in some of the cases which are relevant to us.

Proposition 2.5.32. Let X be a (quasicompact) scheme with an ample line bundle
L. Then
{£®4 . d >0}
is a generating set for Dyo(X). In particular, thick(£®? : d < 0) = Perf(X).
PROOF. Since each £L¥~¢ is perfect, we have
Homp, . (x)(£%7%, Alg]) = H(X, A®5, L)
and we just need to show this is nonzero for some g and d > 0 if A # 0. Suppose

that this expression is zero for all ¢ and d > 0. Thus RI'(X, A ®%X £84) = 0 for
d>0. Let p >0 and s € LZ(X) a global section for which X is affine. Then

RT(X,, Alx,) = hocolimy RT(X, A ®%, L¥7) =0,

by Example 2.4.29. Since RI' is an equivalence on an affine scheme, A|x, = 0.
Since £ is ample, affine opens of the form X cover X, so A = 0.

Of course thick(£%? : d < 0) C Perf(X), however Perf(X) C Dge(X)., and the
result implies that thick(£®?) = Dg.(X)e, so all three things are equal. O

Example 2.5.33. Let R be a ring. Then D(R). = Perf(R) = thick(R). Indeed,
Ospec r is an ample line bundle on Spec R.

Example 2.5.34. Let R be a ring and X = P; with its ample line bundle Ox (1).
Then the result shows that Perf(X) = {Ox,Ox(—1),...}. However, in this case,
consider the Koszul complex

n+1 n+1

0— Ox(—n—1) = Ox(-n){"1) - ... = Ox(~1)("1") — Ox — 0.
discussed in the previous section, and define
& == thick (Ox(—n),O0x(-n+1),...,0x(-1),0x) C Perf(X).

Then the exact sequence above shows that Ox(—n —1) € € since € is triangulated.
Now twist the sequence by Ox(—1), then all terms are in € except for the left most
Ox(—n —2). Thus inductively O(—d) € € for all d > 0, and hence & = Perf(X).
Of course, this also proves that these n + 1 line bundles generate the derived
category Dqc(X). Likewise, we can twist by any d € Z to conclude that

Perf(X) = thick(Ox(—n +d),...,0x(d))
and that Dy.(X) is generated by {Ox(—n +d),...,Ox(d)}. We will see later
that this gives

Perf(P%) = (Opn (—n), ..., Opn(—1), Opn)
as a semiorthogonal decomposition of Perf(X).

Now let’s prove the main result in three steps, most of which come from our
triangulated work in the previous section.
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Lemma 2.5.35. Let X = Spec R for R a ring, f1,..., fr € R, and set
U=D(fi)U---UD(f,)  K*=Kos (fi,...,fr) € Dge(X).
Then for every A € Dyc(X), the unit map A — Rj.Aly is an isomorphism if and
only if RHomp, (K*®, A) = 0.
PrROOF. We use throughout the fact that K® is strictly perfect and hence
behaves well with respect to Homs. First, if the map is an isomorphism, then
RHomp, (K*, A) = RHomo, (K*|v, Aly) =0
because K*|y = 0 in D(Op) by Remark 2.5.3. Conversely, there are two cases:
Case 1: Aly = 0. We show A = 0. In this case, note by Koszul duality that
RHomo, (K*, A) = (K*)" ®%, A=K* &% A[-r],

and since RI'(X, —) is an equivalence this implies K* ®§ A[—r] = 0. Thus

OZ(OX f—1>0)(>®---®(0x f—T>OX)®LA.
The tensor product of the right-most r terms still restricts to 0 on U, so by
induction we may show that if B|y =0 and (Ox ELN Ox)®Y B =0, then B = 0.
But this just says that B EiNy - 0, i.e. f; is an isomorphism on B, contradicting
Blp(s) = 0 unless B = 0.
Case 2: A € Dy.(X) arbitrary. Extend the unit map to a triangle
C — A— Rj.Aly — C[1]
and apply RHomp, (K®, —). By the first direction, this kills the Rj,A|y term and
hence gives an isomorphism
RHomp, (K*,C) = RHomp, (K*, A) =0,

by hypothesis. Since A — Rj.A|y is an isomorphism on U, C|y = 0. Thus by
Case 1 we conclude C' = 0. Hence A = Rj. Aly. O

Corollary 2.5.36. Let X be a qcqs scheme of the form X = U UV for U
quasicompact and V' affine. For each F € Perf(U) there exists E € Perf(X) such
that B|ly = F @ F[1].

PROOF. First assume X is itself affine, and consider the Verdier quotient
Dqe(X) = Dge(X) / Dz(X) = Dqge(U)

of Example 2.5.21 where Z = X \ U. Write U = D(fy)---U D(f,) for some global
sections (f;). Let K® be the corresponding Koszul complex as in Lemma 2.5.35.
By definition, Dz(X) is closed under coproducts, so Loc(K®) C Dz(X); on the
other hand, Lemma 2.5.35 shows that K® generates Dz(X), and it is compact in
Dz(X) as it was perfect and thus compact in Dqc(X). Hence by Lemma 2.5.26 we
deduce Loc(K®) = Dz(X). Finally, by Example 2.5.33, Ox is a compact generator
for Dy.(X), and its restriction to Dgyc(U) is perfect and hence compact. Thus by
Thm. 2.5.31, for every compact (i.e. perfect) object F'in Dy.(U), F & F[1] is the
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restriction of a compact object of Dyo(X). Example 2.5.33 again shows that such
an object is perfect on X.

Now if X = U UV with V affine and F' € Perf(U), then F|yny € Perf(UNV)
and UNV C V is a qc open, so we may choose E’ € Perf(V) such that E|yny =
F & F[1]. Therefore F' @ F[1] € Dqc(U) and E" € Dy (V') agree on U NV, and
hence glue to an object E € Dyc(X) by Prop. 2.4.25. Then FE is perfect since this
holds locally, and E|y = F & F[1]. O

We will be able to come back and strengthen this result after proving perfect
generation, so that we can in fact take U to be any quasicompact open of X. For
the next few results, it will be useful to write Perfz(X) = Perf(X) N Dz(X).

THEOREM 2.5.37. Let X be a qcqs scheme, and Z C X a closed subset with
quasicompact complement. There exists E € Perf z(X) such that Loc(E) = Dz(X).
In particular, every qcqs scheme is compactly generated by a single perfect object.

PrOOF. We prove the claim by induction on the number of affine opens needed
to cover X. If X is affine, we're done by Lemma 2.5.35 (as shown in Cor. 2.5.36).
In the general case, we can write by induction X = U UV where U satisfies the
result and V is affine.

Thus there exists F' € Perfz~y(U) such that Loc(F) = Dzny(U), ie. F
generates Dzny(U). Since F|inz = 0, we can glue F' and 0 to a perfect object
F € Perf(U U X \ Z) by Prop. 2.4.25. Writing X = (UU X \ Z) UV, Cor. 2.5.36
gives P € Perf(X) such that P|yyx\z = F & F[1], so in particular

Ply=F & F[1] and P € Perfz(X).
X \ U is a closed subset of X contained in V', and thus Z N (X \ U) is a closed
subset of V' with quasicompact complement D(fy,..., f,) for f; € Ox (V). Let
K*® € Dy.(V) be the complex associated to the Koszul complex on fi,..., fr. We
claim that
E = P& Rjy.K*
satisfies the conclusion.

1. P € Perfz(X) so we have to check Rjy.K® € Perfz(X). Indeed it is
supported on ZN (X \U) and hence Z, and it is perfect since its restriction
to V is K*® and its restriction to U is 0 (in the derived category).

2. Let A € Dz(X) and assume RHom(E, A) = 0. Observe that since K£*® is
supported on Z N (X \ U) C V which is closed in X, the natural map
JviK® — Rjy,K*® is an isomorphism (Example 2.4.15). Thus

0 = RHomop, (jv1K°*, A) = RHomo,, (K*, Aly),
which means that the natural map

Aly = Rjvawux\z)+Alvawux\z)
is an isomorphism by Lemma 2.5.35. Thus A — Rjyux\z«Alvux\z is an

isomorphism since this holds on the open cover {U U X \ Z, V'}. Writing
U = UU(X\ Z), note that Alyux\z — Rj,A|v is an isomorphism
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since both sides are zero upon restriction to X \ Z (as Supp A C 7). By
composition, A — Rjy A is an isomorphism.
3. Therefore 0 = RHomo, (E, Rju+«A|ly) = RHomo,, (E|y, Aly), and F is a
summand of E|y and A|y € Dzay(U). Since F' generates Dzny (U), this
implies A|y = 0, hence A = Rjy . Aly = 0.
Finally, E is compact in Dqc(X) hence a fortiori in Dz(X), and Dz(X) is localizing.
Thus to prove Loc(E) = Dz(X) it suffices to show E is a generator (Lemma 2.5.26),
which we just did. U

Corollary 2.5.38. Let X be a qcqs scheme and Z C X a closed subset with
quasicompact complement.

(a) Dz(X). = Perfz(X), and the functor
Perf(X)/ Perfz(X) — Perf(X \ 2)

s an idempotent completion.

(b) Let U C X be a quasicompact open. Then for each F € Perfzny(U),
there exists E € Perfz(X) such that E|ly = F & F[1].

(¢) The functor iy: Dqc(X) — Dgz(X) has a fully faithful right adjoint
p: Dz(X) — Dqc(X), and we have the relations

tim (Rj.) = Dz(X)  im(p)" = im (Rj.)
Dz(X)* = im (Rj.) = “im (p)

where j is the inclusion X \ Z — X. In particular, Dq.(X \ Z) embeds
as an admissible subcategory of Dyc(X) via Rjx.

PRrROOF. (a) If X is qcgs, then Perf(X) C Dqc(X)e, and conversely Dyc(X). =
thick(E) for E a perfect generator of Dq.(X), hence Dqc(X). = Perf(X). By
Thm. 2.5.37, N = Dz(X) C Dq.(X) satisfies the hypotheses of Example 2.5.30 and
Thm. 2.5.31. Thus Dz(X). = Perfz(X), and since Dyo(X)/Dz(X) = Dqc(X \ U)
the second statement follows as well.

(b) First if Z = X, then this result is known to us from the same result above
(applied to Z = X \ U). In the general case, take F' € Perfzny(U), then since
Flynz = 0, F and 0 glue together to extend to F e Perf(UU X \ Z). Then

F @ F[1] extends to a perfect object of X, which is necessarily supported on Z,
and whose restriction to U is F' @ F[1].
(c) This remark follows from Example 2.5.30(5). O

There is also a morphism-lifting statement similar to (b) which is easy to
deduce from this result, and which will be used shortly.

Corollary 2.5.39. Let X be a qcqs scheme, U C X a quasicompact open, and
Z C X a closed subset. Given A € Dq.(X) and F' € Perfy(X), for each map
a: Fly — Aly in Dy (U) there exists E € Perfz(X) and maps A — E — F such
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that the diagram
Ely — Flu

N e

Aly
commutes and the upper restriction is an isomorphism.

PROOF. a corresponds to af: F — Rj.A|y, and consider a triangle A —
Rj.Aly — C — A[l] and the composite map F' — C, so C is supported in X \ U.
We know from Example 2.5.27 and the results above that this composite factors
through an object K € Perfx\(X). Writing the first map as Oy ®{5X F— K,
just as in any adjunction it factors through the counit

F — RHomo, (F,K)®6, F=F'op Kop, F— K,

so the middle term L = F ®I(5X K @%X F is perfect, supported in Z N (X \ U),
and F' — C factors through L. Thus we can form a morphism of triangles

and get an extension £ — A. Here, F, L € Perf;(X) so E € Perfz(X), and since
L|y = 0 we have E|yy = F|y. Finally since the unit A — Rj,A|y restricts to the
identity on U, the desired diagram commutes. O

In the rest of this section we will prove the so-called perfect approximation
theorem for qcgs schemes, which is a powerful result allowing us to approximate
pseudocoherent objects of Dyc(X) globally by a perfect complex above any fixed
degree (analogous to the definition). This is newly important given our perfect
generation theorem, because we will be able to use triangulated category theory
to manipulate perfect objects, and then we may want to discuss consequences
for pseudocoherence. Alternatively, we will give another more elementary (and
stronger) way of doing this in the next section if e.g. the scheme admits an ample
line bundle.

A motivation for doing this is to characterize when a morphism is quasi-perfect
and quasi-proper. Here is a simple example of this.

Lemma 2.5.40. Let f: X — Y be a qcgs morphism of schemes. If f is quasi-
proper and has locally finite tor dimension, then f is quasi-perfect.

PROOF. The claim is local on Y so we may assume Y is quasicompact and
hence Rf, is bounded. Let E € Perf(X), then we have to show Rf,F has finite
tor dimension, since it is already pseudocoherent. Indeed, for F € QCoh(Y),

Rf.(E)®%, F = Rf.(E&" Lf*F)

by the projection formula; f having finite tor dimension means that L f* is bounded,
hence £ ®%X Lf*F is bounded, hence after applying R f, it remains bounded. [
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The converse of this fact is indeed true, and we will be interested in proving
the result, which will rely on the perfect approximation theorem. One step will
require a generalization of the perfect generation theorem, so we will prove this
now.

THEOREM 2.5.41. Let X be a qcqs scheme and Z C X a closed subset with
quasicompact complement. There exists r > 0 and E € Perf z(X) with the property
that

RHome, (E,A) € D™ = A€ D"

for every A € Dz(X) and m € Z.

PRrROOF. In this proof we will denote the property above by saying that E
satisfies the property (Q,) with respect to Z C X.
Case 0: If X is affine, and Z = V(f1,..., fr), then the Koszul complex

K =Kos (f1,..., /) € Perfz(X)

satisfies (Qo). Indeed, we showed in Lemma 2.5.9 that if H™(A) # 0, then
Homp_ (x)(K[-m], A) # 0, i.e. RHomo, (K, A) has nonzero mth cohomology,
which clearly implies (Qo).

Case 1: Now induct on the number of affine opens required to cover X. We
just proved the base case, so we may write X = U UV where V is affine, U is
quasicompact, and the inclusion ZNU C U admits a perfect object F' € Perf 7~y (U)
satisfying (Q,). By Cor. 2.5.38(b) we may choose P € Perfz(X) such that
P|y = F & F[1]. On the other hand, let K be the Koszul complex of Case 0 for
the inclusion Z N (X \ U) C V to the affine scheme V, and set

E =P & Rjy.K.

As before, E € Perfz(X) and Rjy K = jyK. Choose e such that PV has tor
amplitude in (—oo, €], and let d be the right QCoh-amplitude of Rf.. We claim
that F satisfies (Qy4e+q) With respect to Z C X.

Indeed, suppose RHom(E, A) € D<™. First take a localization triangle C' —
A — Rju.Aly — C[1]. Upon restricting to U the second map is an isomorphism,
and upon restricting to X \ Z both A and Rjy .« A|y become 0, which shows that
C is supported Z N (X \ U). Note that

RHom(Rjv« K, Rju«Aly) = RHomo, (Rjunv«K|unv, Aly) =0
since K|yny = 0 as it is supported in X \ U. Thus
RHomo,, (K, C|y) = RHomp, (jv K, C) =~ RHom(jy, K, A) € D<m

so by Case 0 we have C|y € D<™, and thus C € D<™ as C is already supported
on an X-closed set contained in V.
On the other hand, applying RHom(P, —) to the triangle above gives

PV @Y C — RHom(P, A) — RHomp,, (P|y, Aly) —,
where the assumption on the tor amplitude of PV and C' € D<™ implies P¥ @&

C € D<™"¢  Since the middle term is by assumption in D<™ C D<™"¢ we
conclude the third term is in D<"*¢. Thus RHomp,, (F, A|y) € D<"*¢ hence
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Aly € D<Mt Therefore Rjy.Aly € D<m*e+tr+d Since we already have
C € D<™, this proves A € D<™te+7+d completing the proof. O

Note that this trivially implies perfect generation, which is the case that
RHom(E, A) € D<™ for every m, so A € D<™*" for every m and thus A = 0.
Thus we will call this the quantitative perfect generation theorem.

Now we move on to perfect approximation. The elements of the proof will be
similar to the last few proofs. The idea is that, given an m-pseudocoherent object
A, we can construct an (m + r)-isomorphism F — A (meaning its cone lies in
D<"*") with E perfect, where r is some constant only depending on the ambient
space. We will again prove a more general result depending on support. We begin
with the affine case:

Lemma 2.5.42. Let R be a ring and I C R an ideal generated by r elements.
Suppose A € D(R) is m-pseudocoherent and Supp H4(A) C V(I) for ¢ > m. Then
there exists E € Perfy (;)(R) and an evact triangle

E—A—C— E[l]
with C € D<™"(R).

PROOF. We proceed by (ascending) induction on the top cohomology degree ¢
of A. If t < m + r, then the triangle 0 — A — A — 0 satisfies the conclusion, so
assume t > m+r. Since A is m-pseudocoherent, this implies by Example 2.2.44 that
H'(A) is finitely generated, say by elements z1, ..., x,. Viewing the generators
as maps R — A[t] and writing I = (f1,..., f.), observe that A[t] € D=0 and
HY(A[t]) = HIT(A) is supported on V(I) for ¢ > m —t > —r. Therefore by
Lemma 2.5.6, each map R — A[t] corresponding to z; factors as

R — Kosy(f1, ..., ') — Alt].
The middle term is supported on V(f{",..., f{'") = I and concentrated in [—r, 0].

Thus, we may find complexes of finite free modules F;* supported on V (/) and
concentrated in [—r + t, ], with maps F? — A such that z; is in the image of the
induced map on H.

Therefore the direct sum F'* = @, F'® satisfies the same properties and induces
a map F* — A which is surjective on H'. Taking the cone F* — A — A; — F*[1],
it follows that A; € D<!. Since F* is perfect and A is m-pseudocoherent, A; is m-
pseudocoherent, and since F*® is supported in V(1) we find that A|py == Alp(p),
so A; satisfies the same support condition as A. By induction, choose a triangle
P — Ay — C — P[1] with P € Perfy(;)(R) and C € D<™*"(R). Applying the
octahedral axiom to the composite of the two middle maps gives a triangle

E—A—C— E[l]

where FE fits into F'* — E'— P — F*[1]. The latter implies that E' € Perfy () (R),
so the former completes the proof. O

THEOREM 2.5.43. Let X be a qcqs scheme and Z C X a closed set with
quasicompact complement. There exists a constant r > 0 (depending only on X
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and Z) such that whenever A € Dqc(X) is m-pseudocoherent and Supp H1(A) C Z
for g > m, there exists E € Perfz(X) and an exact triangle

E—A—C— E[l]
where C € D™ (X).

PRrROOF. We induct on the number of affine opens covering X. If X is affine,
we are done by Lemma 2.5.42, so in general we may write X = U UV where U is a
quasicompact open satisfying the conclusion of the theorem for all closed subsets,
and V is affine. Let riy be the corresponding number for the inclusion Z NU C U,
and ry be for ZN (X \U) C V. We claim that rx = ry + ry works for Z C X.

We prove this by induction on ¢ = max{q : H4(A)|y # 0}. First suppose
that ¢ < m + ry. This means that for ¢ > m + ry, HI(A) is supported in
ZN(X\U), and Aly is a fortiori (m + ry)-pseudocoherent, so the affine case
provides P € Perfzqx\y(V) and P — Aly — C' — P[1] with C" € D" (V).
Since Z N (X \ U) is X-closed and contained in V', we know from Example 2.4.15
that Rjy P = jy, P so adjunction provides a map jy,1 P — A which we can extend
to a triangle

Rjy P — A — C — Rjy.[l].

Restricting to V', this becomes the previous triangle, and restricting to U the
first term vanishes. Thus Rjy.P € Perf(X), and (RjysP)|x\z = 0 since P
is supported on V' \ Z. On the other hand this means C|y € D<"*"x and
Cly 2 Aly € D<t € D<™*"X since t < m + ry. That finishes this case.

Now assume t > m + 7y, which is the interesting case. Then ¢t — ry > m so
Aly is (t — ry)-pseudocoherent with cohomology sheaves supported in ZNU above
degree t — ryy. Therefore we may choose a triangle

F — Aly — Cy — FI1]
where F' € Perfzry(U) and Cy € D! (U). Adding the triangle F[1] — 0 —
F[2] — F[2] produces
F@F[l] —>A‘U—>01@F[2] —>F[1]69F[2].

The triangle A|y[1] — Ci[1] — F[2] — A[2] and the fact that A|y[1],Cy[1] € D=
imply that F[2] € D<!, thus C; @ F[2] € D<'. By Cor. 2.5.38(b), there exists
P € Perfz(X) such that P|y = F & F[1]. By Cor. 2.5.39, we may modify P to
a new object in Perfz(X) which still satisfies P|y = F @ F[1], but now the first
map in the triangle above is the restriction of a map P — A.

Extend this to a triangle

P— A— Cy— P[],

then Coly = C1 @ F[2] € D<) Cy is still m-pseudocoherent since P is perfect,
and P|x\z = 0 implies that Cy satisfies the same support condition as A. By
induction, we may find a triangle

Q—>CQ—>C—>Q[1]
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where Q € Perfz(X) and C € D<"™*"x_ By the octahedral axiom applied to the
composite A — Co — C, there is a triangle

E—A—C— E[l]

where E fits into a triangle P — E — @ — P[l]. The latter shows that
E € Perfz(X), so the former completes the proof. O

Remark 2.5.44. As we have alluded to, one downside of the construction of f*
is that it is not local on the target. However we can say something: if f: X — Y
is a morphism of qcgs schemes, and U C Y is a quasicompact open, consider
fu: f~Y(U) — U. Then we know that

](*J oRfy = RfU,* © j;—l(U)a

so by taking right adjoints we observe f* o Rjy. = Rjs-1(1)« © f(;- Note in
particular that applying j;*l(U) to both sides gives

f;]( = j;_l(U)fXRjU7*.
This is also a special case of tor-independent base change, which we will prove
later.

Let us begin to prove some results in addition to what we said in Lemma 2.4.56.

Proposition 2.5.45. Let f: X — Y be a morphism of qcqs schemes. The
following are equivalent:
(a) f is quasi-perfect.
(b) For each quasicompact open U CY, f~Y(U) — U is quasi-perfect.
(¢) For {U;} a quasicompact open cover of Y, f~1(U;) — U; is quasi-perfect
for each i.

PRrROOF. Of course (b) = (c), and it is clear from the definitions that (¢) =
(a) because perfectness is checked locally and Rf, is computed target-locally.
Assuming f is quasi-perfect, and keeping the notation above we have f*Rjy . =
Rjy. f{- The LHS preserves coproducts, and Rj f-1u« is fully faithful and
preserves coproducts, hence creates coproducts, so f; preserves coproducts and
we conclude by Lemma 2.4.56. |

With a bit more difficulty we can show something similar for quasiproperness.

Proposition 2.5.46. Let f: X — Y be a morphism of qcqs schemes. The
following are equivalent:
(a) f is quasi-proper.
(b) Rf.E is pseudocoherent for every E € Perf(X).
(¢) Rf«E; is pseudocoherent for all { E;} in a perfect generating set of Dqge(X).
(d) For each quasicompact open U CY, f~1(U) — U is quasi-proper.
(e) For {U;} a quasicompact open cover of Y, f~1(U;) — U; is quasi-proper
for each i.
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PROOF. The obvious implications are (a) = (b) = (¢) and (d) = (e) = (a).
Assume (c), and observe that

{A € Dyo(X) : Rf.(A) is pseudocoherent }

is a thick subcategory of Dy.(X) since the pseudocoherent objects span a thick
subcategory of Dgy.(Y"). Since thick({E;}) = Perf(X) by perfect generation and
Cor. 2.4.41, it follows that Rf.E is pseudocoherent for all E' € Perf(X), proving
(b).

Now assume (b) and let A € Dy (X) be m-pseudocoherent. By perfect
approximation (Thm. 2.5.43), choose r and a triangle

E—A—C— El]

with E € Perf(X) and C € D" (X). Let d be the right-QCoh amplitude of
Rf,, then the triangle

Rf.E — Rf.A — Rf.C — Rf.E[l]

in Dy (Y) shows that Rf.C € D<m+"+d hence it is trivially (m + r + d)-
pseudocoherent. Since Rf,E is pseudocoherent, this implies Rf. A is (m + 7 + d)-
pseudocoherent. Finally, if A was in fact m-pseudocoherent, then this implies
Rf.A is (m + r + d)-pseudocoherent for all m, thus pseudocoherent. This proves
(a) and shows (a), (b), (c) are equivalent.

It remains to prove (c¢) = (d). If E € Perf(f~1(U)), then choose P € Perf(X)
such that P|y = E @ E[1]. By assumption Rf,P is pseudocoherent, so it follows
that Rfy+FE @ Rfy.E[1] is pseudocoherent, and since pseudocoherent objects
form a thick subcategory we deduce Rfy . F is pseudocoherent. This implies the
condition of (b) for U, so fy: f~1(U) — U is pseudocoherent. O

We note that the criterion of (b),(c), and even the locality of (d), rely in an
essential way on the perfect approximation theorem. For instance it is a trivial
consequence of this theorem that quasi-perfectness implies quasi-properness, but
this is not at all clear from the definition.

Example 2.5.47. Let f: X — Y be an affine morphism of schemes. Then f
is quasi-proper (resp. quasi-perfect) iff f.Ox is pseudocoherent (resp. perfect).
Indeed, one direction is trivial, and on the other hand these can be checked locally
on the target so we may assume that X and Y are affine (and thus qcgs). Then
Ox is a generator of Dq.(X), so Rf.Ox = f.Ox being pseudocoherent (resp.
perfect) implies the result by Prop. 2.5.46 and Lemma 2.4.56.

Our last big result of this section will be the following theorem of Lipman-
Neeman:

THEOREM 2.5.48. Let f: X — Y be a morphism of qcgs schemes. The following
are equivalent:
(a) f is quasi-perfect.
(b) f is quasi-proper and f* is bounded.
(c) f is quasi-proper and has finite tor dimension.
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First let us recap what we already know. We proved that (¢) = (a), and we
just said that (a) implies f is quasi-proper. Let us first show the easier remaining
claim, which is that if f is quasi-perfect then f* is bounded. We have already
shown that it has left finite QCoh-dimension (at most the dimension of Rf,).
On the other hand, let E € Perf(X) be a quantitative perfect generator as in
Thm. 2.5.41 for some r > 0. Since Rf.F is perfect by assumption, let (Rf«E)Y
have tor amplitude in (—o0,b]. Assume RI'(Y,—) has right QCoh-dimension d.

Now, given A € D<%, this implies that

(Rf.E)Y @6, A=RHomo, (Rf.E,A) € D",
and hence by applying RT'(Y, —) we conclude
RHomo, (Rf.FE, A) = RHomo, (E, f*A) € D¢+,

By quantitative perfect generation, this implies f*A € D<¢t0+d+7 hence f* has
right dimension at most b+ d + r as desired. The interesting part is the final
remaining assertion.

Proposition 2.5.49. Let f: X — Y be a morphism of qcgs schemes. If f* is
bounded, then f has finite tor dimension.

To prove this, we will prove another technical lemma whose statement has a
similar flavor to the quantitative statements we have been proving so far. The
lemma will allow us to relate the question of boundedness of f* to Ext on an
affine scheme, and hence tor dimension.

Lemma 2.5.50. Let X be a qcqs scheme. There exists ¢ > 0 such that for every
quasicompact open immersion j: U — X, we have

A€ D™ = RHomp, (Rj.Op, A) € D=™+¢

for all A € Dyc(X).

PRrOOF. Let X = Vi U---UV, be an affine open cover of X, and as usual write

Vi=(\Vi Ic{l...,n}
el
Let ¢ exceed the right QCoh-dimension of RT'(V;, —) for all such I, as each V7 is
qcgs. For fixed 4, consider (Rj.Op)|Vi, which corresponds to RT'(V;, Rj.Oy) =
RI'(U NV, Ounv;). UNV; is a qess scheme, so by choosing a cover U NV; =
Ua D(fa) for fo € T(V;,Oy,), this object is represented by the Cech complex
C*({D(fa)}, Ovnv,). It Vi = Spec R, then
CPUD(fa)}. Ove)) = D Rpuyoto,-
apg<---<ap

We now use the following trick; we have seen from Example 2.4.23 that for any
g € R we have an exact sequence

OH@RekH@RekHRQHO
k>0 k>0
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where the maps are given by ey, — e, — gepr1 and ey, — g~ . We claim that each
localized term of the Cech complex above can be replaced by a two-term free
resolution assembling into a bicomplex. Once we do this, it will be clear from the
bicomplex spectral sequence, taking vertical cohomology first, that the natural
map from the bicomplex to the Cech complex is a quasi-isomorphism. This in
particular gives RI'(U N'V;, Ouny;) a finite resolution by countably generated free
modules concentrated in degree [—1,¢ — 1], where ¢ is the length of the cover.

To prove the compatibility, we must show that the Cech differentials lift to the
two copies of @, Rey. Indeed, we first can lift a restriction map R, — Ry to the
free resolution as follows:

l l |

Here, if we let the two vertical maps be given by ej, — hFey,, then both diagrams
commute:

€ — € — gek41 — hkek — ghk+1€k+1 €L — hkek — hkek — ghk+1€k+1

and

en—g " ey hFey o WF(gh)Th =g7h
Now each component of the Cech differentials is a linear combination of projections
composed with restriction maps, so we can lift these too. To summarize, we have
represented RI'(U N'V;, Oyny;) by a finite complex of free modules in degrees
> —1.

Next, apply (—) to obtain a representative for Rj.Oy|y;, i.e. by a complex
in degrees > —1 with terms @ Oy;; restricting to V7 gives the same expression
C? with Oy,. We wish to estimate the functor RHom(Rj.Oy|v,, —). If A € D=™,
then

RHom Oy, (@ Ov,[—q], A) = H RHom@VI (Ov,, Alq))
= T Rr(Vi. A)lg) € D=0,
Then we can use the stupid filtration triangles
0<4-107 = 0<4C1 — P Ovi[~d] — 0<4-1C}

and the computation above to conclude RHom(Rj.Orly,, —) has right-QCoh
dimension at most ¢ + 1, since the nonzero terms C{ have ¢ > —1. At this stage,
we are in good shape to apply the following general ‘induction’ principle. We
note that it is trivial in the bounded case by the Cech spectral sequence, but this
handles the unbounded case.

Lemma 2.5.51. Let X = Vi U--- UV, be a quasicompact open cover of a qcqs
scheme, and F': Dqc(X) — D(A) an ezact functor for A an abelian category. For
Ic{1,...,n} if FoRjy,«: Dqc(Vi) = D(A) has right QCoh-dimension < c for
all I, then F has right QCoh-dimension < c+n — 1.
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In our case, we apply this to RHom(Rj.Op, —), where by adjunction its
composition with Rjy, . equals RHom(Rj.Opyl|v,, —). Thus by the lemma
RHom(Rj.Op, —) has right QCoh-dimension < ¢+ 1+ n — 1 = ¢+ n, which is
independent of U, so this completes the proof. O

PROOF (OF LEMMA 2.5.51). We prove this by induction on n, where the
n = 1 case is tautological. In the general case, write X = W U V,, where
W=ViuU---UV,_1. Both W and the intersection W NV,, = U;‘:_f Vi NV, have
quasicompact covers of length n — 1 whose successive intersections are all successive
intersections of the original cover {V;}. Thus the inductive hypothesis applies to

Fo RjW,* and Fo RjWan*

both with constant ¢. Thus both functors have right QCoh-dimension < ¢+ n — 2.
Now consider the Mayer-Vietoris triangle

A — Rjw.Alw & Rjv, +Alv, — Riwnv, «Alwnv, — A[l]

of Remark 2.4.26, and apply F', assuming A € D;Cm(X ). The summands of the
middle portion lie in DS™*T¢+7=2 and DS"*¢ respectively, and the right side lies
in DSmtetn=2 Thus A[1] € DS™Fetn=2 e, A € DS™Fet"=1 This means that
F has right QCoh-dimension < c¢+n — 1. O

Finally, we can prove Prop. 2.5.49 and thus complete the proof of the Lipman-
Neeman theorem (Thm. 2.5.48).

PROOF (OF PrOP. 2.5.49). Having finite tor dimension is local on Y, and if
U CY is a quasicompact open then we know that

fﬁ = j;;—l(U)fXRjU,*a

and the three functors on the RHS are bounded so f;; is bounded. Thus we may
assume Y = Spec R is affine. Let {U;} be a finite affine cover of X with inclusions
ji: Ui — X, and by taking cohomology of Lemma 2.5.50 we may choose a single
c so that A € D==¢ implies Hom(Rj; .Oy,, A) = 0 for all i. Let b denote the
right-QCoh dimension of f*. .

Thus, for n > b+ ¢, and an R-module M, we have M[n] € DS7°7¢ so
f*(M[n]) € D¢, meaning

0= HOIIID(X) (Rji,*OUia fXM[nD
= Homp(y)(Rf.Rji O, Mn])
= HomD(R) (517 M[?’L]) = EXt%(S’L’ M)

where we have written U; = Spec S; and used that R(fj;)«Ovu, = :S’: as an R-module
because fj; is affine. Since M was arbitrary, pdg(S;) < n. This implies that
U; — Y has finite tor dimension, and thus X — Y has finite tor dimension. [
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2.5.4. Appendix: Quasicoherent representatives. Let X be a scheme.
In this section we will discuss when the natural functors

D*(QCoh(X)) — Dg(X)

give equivalences of categories. We are independently interested in the notion
of when, given an object A € Dy (X), we can represent it as a complex of
quasicoherent sheaves. This is an especially difficult question because of the way
we have set up our unbounded theory, namely without resorting to any general
results about Grothendieck abelian categories. Here is our first major theorem:

THEOREM 2.5.52. Let X be a quasicompact semiseparated scheme. Then the
natural functors
D*(QCoh(X)) — D (X)

are equivalences for x € {( ),+,—,b}.

First of all, it suffices to prove that D(QCoh(X)) — Dgyc(X) is an equivalence.
Indeed, if this holds, then the other functors are clearly fully faithful, and then they
are essentially surjective because we can always apply smart truncation to a possibly
unbounded representative of a bounded object and preserve quasicoherence.

The trick is to prove full faithfulness first. Indeed, once this is done, the essential
image of the functor will be a triangulated subcategory € C Dq.(X) isomorphic
to D(QCoh(X)). Then € is closed under coproducts in Dgyc(X), because these are
computed termwise on any representative, in particular complexes of quasicoherent
sheaves. Now since Dq.(X) is perfectly generated, it suffices to show Perf(X) C &,
and, by quasicompactness, it suffices to show DgC(X ) C €.

But this is clear by induction on the cohomological amplitude: indeed if
A € Dy (X) is concentrated in one degree, then obviously A € €. If A is
concentrated in [a, b], then

A — T>414 — H(A)[—a] — A[1]
is exact, so by induction A € €. Thus it remains to show that the functor is fully
faithful.

PrOOF (OF THM. 2.5.52). Fix an object A € D(QCoh(X)) and consider the
full replete subcategory € C D(QCoh(X)) such that

HomD(QCOh(X))(A, B[q]) — HOHIDqC(X)(A, B[q])
is a bijection for all ¢ € Z. Since Hom’s are cohomological, € is triangulated.
First let U C X be an affine open; by definition of qcss, j: U — X is an
affine morphism. Therefore j,: QCoh(U) — QCoh(X) is an exact functor, and
moreover we can descend the adjunction j* - j, by Remark 1.3.21 to

J*: D(QCoh(X)) = D(QCoh(U)) : j«
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because j* is exact and QCoh(U) = Mod(Ox (U)) has enough injectives. Therefore
for all N € D(QCoh(X)), we have

Hom p(qcon(x)) (4 3+N[g]) = Hompqconw)) (74, N(g])
= Homp, (1) (j" A, Nq])
= Homp_ (x)(A, Rj«N[q])

by the affine equivalence. Now if we represent N by a complex G* of quasicoherent
sheaves, then we know that j.G®* =~ Rj,.G*® since j is affine (Example 2.3.45), so
this implies that j.IN € &€ for all N.

Now let B € D(QCoh(X)) and write B = F* for F* a complex of quasicoherent
sheaves. Let U be a finite affine open cover of X, and consider the ordered Cech
resolution:

0— F*— Hjio,*f.|U¢ T H jio-uin,*f.|Ui0.“in —0
i0 10<-<in
This is termwise an exact sequence, so we may view it as a finite exact sequence of
complexes in Ch(QCoh(X)). Each Uj,...;, is an affine open, so each jiOA..ip,*f’|Ui0mip
is in €. Since the products are finite, that implies all terms above except the first
are in €. Since € is triangulated, this implies F* = B € £. As B was arbitrary,

this proves full faithfulness. O

Remark 2.5.53. There’s a small missing step in the proof, which is that Re-
mark 1.3.21 does not immediately give us an unbounded derived adjunction. But
this can easily be fixed because we know that QCoh(U) has K-injective resolutions
(with terms in QCoh(U) as U is affine, as in Remark 2.3.29), and j. of such a
K-injective resolution remains K-injective as j* is exact, so we reduce to the case
of the homotopy category just as in Remark 1.3.21.

Here is a sample application of this. If X is a scheme, we say X has the
resolution property if every finite type sheaf F on X admits a surjection from
a finite locally free sheaf. We will prove more basic facts about the resolution
property in the coming sections. The intermediate result is:

Lemma 2.5.54. Let X be a scheme with the resolution property and F* a bounded
above compler of quasicoherent sheaves.
(a) If F* is m-pseudocoherent, there is a quasi-isomorphism ¢: E® — F* in
Ch(QCoh(X)) such that EP is finite locally free for p > m.
(b) In the situation of (a), if there is v > m for which FP is finite locally free
for p > r, then we may take EP = FP and ¢ =1d for all p > r.

We will show later that any Noetherian scheme with the resolution property is
automatically semiseparated (and in fact this is true for any qcqs X by means of
Noetherian approximation). To prove this we need a very standard lemma:

Lemma 2.5.55. Let X be a qcqs scheme and F € QCoh(X).

(a) If U C X is a quasicompact open and G C F|y with G € QCoh(U), G
extends to a quasicoherent subsheaf of F on X.
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(b) In (a) if G is of finite type, then we may take the extension to X to be a
finite type quasicoherent subsheaf of F.

(c) F is the filtered colimit of its finite type quasicoherent subsheaves.

(d) If F — G is a surjection onto a finite type quasicoherent sheaf, there
exists a finite type quasicoherent subsheaf F' C F such that F' — G is
surjective.

PRrROOF. (a) Then j: U — X is qcgs, so K = ker F — j.(F|y/G) is quasico-
herent. The exact sequence

0—=K—F—=j(Flu/9)

makes it clear that |y = G.

(b) By (a), we may assume G = Fy. Since X can be covered by finitely
many affine opens, it suffices (inductively) to show that for each V = Spec A we
can extend F|y to a quasicoherent finite type subsheaf of F|yy. Indeed, write
UNV = D(fi)U---D(f,) for f; € A and F|yy = M for M an A-module. By
assumption My, is finitely generated for each i, so by lifting generators we may
choose w1, ..., 2y, € M whose images generate My, over Ay,. Let N C M be the
finite submodule generated by these elements, then the N<—F |y restricts to an
isomorphism on each D(f;), hence N lunv = Fluny. By descent there is some
G C Fyuv such that G|y = Fly and G|y = N, as desired.

(c) Let {F,} be the filtered collection of finite type quasicoherent subsheaves
with inclusions and consider the natural map lim Fo — F which is clearly
injective because each F, — F was. For surjectivity, let U C X be an affine
open, x € F(U), and (x) C F|y the corresponding finite type subsheaf. This
extends to a finite type quasicoherent subsheaf F3 C F by (b), which shows that
lim Fo(U) — F(U) is surjective. Thus lim F,|y — F|y is surjective since U is
—x —Q
affine, which implies the result.

(d) Write F = lii>na Fo asin (c) and let G, = im (F, — G) so that G = liLRla Go.
Since G is of finite type, we can choose a finite affine cover U; with G(U;) a finite
Ox (U;)-module and G(U;) = U, Ga(U;). Thus G(U;) = Gg,(U;) for some f3;, and
by finiteness there’s a single 3 which works for all 7. Therefore G = Gg, so F3 — G
is surjective. O

We will use (d) in the proof of the lemma and again in the Noetherian case.
There is also the following extension lemma which is useful for constructing explicit
complexes.

Lemma 2.5.56. Let A be an abelian category and ¢: A* — B® a chain map in
Ch(A) with cone C* = Cone(¢p). Suppose that:
(i.) n € Z is such that A* € Ch=""1(A) and C* € D="(A); and
(ii.) we are given a map X — Z"(C*®) such that X — Z"(C*) — H"(C*®) is
surjective.
Then there is a chain map ¢o: Ay — B® from a complex Ay € Ch="(A) with the
following properties:
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(a) o>n1Af = A®, Af = X;
(b) and Cone(¢g) € DS""1(A).

PROOF. Write the map X — C™ = A" @ B™ in components (h, f). The fact
that this factors through Z"(C*®) means that

—dsh=0 and  oh+dgf =0,

so if we define A{ to be

—h d
= 0—=0—-X =5 Ay —5 Apga — o,

then this is indeed a complex. Now define ¢g: A3 — B® to be ¢’ for i > n + 1,
and ¢j: X — B" to be f. The second relation ensures that this is a chain map.

It remains to check property (b); consider the stupid truncation triangle
A — Ay — X[—n| — A[l]. Since the composite A — Ay — B coincides with ¢,
the octahedral axiom gives the exact triangle

X[—n] — C*®* — Cone(¢g) — X[—n + 1],

and it is easy to check that H"(X[-n]) = X — H"(C®) coincides with the
composite X — Z"(C*) — H"(C*®), which is surjective. Thus the triangle shows
Cone(¢g) € DS"L(A). O

PROOF (OF LEMMA 2.5.54). Here’s how we apply this lemma; let F* be m-
pseudocoherent, and suppose that FP is finite locally free for p > r > m. If
r = m then we're done, so assume 7 — 1 > m. Start with £* = o>, F* which is a
complex of finite locally frees with the natural inclusion £* — F*. The cone C*® is
isomorphic in the derived category to o<,_1F*® which is in D="~1. The triangle

E*— F* = C* — &%)
shows that C* is m-pseudocoherent, with top cohomology in degree r — 1 > m,
which we know implies H"~1(C*) is of finite type. By Lemma 2.5.55(d), we can
find a finite type quasicoherent subsheaf of Z"~!(C*®) which has full image in
H™1(C*); thus we may take a map from a finite locally free sheaf & — Z"~1(C*®)
which has full image in H"~1(C*®). Since this factors through cycles, it lifts to a
map E[—(r — 1)] — C* inducing a surjection on cohomology.

The construction above allows us to append £ to £° to obtain a complex &§ of
finite locally frees concentrated in degrees > r — 1 with a map £ — F* that has
cone in D="72. We can now repeat this process until we obtain £* — F* with £°
a complex of locally frees in degrees > m, with cone C® in DS™~!. Now the top
cohomology of the cone may not be of finite type, so just apply the construction to
the inclusion Z™~1(C*®)[—(m — 1)] — C*® which is just some quasicoherent sheaf.

Continue this inductively downwards, at each step reducing the top cohomology
of the cone by 1 to obtain a final complex £° with a map £* — F°*. Since each
step only affects the bottom cohomology of £°, this map is an isomorphism on all
cohomology, and it has the desired properties. O

Proposition 2.5.57. Let X be a gcss scheme with the resolution property, and
let Ry C Mod(Ox) denote the class of finite locally free sheaves.
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(a) An object in D=Y(X) is pseudocoherent iff it is represented by a complex
of finite locally free sheaves concentrated in degrees (—oo, b|.

(b) An object E € D(X) is perfect with tor amplitude in [a,b] iff it is repre-
sented by a complex of finite locally free sheaves concentrated in [a, b).

(¢) The natural functors

K™ (R.) — PsCoh(X) K°(R.p) — Perf(X)
are triangulated localizations by the quasi-isomorphisms.

Proor. For (b) the converse is clear because such a complex is locally a
bounded complex of finite frees. For (a) the converse is clear because a bounded
above complex of pseudocoherent sheaves is pseudocoherent (Lemma 2.2.52). For
(a), first apply Thm. 2.5.52 to represent a pseudocoherent object by a complex
F* of quasicoherent sheaves, and we can assume by smart truncation that F° is
concentrated in (oo, b].

Now by Lemma 2.5.54(b), we can choose a quasi-isomorphism F§ — F* with
F? in (—oo,b] a complex of quasicoherent sheaves with F? a finite locally free
sheaf, since F* is b-pseudocoherent. It is also (b—1)-pseudocoherent, we can repeat
this construction inductively for all i < b while modifying the complex only below
degrees i. This is well-defined because termwise the complex is eventually constant,
and thus we obtain a well-defined chain map £°® — F*® where £° is a complex of
finite locally frees concentrated in (—oo,b]. This is a quasi-isomorphism because
in the corresponding inverse system the cohomologies are eventually constant.

Represent E by some F* € Ch(QCoh(X)) concentrated in (—oo, b] and take the
quasi-isomorphism £® — F* as in (a) where £° is a complex of finite locally frees
in (—o0,b]. Apply smart truncation £* — 7>,€® which is a quasi-isomorphism,
and we claim (7>,€®)¢ is still finite locally free. Indeed, there is an exact sequence
of the form

N ga—2 _ ga—l N (Tzag.)a =0
which implies (75>,E°®)? is pseudocoherent (Lemma 2.2.43) hence finitely presented.
On the other hand, by Prop. 2.2.53 this sheaf is flat. Thus it is a finite locally free
sheaf.

(c) We use the triangulated equivalence of Thm. 2.5.52 without further men-
tion. The natural map K™ (R,;) — D(QCoh(X)) lands in PsCoh(X) by the
easy direction of (a); as in Remark 2.4.9, if we let D C K(QCoh(X)) be the
pseudocoherent complexes, then we know that this is a localizing full triangulated
subcategory (as it is saturated under quasi-isomorphism). Then the criterion of
Remark 2.4.9(4) proves that the first functor of (c) is a triangulated localization by
quasi-isomorphisms since all pseudocoherent complexes of quasicoherent sheaves
admit a quasi-isomorphism from a bounded above complex of finite locally free
sheaves, as shown in (a).

Likewise, it follows from (b) that K’(R,;) — D?(QCoh(X)) has essential
image Perf(X). Now let D C K?(QCoh(X)) be the full triangulated subcategory
of bounded perfect complexes (of quasicoherent sheaves), which is again localizing
because it is saturated under quasi-isomorphisms. Now if F* is a bounded perfect
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complex, we can choose an interval [a,b] so that F* has tor amplitude in [a, b]
and is concentrated in [a,b]. Then the argument of (b) gives a quasi-isomorphism
E® — F* with £° concentrated in (co,b] and £* — 75,E® a quasi-isomorphism.
But since F* is concentrated in [a, b, this map factors through a quasi-isomorphism
T>q€® — F* with the desired properties. The criterion of Remark 2.4.9(4) then
shows that the functor is a triangulated localization. O

Now we return to the discussion of D(QCoh(X))-Dg.(X) equivalence, and we
move to the more subtle case which is when X is a Noetherian scheme. Once
again it is true that the unbounded equivalence holds, but we will not prove it in
this generality because it would require facts we don’t have about Grothendieck
abelian categories and the coherator. But the bounded below case is indeed
accessible, which will also prove the practical case that D® Coh(X) = D% | (X) for
a Noetherian scheme X.

This case requires a non-obvious fact from commutative algebra, which is that
if M is an injective R-module and R is Noetherian, then M is a flasque sheaf on
Spec R. To prove this, first if R is a ring and I C R is an ideal, then we write

I'y(M):={xeM:I"x =0 for some n >0}
for M an R-module. It is clear that this is again an R-module. The most basic
observation is that for f € I, T';/(M); = 0, meaning that I';(M)[p) = 0. (If

I add a section on real Noetherian local algebra, then this notion will be very
important.)

Lemma 2.5.58. Let R be a Noetherian ring and M an injective R-module. Then
' (M) is an injective R-module.

PROOF. Let J C R be an ideal, and consider a map ¢: J — I';(M). Since J
and hence ¢(J) are finite R-modules, there exists n > 0 such that 0 = I"¢(J) =
¢(I™J). By the Artin-Rees lemma applied to J C R, there exists m such that
IndJcliI™j,so¢(I™nNJ)=0. Thus there is a well-defined map I"™ + J — M
given by a+b +— ¢(b) for a € I and b € J. This extends to R — M by injectivity,
and since I"™ — 0 it follows that this factors through a map R — I';(M) which
extends ¢. Thus I';(M) is injective (Lemma 1.4.12). O

Proposition 2.5.59. Let R be a Noetherian ring and M an injective R-module.
Then M 1is a flasque sheaf on Spec R.

PROOF. Let U C Spec R, then by Noetherianity write U = D(f1)U---UD(f,).
Let s € I'(U, M). We claim that we may choose N and x; € M such that

N
s|p(s,) = il fi
and fJNJL*Z = fNx; for all i,5. Indeed, we can clearly write slpepy = i/ fi for
some n and x; € M, since these agree on overlaps D(f;f;) we obtain one e such

that (f;f;)°(fj'zi — fl'z;) = 0 for all 4,j. Then evidently we may replace x; with
fixziand N =n+e.
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Next, let I = (fV,...,fN), so D(I) = U. Let a: R" — I be the surjection
associated to the generators, and 5: R" — M the map corresponding to the z;.
Then fJNB(v) = a(v)x; for v € R" as this relation holds on the basis. In particular,

if v € ker(«), then fJNB(v) =0, so 3 restricts to keraw — I'7(M).

By injectivity of I';(M), lift this to a map 8': R" — I';(M). § and 5’ agree on
ker o, so 3 — f3’ factors through R"/ker a = I, inducing a map ¢: I — M. Then
Blu: Iy = Oy — Mly
corresponds to a section of M|U To compute it, note that poa = 8 — 3, so

o(FN) =z — B(e1), s0

Plu(f) =
as 1“7(\]\7)|U = 0 and f’ has image in I';(M). On D(f;), this implies that ¢(1) =
zi/ [ = s|p(y,), hence @ly(1) = s. Finally, lift ¢ to a map Ogpec r — M,ie. a
section of M. Its restriction to U corresponds to the map Oy — M |7, namely ¢,

so the section of M restricts to s. Since U and s were arbitrary, this proves that
M is flasque. O

Here is the immediate corollary: if f: X — Y is a morphism of schemes with
X a Noetherian affine scheme (so in particular f is automatically qcqs), then the
right derived functor of f, computed via the injective resolutions in QCoh(X)
coincides with R fy, i.e. the diagram

DT (QCoh(X)) — D(;FC(X)
R(f.) | |z
DT (QCoh(Y)) — D(J{C(Y)
commutes, as we know Rf, can be computed on flasque resolutions.
THEOREM 2.5.60. Let X be a Noetherian scheme. Then the canonical functor
ix: D*(QCoh(X)) = Dio(X)
is an equivalence of categories for x € {+,b}.

PROOF. As before, it suffices to prove the case x = +. Fix A € DT (QCoh(X)),
and let & be the full subcategory of B € D*(QCoh(X)) for which the map
Homp+(qeon(x)) (4, Blal) — Homps (1 (ix A, ix Blg))

is a bijection for all ¢ € Z. Then & is replete triangulated. First suppose
B = R(j.)C for C € DT (QCoh(U)) and j: U — X an affine open inclusion. Then
QCoh(U) has enough injectives and j* is exact, so by Remark 1.3.21 we have an



238 Derived categories of schemes

adjunction j* - R(j.), which implies
HomD+(QCoh(X)) (A, R(]*)C[Q]) = HomD+(QCOh(U))(j*A’ C[q])
= HomD(TC(U) (7*ixA,iyClq])
= HomD(;(X) (ixA, RjxiyClq])
= Hongc(X) (ixA,ixR(j.)Clq)),

where the second step is by the affine equivalence, and the third is the observation
made above the proof. Thus R(j.)DT(QCoh(U)) € €.

We will show by Noetherian induction that & = DT (QCoh(X)). Suppose
Z C X is a closed subset such that B € & whenever SuppB C Z’' for Z/ C Z
a proper closed subset. Let Supp B C Z; if Z is empty, then clearly B € &, so
assume not and let U be an affine open with U N Z # @&. Take the cone

B — R(j.)Blv — C — B[],

then it will suffice to prove that Supp C' C Z \ U, since then C € € by induction,
and R(j.«)B|y € € by the case above, so B € €. Since cohomology commutes with
the exact functor iy, we may apply ix and show that SuppixC C Z\ U in the
triangle
ixB — Rj.(ixBly) — ixC — ixB[l].

If we restrict to U, then the first map becomes an isomorphism, so SuppixC C
X \ U. On the other hand for each open V' C X \ Z, we have Rj.(ixB|v)|lv =0,
so the first two terms are both supported in Z, and hence the third is as well.
Applying this to Z = X gives full faithfulness.

Now let € be the essential image of ix, which we now know is a triangulated
subcategory equivalent to DT (QCoh(X)). If j: U < X is an affine open inclusion,
then Rj,.C € € for C € D(}<U ), because the affine equivalence lets us replace
C with iyC, and then Rj.iyC = ixR(j.)C. We again proceed by Noetherian
induction on a closed subset containing support. If A € D(}(X ) is supported in Z,
then for U an affine open with U N Z # &, we have the triangle

A — Rj.(Aly) — B — A[l].
The argument above shows Supp B C Z \ U, so by induction B € €. Thus A € €,

proving essential surjectivity. O

In the Noetherian case, we want to be able to say something about D Coh(X)
as well. We will deduce this from a more general lemma about Serre subcategories
and quotients and apply the fact that Coh(X) C QCoh(X) is a Serre subcategory
when X is Noetherian.

Lemma 2.5.61. Let B C A be a Serre subcategory of an abelian category, and
denote by D} (A) the full subcategory of D*(A) with cohomology in B.

(a) D3(A) is a triangulated subcategory, and there is a natural functor
D*(B) — D3(A)

induced by the universal property.
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(b) Assume that for every epimorphism M — N for N € A, there is a subob-
ject M' € M with M' € B such that M' — M — N is an epimorphism.
Then the natural functors

D™(B) — Dy(A)  D"(B) — D(A)

are triangulated equivalences.
(c) In the case of (b), every complex A® € K*(A) admits a quasi-isomorphism
B* — A® with B* € K*(B).

PrROOF. (a) Closure under shifts is clear, and if A — B — C' — A[1] is exact
with A, B € D3 (A), then the long exact sequence in cohomology includes

H™(B) — H"(C) — H""(A)

with outer terms in B, and thus H"(C') € B as B is Serre. Also since B is Serre, a
complex with terms in B has cohomology in B. Thus there is a natural functor
K*(B) — D3 (A) sending quasi-isomorphisms to isomorphisms, and hence this
descends to the derived category of B.

(b) The bounded equivalence follows from the bounded above one: indeed, the
latter implies that D(B) — DY (A) is fully faithful, and that we can represent
an object of D% (A) by a bounded above complex B® of objects of B. But now
B*®* — 75, B* is a quasi-isomorphism for some r < 0, and (7>,B°)" is a quotient
of B"!, hence lies in B.

The bounded above equivalence will follow from the fact that every complex
A* € K™ (A) with cohomology in B admits a quasi-isomorphism B® — A® with
B* € K™ (B). Indeed, this makes essential surjectivity clear; on the other hand
note that the subcategory of K(A) with cohomology in B is full triangulated
and localizing since it is saturated under quasi-isomorphisms in the sense of
Remark 2.4.9. Moreover, by criterion (4) of that Remark, the functor is fully
faithful.

So, let A* € K~ (A) have cohomology in B, and suppose A* = 0 for i > m,
and make the following descending inductive construction starting at m. The
mth stage is the zero map 0 — A°®. At the n + 1th stage we will have a map
¢nt1: Bayy — A® with Cone(¢pns1) € D" and B, € Ch=""1(B). Considering
the surjection

Z"(Cone(@n 1)) — H"(Cone(dns1)),
our assumption says that we may choose a map B" — Z"(Cone(¢pn+1)) whose
composite with the above is surjective and B™ € B. By Lemma 2.5.56, we can
glue B" onto By, to obtain a map ¢,: BS — A® whose cone lies in DS""1,
completing the inductive step.

The terms and differentials of By, stabilize after the (n+ 1)th step, so we obtain
a well-defined complex B® € Ch(B) along with a map B®* — A® such that ¢,
equals the composite 0>, B®* — B®* — A®. This composite induces an isomorphism
on H' for all i > n + 1, and hence H'(B®*) — H'(A®) is an isomorphism for all
i > n+ 1. But n was arbitrary, so B®* — A® is an isomorphism. O



240 Derived categories of schemes

Corollary 2.5.62. Let X be a Noetherian scheme. The canonical functor
DPCoh(X) — Db, (X)

coh

is a triangulated equivalence.

PROOF. Since the equivalence D’ QCoh(X) — DgC(X) of Thm. 2.5.60 com-
mutes with cohomology functors, it follows that

Don(x)(QC0h(X)) — Dy (X)

coh

is an equivalence. On the other hand since X is Noetherian, Coh(X) C QCoh(X) is
a Serre subcategory; since finite type quasicoherent sheaves coincide with coherent
sheaves on X, Lemma 2.5.55(d) proves that Coh(X) C QCoh(X) satisfies the
hypothesis of Lemma 2.5.61(b). Thus we obtain an equivalence D®Coh(X) —
D% oh( X)(QCoh(X )), and composing it with the equivalence above proves the
result. O

For completeness, let us discuss the relation of the category Dgoh(X ) in the
Noetherian case to pseudocoherence. We will write Dy, (X) for the full subcategory
of pseudocoherent objects of D(X). We have seen that this is a thick subcategory.

First, pseudocoherence behaves very well in the Noetherian setting. Let F be an
Ox-module on X. We claim that this is pseudocoherent in D(X) iff F is a coherent
sheaf. This is easy if we work locally, since we’ve shown that pseudocoherence on
Spec A is equivalent to pseudocoherence on A. Thus we reduce to showing that if
M is a module over a Noetherian ring A, then M is pseudocoherent iff M is finite.
This is clear from Lemma 2.2.43 by the existence of finite-free resolutions. This

makes it easy to prove the following:
Lemma 2.5.63. Let X be a Noetherian scheme. Then Dyo(X) = D_ (X).

PROOF. (<) If A is bounded above with coherent cohomology, then by the
above remark it is bounded above with pseudocoherent cohomology, which implies
that A is pseudocoherent by Lemma 2.2.52. (=) We know A is bounded above,
so let H™(A) be the top nonzero cohomology and consider the exact triangle

ren1A = A — H'(A)[-n] = 7en 1 AlLL

Since A is pseudocoherent, H™(A) is quasicoherent, and it is finite type by Ex-
ample 2.2.44. Thus it is coherent, hence pseudocoherent, hence H"(A)[—n] is
pseudocoherent. This implies that 7<,,—1 A is pseudocoherent by the 2-of-3 prop-
erty (Lemma 2.2.42). Thus by the same argument H" 1(7<,_1A) = H" 1(A) is
coherent, and so on. O

Note that if X is Noetherian, then D%, (X) = tria{G : G € Coh(X)}. In-
deed, this follows immediately from truncation triangles and induction on the

cohomological amplitude.

Lemma 2.5.64. Let f: X — Y be a morphism of Noetherian schemes. The
following are equivalent:

(a) RPf.G is coherent for allp >0 and G € Coh(X).
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(b) Rf. restricts to a functor Db, (X) — Db .
(c) f is quasi-proper.

(d) Rf. restricts to a functor DY, (X) — DL, (Y).
(e) Rfs restricts to a functor Deop(X) — Deon(Y).

(Y).

PROOF. (a) = (b) The preimage Rf; (D%, (Y)) is a triangulated subcategory,
so the observation above implies this (and that Rf, is bounded). (b) = (¢) In
particular all perfect objects map to pseudocoherent ones, so Prop. 2.5.46 implies
this. (¢) immediately implies (a), so the first three are equivalent.

Since Rf, is bounded in both directions, (e) = (d) = (b), and (d) follows
immediately from the hypercohomology spectral sequence and (a), and then (e)
follows from (d) and (c) and the canonical truncation triangles. O

It is in fact true that all of these conditions are equivalent to f being proper,
and that (a) can be checked only for p = 0,1, but we probably will not prove the
direction that these conditions imply properness.

Example 2.5.65. Let f: X — Y be an affine morphism of Noetherian schemes.
Then we know that the conditions above are all equivalent by Example 2.5.47 to
f+Ox being coherent, or in other words f being finite. This is also just clear from
(a) and affine vanishing.

We also wish to relate our study of the category Dz(X) to coherence and
pseudocoherence. We write Dé’oh’ 5, =DP, (X)NDz(X) for a closed subset Z C X.

coh
Indeed, we have the following simple characterization:

Lemma 2.5.66. Let X be a Noetherian scheme andi: Z — X a closed immersion.
The following subcategories of Dqc(X) are equal:

(a) Dgoh,|z|(X)'
(b) tria(i, Dby (7)) = thick(i, D%, (7))
(c) tria({i«G : G € Coh(Z)}) = thick(i+G : G € Coh(2)).
(d) tria({G € Coh(X) : Supp G C |Z|})

In particular, they depend only on |Z].

PRrROOF. We can ignore the ‘thick’ statements of (b) and (c) because (a) is
thick. Since e.g. a closed immersion is finite, we have

tria({i.G : G € Coh(2)}) C tria(ix D2y, (Z)) C Dl 2/(X)-

coh ¢

It is clear that Dboh,|Z|(X) = tria({G € Coh(X) : SuppG C |Z|}) by truncation

C

triangles. So, let Z = V() for a coherent ideal sheaf Z and let G be coherent and
supported on |Z|. Then we know that ZVG = 0 for N >> 0, so we have a filtration

0=IVgcIN'Gc---CcIGCg
and hence exact triangles
"6 — I"'G — Fp — IV F[]
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where Fy, is a sheaf with ZF;, = 0, i.e. Fy = i, F}, for some Fj, € Coh(Z). Thus
descending induction on k shows that ZF¥~1G is in tria({i,F : F € Coh(Z)}), and
thus we conclude. O

Let us use our formalism to give a more usable version of a statement we proved
in the unbounded case. This will be a good example where unbounded /infinitely
generated statements are easier because more derived functors exist.

Proposition 2.5.67. Let X be a Noetherian scheme, j: U — X an open immer-
sion, and Z = X \ U. The natural functor

Dsoh(X)/Dgoh,Z(X) - D(Iz)oh(U)
(X) — D?

, .. % . b
induced by restriction j*: D coh

coh (U) is an equivalence.

PROOF. By definition ker(j*) = Dé’oh’Z(X). We claim the canonical map

Deon(X)/Deon, 2(X) — Dae(X)/Dz(X)

coh

is fully faithful. We will reduce this to the following lemma, and then prove the
lemma afterwards:

Lemma 2.5.68. Let X be a Noetherian scheme, U C X an open subset, F*® €
K®(Coh(X)), and G* € K*(QCoh(X)). If G*|v is acyclic, then every chain map
F* — G* factors through a complexr K* € K°(Coh(X)) such that K*|y is acyclic.

Given the lemma, let’s show that each of the maps in
b
DLy (X) _ Dh(X)  DL(X)  Dy(X)

coh N
Dl z(X)  Dy(X)  Di(X)  Dz(X)

is fully faithful, all using the criterion of Remark 2.5.15. For the latter two functors,
we use the usual trick: let A — B be a map with A € D! (X) and B in D} (X).
Then for ¢ > 0, we know this factors as A — 7<.B — B. Likewise for the third
functor, consider A — B where A € Dz(X) and B € D/ .(X). Then this factors
through A — 7>.4 — b for ¢ < 0.

For the first functor, let A € D2, ,(X) and B € D%(X), and consider a map
A — B. By Cor. 2.5.62 and Thm. 2.75.607 we can represent this by a roof of the
form

F*—F —-G*
where F* € K®(Coh(X)) and G* € K*(QCoh(X)). By Lemma 2.5.61(c) we may
replace F? with a complex in K®(Coh(X)). By Lemma 2.5.68 the second map
factors through some ® whose cohomology is supported on Z, and thus the roof
gives such a factorization in the derived category. This proves the first functor is
fully faithful as well.
Now consider the commutative diagram:
Db

coh

)

coh

[ [

D4e(X)/Dz(X) —— Dqc(U)

(X)/ Doy z(X) — D¢
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since the composites are fully faithful, it follows that the top map is fully faithful,
and thus has triangulated image. Therefore to see it is essentially surjective, it
suffices to show that every F € DP, (U) is in the image (as tria of these are

the whole subcategory). Indeed, j.F is quasicoherent and F = j.F|y, so by
Lemma 2.5.55(b) F extends to a coherent sheaf on X. O

PrOOF (OF LEMMA 2.5.68). The image of F* in G® is a subcomplex of co-
herent sheaves of G°®, so we may assume F°* C G*® is an inclusion. We factor the
inclusion through a complex of coherent sheaves which is exact on U by descending
induction on the top degree of F*. Thus suppose F*|y is exact in degrees > n.

Consider the coherent sheaf Z"(F*®) = ker (d'%: F"* — F™T1) C G", and take
the preimage P := dél(Z”(]:')) C g™ !, which comes with a map dg: P —
Z™(F*). We can also write this as in the pullback square

P Z7(F)
ll dnfl l
which makes it clear that upon restriction to U, the bottom map becomes surjective

and hence the top map P|ly — Z"(F*®)|v is surjective too. By Lemma 2.5.55(d),
we may find a coherent subsheaf Fy C P|y such that

Fo — Plu — Z"(F*)|u

remains surjective, and thus by Lemma 2.5.55(b) we may extend Fy to a coherent
subsheaf 7' C P over all of X. Now define K? = FP for p # n — 1, and
Kl = Fr=l 4 F/  P. We keep all the differentials the same except £~ 1 — K
is the restriction of P — Z™(F*®) which in particular makes £® a complex satisfying
F* C K* C G*. Then K" ! is coherent, and the restriction K" 1|y contains Fy
which surjects onto Z"(K*®)|y, thus H"(K®|7) = 0. This completes the inductive
step without modifying the complex in degrees > n, completing the proof. O

Remark 2.5.69. This is one of the many instances we have seen that full
faithfulness allows us to trivially extend a statement to its triangulated closure.
For instance, in the proof above we didn’t have to worry about compatibly
extending an object of D, (U) to D, (X), though the lemma proves that we
can always do this. Note that the extension is certainly not given by Rj, as it was

in the unbounded quasicoherent case, because this is usually not coherent.






CHAPTER 3

Derived categories in Algebraic geometry

3.1. Classical regularity

3.1.1. Some local Noetherian algebra. We will now, for fun, discuss some
classic results on local Noetherian rings, with the focus on giving homological
criteria for concepts in scheme theory. The only reasons this is appearing here are
that we just discussed the Koszul complex and that we will use these results in
the next section.

In this section, we will continually work with (R, m) being a Noetherian local
ring. Sometimes we also write (R, m,k) to indicate the residue field £k = R/m.
We assume only standard concepts like Nakayama’s lemma, associated primes,
dimension, etc. We will build up to results like the Auslander-Buchsbaum-Serre
theorem on regularity.

Throughout this section, we will write Kosk(f;M) = Kosk(f) ®r M for an
R-module M, which is also the derived tensor product since the first term is K -flat.
This retains many of the properties we discussed in the previous section (though
it is not a dga). For instance, the induced endomorphism f;: Kosk(f, M) —
Kos%(f, M) is still nullhomotopic for each i since the tensor product of complexes
descends to the homotopy category. Similarly, it is clear that

H(Kos(f), M) = M/(fu, .., ;)M

as before. Here is another useful observation: we know that the cone of a map in
the abelian category itself produces the corresponding complex in degrees [—1,0].
In particular, we have the exact triangle

M L5 M - Kost(f,, M) — MI1],

so tensoring this with Kos%k(f1,..., fr—1) produces the exact triangle

Kos%(fis o fre1) 25 Kost(fiy o frot) — Kosh(frv.o o) fr) —

in K(R). This will be useful for inducting on the length of a sequence.

Let M be a finite R-module. An ordered sequence (f1,..., fr) of elements of m
is an M -regular sequence if the image of f; is regular (i.e. a nonzerodivisor) over
M/(f1,..., fic1)M. Observe that if M # 0, then M/(f1,..., fr)M # 0, because
otherwise M = 0 by Nakayama’s lemma. We can answer basic questions about
this notion using the following homological characterization:

Lemma 3.1.1. Let (R,m) be a Noetherian local ring and M a finite R-module.
The following are equivalent for a sequence f = (fi,..., f;) in m:
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(a) f is an M-regular sequence.
(b) HP(Kosg(f,M)) =0 for p # 0.
(c) H*I(KOSR(L M))=0.

PROOF. (a) = (b) The relevant complex is
M ®% Kos(f1) @k - -- @% Kos(f,),
and we observe inductively that
M ®@% Kos(f1) ®% -~ ®% Kos(f;) = M/(f1,..., fi) M.

Indeed for i = 1 this is M 25 M ~ M/ fi M because fi is regular on M, and the
inductive step is because

M/(f1,. ... fic1)M @5 Kos(fi) = [M/(f1,.... fic)M — M/(f1,..., fie1)M]

and f; is regular on this quotient. Thus this is M/(f1,..., fi)M, and taking i = r
gives the result.
(¢) = (a) This is also by induction on r, noting that f; is regular on M iff

ML p is exact at the first spot. Let f = (f1,..., fr—1), and consider the exact
triangle

Kos(f;M) 15 Kos(f;M) — Kos(f, fr:M) — Kos(f;M)]1].

Applying H*, the assumption gives the exact sequence
H=(Kos(f:M)) £ B! (Kos(f:M)) — 0,

and since the terms of the Koszul complex are finitely generated, the homology
is too, so H'(Kos(f;M)) = frH '(Kos(f;M)) implies H ' (Kos(f;M)) = 0
by Nakayama’s lemma. Thus (fi,..., fr—1) is M-regular by induction. The
assumption also gives the exact sequence

0 — HO(Kos(f;M)) 1> HO(Kos(f;M)),
meaning f, is injective on M/(f1,..., fr—1)M, completing the proof. O

This, for instance, shows that a sequence being M-regular (under these as-
sumptions) is independent of the chosen order. Note that in the proof, we used
Noetherianity to say that the cohomology of a complex with finitely generated
terms is finitely generated. This is because the submodule of cycles is finitely
generated. We used locality and finiteness to apply Nakayama’s lemma.

If (R, m) is Noetherian local and M is finite, we define depthz(M) to be the
supremum of lengths of M-regular sequences. Once again, to prove basic properties
about depth we will want a cohomological characterization of this. In the proof,
we will use the following observation:

Remark 3.1.2. Consider (R, m, k). Observe that m acts trivially on the object
RHompg(k, B) € D(R), and hence that it is canonically an object of D(k). Indeed,
the induced multiplication action by an element f € m is obtained either by



247

applying RHomp(—, B) to k L kor RHompg(k,—) to B EN B, yet f acts by zero
on k.

We will use finiteness of depth in the proof, and then prove this afterwards.

Lemma 3.1.3. Let (R, m, k) be Noetherian local and M finite. Suppose fi,..., fr
is a maximal M -reqular sequence. Then

r = depthx (M) = inf{i : Extly(k, M) # 0}.

In particular, all mazimal M -reqular sequences have the same length, and any
M -regular sequence can be extended to one of length depthp(M).

PROOF. For an R-module N, write s(N) = inf{i : Extiz(k, N) # 0}. Suppose
f € mis an N-regular element; then we have the exact sequence

0-NLN-N/FN O

and thus 0 — Ext?(k, N) — Ext’(k, N/fN) — Ext"*(k, N) — 0, where the zeroes
are due to the remark above the proof. In particular, it is clear that

s(N/fN) = s(N) — 1.

Therefore s(M/(f1,..., fr)M) = s(M) —r by induction and M-regularity, thus to
prove r = s(M) it suffices to show that

HomR(k’M/(fla . 7fT‘)M) 75 0.

Indeed, by maximality, every element of m acts as a zero-divisor on
Q = M/(f1,...,fr)M, which means that m C |JAssg(Q). By finiteness
and prime avoidance, m is contained (hence equal) to an associated prime, so
there exists z # 0 € @ such that mx = 0. This gives a nonzero map R — @
factoring through k.

Since depthp(M) = d < oo, there exists a regular sequence of length d. Of
course, it must be maximal by definition, and hence d = s(M), so d = r. The
claim about extending a regular sequence follows from the fact that we can always
extend a regular sequence to a maximal one (e.g. by finiteness of depth), and then
it has length equal to depthp(M). O

Example 3.1.4. If (R, m, k) is Noetherian local, then depthp(k) = 0. Indeed,
there are no k-regular sequences because there are no k-regular elements of m.

Let us now review some basic dimension theory over Noetherian local rings.
Recall that ht(p) = dim(R,) denotes the height of a prime, and in particular
ht(m) = dim(Ry) = dim(R). We use the somewhat misleading notation dimpg (M)
for dim Supp M, only for this section. Recall that Supp M = V(Anng(M)) for M
a finite module, and that the spaces in question are Noetherian and thus have
finitely many minimal primes.

Let (R,m) be Noetherian local. Then m is finitely generated, so by Krull’s
height theorem ht(m) = dim(R) < oo. Hence for all modules M, dimp M <
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dim(R) < oo. If dim(R) = d, we define a system of parameters for R to be a
sequence f1,..., fg € m of length d such that

V(1o fa) =m,
e, V(fi,eeo f2) = {m}.

Since {m} C V(f1,..., fq) always holds, and {m} is a closed irreducible subset,
this is equivalent to asking

AmV(f1,..., f) =dimR/(f1,..., fs) = 0.

We can use this characterization to easily show existence:

Lemma 3.1.5. Let (R, m) be Noetherian local with dim(R) > 0. Then R has a
system of parameters.

PRrROOF. Since Spec R has finitely many components, there are finitely many
(but > 0) minimal primes p such that dim R/p = d. m can’t be in the union of all
such primes, since otherwise by prime avoidance we would have 0 = dim R/m = d.
Thus choose f1 € m avoiding all such minimal primes. Then dim(R/f;) < d —1,
so by induction choose fs,..., f; € R/(f1) such that

0= dim(R/(f1))/(fa2. - fa),
then the RHS is equal to R/(f1,..., f4)- O

Lemma 3.1.6. Let (R, m) be Noetherian local. If I C R is generated by r elements,
then dim(R/I) > dim R —r.

PROOF. Suppose dim(R/I) = e and choose a system of parameters 7, ...,7,
for R/I such that \/(7y, - . .,Y.) = m/I, which is allowed to be empty if dim(R/I) =
0. Then v/(1,y1,...,Y) = m in R, so m is minimal over the ideal (I,y1,...,¥.)
which has e + r generators. Thus ht(m) = dim(R) < e + r by Krull’s height
theorem. (]

Corollary 3.1.7. Let (R,m) be Noetherian local and M finite and consider a
sequence f1,..., fr € m.
(a) Then dimpg M/(f1,..., fr)M > dimp M — r.
(b)) If f = (f1,..., fr) is M-regular, then in fact dimgp M/(f1,..., fr)M =
dimp M —r.
(c) We have depthp(M) < dimp(M) < dim(R) < dimg m/m? < oo.

PRrooOF. For (a) and (b), it is clear that it suffices to prove the case r = 1.
For (c), note that by (b) the length of a regular sequence is bounded above by
dimp(M) — dimg(M/(f1,..., fr)M) < dimg(M). We already know the other
inequalities.

Let f € m, and note that Supp M/fM = Supp M NV (f). The C direction is
clear, and if My # 0 yet f € p, then M, # fM, by Nakayama’s lemma.

(a) Since Supp M = V(Ann(M)), dimp M is the maximum of dimensions of
A/p for minimal p € V/(Ann(M)). Choose such a minimal prime p with dim R/p =
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dimp(M), and suppose f € m. V(p) C Supp M implies V (p, f) C Supp M/fM,
ie. dim R/(p, f) < dimgp(M/fM). However

dim(R/(p, /) > dim(R/p) — 1 = dimp(M) — 1

by the previous lemma.

(b) Now assume f is M-regular, then f avoids all the associated primes
of M. In particular, this includes the minimal primes of Supp M (which are
always associated). Take qo € -+ € e a chain of primes in Supp M/fM with
e =dimp M/fM. In particular this is also a chain in Supp M, yet qp cannot be
minimal there since f € qg. Thus dimp M > dimg M/fM + 1. O

A finite R-module M is Cohen-Macaulay if depthp(M) = dimg(M). We
also say the ring R is Cohen-Macaulay if it is Cohen-Macaulay over itself. If
M is Cohen-Macaulay, let fi,..., fq be a regular sequence with d = dimpg(M),
then dimg M/(f1,...,fr)M = 0. Conversely, suppose there is an M-regular
sequence fi, ..., fr with dimg M/(f1,..., fr)M = 0. Then r = dimg M, yet also
depthp(M) > 7, hence dimp (M) = depthr(M) by (c), so M is Cohen-Macaulay.

Let A be a general ring and M be a nonzero A-module. Recall that we say M
has finite projective dimension if the functors Ext? (M, —) are zero for p > 0, and
in this case we write pd 4 (M) for the largest p such that Ext?”(M, —) is nonzero.
This makes sense because Hom 4 (M, —) is nonzero if M is nonzero.

Lemma 3.1.8. Let A be a ring and M # 0 an A-module. The following are
equivalent.

(a) pdy(M) < d.
(b) M has a length d projective resolution.
(¢) For any resolution
=Py =P —-P—-F—-M-=0
by projective A-modules, ker(Py — Py_1) is projective. In particular,
0—ker(Py— Py—1) > Py 1—--Ph—M—0
s a length d projective resolution.

PRrROOF. It is clear that (¢) = (b) by applying it to any projective resolution,
and (b) = (a) by computing Ext’s on the given length d resolution. Assume (a),
and split into short exact sequences

0—Kip1 — P —K;—0

where Ky = M. Then ker(P; — P;_1) = K4. We claim that pd4(K;) = d — 1,
which will show K, has all higher vanishing Ext’s and thus is projective. Indeed,
our assumption is the base case ¢ = 0, and otherwise the long exact sequence from
the sequence above proves the induction hypothesis. O

Now return to our assumption that (R, m) is Noetherian local. Assume M is
a finite R-module. Then we know that we can choose a free resolution of M by
finite frees; indeed, once F, — --- Fy — M — 0 is chosen with F; finite free, the
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kernel ker(F, — F,_1) is finite since R is Noetherian, and hence we can choose a
surjection from another finite free module.

In light of this, the previous lemma, and the fact that finite projective modules
over a local ring are free, this shows that pd (M) < oo iff M has a finite resolution
by finite frees, and pdz(M) is the minimal length of one. A good question to ask
is whether, and in what sense, we can choose these resolutions to be minimal in
other ways (e.g. if the ranks in the resolution can be taken minimal).

Let M be a finite module and F' — M a surjection from a finite free module. It
is called a minimal free cover if ker (F' — M) C mF. The following are equivalent
for a surjection ¢: F — M with F finite free:

(a) ¢ is a minimal free cover.
(b) ¢ induces an isomorphism F/mF — M/mM of k-modules.
(c) rank F' = p(M), i.e. the size of a minimal generating set of M.

Proof: (a) < (b) Consider the surjection F/mF — M/mM, then its kernel is
(ker(¢) + mF)/mF, which is zero iff ker ¢ C mF. (b) < (c¢) A surjection of finite
dimensional vector spaces is an isomorphism iff the dimensions of both sides are
the same.

We remark that for any finite module M, a minimal free cover always exists,
because we can just choose minimal generators and take a surjection from a free
module of rank x (M) mapping onto those generators. Next, if M is a finite module,
a finite-free resolution

e BALR Y E M0

is a minimal free resolution if d(F;) C mF;_q for all i > 0, treating M = F_;.
A minimal free resolution always exists: once F; — -+ — Fy — M — 0 is
constructed, consider the kernel in 0 — K; — F; — F;_1 and take a minimal free
cover F;11 — K; — 0. Then in the resulting free resolution, at each step we have

im (Fi—i-l — Fz) = ker(Fi — Fi—l) = ker(Fi — Ki—l) C mF;

as desired. The first observation is that the resolution F'* — M][0] is minimal iff
when we tensor to k the resulting augmented sequence has no differentials. In
particular, this means that

ranky, F; = dimy, Tor®(M, k) i>0,

where we are viewing TorZR(M ,k) as a k-module because M ®I§ k can be viewed
before or after restriction of scalars. We define (M) := dimy, Tor®(M, k) to be
the Betti numbers of the module M, which coincide with the ranks of the free
modules in any minimal free resolution.

For example, this means that S§(M) = u(M) is the size of a minimal generating
set. Moreover, suppose pdp(M) = d. Then any minimal free resolution has length
at least d. Next, clearly M has tor-dimension < d because we can use a free
resolution of length d to compute tors. Thus, fixing F* — M a minimal free
resolution, the length of F* is > d > the largest nonzero Betti number. But the
length of F* equals the largest nonzero Betti number. Therefore every minimal
free resolution has length pdp(M), coinciding with the top Betti number. In
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particular, the tor amplitude of M equals [—pdg (M), 0], and this is detected by
simply tensoring with the single module k.

An interesting consequence of this is that to figure out the projective dimension
and Betti numbers of any finite module M, we can just find a free resolution of k
and tensor M with this. This is an indication that the R-module k£ controls the
homological invariants of all finite R-modules, as we will see shortly.

Remark 3.1.9. It is easy to prove that any free resolution contains a minimal
free resolution as a summand (by working inductively and noting that if a matrix

coefficient of a differential contains a unit, then it can be split off in an R LR
summand). It is also easy to show that any two minimal free resolutions are
isomorphic as complexes, namely by taking a homotopy equivalence and noting
that it induces an isomorphism after tensoring with k. But we won’t worry about
these details because we don’t need them.

Remark 3.1.10. Note that M need not be finite to do most of the above; namely,
if M is any R-module then we can construct a minimal free resolution with the
same property, except that the free modules may not have finite rank. The
argument above still says that the top cohomology of M ®% k still determines the
projective dimension = tor-dimension.

Our next goal is to prove the Auslander-Buchsbaum formula, which is quite easy
based on what we have said. We just need to write down some more homological
characterizations of depth and the result will immediately follow based on two of
our spectral sequences.

Let (R,m, k) be a Noetherian local ring and suppose m = (fi,..., fe) is a
minimal generating set of the maximal ideal, i.e. a basis for m/m? over k. For a
finite module M, fix the notation

K(M)* = Kosgk(fi,..., fe;M)
for the corresponding Koszul complex. So, H°(K(M)) = M/mM, and since
HP(K(M)) is annihilated by m, we can view it as a finite-dimensional k-vector

space, and it is isomorphic as an R-module to & for some £. Note that K(M) =
K(R)®r M = K(R) ®% M. Likewise, by Koszul self-duality, we have

RHomp(K (R), M) = Homp(K(R), M) = K(R)" @z M = K(M)[—e].

The idea is to apply the hyper-ext and hyper-tor spectral sequences to these two
descriptions of K (M), which we proved in Example 2.2.11 and Example 2.2.12.
They say that

EY = ExtP(H (K(R)), M) = H"™(K(M)e]) = H'™*(K(M))
and
EYY = Tor’(HY(K(R)), M) = HPTI(K(M)).
Let ng == dimy H™9(K(R)) = k™. Then the first sequence is

Ext?(k, M)™ = HPT¢(K(M)).
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We showed that d = depthp (M) is the smallest p for which Ext?(k, M) # 0, and we
know that ng = 1. Therefore, the first nonzero cohomology group HPT4~¢(K (M)),
i.e. the one where p+ ¢ is smallest, is the diagonal where p+¢q = d+ 0 = d, and we
have precisely H— (¢~ (K (M)) = Ext?(k, M). Since K (M) is indexed in negative
degrees, this is the left-most nonzero cohomology group of K(M). In other words:

Lemma 3.1.11. Let (R,m, k) be Noetherian local and M a finite module. Then
p(m) — depthp(M) = sup{q : H™(Kosk(f, M)) # 0},
where f is any minimal generating set for m. Specifically, we have
H™9(Kosk(f, M)) = Ext®(k, M)
for ¢ = p(m) — depthp(M).

In other words, this computes the depth of a module in terms of the top nonzero
Koszul homology with respect to generators of the maximal ideal.

THEOREM 3.1.12. Let (R,m) be Noetherian local and M a finite R-module.
Then
pdi(M) + depthp(M) = depth(R)
whenever pdr(M) < oo.
PrOOF. Keep e = pu(m), ng = dimy, H™9(K(R)), and set dy; = depthp(M),
dr = depth(R), and r = pdg(M). The lemma shows that ny = 0 for ¢ > e — dp,
and the hyper-tor spectral sequence says that

EyP 71 = Torfi(k, M)"s = H P"9(K(M)).
Thus dimy B, 777 = nqﬂf(M ), and thus the bottom-left corner of this spectral

sequence looks like:

0 0 Ne—dp1 B (M) Ne—dpt1B5 1 (M)

0 0 ne—dRﬂﬁ(M) ne—dRﬁﬁ—l(M)

0 0 0 0

In particular the term n._4, 3 (M) survives to Ew, and coincides with the left-most
nonzero homology of K(M). In other words,

e—drp+r=e—dy = dr=dy +r,
as desired. (]
Remark 3.1.13. We can also extract the following numerical identity from the

proof. Since the number n._g4, coincides with dimy Ext’éR(k,R), we have the
formula

deR ( M)( M) - (dimy, EXthepth(R)( k, R)) = dimy Ext(]i%epthR(M)( ke, M)
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which allows us to compute the top nonzero Koszul homology in terms of the same
invariant for R itself and the Betti numbers of M.

Example 3.1.14. In the above result, the Auslander-Buchsbaum formula, it is
crucial that we assume M has finite projective dimension, since depth(R) is always
finite and thus it cannot hold in the infinite case. E.g., we saw in the example of
R = k[z]/(x?) that depth(R) = dim(R) = 0, yet pdy(k) = oo.

We will spend the rest of this section discussing regular local rings. We will
focus on the homological algebra characterizations of regularity since they are a
bit easier to work with abstractly. At the end we will prove that this is equivalent
to the standard definition of regularity.

Remark 3.1.15. Let (R,m) be Noetherian local and suppose fi,..., f. and
g1, - -, ge are two minimal generating sets for m, i.e. two bases for m/m2. Then
we can choose a change-of-basis matrix between the two bases, and lift it to R
to get a map R® — R€. Note that this is an isomorphism after tensoring with
R/m, hence its determinant is nonzero mod m, i.e. a unit, so it is invertible. This
matrix (ai;) satisfies _; a;; fi = g5, and thus

Kosk(fi,..., fr) = Kosk(g1,...,9r)
by a result two sections ago. In particular, Kosy(f;M) doesn’t depend on the
choice of minimal generators. So for M finite, we write
hf(M) = dimy, H™(Kosjk(f;M)) < o0
for the corresponding dimension of the Koszul homology, independent of f.

The key step in proving the main characterization of regular local rings is the
following lemma, which is a simple consequence of the formula we just proved.
We will use the following fact: If I C R is an ideal, and M is an R/I-module,
then depthp,; (M) = depthp(M). Indeed, it is easy to see that a sequence

fi,.-., fr € mis M-regular iff f,,..., f, € m/I is M-regular.

Lemma 3.1.16. Let (R,m) be Noetherian local and let f € m\ m? be a regular
element. If M # 0 is a finite R/(f)-module with pdr(M) < oo, then

pdg, () (M) = pdp(M) — 1.
In particular, pdg,r) (M) < 0o as well. Necessarily pdg(M) > 1.

Proor. Note that f # 0, and thus M cannot be free over R since it has
nontrivial annihilator, so pdg(M) > 1. Note that M is also finite over R. Take a
minimal free cover

(%) 0—-K—-F—-M-—0

over R, so F' is finite free and K C mF. Since fF — fM =0, fF C K. Letting
L =K/fF (as an R/(f)-module), this gives an exact sequence

0— fF—-K—>L—0
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of R-modules, and an exact sequence
0—-L—F/fF—M-—0

of R/(f)-modules. We prove the claim by induction on pdg(M) > 1.

First assume pdgp(M) = n > 1. Since F is free, pdp(K) = n — 1 by LES
in Ext’s, and since fF = F over R (as f is R-regular), pdp(L) < n — 1. Thus
the inductive hypothesis gives in particular pdg f)(L) < oo, and then since
F/fF=F®gR/(f) is free over R/(f), this means pdg (M) < occ.

Now we may apply Auslander-Buchsbaum to M over both R and R/(f). By
the remark preceding the proof,

depthp (M) = depthp () (M) depth(R) = depth(R/(f)) + 1,

where the second claim may be checked as R-modules, where it is clear because
(f) is R-regular. Therefore the formula shows pdg s (M) = pdg(M) — 1.

Now suppose pdp(M) = 1. Then K is finite free. If we localize (%) at f,
then My = 0 implies that Ky =~ F, thus K, I’ are free of the same rank. Let
€1,...,6, € F be a basis, and consider the elements {feq,..., fe,} C fF C K.
We claim that these are linearly independent in K/mK. This will finish the proof,
because then this is a basis, and hence a minimal generating set of K. But then
fF=K,s0 L=0,and M = F/fF is already free over R/(f).

To prove the claim, suppose ¢; € R are such that 3, ¢;fe; € mK C m?F. Since
F = @, Re;, this means that ¢;f € m? for all i. If ¢; ¢ m for any i, then it would
be invertible in R and thus f € m?, a contradiction. Thus ¢; = 0 mod m proving
linear independence. O

We use this to prove the main characterization of regular local rings, called
the Auslander-Buchsbaum-Serre (ABS) theorem. Recall that if A is a Noetherian
ring, we write

gl.dim(A) == sup{pd4(M) : M is an A-module}
for the global dimension of the ring A. The condition in the lemma above, namely
that f € m\ m? is not hard to satisfy. Indeed, suppose depth(R) > 0; then
m # m? (otherwise m = 0), and m is not an associated prime, as otherwise all
elements would be zerodivisors. Therefore
m¢m*u |J »p
peAss(R)
by prime avoidance (recall that we can take up to two of the ideals in the avoidance

lemma to be non-prime). In particular, there is an element f € m \ m? which
avoids the associated primes, i.e. which is a regular element.

THEOREM 3.1.17. Let (R, m, k) be a Noetherian local ring. The following are
equivalent:
(i) m is generated by a regular sequence.
(ii) Every minimal generating set of m forms a reqular sequence.
(7ii) depth(R) = p(m).
(iv) RE(R) =0



255

(v) hE(R) =0 fori > 0.
(vi) pdg(k) < oo.
(vit) gl.dim(R) < oco.
(viii) gl.dim(Ry,) < oo for each p € Spec R.
Moreover, in this case, the equalities
pu(m) = pdg(k) = depth(R) = gl.dim(R) = dim(R)
all hold.

Definition 3.1.18. A Noetherian local ring R satisfying the equivalent conditions
of Thm. 3.1.17 is called a regular local ring. A locally Noetherian scheme X is
reqular if Ox , is a regular local ring for each x € X. A Noetherian ring A is a
reqular ring if Spec A is a regular scheme.

PrOOF (OF THM. 3.1.17). Clearly (viii) = (vii) (take p = m) and (vii) =
(vi), so we show (vi) = (viii). Note that n = pdy(k) equals the tor-dimension of k,
hence the tor dimension of k, = k over R, is < n for all p. Thus Torf "(M,k)=0
for p > n and all Ag-modules M, so pdg, (M) < n. In particular gl.dim(R,) < n.
As a special case gl.dim(R) < n, but obviously the other direction holds so
gl.dim(R) = n, which is one of the equalities at the end.

It is clear from Remark 3.1.15 that (v) = (i7) = (i). If m is generated by a
regular sequence, then depth(R) > p(m), but we always have depth(R) = u(m) so
these two coincide. Since dim(R) is in between these two numbers, this gives the
equality of the three quantities. In particular, a regular sequence generating m is
a minimal generating set and thus (v) holds. Note that this implies (vi), because
the Koszul complex on these generators gives a finite free resolution of k by (v).

Also, (v) = (iv) because to check regularity of a sequence it suffices to show
that H~! of the Koszul complex is 0. Moreover, clearly (ii) = (iii), and since
the top nonzero Koszul homology of R equals pu(m) — depth(R), it follows that
(131) = (v).

Finally, assume (vi). Since depthp(k) = 0, Auslander-Buchsbaum implies that
depth(R) = pdg(k), which completes the proof of all equalities at the end of the
statement. We prove (¢) by induction on n = pdg(k). If n =0, then k is free and
hence has trivial annihilator, which forces m = 0. If n > 0, then depth(R) > 0
and we may choose f € m\ m? a regular element. Since k is restricted from R/(f),
the previous lemma shows

pdpy () (k) =n—1,

so by induction m/(f) C R/(f) is generated by a regular sequence fo,..., f,.
Thus (f, f2,..., fn) is a regular sequence generating m. O

We will now use this criterion to develop some basic theory about regular local
rings, with a focus on using the homological criterion we developed above. First
we start with some basic applications to schemes.

Example 3.1.19. Let k£ be a field, and consider the Noetherian local ring
R = k[.%l, . ,xn](m’m’xn).
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Since R/(zn) = k[21,.. ., Tn-1](z,,..2,_,) 15 @ domain, it follows inductively that
(1,...,2p) is a regular sequence in R. Thus R is a regular local ring. The same
proof works if we take

R= k:[[xl, e .,:cn]],

the corresponding completion.

Let X be a locally Noetherian scheme, and define
Xreg = {2 € X : Ox, is a regular local ring}.

In good cases, X, will be an open subset, but this is not true in general. But
what is always true is the following:

Lemma 3.1.20. Let X be a locally Noetherian scheme. Then X is regular iff
Ox z 15 regular for each closed point x.

ProoF. This follows because in a locally Noetherian scheme, every point
specializes to a closed point, and a prime localization of a regular local ring is
regular local by Thm. 3.1.17. U

We remark that the proof of points specializing to closed points in a locally
Noetherian scheme is slightly nontrivial (but classical), however in the Noetherian
case this is obvious because X is quasicompact.

Example 3.1.21. Let k£ be an algebraically closed field and A = k[z1, ..., x,]
the polynomial ring on n variables. Then A is a regular ring. Indeed, by the
Nullstellensatz every closed point is of the form (z1 — a1, ...,x, — a,) for a; € k,
and the localization at this point is the Noetherian local ring

R = k?[.’El, ce ul'n](ml—al,...,xn—an) = ]C[.Tl, cee xn](ml,...,xn)-

We saw in the previous example that this was a regular local ring. Thus by the
lemma, A is regular.

Example 3.1.22. Let A be a regular ring and S C A a multiplicative subset.
Then A[S™!] is a regular ring. Indeed, all primes of A[S™!] are of the form pA[S™1]
for some p C A with p NS = &, and the corresponding localization coincides with
Ap.

3.1.2. Regularity and smoothness. Our next goal is to give a criterion for
regularity in terms of perfect objects of the derived category of a scheme. To do this,
we want to understand pseudocoherent objects and finite tor dimension objects in
Dyc(X). For simplicity, let’s assume X is Noetherian, so that all pseudocoherent
objects are bounded above, and all perfect objects have finite tor dimension. It is
easy to formulate a corresponding statement to anything we say for the locally
Noetherian case.

Now, let (R, m) be a regular local ring of dimension d, so that d = gl.dim(R).
Since an individual module M consequently has tor amplitude in [—d, 0], it follows
that if £ € DI*Y(R) with b possibly infinite, then E has tor amplitude in [a — d, b].
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To formulate the next result, for £ € D(X) we define
Supp(E) = | J Supp H"(E).

n
In particular if E € D°(X) has finite type cohomology (e.g. E € D2, (X)), then
Supp(FE) C X is closed.

Lemma 3.1.23. Let X be a Noetherian scheme and E € D{.(X). If Supp(E) C
Xreg, then E has bounded-below tor amplitude. If E € DgC(X), then E has
finite tor-dimension. More precisely, if dim(X) = n, Supp(E) C Xieg, and
E ¢ Dgé’b] (X), then E has tor amplitude in [a — n,b], where b is possibly co.

ProOOF. We know that the tor dimension of F can be computed on the stalks.
The assumption is that E, is either O or E, € D[“’b](O x,z) where Ox , is a regular
local ring. In both cases, if dim(Ox ;) = n,, we know that E, has tor amplitude
in [a — ng,b]. If n = dim(X), then n > n, for all z, so the result follows. O

Now we can state the categorical criterion for perfectness. We note that this is
especially interesting because we have seen that Perf(X) C Dgy.(X) coincides with
the full triangulated subcategory of compact objects.

Proposition 3.1.24. Let X be a Noetherian scheme. Then Perf(X) C Db, (X),
and this inclusion is an equality iff X is regular.

PROOF. Since X is quasicompact, Perf(X) = Perf’(X), and by pseudoco-
herence it is contained in D, (X). The previous lemma supplies the (<) case.
Conversely, let {z} be a closed point of X with the reduced subscheme structure,
and consider the coherent sheaf O,y on X. By assumption this has finite tor

dimension, and since Zy;) , = my, its stalk at x is

which thus has finite tor dimension (hence pd) as an Oy y-module. This implies
Ox z is a regular local ring, so we conclude by Lemma 3.1.20. U

In the remainder of this section, we prove some more classical results. To
illustrate the power of the homological techniques, we will try to delay using any
nontrivial commutative algebra until the final result on regular local rings. For
instance, we will even avoid the Krull intersection theorem.

In the next two results we will use the following trivial case: If f € m is a
regular element, then (,,(f™) = 0. Indeed, let J be the intersection ideal, which is
finitely generated by Noetherianity. Moreover, if fz € J, then for each n > 0 we
can write fz = yf", thus z = yf" ! for all n, i.e. z € J. In other words J = f.J,
so J = 0. Note this implies that for every a # 0, there is a unique largest n > 0 so
that a € (f™).

Lemma 3.1.25. Let (R,m) be a regular local ring. Then R is a domain.

PRrROOF. Induct on d = dim(R) = pdp(k). We know that if d = 0 then k = R
is a field, so assume d > 1, then we have seen how to use Lemma 3.1.16 to choose
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f € m\ m? regular so that R/(f) is a regular local ring with pdg/ (k) =d—1,
hence R/(f) is a domain.

Now let 2,y # 0 € R such that zy = 0. Let i, > 0 be maximal so that = € (f?)
and y € (f7), so x = flxg and y = fIyo with xg,yo & (f). Thus f"xeye = 0, so
by regularity zgyo = 0. But reducing mod (f) implies that xg or yo is in (f), a
contradiction. O

Remark 3.1.26. Recall that (e.g. proven in other notes) if X is locally Noetherian,
connected, and pointwise a domain, then X is integral. Therefore a connected
regular scheme is integral.

In the next proposition, we are using the convention that a DVR is a local PID
which isn’t a field.

Proposition 3.1.27. Let (R, m) be Noetherian local. The following are equivalent:

(a) R is a DVR.
(b) m is generated by one nonzerodivisor.
(¢) R is a reqular local ring of dimension 1.

In this case, all nonzero ideals of R are of the form (n™) for n > 0, where m is
any element of m'\ m2.

PROOF. By our definition, (a) = (b). (b) implies that R is regular local, of
dimension exactly one since the nonzerodivisor is in particular not 0. If (¢) holds,
then we know that R is a domain with m = (7) for any 7 € m \ m?. We will show
the final claim, which implies that R is a PID and hence (a).

As in the previous proof, for each x let i > 0 be largest so that x € (7%), i.e.
r = m'xy with x¢ ¢ (7) = m, which means zg € R*, thus all elements are a unit
times 7* for some i. Now let I be a nonzero ideal and let € I be a nonzero
element which minimizes the i for which z ~ 7?. Then (z) = (7%), but on the
other hand every other y € I is a unit times 7% for k > i, so y € (1) as well. Thus
I=(x"). O

Example 3.1.28. It follows that a PID, or more generally a Dedekind domain, is
a regular ring.

Recall that the injective dimension id 4(M) of an A-module M is defined as the
largest p for which Extf) (—, M) is a nonzero functor. The same proof as the one
we gave for projective dimension shows that id4 (M) coincides with the smallest
length of an injective resolution of M. Since this only relies on Ext"™!(—, M)
being zero, this shows that (just as in the projective case) the first n for which
Ext"*1(—, M) = 0 is the injective dimension.

Lemma 3.1.29. Let A be a ring and n > 0. The following are equivalent:
(a) gl.dim(A) < n.
(b) pds(M) < n for all finitely generated modules M.
(c) pdo(M) < n for all cyclic modules M.
(d) ida(M) < n for all modules M.
(e) Exty(M,N) =0 for all i > n and modules M, N .
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(f) Ext’ (M, N) = 0 for all modules M and N.

PROOF. 1t is clear from our results on projective dimension that (a) = (e) =
(f), and it is clear from the description above that (d) = (e). Obviously (a) =
(b) = (c), so the only interesting thing to prove is (¢) = (a). For this, we will
prove a slightly more general statement and deduce the result from that:

Lemma 3.1.30. Let M be an A-module equipped with a well-ordered filtration
0=MyC M C---CMyC---C My= M satisfying the following properties:
(a) For every limit ordinal §, Ms = Jyc5 Mao.-
(b) For each o, pdy(Mat1/My) < n.
Then pd (M) < n.

PROOF. Write Qn = My41/M,; we induct on n. If n = 0, then each sequence
0— My — Myt1 — Qo — 0 splits. Letting sq4: Qo — Mat1 be a section, we will
construct an isomorphism

ba: @ Q,B — M,
B<a
for all @ < A by transfinite recursion, then taking oo = A\ will show M is projective.
At a successor stage, define

a1t (@ QB)@QQ — M, (7,q) = da(z) + 54(q),
B<la
then by construction of the s,’s, this is still an isomorphism. If « is a limit ordinal,
then ¢, is defined using ¢g for all 8 < «, which is well-defined since an element of
the direct sum has only finitely many terms. It is clear that this remains injective,
and surjectivity is by property (a).

Now let n > 0. Let F, = A[M,], i.e. it is free with basis all elements of M,.
Then the filtration (Mg ), induces a filtration (F,) which also satisfies J,5 Mo
for limit ordinals. Then take the kernel 0 — K, — F, — M, — 0, so it is clear
that (K, )q is a filtration with the same property. For each «, consider the quotient
sequence

0— Ka+1/Ka - Foc-i-l/FOé - Ma+1/Ma — 0.
By construction, the middle term is the free module with basis the set of elements
in Mq41\ Mq. Therefore pdy (Kqi1/Kq) < n—1. By induction, pd4(K,) <n—1.
Then the exact sequence 0 — K\ — F\ — M — 0 shows that pd4(M) <n. O

To apply this in the situation at hand, let M be an arbitrary module and assume
that all cyclic modules have projective dimension < n. Choose a well-ordered
generating set {z, : @ < A} of M by the axiom of choice, and define

Mg = Z Az,
a<f

Then Mg, 1/Mjg is cyclic generated by the image of x5, and clearly Ms = Uz_5 Mp
for limit ordinals . Thus applying the lemma to this filtration shows pd (M) <
n. O
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Proposition 3.1.31. Let A be a Noetherian ring of dimension n. Then A is a
regular ring if and only if gl.dim(A) < oo, in which case gl.dim(A) = n.

PROOF. By assumption dim(A4,) < n for p € SpecA. (=) It suffices to
show that pd, (M) < n for each finite module M. Since A is Noetherian, M is
pseudocoherent, and therefore

Since A, is regular local with gl.dim(A,) < n, it follows that the RHS above is
0 for all p > n and all p. Thus Ext’) (M, N) =0 for all p > n and N, as desired.
Note that if we choose a prime m € Spec(A) with dim(Ay) = n (necessarily
maximal), then x(m) as an Ap-module satisfies Ext’y (x(m), An) # 0 because
depth(An) = n, so viewing k(m) = A/m as a finite A-module we deduce that

Ext" (A/m, A) # 0

by the stalk formula above. Thus gl.dim(A) = n.

(<) Then every module has finite tor dimension, in particular x(p) has finite
tor dimension over A. Thus we know (p), = x(p) has finite tor (= projective)
dimension over Ay, which implies A, is regular local. O

Example 3.1.32. We showed that if k is algebraically closed, then k[xy, ..., ;]
is a regular ring (of dimension n). Thus it has global dimension n. The proof
shows that to achieve the supremum over projective dimension, we just take the
residue field of a height n point. Thus, k& with the trivial action has projective
dimension n. We will generalize this shortly.

Let (R, m, k) be a Noetherian local ring. To say more advanced things about R
especially in the non-regular case, we can consider the collection of invariants that
we have defined so far. Namely, we have hf*(M) for the Koszul homology, 3% (M)
for the Betti numbers, and we have also been considering the Ext dimension, which
we will now write as

extly(k, M) := dimy Ext(k, M).

We have already seen various relations between these numbers, all of which came
from the two spectral sequences discussed earlier. Let us go back and write down
precisely what these two sequences say. Since we only care about these as k-vector
spaces, we write the terms in the sequence as numbers. Writing e = pu(m) for the

embedding dimension, the two sequences had FEs-pages
ES? = exthy(k, M)h) (R) = hl, (M)
and

By = pR(M)AHR) = Kl

p+q(M)
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for a finite module M. It is helpful to have the pictures in mind. We omit the
letter R from the notation.

ext®(k, M)hp, ext®(k, M)hp, ext2(k, M)hp,

extd(k, M)hy  extl(k, M)hy  ext®2(k, M)y

ext®(k, M)hg extdT(k, M)hg extd2(k, M)hg

Here, d = depth(M), since we know that d is the first nonzero Ext group, and
m = e — depth(R) which is the top nonzero h,. Note that hy = 1. Similarly, the
other sequence is:

Ba(M)ho B1(M)hg Bo(M)ho

Ba(M)hy B1(M)hy Bo(M)hy

Here, the top-right is (0,0). The sequence may or may not terminate towards the
left side if M has finite projective dimension. This is an extremely large amount
of numerical information. We remark that in case R is regular local, both spectral
sequences are trivial because h; = 0 for ¢ > 0, and so they just recover what we
would already know from computing using the Koszul complex of the maximal
ideal as a projective resolution for k.

Example 3.1.33. Suppose R satisfies the property that pu(m) = depth(R) + 1,
which is not unusual; most codim one singularities will have this property, such as
a singularity on a curve. Then both spectral sequences only have two rows because
m = 1, so we can get long exact sequences in the classical way. Let’s start with
the top sequence. First of all, any differentials on E3 will be zero, so F3 = F.
Based on this, e.g. in the first sequence, let

rp = rank (ext? (k, M)hy — ext?2(k, M))
be the rank of the only nontrivial differentials. Since h;(M) is zero after i = e,

there will be a stable range after which we obtain a periodicity, and an unstable
range. The definition immediately gives the following recurrence relation:

he—p(M) = extP(k, M) + hy extp_l(k‘,M) — Tp_2 — Tp_1,

where at the lower edge he_q(M) = ext?(k, M). Here we are using that rq_; =
rq—o = 0. The stable range is where p > e, in which case we obtain

extP2(k, M) = hy extP(k, M),
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i.e. there is eventually a 2-periodicity. Likewise, doing the same thing with the
second spectral sequence, let s, denote the corresponding nontrivial differentials.
Then

hyp(M) = Bp(M) + h1Bp—1(M) = s—p — 5—p—1,
with edge case ho(M) = Bp(M) as is already known. The stable range is p > e —d,
where Sy42(M) = h18p(M).

Example 3.1.34. Let Q be a regular local ring of dimension n, and f € @ an
element in the maximal ideal. Then the Noetherian local ring R = Q/(f) is called
a hypersurface ring. Since @) is a domain, f is regular, thus depth(R) =n —1. We
also know by our dimension result that dim(R) = n — 1, so R is Cohen-Macaulay.
Since p(mg) = n, either pu(mp) =n or n — 1. In the latter case, this would imply
R is regular local, so let’s assume R is singular. Then pu(mpg) = depth(R) + 1, and
we are in the situation of the example above.

Now since @ is regular, Kosg)(y1,...,yn) is a free resolution for £ over Q.
Therefore the homology of

KOS.Q(yh ey yn) ®Q R = KOS;%<§1, . ,yn)

computes Tor?(k‘, R), but by construction ¥y, ...,7, is a minimal generating set
for mp, so it also computes hf(R). But now we have a length 1 free resolution

0— Q EN Q — R — 0 of R over @, and tensoring with k gives k % k. In
particular

ER)=1 w(R)=1 AER)=0 i>0.
Thus in our previous computation we may take h; = 1, and we get literal 2-
periodicity Sp12(M) = pp(M) for all p > n — depth(M). We also obtain this in
the ext groups extP*2(k, M) = ext?(k, M) for p > n. Let’s consider two special
cases.

1. M = R. In this case the § relations are trivial, but we can consider Ext’s.
We know that depth(R) =n —1,

ext’(k,R) = - = ext" 2(k,R) = 0,
and ext" ! (k, R) = h1(R) = 1. We also know that
ext"(k,R) = ext""?(k,R) = ---  ext""(k,R) = ext""3(k,R) = - -

and ext"(k, R) < 1, but it is difficult to say any more from what we have written. It
is however true that R is a Gorenstein singularity since it’s a complete intersection,
which shows for abstract reasons that in fact ext™ and ext™*! are zero, as are all
the higher exts.

2. M = k. Now the Koszul numbers h;(k) are n choose i, because all
differentials in the Koszul complex are killed by tensoring with k. We have 2-
periodicity in the §;(k) for i > n, so at least one of (3, (k) and S,4+1(k) has to be
nonzero, otherwise & would have finite projective dimension. Beyond this, there is
not much to say except in a specific example.
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Example 3.1.35. For concreteness, let R = k[z,y]/(y? — 23) = k[t?,t*] be the
cuspidal cubic. Then dim(R) = depth(R) = 1 by the previous example. Let’s
compute the Betti numbers of k& by building a minimal resolution. It is helpful to
start by writing the augmented Koszul complex and seeing what goes wrong:

_ T
0— R (—y.2) R? () Rk —0
To test exactness at R?, suppose (f,g) € R? such that fz + gy = 0. We claim
that the other map doesn’t have full image: indeed, take (f,g) = (—z2,y) and
then the relation is satisfied, however this is clearly not in the image. Thus we
replace this with

LR R ko,

A= (‘y _“’”2) :
€T Yy
Then by construction the composite is zero, so now suppose fx + gy = 0. Using
the t coordinate, this means ft> + gt3 = t>(f +tg) = 0, so f = —tg. Since
tg € k[t?, 3], this means g € (t2,t3) = (z,y), otherwise tg would have a ¢! term.
Writing g = zu + yv, we get f = —yu — x?v. Thus (f,g) = A(—u,v), showing
exactness. Since A and (z,y) have coefficients in the maximal ideal, this also
shows that p(m) = 2, and hence R is a singular hypersurface as above. One can
now iterate this computation and show similarly that

R2

where

LRERARERAR® k0

5=(17)
Ty
which also has coefficients in m. This confirms that 37*(k) = 2 for ¢ > 2, and also
explicitly explains the 2-periodicity we were seeing in the proof of the example.

is exact, where

Finally, in the rest of this section we discuss more criteria for regularity. As a
warmup, here is the easiest one.

Lemma 3.1.36. Let f: X — Y be a faithfully flat map of locally Noetherian
schemes. If X is reqular, then Y is reqular.

PROOF. Since f is surjective, for each y € Y we may choose x — y and
consider the corresponding faithfully flat local map Oy, — Ox , with the latter a
regular local ring. By commutativity of tor with flat base change,

Tor*oy’y(/f(y),]\f) ® Oxg = Tor?x’z(/@(y) ® Oxe, N ® Oxy),
Oy y Oy,y Oy,y
and since gl.dim(Ox ) = n < oo, the RHS is zero in degrees > n. Since Ox,
is faithfully flat, this implies Tord " (k(y), N) is zero in degrees > m, hence
pdo,., (k(y)) < occ. O
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For instance, a field extension & — K is faithfully flat as it is free, thus if
X — Spec(k) is a k-scheme then writing Xxg = X Xy Spec(K), Xg — X is
faithfully flat by stability under base change. In particular if X is regular then
X is regular.

Lemma 3.1.37. Let ¢: (R,mp, kg) — (S, mg, ks) be a flat local map of Noetherian
local rings. If R and F' = S/mpgS are both regular, then S is reqular, and moreover

dim S = dim R 4+ dim F’
holds.
ProoOF. By assumption we may choose regular sequences
mp = (21,...,2,)  mp=mg/mpS = (Gy,...,Y)
generating the respective maximal ideals. Choose lifts of 7; to y; € mg, so that
mg = (¢(x1), .., ¢(@r), Y1, .-, ys) = (6(2),y)-

We claim this is a regular sequence (which will also prove the dimension equality).
Indeed, first since S is flat over R,

Kos(¢(z)) = Kosh(z) % S = R/m®r S = F.

Therefore,
Koss(¢(z),y) = Koss(¢(z)) ¢ Koss(y)
= F ek Koss(y) = Kosr(7)
=kp =k,
in D(S), proving the claim. O

Corollary 3.1.38. Let f: X — Y be a flat morphism of locally Noetherian
schemes. If Y is regular, and the fiber X is reqular for all y € Y, then X is
regular.

ProoF. For z € X, let y = f(x), then the map Oy, — Ox, is a flat local
map with regular domain. Then Ox ,/m,Ox, = O X, 18 Tegular, by assumption,
therefore Ox , is regular by the flat-local criterion. O

In practice, we want to use a stronger condition for morphisms which is actually
stable under base change, since the one above is not; thus we make the following
definition. First, recall that if X — Y is locally of finite type and Y is a locally
Noetherian Y-scheme, then X xy Y’ is locally Noetherian. So, if X — Spec(k) is
locally of finite type over a field, we say that X is geometrically reqular if Xy is
regular for all field extensions k C K.

Suppose X — Y is locally of finite type. Then it has geometrically reqular
fibers if X, — Spec(r(y)) is geometrically regular for all y € Y. In other words,
Xy X () Spec(K) is regular for all extensions x(y) C K. It is also equivalent to ask
for all geometric fibers to be regular because we proved that regularity descends
under extension of the base field.
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Finally, a morphism X — Y is smooth if it is locally of finite type, flat, and
has geometrically regular fibers. (Note: the usual definition of smooth requires
locally of finite presentation, but since we will not need this assumption we omit
it.) Here are the basic properties of smoothness.

Lemma 3.1.39.

(a) A composition of smooth morphisms is smooth.

(b) An open immersion is smooth.

(¢c) An arbitrary base change of a smooth morphism is smooth.

(d) If X — 'Y is smooth and Y is reqular, then X is regular.

(e) f: X — Y is smooth iff f~1(U) — U is smooth for all U in an open
cover of Y.

(f) X =Y is smooth iff U - X — Y is smooth for all U in an open cover
of X.

(9) If we have a cartesian square
X —Y’
X —Y
where X' — Y is smooth and Y' — 'Y is fpqc, then X — Y is smooth.

(h) A morphism X — Y is smooth iff it is flat or finite type, and the fibers
Xy — Speck(y) are smooth for ally € Y.

PROOF. (c) Locally of finite type and flat are both stable under base change.

Then for y' € Y lying over y, we have
(X xy Y’)y, = Xy X,y Speck(y),
hence for any extension K D k(y'), (X xy Y,)y’,K = (X,)k is regular.

(d) This is by Cor. 3.1.38.

(a) This holds for locally finite type/presentation and flatness, and if X —
Y — Z is a composition with z € Z, then X, = X xy Y,. For all K D k(z),
(X2)xk = X xy (Y2)k, so (X;)xk — SpecY. is smooth by (c), hence (X,)x is
regular by (d).

(b) An open immersion is locally of finite presentation and flat, and its fibers
are either empty or Spec(k(x)), which is clearly geometrically regular.

(e) One direction follows from (c), and conversely, finite type/presentation are
local on the target, while f~1(U) — U has the same fibers as X — Y for y € U,
so geometric regularity is too.

(f) Onme direction follows from (a) and (b). Conversely, locally of finite
type/presentation and flatness are local on the source. If U — X — Y is
smooth for all U in an open cover, then for each y € Y, consider X, X, K for
some extension K D k(y). Then Uy X,y K C Xy X,y K is regular for all U in a
cover of X, which thus forms a cover of X, and hence X, is geometrically regular.

(g) Locally of finite type/presentation and flatness are fpqc local on the target.
If y' € Y lies over y € Y, then X|, = Xy X,y Spec k(y'), so (X;/)x = (Xy)k for
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an extension K D k(y') D k(y). Since flatness descends along field extensions, it
is clear that X, is geometrically regular. Since Y’ — Y is surjective, this covers
all fibers.

(h) This is clear, because if X — Speck is smooth, then Xx — Spec(K) is
smooth by (c), so Xg is regular by (d). O

Example 3.1.40. We show by induction on n that Spec k[z1,...,x,] — Speck
is a smooth morphism. Everything is flat over a field, and polynomial rings
are finitely presented k-algebras by definition. When n = 1, we have to show
k[x] is geometrically regular over k, but indeed K|[z] is a PID for every K,
and hence regular (Example 3.1.28). For n > 1, take the smooth morphism
Specklzi,...,xn—1] — Speck, base change to obtain a smooth morphism

Specklzi,...,x,] — Speck[x,],

and finally compose with the smooth morphism Spec k[z,] — Speck by n = 1.
This also gives a proof that k[zi,...,x,] is a regular ring which avoids the
Nullstellensatz. Since it has dimension n, it has global dimension n, which is
known as Hilbert’s syzygy theorem.

Example 3.1.41. More generally, let S be a scheme. Then A% — S is a smooth
morphism. Indeed, it suffices to show that A7 — SpecZ is smooth. It is of
finite presentation, and Z[z1,...,x,] is free over Z hence flat. The fibers are
Aﬁp — Speck;, and A — SpecQ, which are smooth by Example 3.1.40. In
particular, if A is a regular ring, then A[z1,...,z,] is regular. If A has dimension
r, then Afz1,...,z,] has global dimension 7 +n. Another corollary is that P¢ — S
is smooth for every S by locality on the source.

In the rest of this subsection we will give some of the classical criteria for
regularity. Notably, we will still not rely on the characterization of regularity
as dim(R) = p(m). We will see that in general, the place where we can most
easily detect regularity is in the case of a regular immersion. The most important
regularity criterion is how to tell whether k[z1,...,%n](5,, . 4,)/] 18 a regular
local ring for some ideal I. This is because if we are given an fppf morphism
f: X — S and want to test for smoothness, then we have to check whether
Xs Xy(s) Spec K is regular for K an algebraically closed field. This is locally of
the form Spec K[z1,...,x,]/I for some ideal I, and by the Nullstellensatz we only
have to check regularity at points of the form

(x1—ai,...,xp — ap) a; € K,

whose local rings reduce to those of the form above.

Let’s start with a Noetherian local ring (Q, mg). If I C mg is an ideal, define
the Noetherian local ring R := (Q/I, mg) with mp = mg/I. Then R and @ have
the same residue field £ = @/mg. Note that by definition, we have an exact
sequence
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of k-vector spaces, giving the cotangent space of R as a quotient of that of Q.
Thus this natural quotient map is an isomorphism iff I C mé. If this condition
holds and @ is a regular local ring, then we say that Q/I is a minimal regular
presentation of R.

More generally, let @) be a regular local ring; by choosing a splitting of the
sequence above, we can lift a basis for mp/m% to a linearly independent set in
mg/ mé. The fact that this can be completed to a basis (hence a regular sequence of

length dim(Q)) implies that whenever we choose f1, ..., f, generating mp = mg/I
with lifts f1,..., f, € mg, then these will form a regular sequence in . The ideal
J = (f1,..., fr) is called a transverse parameter ideal, and can give information
about R; for instance, what we have said implies that Kosb( fis---, fr) gives a
resolution of ()/J, and on the other hand if we tensor this with R we will obtain
Kosk(f1s - -+, f,) which we know controls a lot of interesting regularity information
about R. Thus R ®5 Q/J is the key to detecting things like regularity of the
subvariety R.

Before continuing any generalities, let’s discuss the specific and most-used
example, which is that of a hypersurface. Again assume ( is regular local and
I = (f) for some f € mg. We have already seen that if f € mg \ mé, then
R = Q/(f) is again a regular local ring of one dimension lower. Conversely, if
fe mé, then p(mg) = p(mg), yet dim(R) = dim(Q) — 1 so the ring must be
singular. Thus R is regular iff f € mg \mé

Now specialize to Q = k[z1,..., %) (4. 2,) and let f € mg. By clearing
denominators, we may assume f is represented by a polynomial in k[z]. But we
know that

f= Zn: of (0)z; (mod m)
a i=1 Iz ' o

and since {x1,...,xy,} is a basis for mg/ mé, we conclude that Q/(f) is singular

iff 0f/0x;|z=0 = 0. This provides the following criterion:

Lemma 3.1.42. Let k be a field and f € A = k[z1,...,xy,) be a nonzero polyno-
mial, and let k be an algebraic closure. The following are equivalent:
(a) Spec A/(f) is smooth over Speck.
(b) For any algebraically closed field K D k and a = (a1,...,a,) € K™ with
fla) =0, 0f/0xi|g=a # O for all i.
(¢) For each a = (a1,...,a,) €k, with f(a) =0, Of/0x;|z=q # O for all i.
(d) (f, 0 fs -0z, f) = (1) over k[zy,... ).
(e) (f,0u,f,...,0z,f) = (1) over A.

PROOF. A/(f) is a smooth k-algebra precisely when over all algebraically
closed fields K containing k, the base change K|[z1,...,z,]/(f) is regular. If we
take K = k, then it is clear from the Nullstellensatz, Lemma 3.1.20, and the local
ring description above (after shifting points) that (a) < (b). Clearly (b) = (c). It
follows again from the Nullstellensatz that (c¢) = (d).
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Likewise, (b) is equivalent to the version of (d) where k is replaced with any

such K. But now this is equivalent to (e), because A — K{z1,...,x,] is faithfully
flat (since & — K is), and thus (A/J) @, K = 0 implies A/J = 0, i.e. J = A,
where J = (f,0z,,...,0z,)- O

Remark 3.1.43. Let A = R[x1,...,x,] for some ring R and f € A, and assume
that A/(f) is flat over R. Then again J = (f,04,f,...,0s,f) = A implies that
A/(f) is a smooth R-algebra. Indeed, this implies that for each p € Spec(R), we
have Jk(p)[z1,...,zy] = k(p)[x1,...,2,], which by the lemma implies that the
fiber is smooth over k(p). The converse holds if f is a nonzerodivisor. In this

case, we have a sequence 0 — A ERy/ N A/(f) — 0, and since A/(f) is flat the
sequence remains exact upon tensoring with x(p). This ensures that f does not
become zero over any of the fibers, and hence the criterion above applies fiberwise
again.

Example 3.1.44. Let A = Z[z1,...,z,) and f € A a nonzero polynomial. Con-

sider the sequence 0 — A ERy/gn A/(f) — 0, which shows that Tori(A/(f),F,),
i.e. the module of p-torsion, is zero iff multiplication by f remains injective upon
base changing to F,. In particular, A/(f) is torsion-free (= flat) iff f is not 0
modulo p for any p, i.e. if the coefficients of f have ged 1 (namely f is ‘primitive’).
Then A/(f) is smooth over Z exactly when (f, 0z, f,..., 0z, f) = (1). This shows
that a hypersurface defined by such an f over any ring R is smooth over R.

Now let’s return to a more general setting and discuss regular immersions.
Let (Q, mg, k) be Noetherian local and I C m an ideal. Let (z1,...,2,) =1 be a
minimal generating set. Then we have seen that Kosg)(z1,. .., ;) is independent
(up to isomorphism) of the choice of minimal generating set of I. Thus, we say I
is a complete intersection ideal if a (or, equivalently, any) minimal generating set
of I forms a regular sequence in Q).

Let’s see that this notion is well-behaved in a number of ways. First of all, we
define gradeg (I, M) to be the supremum over lengths of an M-regular sequence
contained in /. We write gradeg(I) = gradeg (I, Q) for the maximal length of a
regular sequence inside 1.

Lemma 3.1.45. Let (Q,m, k) be Noetherian local. Then we have
gradeq (I, M) = ;Ijlfl depthg, (M) = inf{j : Ext;,(Q/I, M)}

for any ideal I C m and finite module M, and this coincides with the length of
any maximal M -reqular sequence in I.

PRrROOF. The Ext-characterization and its equality to the length of any maximal
M-regular sequence is proved identically to the case where I = m which we showed
earlier; the case of interest is the initial equality. First, if fq,..., f- is an M-regular
sequence contained in I, then localizing the corresponding Koszul complex at any
p D I gives an Mp-regular sequence of the same length.

Conversely, let f1,..., fr be a maximal M-regular sequence contained in I, so
r = gradeg (I, M). Let N = M/(fi1,..., fr), then by assumption, I is contained
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in the union of associated primes of N. By prime avoidance, let ¢ D I be an
associated prime. Now upon localization at ¢, the sequence remains My-regular
by the argument above, with quotient N;. But by construction, q contains no
Ny-regular elements, hence the given sequence is maximal in qQq. This implies
r = depthg, (My), giving the other direction. O

Note that as a consequence, gradeg (/) < p(I). Indeed, any minimal prime p
over I has ht(p) < u(I), and

depth(Qy) < dim(Qy) = ht(p) < u(I),
therefore the claim follows. We also write ht(/) = inf,~7 ht(p), so this shows that
in fact gradeg (1) < ht([).
As a corollary, the following are equivalent for (Q, m,k) and I C Q:
(a) I is a complete intersection ideal.
(b) I is generated by a regular sequence fi,..., fr, in which case r =
gradeq (1) = ht(I) = u([).

(c) gradeq(D) = u(1).
The description above makes it clear that (a) and (b) are equivalent. To show
that (b) implies (a), we can copy the spectral sequence proof from the earlier case
when I = m to show that u(I) — gradeg (I, M) equals the top homology degree
(i.e. lowest cohomology degree) of H*(Kosg(fi,. .., fr)), where fi,..., f, is any
minimal generating set of I. In particular if the two numbers coincide then any
such minimal generating set is a regular sequence.

Remark 3.1.46. We usually consider complete intersections when the ring @) is a
regular local ring, or at least when () is Cohen-Macaulay. In that case, we observe
that since depth(Qy) = dim(Qy), we have gradeg(I) = ht([).

Definition 3.1.47. Let i: Z — X be a closed immersion of locally Noetherian
schemes. i is a regular immersion if the quasicoherent ideal sheaf 7, C Ox
corresponding to ¢ has the property that Z, C Ox . is a complete intersection
ideal for all z € Z.

Given a closed immersion, one writes Reg(i) C Z for the set of points of Z
for which Z;,y C my(,) C Ox () is a complete intersection ideal. We will now see
that this locus has good properties.

First, suppose i: Z — X is a closed immersion and z € Reg(i). Thus we
may find an open nbhd U C X and sections fi,..., f. € H°(U,Zz) such that
(fizs---, frz) = Iz, form a regular sequence generating Zz . in Ox .. Since Zz
is finite type, we may shrink U and assume that fi,..., f, generate Zz|y. Then
consider the kernel in

0—Ki— Ou/(fi,---, fim1) ELN Ou/(f1,-.., fiz1)-

Since X is locally Noetherian, each IC; has closed support, and thus by shrinking U
again r times, we may assume that (fi, ..., f;) forms a regular sequence generating
Tz over some open nbhd U C X, with the property that Oy /(f1,..., fr) # 0.
Now for x € U \ Z, the stalk of this sequence generates the unit ideal in Ox; but
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for each 2/ € U N Z, we obtain a regular sequence in Ox , generating Zz .. In
particular, U N Z C Reg(i) and thus Reg(i) is open.

Lemma 3.1.48. Leti: Z — X be a regular immersion of Noetherian schemes.
Then 1,Oyz is perfect on X, so in particular i is quasi-perfect.

PROOF. The first statement implies the latter because 7 is affine, and this
claim is local on the target. By the above we may shrink X and assume there is a
regular sequence in H(X,Oyx) cutting out 7,0y, so the Koszul complex provides
a finite free resolution. O

The next result requires a bit more buildup, which should be added here.

Lemma 3.1.49. A section of a smooth morphism of locally Noetherian schemes
is a reqular immersion.
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3.1.3. Classical applications of regularity. Our next goal is to prove that
regular local rings are UFDs, which forms the basis for various results in scheme
theory. We will give an interesting application of this, which is to prove that all
coherent sheaves on a Noetherian regular semiseparated scheme of dimension n
have a length n resolution by vector bundles.

Lemma 3.1.50. Let R be a regular local ring. Then Pic(Spec(Ry)) =0 for any
f€R.

PROOF. Let N be a line bundle on Spec Ry, so in particular N is finitely
generated by some {z1,...,2,}. Let M be the R-submodule Y, Rz; C N, then
by flatness of localization we have My C N, yet clearly this is an equality since
My contains ), Ryx; = N.

In particular, since M is finite over a regular local ring, it has a finite resolution
by finite free modules. By localizing the corresponding exact sequence at f, we
obtain an exact sequence

0—F,—-—Fp—>N-—>0

with F; finite free over Ry. Then this is a sequence of constant rank vector bundles
on Spec Ry, so by the determinant formula (e.g. Prop 2.2.5 of the exterior power
notes) we obtain

- @ det(F1)Y @ det(Fp) @ det(N)Y = Ospec Ay
and since N has rank 1 this means:
N 2 det(Fy) @ det(F1)Y @ - --
The RHS is finite free, hence N is free. U

With this, the main result is relatively easy to prove. The only remaining input
is the following simple observation: Let A be a domain and a € A an irreducible
element. If p € A is prime and a/1 € A, is prime, then in fact a is prime in A.

Indeed, suppose b,c¢ € A such that a | be, then this holds in A,, so we may
assume a/1 | b/1. Thus we may write p"b = ad in A for some d, and assume n > 1
otherwise we are done; if p | a, then since a is irreducible we must have (a) = (p)
is prime. Otherwise, since p | ad, this means p | d, so we deduce p"~'b = ad’ by
cancellation. We may continue reducing the exponent of p until it is zero, thus
eventually b = ad” for some d”’, i.e. a | b.

THEOREM 3.1.51. Let (R, m) be a regular local ring. Then R is a UFD.

Proor. If dim(R) = 0 then R is a field, so assume dim(R) > 0. Then we
know that we can take any p € m \ m? and R/(p) will be a regular local ring of
dimension dim(R) — 1, so in particular p is prime. Let p C R be a height 1 prime,
then we have to show p is principal. If p € p, then 0 C (p) C p shows (p) =p is
principal, so assume p ¢ p. Then pR, C R, is a prime, and we claim it is a line
bundle.

Each prime of R, is of the form qR,, for p ¢ q, thus htz(q) < dim(R) —1 (since
p € mso q # m). Therefore R, is a regular local ring of dimension < dim(R)—1 and
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hence a UFD. But now (pR,)qr, = PRy, and htg (pRy) = dim(R,) = htr(q) = 1,
so pRy is a principal ideal in Ry. Thus all prime localizations of pR,, are rank 1
free modules, proving the claim.

By the lemma, pR, C R, is free of rank 1, hence pR, = (f/p™) for some m
and f € p. Since R is Noetherian, we can write f = a;---a, as a product of
irreducible elements, so a; € p for some 7. Then a;/1 € pR,, and divides the prime
element f/p™ in R,, thus a;/1 ~ f/p™, so pR, = (a;/1), i.e. a;/1is prime. By the
observation preceding the proof, it follows that a; is prime in R, and (0) C (a;) C p
shows (a;) = p is principal. O

This result is sometimes also called the Auslander-Buchsbaum theorem. Recall
that a scheme X for which Ox ; is a UFD for all x is called locally factorial. So the
result shows that a regular scheme is locally factorial. Since UFDs are integrally
closed domains, this also shows that regular schemes are all normal. There is an
important converse in dimension 1, which we can now show.

Proposition 3.1.52. Let (R, m) be a Noetherian local ring of dimension 1. Then
R is regular iff R is a DVR iff R is an integrally closed domain.

PRrROOF. We have already proven the equivalence of the first two conditions,
and we have just seen that the first two imply the third. Suppose the third: note
the only two primes are (0) C m. Let 0 # x € m, and observe that \/(z) is the
intersection of primes containing x, i.e. /() = m. Since m is finitely generated,
take the smallest n for which m" C ( ). If n =1 we are done by Prop. 3.1.27, and
if n > 1 then m"~ ! C ().

Thus we may choose y € m" ! C m with y ¢ (), so by assumption y/x is in
Frac R and not R; but (y/x)m C m"/z(x) C R. We claim (y/x)m ¢ m. If this
were false, then we have an R-linear endomorphism (y/x): m — m, and since m is
finitely generated this implies (y/z) is integral over R (see Lemma 1.3.3 in the
exterior power notes). This would contradict integral closure.

Thus take z € m such that (y/z)z ¢ m, i.e. yz/x is a unit in R, so letting
7 = 2(yz/x)~! € m gives an element of m such that 7(y/z) = 1. But for every
wem, (y/x)w € R, so w = n(y/x)w € (m), which shows that m = (7). Hence by
Prop. 3.1.27, R is a DVR. U

This is nice because it says that for any (locally Noetherian) normal scheme
X, a codimension 1 point 77 € X has Ox,, a regular local ring. We sometimes
say that normal schemes are ‘regular in codimension 1’; e.g. any reduced curve
admits a smooth model.

Next we’ll discuss global resolutions by vector bundles. Let X be a locally
Noetherian scheme. X has the resolution property if every coherent sheaf is a
quotient of a vector bundle (a locally free sheaf of finite rank). Most things that
we work with have the resolution property by virtue of the following example:

Example 3.1.53. Let X be a locally Noetherian scheme with an ample line
bundle £. Then X has the resolution property. Indeed, for each coherent sheaf
F, there exists n > 0 such that LZ" ®¢, F is globally generated, i.e. there is a
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surjection OF — L®" @0, F — 0. Thus (L ™)™ — F — 0 is a surjection from
a vector bundle. In particular, this applies whenever X is quasiprojective over a
Noetherian ring.

It is an interesting and difficult question to answer whether or not a scheme
has the resolution property. For instance, it is unknown whether there is a
Noetherian proper scheme without the resolution property, or even a Noetherian
separated scheme without it. It is a fun result to prove that if X is Noetherian
with the resolution property then X is semiseparated, but this uses the fact that
Dyc(X) = D(QCoh(X)) in the Noetherian case, which we haven’t shown.

Proposition 3.1.54. Let X be a reqular scheme of dimension n. If X has the
resolution property, then every coherent sheaf admits a resolution by vector bundles
of length n.

ProoF. This is the usual trick: by Noetherianity, we can inductively build a
(finite) locally free resolution of a coherent sheaf F, where at each step the kernel
remains coherent, so we may take a vector bundle surjecting onto it. Do this and
take the kernel at the nth step:

0-K—-&_ 11— —&E —&—F—N0.

Since F is coherent, it suffices to show K, is a free Ox ;-module for all z. But
indeed Ox ; is a regular local ring of dimension < n, so by dimension shifting we
see pd IC; = 0, i.e. it is free. O

Example 3.1.55. Here is a slightly more general statement. Let X have the
resolution property and suppose E € Perfb(X ) has perfect amplitude (i.e. tor
amplitude) in [a,b]. Then E is represented by a complex £°® of vector bundles
concentrated in [a, b]. Using the collection of vector bundles as an adapted class
on Coh(X), it follows that F is isomorphic to a complex F* of vector bundles
concentrated in (—oo, b]. By Prop. 2.2.53, 7>,F*° is a complex of flat sheaves, so
the bottom cohomology is flat. It is also the cokernel of a map of coherent sheaves,
hence coherent. A finitely presented flat sheaf is locally free, which completes the
proof.

Proposition 3.1.56. Let X be a Noetherian separated locally factorial scheme.
Then X has the resolution property.

The hypothesis arises because the equivalence between Weil divisors and Cartier
divisors works over locally factorial schemes. We will use this to show that X has
an ‘ample family of line bundles’, and then that X has the resolution property.

Indeed, first since X is Noetherian it has finitely many components {X;}, and
since each local ring is a domain we know that they must be disjoint (and clopen).
Then if the result is known in the integral case, then if F is a coherent sheaf on
X we may take vector bundles & — Fx;, then the direct sum @, j; »&; of their
pushforwards still surjects onto F, because in this case j; « coincides with j; ).
Thus we may assume X is integral. We will now show that the collection of opens
{Xs:s5€ L(X),L € Pic(X)} forms a basis for X.
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Indeed, choose € X and U an open nbhd of z. First suppose that Z := X \ U
is irreducible, and thus view it as a closed integral subscheme. If ny € Z is the
generic point, then we claim that Ox , € Ox,, as subsets of K(X). If this were
false, then the canonical map Spec Ox ,, — X and the composition

Spec Ox 5, — SpecOx; — X

would be two maps agreeing at the closed point of the source, so by separatedness
they must agree. This factorization would imply (by the correspondence between
specializations and maps from local rings to X) that = € {7} = Z, which is
a contradiction. Therefore, we may choose f € K(X) such that f € Ox, but
f & Oxn,.

Now, let D = (f)s be the pole divisor of f, which is effective. By construction
x ¢ D, but Z C D. Since X is locally factorial, this is an effective Cartier divisor,
and £ = Ox (D) comes with a canonical section sp € £ such that V(sp) = D. In
particular, z € Xs and X \ X5 D Z, i.e. Xy C U. This proves our claim in the
case that Z is irreducible. If it isn’t, then let Z = Z; U---U Z,. be the components
and apply the case above to X \ Z; for each i, which gives line bundles £; with
sections s; such that x € X5, C X \ Z;. Then write s =s1---5, € L1 ® --- @ Ly,
which satisfies

reX;=X,N--NX, CX\|JZi=U
7

as desired.

Now let’s axiomatize this condition: Let X be a quasicompact scheme equipped
with a collection S of line bundles such that the open sets {X; : s € L, £ € S}
form a basis for the topology on X. If moreover the collection S is closed under
multiplication, i.e. is a multiplicative submonoid of Pic(X), then we will call S an
ample family of line bundles. The basic property is the following:

Lemma 3.1.57. Let X be a qcgs scheme with an ample family S of line bundles.
Then for each finite type sheaf F over X there exists L € S such that L & F is
finitely globally generated.

PRrOOF. This has the same proof as in the ample case, which is namely the
qcgs lemma for line bundles. Namely, since X is quasicompact we may find finitely
many line bundles L4, ..., £, with sections s; € £;(X) such that:

(a) X =X, U---UX, .
(b) There is a surjection (9];("5_ — F|x,, for each i.

By the qcgs lemma, for each 4, given the sections ay,...,ax, € F(Xs,), and for
each j we can lift s a; to a global section of L™ @ F. By choosing m uniformly
across the a; (and multiplying by s more times), we may lift all the s™a; to
sections of L&™ ® F. By replacing £; with £™ € S and our sections with s7a;,
we may assume there is a global map (9];(" — L; ® F which is surjective on Xj;.
By doing this for all ¢, we can multiply our chosen global sections of £; ® F by
$1+--8; -+ 8, to obtain global maps (’)];} — L1 ® - ® L, ®F which are surjective
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on X,,. Finally, letting n = >, k; this induces a map O% — £ ® F where
L=L®: - ® Ly, which is surjective on all X,, hence surjective. O

Note that this completes the proof of Prop. 3.1.56, since in that case we showed
that the collection of all line bundles is an ample family for X; thus for a coherent
sheaf we can find a surjection (LY)®" — F — 0 for some n and L.

Thus far, we have relied on essentially no hard facts in commutative algebra.
The point of this was to emphasize that regularity is an easy notion as long as we
define it homologically instead of dimension-theoretically. The issue with this is
that we still have not related our results to the classical definitions. Therefore, we
will now prove two results that require more difficult commutative algebra.

The simpler one is about perfect fields and smoothness. It means that we only
have to check regularity over one perfect (e.g. algebraically closed) field, instead of
having to check over all fields. The somewhat nontrivial fact we have to use is that
extensions of perfect fields are separably generated, meaning if K D k is a finitely
generated extension and k is perfect with tr.deg,(K) = r, there are z1,...,z,
such that K D k(z1,...,z,) is finite separable. (Note however that this is trivial
in characteristic 0, so we at least have a self-contained proof in that case.)

Lemma 3.1.58. Let q: X — Spec(k) be locally of finite type with X regular and
k perfect. Then q is smooth. In particular, an fppf morphism f: X — Y is smooth
iff for each y € Y, there exists a perfect field K O k(y) such that X, x Spec K
is reqular.

K(y)

PRrROOF. The conclusion follows immediately from the first part and the defini-
tion. X is automatically flat over & and of finite presentation (as k is Noetherian),
so we just have to show geometric regularity. Let K D k be a field extension, and
consider the base change X — X which is flat. We have to show that the fibers
are regular by the flat local criterion: The fiber over z € X is

(XK)z = Spec(K) xj, Spec k(x) = Spec(K ® k(x)),

so we have to show K ® k() is a regular ring. Now, since X is locally of finite
type over k, k(z) D k is a finitely generated extension, and since k is perfect we
may find
F =k(t1,...,t,) C k(x)

where k(x) D F' is a finite separable extension. By the primitive element theorem,
F' is generated by one element, and hence we may write x(x) = K[u]/(f) for
some separable irreducible polynomial f(u) € k(z)[u]. Now consider the ring
A = K ®; F'; note that

A=K k[t,...,t:][S7 = K[t1,...,t,][S™}]

where S is the multiplicative subset k[t1,...,t,]\ {0}, and therefore A is a regular
ring. On the other hand

K @ r(z) = K @ Flu]/(f) = Alu]/(f)-

Observe that if d = deg f, then {1,u,...,u%"'} forms a basis for A[u]/(f) over A,
because f is monic and both linear independence and generation follow from the
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division algorithm. Therefore A[u]/(f) is flat over A; we are going to apply the
flat local criterion once more to A — Afu]/(f) to conclude regularity.
For p € Spec A a prime, it remains to show that the fiber

Alu]/(f) ®a k(p) = £(p)[u]/(f)

over p is regular. Since f is separable (over any extension field), we may write it
as a product f = f1--- fs € k(p)[u] of distinct irreducible polynomials. By the
Chinese remainder theorem,

£ (P)[l/(F) =TT o))/ (f:)

is a finite product of fields, and hence its spectrum is a disjoint union of regular
local rings, hence it is regular. This completes the proof that A[u]/(f) = K @ k(z)
is regular, hence that Xx is regular, hence that X is geometrically regular over

k. O

Remark 3.1.59. Suppose k is perfect and k is an algebraic closure. Then a (finite
type) k-scheme X is regular iff X — Speck is smooth iff X — Spec k is smooth
iff X7 is regular. So, for example, if we are checking regularity of a subvariety of
Specklz1,...,xy)], it certainly does not suffice to check only at the k-points; we
have to check at k-rational points, since this shows that a singularity existing at
an k-point will show up as a closed singular (but non-rational) point over k.

The next is the standard definition/characterization of being a regular local
ring, which we have omitted in favor of the other definitions that are easier to
work with homologically. The nontrivial result we have to rely on is the following:
If (R, m) is Noetherian local, then we define the associated graded ring by

gra(R) = @ m™/m" 1,
n>0

It is a result using Hilbert-Samuel functions that dim gr, (R) = dim(R).

Proposition 3.1.60. Let (R, m, k) be a Noetherian local ring. Then R is a reqular
local ring iff dim(R) = p(m).

PrOOF. We have already proven the (=) direction. Let n = dim(R) and
consider a minimal generating set (xy,...,z,) = m of the maximal ideal. There is
a natural map

kTh,...,T,] — gro(R)
given by sending T; + z; viewed as elements of degree one in m/m?2. Since gr,(R) is
generated (by definition) in degree 1, this map is surjective. Since dim gr,,,(R) = n,
this map is an isomorphism, as k[T, ...,T,] is a Noetherian domain of dimension
n.

Based on this we claim that x, is a non-zerodivisor in R. Indeed, if ax,, =0
for @ € m, then by the Krull intersection theorem there is a unique r > 0 such that
a € m” but a ¢ m"*1. Treating a as a nonzero element of gr,,(R) in degree r, this
shows ax,, is a nonzero element of gr,,(R) in degree r + 1, i.e. az, € m"*! \ m"+2,
hence ax, # 0 in R.
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Now the Noetherian local ring R/(zy) has embedding dimension n — 1 with

generators xi,...,T,—1 of the maximal ideal, and since z,, is regular, it has

dimension n — 1. By induction, R/(x,) is a regular local ring, so x1,...,z,_1 is a
y b b ) )

regular sequence in R/(xy), thus x1,...,x, is a regular sequence in R. O

3.1.4. Appendix: Hilbert’s Syzygy Theorems.

Corollary 3.1.61. Let k be a field and F be a coherent sheaf on IP;. There is an
exact sequence

0—-& —-—&—>F—0
of Opg—modules where each &; is a finite direct sum of line bundles Opz(d) for
various d € 7.

3.2. Applications of cohomology

3.2.1. Classical applications. We have thus far managed to avoid comput-
ing any non-trivial cohomology of any schemes. In this section we will compute the
cohomology of projective space P}, — Spec(R) over a ring R, and prove many of
the classical results, such as Serre’s criterion for affineness/ampleness, Chevalley’s
theorem, Grothendieck coherence, and so on.

Let R be a ring, and P% = Proj Rz, ...,z,] with the standard grading.
Without further qualification, by P" we mean P%. We also use S = R|xo, ..., %]
for the graded ring. Recall that P% is a quasicompact separated scheme with
standard affine open cover U; := D (x;) by n + 1 opens. In particular, we know
immediately from Cech cohomology that all quasicoherent sheaves F on P™ have
HYX,F)=0forq>n+1.

Let us first establish the Serre vanishing theorem for projective morphisms,
which we get from the following seemingly unrelated observation. On S, multipli-
cation by z( gives a map of graded modules S(i) — S(i + 1), so we can consider
the directed system

S 2 8(1) 2% 5(2) — -
of graded modules. Each term admits a map S(r) — S, to the graded localization
sending a — a/xzy, which is graded since if a € S(r)y = Sgyr, then a/xj has
degree d. Therefore we obtain a map lim S (r) — Sz,, which is surjective since all
homogeneous elements are in the image by construction. If some a € S(r) maps
to 0, then xéa = 0 for some ¢, i.e. a becomes zero in the colimit. Thus the map is
an isomorphism. By sheafifying, we can phrase this fact by saying

lim (Opn =% Opn (1) = --+) = j.Oy,
where j: Uy < P™ is the inclusion of Uy = D4 (x¢).
Example 3.2.1. We'll show by induction on n that H(P", Opn(d)) = 0 for all
q > 0 and d > —n. We will use the projection formula without further mention.

This is clear when n = 0 because P? is affine. For n > 0, let H = V, (z9) = P"~!
and consider the hyperplane sequence

0 — Opn(d—1) 2% Opn(d) — Og(d) — 0
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twisted by Opn(d). By induction, when d > —n + 1, the right-hand sheaf has
cohomology concentrated in degree 0, so certainly
HYP", Opn(d—1)) — HY(P", Opn(d))

is an isomorphism for ¢ > 2. It is also an isomorphism for ¢ = 1, because either
d < 0 where this is clear, or the map Opn(d) — Og(d) is the surjection

Rlzo,...,xn] — Rlx1,...,2y] zg — 0
on global sections. Therefore each morphism in the directed system

HI(F", Opn (1)) 2% HI(P", Opn (—n + 1)) 2 HI(B", Opn (—n +2)) — -
is an isomorphism. Since P" is qcgs, cohomology commutes with filtered colimits
and we have an isomorphism
HY(P", Opn(d)) = HY(P", lim Opn(d)) = Hq(Pn,hLQOPn(d))
d>—n d>0
for all d > —n (of course, by the isomorphism we are free to start the colimit at
d =0). As we just showed, the RHS is
Hi(P™, h_H)lO]Pm(d)) = HY(P", j,Opy,) = HY(A",Opn) =0,

d>0

using the fact that j: Uy — P" is an affine morphism as P" is separated.

Corollary 3.2.2. LetY be a locally Noetherian scheme, f: X — Y be a projective
morphism, and L an f-ample line bundle on X. For each A € Di’oh(X), there
exists ng € 7. such that the natural maps

HP(Rf.(A®" L%)) — f.HP(A @Y L5
are isomorphisms for all d > ng and all p € Z. In particular, if F is a coherent
sheaf then for d > 0,
RPf(F@ L) =0
for all p > 0.

PROOF. We have seen that this map being an isomorphism is controlled by
the edge maps of the spectral sequence

RPf (HI(A @Y £®)) — HPTUYRf (AR LE).

Since £2¢ is flat, the LHS is RPf,(H?(A) @ £®%). Since H(A) is nonzero for
only finitely many ¢, we can immediately reduce to proving the special case in the
theorem statement since it will imply that for d > 0, the sequence will only have
a p =0 row.

Now this claim is local on the target, so by choosing an affine open nbhd in Y
we may assume Y = Spec R for R a Noetherian ring, f factors through a closed
immersion as X — P — Spec(R), and L is an R-ample line bundle on X. Then
Rl f.(F ® L£L®%) corresponds to the R-module H!(X,F ® £L®%). We can replace
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L with a finite tensor power and assume £ is very ample, and thus it gives a
projective embedding

i: X —Ph Z'*(O[P%(l)) =L.
Therefore F @ L% = F ® i*Opr (d), so
H'(X,F © L) = H' (P}, (i.F)(d))
by closed projection, with i, F still coherent. Thus we have reduced to the case
where f is P — Spec R and £ = Opr (1).
We prove this for all coherent sheaves on P, by descending induction on a
number 7 for which, for each F, whenever m > 0, H4(P", F(m)) = 0 for all ¢ > r.

This is clear when r = n since F has no cohomology in higher degrees. Assume
this has been shown for r and let F be a coherent sheaf.

k
O—>K—>®Op§§(—ai) — F — 0.
i=1
By Example 3.2.1, we can twist by Opn(m) for m > 0 so that the middle term
has no higher cohomology, and by our hypothesis we can increase m until K(m)
has no cohomology in degrees > r:

0— K(m) H@Opn(m—ai) — F(m) —0

The sequence shows H!(P", F(m)) =~ HTY(P" K(m)) for i > 1, which means
that for m > 0 (depending only on F), F(m) has no cohomology in degrees
>r — 1 as long as r > 1. This proves the inductive step. O

This result is called the Serre vanishing theorem, and gives a good example of
the flavor of proofs in foundations of sheaf cohomology.

Example 3.2.3. Let X be a projective scheme over a Noetherian ring R and £
an ample line bundle. Then the family {£%™ : m € Z} forms a (weak) generating
set for D2, (X). To see this, choose A € Db, (X) and let d > 0 so that

coh
HP (X, A £89) = HO(X, HP(A @ £89) = HO (X, HP(A) @ £%Y).

Assuming A # 0, choose p such that HP(A) # 0, then by ampleness we may
increase d until HP(A) ® £L®¢ is generated by global sections. In particular the
RHS above is nonzero, which implies that

HP(X, A@" £%) = Hompy () (L% [=p], A) #0

as desired. However a warning is that D% | (X) doesn’t have arbitrary sums, so

this generating set doesn’t immediately enjoy the nice properties we proved in the
previous section.

We will next again apply Example 3.2.1 to compute the cohomology of twisting
sheaves on P".
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THEOREM 3.2.4. Let R be a ring and n > 0. Then HP (P, Opn (d)) is a finite
free R-module for all d € Z and p > 0, with rank given by

"7 p=0,d20

tkr HP (PR, Opy (d)) = { (,%,1,) p=nd<-n—1

0 otherwise

for all d € Z and p > 0. More precisely, there is a canonical isomorphism
tr: H"(P%, Opn (—n — 1)) = R, and the natural maps

H" (P, Opy (=1 — 1 = d)) x H* (P, Opn(d)) — H" (P, Opy, (—n = 1))
form a perfect pairing of free R-modules for d € Z.

PROOF. Everything is already known to us about Opr(d) for d > —n by
Example 3.2.1 and the standard identification of H® with R[xo,...,z,]s in the
case that d > 0. Otherwise all we know is HY(P", Opn(d)) = 0 for d < 0.

The remainder of this proof is about the standard Koszul exact sequence
associated to zg,...,r, € H°(P", Opn(1)), which we denote by K*®, and write
K*(d) for its twist by Opn(d). This is in degrees [—n — 1,0] and looks like

0— Opn(—n—1+d) = Opn(—n+d)"™ — ... = Opn(d) — 0.

Now consider the hypercohomology spectral sequence; since the complex is exact,
the spectral sequence will converge to 0. First, if we take d = 0, then the entire
sequence is zeroes except for HY(P", Opn) = R at E?’O and the column Efnfl’*.
The only chance of a nonzero differential is the one on the nth page which will be

Hn(]Pm,Opn(—n — ]_)) — E;nfl,n N Eg’o ~ R,

and therefore this must be an isomorphism since E,, = F,. This also shows that
H{(P", Opn(—n — 1)) = 0 for i < n. This gives the map tr. By composing the
canonical pairing mentioned in the statement with the trace map, we obtain a
canonical map
®q: H™ (PR, Opn(—n — 1 —d)) — HO(P", Opn(d))”

with RHS finite free, which sends a class « to the dual element f +— tr(af) where
af is the cup product class in H" (P, Opn(—n — 1)). When d = 0, this is the
trace isomorphism by construction.

Now take d = —1. Now the only possibly nontrivial terms in the spectral
sequence are the left-most row, i.e. the cohomology of Opn(—n —2), and the single
term E~"" = H"(P", Opn(—n — 1))"*1 = R from what we just computed.
Thus it is clear that H*(P", Opn(—n —2)) = 0 for i < n, and the top row becomes
an exact sequence. Repeating this argument and shifting d by —1 each time gives

H'(P", Opn(—n —1+d) =0 d<0,i<n,

and proves that the complex H"(P", K*(—d)) is exact for all d > 0, since this
complex is the top row of the spectral sequence.

On the other hand, the complex H(P", K*(d)) is also exact for d > 0, because
under this hypothesis the only line bundles involved in K*(d) are O(m) for m > —n,
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which have no higher cohomology. Since this is a complex of finite free modules (i.e.
it is strictly perfect), HO(P", K*(d))" is also exact. We can construct a morphism
between these complexes using the natural maps ®,4 as follows:

0— Hn([P)n’ O]pn(—n —1- d)) — Hn(]Pm7 O]Pn(—n _9_ d))nJrl S
l‘bd itpj{(q&l)
0 ——— HO(P", Opn(d))" ——— HO(P", Opu(d + 1)1 —— ...

Each square commutes by definition of the Koszul differentials and the naturality
properties of the cup product. We claim &4 is an isomorphism; for d < 0 both
sides are 0, we have already seen d = 0, and then d > 0 follows by induction and

the morphism of exact sequences above. The explicit ranks follow from the ranks
of H(P", Opn(d)) for d > 0. O

The following result, called the Grothendieck coherence theorem, is an important
consequence. Its proof will be similar to Serre vanishing, with a couple of extra
steps. We use the fact that a spectral sequence with coherent terms over a
Noetherian scheme will converge to a coherent sheaf, whose proof is just as easy
as the quasicoherent case.

THEOREM 3.2.5. Let Y be a locally Noetherian scheme and f: X — Y be a
proper morphism. Then Rfy restricts to a functor

Rf.: Dcoh(X) - Dcoh(Y)7
and in particular to D? , (X) — D% . (Y) if Y is Noetherian.

coh coh

PROOF. A proper morphism is in particular qcgs, so Rfsx is defined. More-
over, since the claim is local on Y we may assume it is quasicompact, and then
Remark 2.3.41 shows that

HP(Rf,A) =lim HP(Rf.r>_nA)

where the RHS is eventually constant. This allows us to reduce to proving the
claim for D}, (X) — D}, (Y). Also, if Y was already quasicompact then we know
that Rf, preserves D . by Lemma 2.3.40, so the second claim follows. Moreover,

by the spectral sequence
Rif.(HP(A)) = HPTY(Rf.A),
we further reduce to the case that A = F is a single coherent sheaf.
Step 1: First suppose that f is projective. Since the question is local on Y, we
may assume Y = Spec R for R a Noetherian ring, where f factors as
x5 P% — Spec R

through a closed immersion i. Then R!f,(F) computes cohomology of F or
equivalently i,(A), hence we may assume X = P% and ¢ = Id. So, it suffices
to show HP(P", F) is coherent (i.e. a finite R-module) for F a coherent sheaf.
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We prove this by descending induction, where the p = n + 1 case is clear as the
cohomology is 0. For p < n, take an exact sequence

0O—-K—-E&—-F—=0

with & = @¥_, Opn(—a;), where we may assume that H*(P™, K) is a finite module
for ¢ > p by induction. Then we have an exact sequence

HP(P", &) — HP(P", F) — HPTY(P" K)

where the left side is a finite R-module since we have computed its cohomology
explicitly in Thm. 3.2.4. The right side is finite by induction. By splicing, we get
a short exact sequence 0 — C' — HP(P", F) — C' — 0 where C is the image of
HP(P", €) hence finite, and C’ is a submodule of HP*!(P", ) which is finite as R
is Noetherian.

Step 2: Now suppose f is only proper. Again we immediately reduce to the
case Y = Spec R is affine Noetherian. We proceed by Noetherian induction on
Supp F # @, and since F is coherent, we may replace X by the scheme-theoretic
support V(Ann F) of F and assume Supp F = X. By Chow’s lemma, we may
find a commutative diagram

X 7= X
Y

Spec R
where both 7 and p: X’ — Spec R are projective, and 7 is surjective and restricts
to an isomorphism on a dense open set U C X’. We may assume U C X' otherwise
we’re done.

Consider the coherent sheaf G := 7w*F, then by Step 1 7.G is coherent, and
moreover the unit ¢: F — 7,G is an isomorphism on U, as (m.* F)|y = 7|y 7| F
and 7|y is an isomorphism. This in fact reduces the problem to showing that
Rfym.G is coherent: Indeed, apply Rfs to the triangle

im¢ — 7.6 — cok ¢ — im ¢[1],

then the observation above shows that cok ¢ is a coherent sheaf supported on a
proper closed subset, hence Rf, cok ¢ is coherent. So this will show Rf,im ¢ is
coherent. Then apply Rf, to the triangle

ker ¢ — F — im ¢ — ker ¢[1],
Jr

and for the same reason as above this will prove Rf,F € D, (Y). Similarly, since
7 is an isomorphism on U, Ri7|y . = 0 for ¢ > 0, meaning R?,G is supported on
a proper closed subset of X and hence RP f,Rim,G is coherent for all p and ¢ > 1.

Step 3: So let’s consider the Leray spectral sequence for the composite p = f,
ie.

EYY = RPf.(R7.G) = RPTIp,G.

We just said E5? is coherent for ¢ > 1, and inductively, EPY is coherent for
q > 1 (and r > 2) because it is obtained as a quotient of a subobject of EF' . In
particular E2 is coherent for ¢ > 1.
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Now look at convergence: Writing H"™ = R"p.G, we observe that since p is
projective, H™ is coherent. We have a filtration

H"=F'H" > F'H"> .- > F"H" =0
equipped with exact sequences
0— FPHIH" - FPO™ — EPP .

If n—p >1ie p < n, then the right-hand term is coherent so FPH" being
coherent implies FPT1H™ is coherent. Since this is true for p = 0, inductively we
conclude FPH™ = EPO is coherent.

To conclude, suppose EP? is coherent for 7 > 3 (if r = 2 then we're done). By
definition there’s a quotient sequence

0—>imd—>Eff)1 — EPY 0
for some differential d as Eff)l has no outbound differential. d has source some
EP7 for ¢ > 1, hence imd is coherent. Thus E”, is coherent. Hence inductively

E;”O is coherent. Taking r > 0 so that EP* = EPV gives such an r, proving
coherence of Eb ¥ as desired. O

If f: X — Y is a qcgs morphism, we (in light of this result) say f is coho-
mologically proper if Rf, preserves pseudocoherent objects of Dgo(X). If Y is
Noetherian and f is proper (so X is Noetherian too), then we know that Rf.
preserves both Deon and D, hence it preserves D, (X), i.e. the pseudocoherent
objects.

Example 3.2.6. Let Y be locally Noetherian and f: X — Y be an affine
morphism. Then f is finite iff f is proper. If f is finite, then it is projective and
hence proper. Conversely, the result above shows that f,Ox is a finite type sheaf
onY.

Remark 3.2.7. In the theorem above, take the most trivial Y and remove all
derived implications. The result implies that if X is a proper k-scheme, then
I'(X, F) is a finite-dimensional vector space for any coherent sheaf F. This is not
obvious by any means from the definition, even if X was projective or even P}
itself.

Remark 3.2.8. Let us make some statements about RHome,, for which it is
important to know when it lies in D7, (X'). This behaves relatively well only in the
Noetherian (or coherent) case, so assume X is Noetherian. Then we know that if
A is pseudocoherent, i.e. A€ D, (X), and B € D (X), then RHomo, (A, B) €
D}.(X). In fact, if B € D} (X), then RHomo, (A, B) € D (X). Indeed, the
hyper-ext spectral sequence reduces us to the case where A = F is a coherent
sheaf, and the claim is local so we may assume X is Noetherian affine. Then F
has a resolution by a complex £°® of finite free Ox-modules, which is internally
projective, so we have to prove the claim about Homy, (£°,G®) where G® has

coherent cohomology. Then our usual argument using the totalization spectral



284 Derived categories in Algebraic geometry

sequence implies that this has coherent cohomology, because the Eo page consists of
modules of the form HP(G®*)™ for some m. However we can also say the following:

1. In the case A = E € Perf(X) for any (qcqgs) scheme and any pseudoco-
herent B, RHom(FE, B) is pseudocoherent because it is isomorphic to
EY @ B.

2. If X is Noetherian, F € Perf(X), and B € D¢on(X), then RHom(E, B) €
Dcon(X). This is for instance by the hyper-Tor spectral sequence when
one of the terms is bounded, applied on a nbhd where E is a bounded
complex of vector bundles.

Example 3.2.9. This is an example of the local-to-global spectral sequence we
have already seen. Let X be a scheme, A € D .(X) be pseudocoherent, and
B € D{.(X). Then we know RHomo, (A, B) € D{.(X), and we have the spectral
sequence

HP(X, HY(RHomo, (A, B))) = HP*(RHomp, (A, B))

of Ox(X)-modules. In particular, suppose X is projective over a Noetherian ring
R and £ is an R-ample line bundle, with A € D_, (X) and B € D}, (X). Then for
each ¢ € Z, we just saw that Hq(RHom(A, B)) € Coh(X), so by Serre vanishing
there exists n > 0 such that the coherent sheaf

HYRHom(A, B)) @0, L = HI(RHom(A, B) @5 L")
= HY(RHom(A, B @, L))
has no higher cohomology (we’re using flatness/perfectness of £). Then by the
spectral sequence, it follows that
H°(X, HY(RHom(A, B @§, L)) = Homp(x)(A, B®g, L[q])
for n > 0 (depending on ¢, A, and B).

Corollary 3.2.10. Let R be a Noetherian ring and X a proper R-scheme.
(a) If A € D, (X) and B € D}, (X), then Hompx)(A,B) is a finite
R-module.
(b) If E € Perf(X) and B € Deon(X), then Homp(x)(E, B) is a finite R-
module.
(c) If E € Perf(X) and B € D%, (X), then the whole graded object

Hom}, x\(E, B) = @ Hompx)(E, B[n))
neZ
is a finite R-module.

In particular, Db, (X) is enriched in the category Modg(R).

PROOF. (a) This follows directly from the local-to-global spectral sequence for
Exts, the fact that RHom(A, B) has coherent cohomology, and the fact that the
sheaf cohomology of a coherent sheaf is finite over R since X is proper. (b) The hom-
module is HY of EY ®I(5X B € Dcon(X). (c) This is because EV ®L Be Db, (X)

and (b). The final statement is an obvious consequence of (a). O
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Here is one concrete application of the cohomology of P”.

Proposition 3.2.11. Let k be a field. Every vector bundle on ]P’/,lc splits into a
sum of line bundles. For each n > 2, P} has a rank n vector bundle which is not a
sum of line bundles.

ProoOF. The latter case is easy to see: take the standard Koszul resolution
and cut it off after the first step to produce a sequence

0—&— (’)]pm(—l)"+1 — Opn — 0

(which is none other than the Euler sequence, i.e. £ = Q3,). Then € is a rank n
vector bundle which has

k= HO(]PW’ OP") — Hl(Pn7g)7
but none of the twisting sheaves have any H' when n > 2.

Now consider P}, and let € be a vector bundle of rank r > 1. £(n) is globally
generated for n > 0, and on the other hand the same is true of £, so we may
write £(—n) C O(—1)™ for n > 0. Thus there is some unique middle point ng for
which h(P!, E(ng)) > 0 but hl(P!, E(ng — £)) = 0 for all £ > 0.

Choose a nonzero section s: O — &(ng), which is necessarily regular, so we
obtain an exact sequence

0—-02%EMny) =& =0,
and we claim £” is locally free. Indeed it suffices to prove that V(s) = @, as then
in each local ring R = Op1 ,, the map above is isomorphic to one of the form
R — R"™ sending 1 — ey, which has free quotient R"~'. To show this, note that
the generic point is not in V(s) as s # 0, and for each closed point z of degree
d = [k(x) : k], vanishing at = would give a section of £(ng)(—p) = £(np — d) which
we said there are none.

Therefore £” is free of rank r—1, so inductively is a sum of line bundles. Twisting
the defining exact sequence by O(—1), we find that since h!(P!, O(—1)) = 0, our
assumption gives h°(P', £”(—1)) = 0. Therefore if £’ = @ O(a;), then a; —1 < —1
for all 4, i.e. a; < 0. Finally, observe that

Exty,, (£",0) = H' (P!, (£")" @Hl (P, O(~a;)) =0

since —a; > 0. Hence the sequence splits, so £ (ng) is a sum of line bundles, and
thus £ is too. O

Note that this fails if k£ is not a field, even if it is a Noetherian UFD so that all
line bundles are of the form O(d). Indeed, we saw in Example 2.4.35 that Pk[t] has
a vector bundle which isn’t a sum of line bundles. Here’s another simple example:

Example 3.2.12. Let R be a ring and X = A%\ 0 =A%\ V(z1,...,2,). The
natural map p: X — P4 ! is affine since p~' (D (2;)) = D(x;). By construction
p*O(1) = Ox, and thus p*O(d) = Ox. By adjunction,

@OXHOX < fﬁZ@O(d)Hp*Ox,
d
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the codiagonal map corresponds to a map which we claim is an isomorphism.
Indeed, we know F(U;) = R[x1,...,2,)[r; '] and it is clear that the restriction
of F — p.Ox is the canonical identification. Since p is affine, it follows that
H°(X,0x) = R[z1,...,2,] as an R-module, and

H 1XOX @Rxl,...,

m>0

with all other cohomology modules trivial.

Next we will prove two basic results both called ‘Serre’s criterion’, for affineness
and ampleness respectively, and deduce some interesting consequences. Usually,
for each affineness result there is a corresponding result for ampleness of line
bundles, so we will usually state both and prove them simultaneously.

Proposition 3.2.13. Let X be a quasicompact scheme. If H(X,T) = 0 for every
quasicoherent ideal sheaf T C Ox, then X is affine.

Proposition 3.2.14. Let X be a quasicompact scheme and L a line bundle on
X. If for each quasicoherent ideal sheaf T C Ox, there exists an n > 1 such that
HY X, T®0, L&) =0, then L is ample.

PRrOOFS (OF PROP. 3.2.13 AND PrOP. 3.2.14). Let x € X be a closed point
and U an affine open nbhd of = such that L[|y is trivial. We can choose ideal
sheaves 7' C 7 such that V(Z') = (X \U) U {z} and V(Z) = X \ U by taking the
reduced subscheme structures. Writing F = Z/Z', we see Supp F = {z} and F
is the pushforward of the structure sheaf along i: {} — X. Tensor the defining
sequence with £,

O—>I’®£®"—>I®E®n—>i*0{$}®£®"—>0,

and choose n so that H'(X,Z' ® £LZ") = 0. In the case of Prop. 3.2.13 we can just
take £ = Ox. By the projection formula, the right-most term is i,(£®"(z)) and
taking global sections gives a surjection H(X,Z ® £L%") — L®"(x). By lifting a
nonzero element of this vector space to

feHYX,T®L®") C H(X, L%,

it follows that = ¢ V(f), and V(Z) C V(f), i.e. = € D(f) C U. Therefore
D(f) = Dy(f|v) for fly a section of L®"|; = Oy, which in particular shows that
D(f) is affine.

Consider the union of all affine open sets of the form X where f € H°(X, L")
for various n > 0, which is an open set containing all closed points by the above
case. Since all points in a quasicompact scheme specialize to a closed point, this
covers X, which completes the proof of Prop. 3.2.14.

For Prop. 3.2.13, we may now choose fi,..., f, sections of Ox such that
X = U; Xy, and each Xy, is affine, then by the elementary affineness criterion it
suffices to show (fi,..., fn) = (1). Since these cover X, we can write an exact
sequence

(f)
-

0—-K— 0% Ox —0
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and we want to show the second map is surjective on sections, so it suffices to
prove that H(X,K) = 0. Indeed, letting K; = K N O% C Ox for the intersection
with the first ¢« summands of Ox, we obtain a filtration 0 = Ky C K,, = K such
that

0—-K;i—=Kiy1—Z;—0
is exact for Z; some ideal sheaf. Since K has trivial H!, by induction we conclude
IC,, = K does too. O

It is easy to formulate and prove relative versions of this to obtain criteria
for f-ampleness and affine morphisms, but we won’t need this. Future things to
add here: criteria for irreducible components, the affineness of /ampleness over the
reduction, Chevalley’s criterion for descent of affineness/ampleness under surjective
finite morphisms, etc. Future results to add here: Theorem on formal functions
and Zariski’s main theorem.

Next, let us give a completely elementary proof of the bounded-coherent duality
for P% over a Noetherian ring R. We will enhance this using our results about
duality shortly.
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3.2.2. Reprise: Standard applications. In this section we will, using some
of our work from the previous sections, give new proofs of some basic parts of
cohomology theory. We will provide non-standard proofs of the computation of
cohomology of P%, Serre vanishing, Grothendieck coherence, and Serre duality.
The emphasis is on using the extensive theory we have developed to greatly simplify
some of the usual big results.

Example 3.2.15. Let R be a ring and P" = P}, projective space over R. We'll
show by induction on n that HY(P", Opn(d)) = 0 for ¢ > 0 and d > —n. When
n = 0 this is clear because PY = Spec R is affine. It follows from Example 2.4.29
applied to the line bundle Opn (1) and affine vanishing that

liny (H(P", Opn) 2 HI(P", Opn (1)) = -+ ) =0
for all ¢ > 0. On the other hand, consider the hyperplane sequence
0— O]Pn (d — 1) O]Pn (d) — Opnfl(d) —0
twisted by Opn(d). By induction, Opn-1(d) has no higher cohomology when
d>-n-+1,so
HI(P", Opn (d — 1)) = HI(P", Opn ()

is an isomorphism for d > —n + 1 and ¢ > 2, and a surjection for ¢ = 1. To see
that it is also an injection for ¢ = 1, observe that Opn(d) — Opn-1(d) induces a
surjection on global sections for all d. Therefore all maps in the direct system

above are isomorphisms, and hence each term equals zero. The first term in the
isomorphism chain is H?(P", Opn(—n)) = 0, completing the proof.
THEOREM 3.2.16. Let R be a ring, n > 0, and denote by p: P, — Spec R the
structure map.
(a) p is quasi-perfect and hence quasi-proper.
(b) There is a canonical isomorphism tr: H"(Pg, Opn (—n —1)) = R induc-
ing an isomorphism Opn (—n — 1)[n] = p*Ok.
(¢) The isomorphism of (b) induces isomorphisms
RT(Pg, Opy, (—n — 1 — d)) = RT (P, Opy (d))¥[-n].

for all d. In particular,

(R[zo, - - ., xn)a)[0] d>0
RD(B, Opp () = {0 n<d<o
(Rlxo, - - &l _g)l-n] d<-n-—1

canonically induced by the isomorphisms of (b).

PrROOF. (a) In Example 2.5.34 we showed that Opn(—n),...,Opn form a
generating set for Dq.(P"). Example 3.2.15 shows that Rp, of the first n — 1 of
these are 0, and Rp.Opn is Og[0]. These are all perfect, so p is quasiperfect by
Lemma 2.4.56.
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(b) Consider the standard Koszul exact sequence
0— (’)]Pm<—n -1) — (’)Pn(—n)"'H — e O]}nn(—l)n-H — Opn — 0.

on P" which we view as a resolution of Opn(—n — 1)[0] concentrated in [0, n]. Now
apply the hypercohomology spectral sequence; by Example 3.2.15, the only nonzero
termis E, o = H°(P", Opn) = R, so it degenerates, giving H4(P", Opn(—n—1)) =0
for ¢ # n, and the edge map provides an isomorphism

tr: H"(P",Opn(—n — 1)) = R.

In particular, Rp,Opn(—n — 1) = Og[—n], so by adjunction there is a canonical
map Opn(—n — 1)[n] — p*Ogr. We can check that this is an isomorphism after
applying RHomp,, (Opn(d), —) for d = —n,...,0 by the generating set listed in
(a). This gives

RHomo,, (Opn (d), Opn(—n — 1)[n]) — RHomp,, (Op~(d), p* OR)

RT(P", Opn(—n — 1 — d))[n] ——— RHomoe, (Rp«Opn(d), OR)

The only interesting case is d = 0 as both sides are zero otherwise. In the d =0
case, we obtain the shift of the isomorphism

RT(P", Opn(—n — 1)) — RHomp,,(Or, Or)[—n| = R[—n]

that we started with. This proves (b).

(c) Now that we know Opn(—n — 1)[n] = p*Og, the same horizontal maps in
the square above are isomorphisms for all d. By (a), Rp.Opn(d) is perfect, so
the RHS above equals RT'(P", Opn(d))Y, giving the first part of (¢). The second
statement is just the fact that this is represented as the strictly perfect complex

RT(P", Opn(d)) = (R[z0, - -, Zn]a)[0]
when d > 0. O

Corollary 3.2.17. Let f: X — Y be a proper morphism of Noetherian schemes.
Then f is quasi-proper, so in particular Rf, preserves D¥., for+ € {( ),+,—,0b}.

Proor. We showed that the second conclusion is equivalent to quasi-properness
in Lemma 2.5.64. First assume f is projective; in this case, since the claim is
target-local, we may assume Y = Spec R for R a Noetherian ring, so f factors
through a closed immersion as X — P — Spec R for some n. By Noetherianity,
the first map is a pseudocoherent closed immersion, hence quasi-proper. Since the
second map is quasi-proper by Thm. 3.2.16, we conclude that f is quasi-proper.

Now consider the general case. We proceed by Noetherian induction, assuming
that the composite Z <— X — Y is quasi-proper for all proper closed subschemes
Z. Again we may assume Y is affine Noetherian. By Chow’s lemma, choose a

commutative diagram

p
X — X

T
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where p and g are projective, and p is surjective and restricts to an isomorphism
on a dense open set U C X’. Let Z be the reduced subscheme structure on X'\ U,
and choose a triangle

OX — Rp*OX/ - K — OX[l].
It follows that K|y = 0, and since p is projective, Rp.Ox is pseudocoherent, so
b .
K e Dcoh,|Z|' Finally, let
E={A€ Dy(X): Rf.A is pseudocoherent},

which we know is a thick subcategory. By the induction hypothesis, the restriction
fi is quasi-proper, so it follows that i,.D?, (Z) C €, and hence D? 7(X) C €
by Lemma 2.5.66.

It suffices to show that if E € Perf(X) then E € €. Indeed, by the projection
formula we obtain an exact triangle

E — Rp,Lp*E — E®p, K — E[1],
and then applying Rf. we get
Rf.E — Rg.Lp"E — Rf.(E®p, K)— Rf.E[].

Since Lp*F is perfect and g is projective, the second term is pseudocoherent. Since
FE is perfect and K € Dgoh,|Z\7 E @%X K e Di’oh,‘z‘ C €&, hence the third term is
pseudocoherent as well. Therefore Rf,E is pseudocoherent. O



291

3.2.3. Cohomology and base change. The central focus of this section
is proving some standard results about tor-independent base change, and then
relating this to the twisted inverse image functor. We will see that, while the
proof of the former will be somewhat direct, the latter will have some interesting
geometric steps.

Let R be a ring and A and B be R-algebras. We say A and B are tor-
independent if TorlR(A, B) = 0 for i > 0, or in other words if the natural map
A ®% B — A ®pr B is an isomorphism. Let us first see that this behaves well
as a local notion. We will use the following fact: A ®% B is the underlying
R-module of the derived base change of A to a B-module and B to an A-module,
compatible with the R-action. Thus its cohomology Torf(A, B) is naturally an
A ®p B-module.

Lemma 3.2.18. Let R be a ring, A and B be R-algebras and R’ a flat R-algebra.
Set

AO::A®RR/ BoZZB(X)RR/ C=AQ®rB,
assume that A’ and B' are flat Ag- and By-algebras respectively, and write C' =
A' ®@p B'. Then canonically Tor™ (A', B') = Torf(A, B) ¢ C'.

PrOOF. We use the standard consequence of the fact that colimits commute
with colimits that
Torf(A, B) ®c €' = Torf(A,B) @ (A'® B)
Rl

A®B
R

=Torf(A,BY® R ® A ® B
R AQR/ BRR'
R R

= Tor®(A,B) @ R @4, A' ®p, B’
= Tor (Ag, By) ®4, A' ©p, B,
where the last step holds by flat base change for Tor. Now observe that
((Ao @ Bo) ®%, A') @, B' = (A' &% Bo) ®@p, B’
= A of B,
and if we take cohomology the LHS becomes
H*((Ao @ Bo) ®% A') ®@p, B' = H* (Ao @ Bo) ®4, A' @p, B’
= Tor® (Ag, Bo) @4, A’ @5, B'
= Tor®(A, B) ®¢ C'
by the flatness assumptions, which produces the desired result. O

Corollary 3.2.19. Let R be a ring and A and B be R-algebras. The following
are equivalent:
(a) A and B are tor-independent over R.
(b) For each prime v of R and primes p C A and q C B lying over v, A, and
By are tor-independent over R..
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PROOF. Let C = A®p B, then as mentioned Torf*(A, B) is a C-module, so (a)
is equivalent to Torf(A, B), = 0 for primes s C C and i > 0. Using the notation
of (b), Lemma 3.2.18 applied to R’ = R, and A’ = A,, B’ = B, shows that

Torf* (A, By) = Torf (A, B) ®¢ (Ap @p, By).

Therefore it is clear that (a) = (b). On the other hand, if s C C' lies over p, q,t as
above, then Cj is canonically a (A, ® g, Bq)-module by the contraction assumption.
Therefore if the LHS above is zero, then tensoring over this base with Cs shows
that

Tor}(A, B) ®¢ C; = Torf(A, B), = 0,
and since this holds for all s this proves (a). O

In the following result, we use the convention that if f: W — X is a morphism
of schemes, then we write Ox also for the Oy -module f~'Ox via restriction of
scalars along f~'Ox — Ow.

Proposition 3.2.20. Let S be a scheme and X and Y be S-schemes. The
following conditions are equivalent:

(a) For each x € X and y € Y lying over a point s € S, the Og s-algebras
Ox .z and Oy, are tor-independent.

(b) For each x € X and y € Y lying over a point s € S, there are affine open
nbhds U, V,W of x,y, s respectively, for which U and V have image in W,
such that the Og(W)-algebras Ox (U) and Oy (V) are tor-independent.

(c) For all affine opens W C S and affine opens U C X and V C Y
whose image lies in W, the Og(W)-algebras Ox(U) and Oy (V) are

tor-independent.

PROOF. (¢) = (b) is trivial, and it follows immediately from the forward
implication of Cor. 3.2.19 that (b) = (a). It then follows from the reverse direction
of Cor. 3.2.19 that (a) = (c). O

Definition 3.2.21. Let X and Y be S-schemes. X and Y are tor-independent
over S if they satisfy the equivalent conditions of Prop. 3.2.20. We also sometimes
say that the cospan X — S < Y is tor-independent, or that a commutative square
containing the cospan is tor-independent.

Example 3.2.22. If X and Y are S-schemes and either X or Y is flat over S,
then X and Y are tor-independent. Indeed, in that case Ox , or Oy, is flat over
Os,s, 5o the pair is clearly tor-independent over Og ;. In particular, any pair of
schemes over a field are tor-independent.

Example 3.2.23. Let iy: Z; — X be closed immersions for k£ = 1,2. Because
of the description of the stalks of iy .0z, , it is clear that Z; and Z> are tor-

independent iff Tor®X (0z,,0z,) = 0 for i > 0, iff
OZI ®gx OZ2 — OZI &® 022 - OzlﬂZQ

is an isomorphism. In other words, closed subschemes are tor-independent iff
their scheme-theoretic intersection coincides with their derived intersection. More
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generally, we think of tor-independence of S-schemes as a condition that they
‘intersect well’ over S.

Example 3.2.24. Tor-independence of a cospan is preserved under flat base
change. More precisely, consider a diagram of the form

XT — T YT

X — S+—Y
in which T' — S is flat, and X and Y are tor-independent over S. We claim that
X7 and Yp are tor-independent over T'. Indeed, we can choose an affine open
W = Spec R of S and affine opens U = Spec A,V = Spec B, W' = Spec R’ of X,
Y, and T respectively, all of which have image in W. Such W’ of this form cover
T, and the corresponding base changes Ur and Vi over W' allow us to reduce to
the case where everything is affine. By flat base change for tor,

0 = Tor’ (A, B) @ R' = Tor (A®r R',B®r R')
for ¢ > 0, which is what we wanted to show.

Now let us prove tor-independent base change. Suppose we are given a
commutative diagram

of schemes. Assume for convenience that f and f are qcgs, so that we have
the unbounded adjunctions Lf* 4 Rf, and L F 4R f. on Dg. Take the counit
Lf*Rf« — Idp_(x) and postcompose to obtain a natural map

Lf'Lg*Rf. = Lg"Lf'Rf. — Lg",
which is then adjoint to a map
B: Lg*Rf. — Rf.Lg"
of functors Dgc(X) — Dge(Y'). We call this the base change map (even though
we haven’t assumed the square is cartesian). We can also obtain the same map

by instead starting with the unit Id — R?*Lf*, and it is clear we get the same
answer.

Example 3.2.25. One case where we already know that the base change map is
an isomorphism is in the case of open base change, i.e.:

7 U) — U

L

X —Y

Indeed, this is simply because of the behavior of Rf, under restriction to an open
and that Lj* = (—)|y for j the inclusion.
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This base change map has the following compatibility property. Namely,
suppose we have a commutative diagram

XI/ f// Y//

ol [»

x Ly

| o

x .y

with two squares, then we label the base change maps for the bottom square, top
square, and outer square as [31, 82, 812 respectively. We can write 812 canonically
as

Bi2: Lh*Lg*Rf, — Rf.Lh"Lg",
and it is easy to see that the diagram

Lh*(B1)

Lh*Lg*Rf. Lh* Rf' Lg*

B2 JBQ’LE*
Rf!Lh"Lg*
of functors commutes by adjunction, i.e. f12 = (2 5+ o Lh* ().

Here is a simple consequence of this compatibility and open base change
(Example 3.2.25). Let 8 be the base change map for a square as in the definition,
and place the open base change square above this. [ is an isomorphism iff 8|y is
an isomorphism for all U in an open cover of Y’, and thus by the above this is
equivalent to the composite square with upper map ?_1(U ) — U having a base
change isomorphism for all U in an open cover of Y.

We can apply this again to the commutative tower:

Tl —vu

! |

V) — v

i) l

X ——Y

Once again, by open base change and the compatibility result, we obtain two
immediate consequences:
(a) If the base change map for the restricted upper square is an isomorphism,
then the one for the outer square is too.
(b) If j;‘Z_l(V) is essentially surjective, then the base change map for the outer
square will imply that the one for the upper square is an isomorphism.
Note that we already know j;i,l ) is essentially surjective whenever
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Rjp-1(v), lands in D, i.e. f~Y(V) — X is qcgs. Since the source is
already qcgs, this happens when X is quasiseparated.
We obtain a similar comparison map if we start with a horizontal diagram:

x Ly oz

I O
x 1oy _t,z

Namely, labeling the maps of the left, right, and outer squares as 1, 82, B12, we
again immediately see that
Bra = Rf.(B1) © B2, ry.

via the same proof as before. At the very least, this shows that if the two squares
have the base change isomorphism, then the outer one does as well.

THEOREM 3.2.26. Let f: X — Y be a qcqs morphism of schemes and

x Ly

|
x .y

be a cartesian square. The base change map

Lg*Rf. — Rf.Lg"
is an isomorphism if X and Y’ are tor-independent over Y. If in addition X is
quasiseparated, then the converse holds.

Proor. It follows from the remark above the proof, for both the forward and
converse direction, that we may reduce to the case where Y and Y’ are affine,
where for the converse we are also using Prop. 3.2.20. Then g is affine, and by
conservativity of affine pushforward (Example 2.3.46), the base change map is an
isomorphism iff

Rg.Lf*Rf. — Rg.Rf.Lg" = Rf.Rg.Lg"
is an isomorphism. By the projection formula, this is an isomorphism iff

Rf.E ®6, 9.0y — Rf(E @6, 5.0x)
is an isomorphism for all £ € Dq.(X). We know from classical affine base change
that g, Ox = §*f*0y/ = f*¢.Oy, and projection again allows us to rewrite the
LHS to give the map
(%) Rf.(E ®, Lf*9:0y7) — Rf(E @6, f*9.0y7)
which is Rf.(F (X%X —) applied to the natural map Lf*(g.Oy) — f*g.Oy. Upon
restriction to an affine open U = Spec A C X, this map corresponds to

AE B - A®pB  in Dy(X)
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where B = Oy/(Y') and R = Oy (Y). Therefore, Lf*(g.Oy) — f*¢.Oy is an
isomorphism iff X and Y’ are tor-independent.

This proves the forward implication as it shows that (x) is an isomorphism. It
also proves the converse in the case that X were affine, because then f is affine, so
Rf, is conservative, and we can take F = Ox to obtain Lf*(¢.0y) = f*¢.Oy.
To finish the converse, use the diagram

7Y U) — X' Sy

I

U x -1,y
for some affine open U C X. Since the isomorphism is known for both squares,
the remark above the proof shows that the outer square has the base change

isomorphism. Thus U and Y’ are tor-independent over Y, and since U was
arbitrary we conclude X and Y’ are tor-independent. ([

Example 3.2.27. Let f: X — S be a flat qcgs morphism (i.e. a ‘family’) and
s € S a point. Write is: Speck(s) — S and i: X; — X. Then tor-independent
base change gives

LitRf, A= (Rf.A)s @, . k(s) = RI(X,, Li* A)

for A € Dqc(X). For fun, consider the case where A = £ is a vector bundle, and
apply the hyper-tor spectral sequence. Then we get

Tor%* (R11.€)s, v(s)) —> HPTI(X,,E|x,),

relating the cohomology of the fibers to the higher direct images. Since this is
happening over a field, we often want to consider these as numerical spectral
sequences. If S is locally Noetherian, then we have called the LHS the Betti
numbers: o

85 (RU.€))) = hTP(X,,€x,)
In particular, we see that if the higher direct images are all vector bundles, then
the cohomology of the fiber coincides with the stalk of the higher direct images.

Proposition 3.2.28. Suppose that

x Ly

i

x 1,y

is a tor-independent cartesian square of schemes.
(a) If g is locally of finite tor dimension, then g is locally of finite tor
dimension. If g has tor dimension < d then g has tor dimension < d.
(b) If f is quasi-proper, then f is quasi-proper.
(c) If f is quasi-perfect, then f is quasi-perfect.
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PROOF. (a) Let U C X and V C Y be affine opens so that f(U) C V, then
we can replace the horizontal maps by U — V and g~ (U) — ¢g~(V), then the
square remains tor-independent and cartesian. Thus we may assume f and hence
f are affine, and prove the second statement. By tor-independent base change,
Lg*Rf. = Rf,Lg*, so this composite takes a sheaf in degree zero to [—d, 0] by
Example 2.3.47. The same example applied to Rf, shows that Lf* takes a sheaf
to [—d, 0], proving the claim.

(b,c) We have seen in Prop. 2.5.45 and Prop. 2.5.46 that the claim is local on
quasicompact opens of the target; thus by replacing f with f~*(V) — V and f
with 7_1(U) — U, we may assume ¢ and thus g are affine.

Let E € Perf(X) be a generator of Dy.(X), and observe that

RHomo,,(Lg*E, —) = RHomo, (E, Rg.(—)),
where the RHS is conservative as a composite of conservative functors since g is
affine (Example 2.3.46). Thus Lg*E generates Dqc(X'), so it suffices to show that
Rf,Lg*E is pseudocoherent (resp. perfect) by the two cited criteria. This is clear

by tor independent base change since Lg*Rf.E is pseudocoherent (resp. perfect)
if f is quasi-proper (resp. quasi-perfect). O

Remark 3.2.29. (a) and (c) above are the more interesting statements, and
especially for (c) I cannot see a simple ‘classical” way to prove this even under good
finiteness hypotheses. On the other hand, (b) is only useful in the non-Noetherian
case, because if f is proper then f is already proper without any tor-independence.

Example 3.2.30. Suppose we have a tor-independent cartesian square of qcgs
schemes as above. Since Lg*Rf, =~ Rf,Lg* by tor-independent base change, by
taking right adjoints we obtain f* Rg, —> R@jx. We will prove a much cooler
tor-independent base change theorem for f* below.

Let X and Y be qcgs S-schemes, and consider the natural projections
X2 x gy 2y,

which are qcgs by qcgs base change. Recall (Example 2.4.36) that we defined a
Fourier-Mukai functor Dg.(X) — Dgc(Y) to be a functor isomorphic to one of the
form
A Rpy.(K ®%Xxy Lp3y A)
for some kernel K € Dq.(X x Y). We showed that this is equivalent to having a
qcgs S-scheme W and S-maps f: W — X and g: W — Y such that
A Ry, (K @@, Lf*A)

for some K € Dy.(W), in which case the corresponding kernel is the pushforward
of K along W — X xgY.
Proposition 3.2.31. Let Y be a qcgs flat S-scheme and X,Y be qcqs tor-
independent S-schemes. If

P, DqC(X) - DqC<Y) P, : DqC(Y) - DqC(Z)
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are the Fourier-Mukai functors with kernels K; and Ky respectively, then ® g, o® g,
is Fourier-Mukai with kernel

R'/TXZ,* (Lﬂ'}yKl ®L LW;ZKQ),
where me denote the corresponding projections from X xgY Xg Z.

PrROOF. We consider the cartesian square:

XxgY xgZ 5 Y xgZ

7TXYJ/ : QYJ/
XxgV —2 vy

This is tor-independent by the assumptions and Example 3.2.24 since Y — S is
flat. Thus tor-independent base change applies, so we compute:

i, (P, (A)) = Raz (K2 @ Lay Rpy,. (K1 @ Lpk A) )
= Rqz. (K> @ Ry 7. Ly (K1 8% Lpk A) )
= Raz. (K2 & Ry 7. (Lnky Ky @ Lk 4))
= R(qzmy 2)s (Lm’{/ZKg QY Ly K1 @Y Lw}}A)
= R(rzmxz). (Lmy g Ky @ Ly Ko @Y Lk Ly A)
= Rry.((Lry K> @ Ly Ki) @ Lz A)
by a few applications of the projection formula, where ro are the projections from

X xg Z. This is what we wanted. O

As a corollary, the collection of qcgs flat S-schemes (i.e. families over S)
behaves very well with respect to Fourier-Mukai functors, because then Fourier-
Mukai functors are closed under composition. We will explain a categorical
perspective on this momentarily. First, if XY, Z are qcqs S-schemes and K; €
Dqye(X x5Y), Ky € Dyc(Y Xg Z), we define

Ky %5 Ky = Rrxz.(Lriyy K1 @ L7}y K3) € Dge(X x5Y)

to be the convolution of the two kernels. This behaves well under flatness assump-
tions. Indeed, assume W, X,Y, Z are qcgs and flat over S (or more precisely X
and Y are flat and W and Z are tor-independent), and

K, e DqC(W Xg X),KQ S DqC(X Xg Y),K3 S DqC(Y Xg Z).
Then both (K3 xg K2) s K3 and K7 *g (K2 xg K3) are canonically isomorphic to
Rowz+(Laty y K1 @Y Loy Ko @ Lot , K3)

where o denotes projections from W xg X xXgY Xxg Z, via the natural map from
either association to the above pushforward (by adjunction). Indeed, write 7 for
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projections from W x ¢ X xgY and 7 for projections from W xgY x g Z. Consider
the tor-independent cartesian square:

WxsgX xsY xgZ Y4 W xgY x5 Z

|
wayl iTWY

WxgX xgV — Y s WxgY

Then it follows from tor-independent base change and the projection formula that
we have natural isomorphisms

(K1 *KQ) *Kg = RTwz(LTwyRﬁwy(Lﬂwal ®L L?T)(yKQ) ®L LTyng)

= Rrwz (RO’WXY(LO’WXK1 @Y Loxy Ky) @ LTYZK3>
= Rowz(Lowx K1 @ Loxy Ko @ Loy 7 K3)

(To make everything fit on the page, some stars and subscripts are omitted.)
Symmetrically, the other associativity equation also equals the same expression.
This provides the recipe for computing the convolution of a finite collection of
convolvable kernels: pull them all back to the relevant product, tensor, and push
down.

Based on this verification, we naturally obtain a bicategory (i.e. weak 2-
category) Kerng defined as follows: its objects are flat qcgqs S-schemes, and
hom-spaces are given by

Kerng(X,Y) := D (X x Y).

The composition law is given by convolution, and associators are given by the
natural isomorphisms deduced above. It follows from the projection formula that
if Ax: X — X xg X denotes the diagonal, then

(RAx,.Ox)xs K=K  K'xg(RAx.Ox)=K,
so RAx Ox € Dqc(X xg X) is the identity. The point of doing this is that there
is a canonical pseudofunctor
FM: Kerng — Cat
sending X +— Dg.(X), where
Kerng(X,Y) — Fun(Dgyc(X), Dy (Y)) K— ok

is the functor sending a kernel to its associated Fourier-Mukai functor. Prop. 3.2.31
shows that this indeed respects composition. An important question is to determine
what the essential image of these functors is, but if we address this it will be done
once we make our derived categories into co-categories.

Remark 3.2.32. Suppose X is in addition quasiproper (resp. quasiperfect) over S.
Then for Y flat over S, the projection map X xgY — Y is also quasiproper (resp.
quasi-perfect) by tor-independent base change. Therefore, a Fourier-Mukai functor
restricts to Dpe(X) — Dpe(Y) assuming that K is a pseudocoherent kernel. If K
is a perfect kernel and X is quasi-perfect, then it restricts to Perf(X) — Perf(Y').
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Now if X and Y are both flat, then in this case X is quasi-perfect over .S so we obtain
the above restriction again. Note also that by Prop. 2.5.29, if ever such a Fourier-
Mukai functor Perf(X) — Perf(Y) is an equivalence, then Dgyc(X) == Dy (Y).
Thus for quasi-proper schemes flat over a base, Perf ‘detects’ the whole unbounded
derived category for Fourier-Mukai functors with perfect kernel.

Example 3.2.33. As a continuation of the previous remark, suppose S is a
Noetherian base and X, Y are proper flat S-schemes. If E € Perf(X xgY) is a
perfect kernel, then ®: Perf(X) — Perf(Y), and also ®z: Db (X) — D5, (V).
If we only have K € Db | (X xY), then ®x preserves Dy = D__, (X), but possibly
doesn’t stay bounded. For this reason, in geometrlc settings, we often want a
perfect kernel to get a Fourier-Mukai functor on D on- This situation is nice for
other reasons: if K = F is perfect, then by Example 2.4.50 we have

®p 4 (A — Rpy«RHom(E,pxA)).

Since Y — S is quasi-perfect, px is quasi-perfect, so px(A4) = px (Ox) QT Lp%,
and thus the right adjoint to & is

flﬁéﬁmYﬁ(EvQQ pX«DX) IJLp}fgv

hence the right adjoint is Fourier-Mukai with kernel RHom(E,pxOx). We will
be able to give a better way to compute py shortly.

Let X and Y be qcgs over a base scheme S, and consider the cartesian square:

XxgV X5 v

Ty \,r PX
Y

Given the counits Lp% Rpx « — Id and Lpj Rpy» — Id, we can postcompose with
the pullbacks to X xgY and tensor to obtain a map

OXx %
natural in A € Dq(X) and B € Dg(Y). In this setting we usually denote the
RHS by A @g < B, called the external product, which is a multiplication functor
Dge(X) X Dge(Y) = Dge(X xsY).

The LHS is equal to L7*Rpx + A QL L7*Rpy « B, so the map is adjoint to a natural
map

Rpx.A®p, Rpy.B — Rr, (AR, B),
which is called the Kunneth map. A simple consequence of our base change result
is that this is an isomorphism in the tor-independent case.

Proposition 3.2.34. Let X and Y be tor-independent, qcqs S-schemes. Using
the notation above, the Kunneth map

Rpx.A®g, Rpy.B — Rr, (AR, B)
is a natural isomorphism for all A € Dyo(X) and B € Dy (Y).
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PRrOOF. By the qcgs projection formula and tor-independent base change, we
deduce that

Rpx,. A ®%, Rpy.B = Rpx.(A®" Lpk Rpy,. B)
= Rpx.(A®" Rrx L7} B)
= Rpx . Rrx.(LnxA®" L7} B)
= Rr. (ARG, B),
completing the proof. 0

Example 3.2.35. Let S be any scheme and X := P§ — S the corresponding
projective space. This is flat because 7, — SpecZ is flat, as it is locally A7 —
SpecZ. Moreover, the line bundles Ox(d) for d € Z are all pullbacks of Opp (d)

from Z, so the qcgs and tor-independent base change square

x .59

o
P7 LN SpecZ
allows us to compute their cohomology: indeed,
Lh*Rq, = Rp,Lh",
so Rp.Ox(d) = Lh*Rq.Opn(d) = RT(P", Opn(d)) @ Og. Thus

n+d

Rp*OX(d) = ((’)5[370, .. .,xn]d)[O] = Og d )[0]
for d > 0, Rp.Ox(d) =0 for d € [-n,—1], and

—d—1
Rp,Ox(d) = (Oslvo, - - - anlps1-a) [0] = Og_"_d‘l) [=n].
The Kiinneth formula above then allows us to compute the cohomology of external
product bundles on P§' xg --- x g P¢*. For example, on X = P¢ x g P¥, we write
Ox(i,7) for the obvious external product. Then the result above shows that
Rm,Ox (i, 5) = Rppn »Opn (i) @6, Rppm «Opm ()
which is computed by the formula above. For example,
Rm,Ox(—n —1,—m — 1) = Og[—n] ®%S Os[—m| = Og|—n — m],
so we should expect Ox(—n — 1,—m — 1) to be the dualizing object for X over S.
We will formalize this below.

Example 3.2.36. Let X and Y be qcgs k-schemes for a field k. Identify D(k)
with the category of Z-graded k-vector spaces, and recall that all k-complexes are
K-injective because an acyclic k-complex is contractible. Thus for any A € Dqc(X)
and B € Dgy.(Y), the Kunneth formula gives

H"(X x; V,ARY B) = P HP(X,A) o HY(Y,B),
ptg=n
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just as in the classical formula. If A ~ £° is a bounded complex of vector bundles
and B ~ F*, then AKX B is computed completely classically, namely

AR B =py&® @xx,y Py F* = E R F°,
as we expect.
Example 3.2.37. The purpose of this example is to explain why Example 3.2.36
fails when we’re not over a field. In fact, we will use our formalism to give an

example of a (polynomial) ring R, a smooth projective R-scheme X, and a locally
free sheaf £ on X such that

H°(RD(X, &) ®f RU(X,€)) # HO(X, &) @ HY(X, £).

By the Kunneth formula, this will show that

HY(X xr X,ERE) # HY(X,E) ® H'(X, E),
which is a question one could ask in entirely classical terms.

Let k be a field, R = k[u,v,w], and X = P}. Note that

Ext!'(0%,0x(-2)) = HY(X,0x(-2))* = R?,

so choose an exact sequence of the form
0— Ox(—2) = E&— 0% —0
with extension class (u,v,w) € R3. Then & is locally free of rank 2, which produces
a triangle £ — Ox — Ox(—2)[1] — £[1]. Thus
RI'(X,€) — RI(X,0%) = R® — RT(X,0x(-2)[1]) = R —

is exact, which means that

(u7v7w)
—

RI(X, €) ~ Cone(R? R) = [rR® Y, R
in D(R). Letting M = H°(X,€), we have M = ker(R?> — R); this map is also
contained in the Koszul resolution for k = k[u, v, w]/(u,v,w), which is

(w,~v,u)
s

0= R JrERNy - LN -

Therefore we have an exact sequence
0—R M R}~ M—0

by splicing, which is a minimal free resolution. Tensoring this with M, we observe
that [M — M3] ~ M ®% M. But z — (wz, —vz,uz) is still injective because M
is a submodule of R3, so M ®I]3L M ~ M ®gr M. Therefore

M ®gr M ~ [R — R* — RY[2]

(in degrees —2, —1,0). Because this was true before totalization, the matrix entries
above all lie in m = (u,v,w) C R, so this becomes a minimal free resolution after
localizing at m. In particular pdp (Mnm @R, Mn) = 2.

On the other hand, we also have in degrees 0, 1,2

RT(X,€) @% RT(X,&) = [R® L RS — R],
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so let N be HY of the equation above, which fits into an exact sequence 0 — N —
R? — im (d) — 0. Since im (d)y, is a nonzero submodule of RS, it has depth > 1
over Ry. Therefore the exact sequence implies depthy (Nm) > depth(im (d)wm) +
1 > 2. By the Auslander-Buchsbaum formula, pdg (Nm) < 3 -2 = 1, so we
conclude Ny, # (M ®r M), hence N # M ®@p N as desired.

Our next subject is tor-independent base change for the twisted inverse im-
age. The setup and proof will be somewhat similar to the proof of regular
tor-independent base change: we use general pullback facts to reduce to the
case of an affine morphism or open immersion, and prove these cases separately.
One annoyance of the theory is that the base change map will only exist in the
tor-independent case.

Suppose we are given a tor-independent cartesian square

x Ly

glJf lg
X —Y

where X,Y, X', and Y’ are all qcgs schemes, so in particular all maps are qcgs.
The twisted base change map is a natural map ~v: Lg*f* — TX Lg* of functors
Dye(Y) — Dqc(X'). Tt is defined as the adjunct map corresponding to

— —1rx
R.Lg" f* 225 Ly R — Ly,
where 3 is the tor-independent base change isomorphism, and the second map
is induced by the counit of Rf, - f*. « satisfies the same compatibilities as the

standard derived base change map; namely, suppose we stack tor-independent
base change diagrams like:

X// J1 Y”

A

X/ / Yl El Z/

Ll b

Denote the base change maps for the left-bottom, left-top, and right squares as 1,
2, and 73 respectively. Let 12 and 713 be the base change maps for the pasted
squares.

Remark 3.2.38. For this to make sense, we need to know that the composite
square of adjacent tor-independent base change squares is tor-independent. This
is easy to check from the definition, but also we know that the base change map
of the composite square is an isomorphism by pasting compatibility, and since we
are assuming that the schemes are qcqs the converse of Thm. 3.2.26 holds.
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Now, view 12 and ;3 as maps:
yig: Lh"Lg*f* — fXLh*Lg*  ~3: Lg*f*h} — F h{ Lg;

Then we have the commutative diagrams

s * — TipX
LR Lg* f* 2500 LR P Lg* L f*hy 0 P Lg*hy
T2 J’YQ’LQ* 713 \bx%
fXLh*Lg* 7 i Lg:

expressing the obvious compatibilities. These follow purely formally from the
corresponding identities for the standard derived base change map, as well as the
unit-counit identities for an adjunction.
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3.2.4. Grothendieck duality I.

3.3. Derived intersection theory

3.3.1. Grothendieck groups of derived categories. Let D be a trian-
gulated category. In this section we will define a corresponding group Ky(D),
and then specialize to the algebro-geometric case. We will as usual ignore any
set-theoretic issues unless they actually become relevant to the considerations at
hand.

Let Ko(D) be the free abelian group on the collection of isomorphism classes of
objects of D modulo the subgroup generated by elements of the form [A] — [B]+[C]
whenever there is an exact triangle

A— B— C— All].

We call Ko(D) the Grothendieck group of D. We also recall the classical definition
that if A is an exact category, then Ky(A) has the corresponding definition except
using exact sequences 0 — A — B — (' — 0 instead of exact triangles.

This is functorial: if £': D — & is an exact functor of triangulated categories,
then we obtain an induced functor Fy: Ko(D) — Ky(€) sending [A] — [F(A)].
This is well-defined because F' preserves isomorphisms and exact triangles. In par-
ticular, triangulated categories which are triangulated-equivalent have isomorphic
Grothendieck groups. The corresponding remarks hold for exact categories.

This notion is well-behaved for arbitrary triangulated categories. First, given
any A, B € D, we always have an explicit model for the difference [A] — [B], namely
it is the cone C'in A — B — C' — AJl]. The triangle A — A — 0 — A[1] shows
that [0] = 0 in K((D), and rotating the triangle to A — 0 — A[1] — implies that
[A] = —[A[1]]. In particular we have

[Aln] = (=1)"[A]

for all n € Z. We remark that the octahedral axiom doesn’t give us anything new,
namely it just says

([A] = [B]) = ([B] = [€]) = [A] = [C]

as was true already. Since in any triangulated category we always have A —
A@® B — B — Al[l] exact, it follows that [A @ B] = [A] + [B], giving an easy
model for the sum of two objects.

Example 3.3.1. Let A be an abelian category and C* € Ch’(A) a bounded chain

complex. Then
Y CDIHI(O)] =) (-1)[C7]
€L S/
in Ko(A). Indeed, consider the coboundary/cocycle sequences
0-2'-C"-B"™ -0 0-DB -2z — H(C)—D0.
Therefore in K-theory we have
(€] = (2] + [B*] = [H'(C)] + [B'] + [B™]
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for all i € Z. Taking the alternating sum over both sides, the [B'] 4+ [B"*!] term
telescopes to zero, because B* = 0 for ¢ < 0 and ¢ > 0. In particular, if C* is
acyclic then its Euler characteristic in Ky(A) is zero.

Now let A be an abelian category and D be a triangulated category. Let
H: D — A be a cohomological functor, and assume that it is bounded: this means
that for each A € D, the object H(A[i]) is nonzero for only finitely many i. Given
a bounded cohomological functor H, there is an associated map

XH: K0(®> — KQ(A)
defined by xu([A4]) = Y ez H(A[i]). First, this is well-defined on isomorphism
classes because of boundedness; to check the relation, let A — B — C' — A[1] be
exact, and consider the long exact sequence
-+ — H(A[i]) — H(B[i]) — H(C[i]) - H(A[i + 1]) — - -+

which is zero far enough to the left and right. By Example 3.3.1 applied to the
bounded acyclic complex shown above, we see that
0= (=D([H(AL]D] - [H(BL])] + [H(CL])])
1€Z
= xu(A) —xu(B) + xu(C),
which proves that g is well-defined.

The most important case of this construction is when D = DY(A) is the
bounded-derived category of A, and H = H°. Note firstly that there is in fact an
induced map

Ko(Ch(A)) — Ho(D"(A))
sending [C*] — [C*®]. It is clear that this is well-defined on isomorphism classes,
and it satisfies the defining relation since a short exact sequence of complexes
corresponds to a distinguished triangle in the derived category.

Example 3.3.2. This is the derived example corresponding to Example 3.3.1. If
A € D(A), then we claim that

[A] = > _(=1)'[H'(A)[0]
€L
inside Ko(D"(A)). We show this by induction on the length of cohomological

amplitude; if A = 0 then this is clear. Otherwise, let the bottommost cohomology
degree of A be n, and consider the triangle

H™(A)[=n] = A = 750114 — H"(C)[-n +1].
Then by induction we have
[A] = [H™(A)[-n]] + [r>n14]
= (~D"HE"A)[0]+ Y (-1 [H (A)0]

i>n+1



307

as desired.

Proposition 3.3.3. Let A be an abelian category. Then the map
X = xpgo: Ko(D°(A)) — Ko(A)
is an isomorphism with inverse [A] — [A[0]].

PRrROOF. The proposed inverse is well-defined because it is a composite of the
functor Ko(A) — Ko(Ch’(A)) induced from the 0-embedding A — Ch®(A), and
the functor Ko(Ch®(A)) — Ko(D®(A)) that we just defined. The composite

[A] = [A[0] = H"(A[0]) = [4]

is the identity. That the other direction of composing is the identity is exactly the
statement of Example 3.3.2. O

Remark 3.3.4. Let X be a scheme. We have considered subcategories like
Dgo(X)  Dioy(X)

coh

and have not yet discussed their relation to D® QCoh(X) and D’ Coh(X). To
resolve any ambiguity, consider the following situation: let A be an abelian category
and € C A a wide subcategory: this means that C is closed under extensions, kernels,
and cokernels, and is in particular an abelian subcategory. Let D3(A) C D°(A)
denote the full subcategory of objects of D?(A) whose cohomology objects lie in C.
Then we have a commutative diagram

Ko(Dg(A)) — Ko(C)

! |

Ko(D(A)) — Ko(A)

because the functor HV: Dlé (A) — € is a bounded cohomological functor. Now
the map [C] ~— [C[0]] is still well-defined from Ko(€) — Ko(D(A)), and the
decomposition of Example 3.3.2 still takes place in Ko(D(A)). (Note that we are
using the fact that € is Serre to say that the truncation functors preserve De(A).)
Thus the same proof as for Prop. 3.3.3 shows that the top map is an isomorphism.
In particular, we can still assert isomorphisms

Ko(D%(X)) = Ko(QCoh(X))  Ko(D2y,(X)) = Ko(Coh(X))

coh

without ever having to pass through the derived categories of Coh(X) and
QCoh(X).

Example 3.3.5. Let X be a scheme and F any quasicoherent sheaf; write
G =@, F. Then G & F = G, which implies that [G] 4+ [F] = [G], i.e. [F] =0.
Therefore, Ko(QCoh(X)) = Ko(D4.(X)) = 0. So, we will mostly only be interested
in the coherent case. More generally, the same argument applies to any abelian
category which admits countable direct sums.
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Definition 3.3.6. Let X be a Noetherian scheme. We write Go(X) =
Ko(D%, (X)) and often identify this with Ko(Coh(X)). We write Ko(X) =

Ko(Perf(X)).

We note that our assumption of Noetherianity here is a bit overkill, and
qcgs is usually fine, but then the theory needs a bit more care. Part of the
power of these definitions is that Ky and Gg have obvious ring and module
structures respectively. First, for each £ € Perf(X) we have a triangulated functor
Perf(X) — Perf(X) given by F — E ®%9X F, which in particular induces a group
homomorphism Ko(X) — Ko(X). Since this is natural with respect to E, it gives
a map Ko(X) — Homgz(Ko(X), Ko(X)), and thus a bilinear product

K()(X) X Ko(X) — K()(X),

which we write by (a, 3) — a-8. On the basis elements, we have [E]-[F| = [E®QVF].
Commutativity and associativity follow from the corresponding properties of the
derived tensor product. Thus Ky(X) is naturally a ring, with unit 1 = Ox.

Since X is Noetherian, being in ch’oh(X ) is equivalent to being bounded and
pseudocoherent. Derived tensor product preserves pseudocoherent objects, and
hence the same argument above gives a bilinear map

Ko(X) X Go(X) — Go(X)
which on basis elements is also given by [E] - [4] = [E @ A]. This makes Go(X)
a Ko(X)-module. The inclusion Perf(X) — D% (X) (again by Noetherianity)
induces a map Ko(X) — Go(X) of abelian groups. It is also a map of Ky(X)-

modules since the ring and module structure coincide on perfect objects. Our
machinery makes it relatively easy to say things about this:

Proposition 3.3.7. Let X be a Noetherian reqular scheme. The natural map
Ko(X) — Go(X) is an isomorphism of Ko(X)-modules.

PROOF. In this case we have shown that Perf(X) — D’ (X) is an exact

equivalence, hence the induced map on Ky is an isomorphism. O

Note that equivalently we have given K(Coh(X)) a module structure. Given
a coherent sheaf G, we have by definition of y that

[B]- [Fl = [E@g, FI=) (-1)'[H'(E &6, G)] € Ko(Coh(X)).
1€EZ
In particular if F is a perfect sheaf, then
[F]-16) = > _(=1)[Torp, (F, G)).
i<0
So, if F = £ is a vector bundle, then [£] - [G] = [E ®o, G].

Suppose f: X — Y is a morphism of Noetherian schemes. Then we have the
canonical pullback map Lf*: Perf(Y) — Perf(X) which induces a pullback map
[ Ko(Y) — Ko(X). This is a ring homomorphism because (derived) pullback
commutes with (derived) tensor products.
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Example 3.3.8. Let k be a field. Then
Ko(Speck) = Go(Spec k) = Ko(Vecta(k)),

and there is a natural map Ky(Vecte(k)) — Z given by taking the dimension:
indeed it depends only on isomorphism class, and the dimension is additive in
exact sequences of vector spaces. This map sends k — 1, and hence is surjective.
An arbitrary element of Kj is a finite sum Y, k;[V;] where V; are vector spaces, and
we can group all terms with a positive and negative coefficient with one another.
Taking direct sums shows that it can be represented as [V] — [W], which maps to
dim (V) — dim(W). If this is zero, then V = W so [V] — [W] = 0. Thus

Ky(Speck) = Go(Speck) = Z

by the dimension map. Moreover, the composite dimy: Ko(Speck) — Z is a
ring homomorphism. Indeed, the ring structure on Ky(Speck) corresponds to a
ring structure on Ky(Vecteq(k)) given by a tensor product of vector spaces, as
all objects are their own free resolution. But dim(V ® W) = dim(V') dim(W),
hence Ky(Speck) = Z as rings. From what we have said previously, to compute
dim of an object E € Perf(k), we just get > ;(—1)dimy HY(E). If E = V* is
given as a complex, then we know by the corresponding G result that dim(E) =
Si(—=1)idimy, V.

Note that decomposing elements of Ky(X) via cohomology is not available to
us anymore because the cohomology of a perfect object may not be perfect. But we
can still say the following: Let F* be a bounded complex of perfect sheaves. Since
X is Noetherian, this means that each F? is coherent and has finite tor dimension,
which implies that F* is pseudocoherent and has bounded tor amplitude, hence is
perfect. We claim that

[Pl =3 (V'[F0)]  in Ko(X).
1EZ
Indeed, proceed by induction on the length, except this time use the stupid
filtration triangle

O-ZnJrlF. — ]:. - f"[—n] — O-ZnJrlf.[l]

where n is the bottom nonzero term, which remains in Perf(X). By the inductive
hypothesis applied to o>,1F* and the addition in Ky, we conclude the result.

In light of the above example, for arbitrary Noetherian X and =z € X, the
corresponding map i, : Spec r(x) — X induces a pullback map

in: Ko(X) — Ko(Speck(x)) = Z,

which we denote by rk,: Ko(X) — Z. For instance, if £* is a complex of vector
bundles, then

rk:z;(g.) = Z(il)z rky gl = Z(,l)l dlmn(x) gZ(x)’
(where £'(x) = &L ®py, #(x)) since the derived pullback is just pullback on a
locally free sheaf.
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Next, suppose the morphism f: X — Y has finite tor-dimension, then in this
case we obtain an exact functor Lf*: D’ (V) — DP, (X), which now induces a

pullback f*: Go(Y) — Go(X). By definition, we get a commutative diagram

l l

e.g. of abelian groups, or of Ky(Y)-modules via restriction of scalars. We have
seen that regular immersions i: Z — X have finite tor dimension. In this case one
writes the pullback as ' and calls it the Gysin pullback (not to be confused with
the functor from Grothendieck duality). We will be able to say more about Gysin
pullbacks shortly.

Example 3.3.9. Let X be Noetherian and z € X a point. We know that
Speck(z) — X has finite tor dimension iff x(x) has finite tor dimension over
Ox g, i.e. © € Xyeg. Therefore for a regular point we may define rk,: Go(X) —
Go(Speck(x)) = Z by the dimension function. Viewing Z as a Ky(X)-module
via the rk, function which always exists, the homomorphism Go(X) — Z is a
Ky(X)-module map.

The rank at a smooth point z is computable in a much nicer way. We know
that for A € Db (X), [A] = >;(—1)/[H?(A)], and applying Li* we obtain

coh
rkZ(A) = Z(_l)l dlmn(x) HZ(AJU ®gX,z H(.’L’)),
(2

which is some kind of measurement of how A meets the point z. This is very
different from a local length invariant which we will define momentarily.

Next, let f: X — Y be a proper morphism of Noetherian schemes (or slightly
more generally, it can be cohomologically proper). Then we have an exact functor
Rf.: Db, (X) — D%, (Y), which induces a pushforward map

coh coh
f*: G()(X) — GQ(Y)

given on the basis by [A] — [Rf«(A)]. For example, if X is a proper k-scheme,
then we get a map Go(X) — Go(k) = Z given by

[A] > S7(=1) dimy, (X, A),
1€EZ

which shows that Go(X) does contain quite a bit of cohomological information. In
this situation, one usually writes y(A) for the RHS above. A bit more generally,
if X is proper over a ring A, then we can still obtain its cohomological Euler
characteristic but as an element of Go(A).

Of course, based on our definitions, it is obvious that these induced maps on
G and K are all functorial with respect to compositions. Now, if f is proper and
of finite tor dimension (which was the right setting for Grothendieck duality as
well), then we obtain both a pullback and pushforward on Gy. One basic use case
is when i: Z — X is a regular immersion.
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Example 3.3.10. The best setting is a morphism of smooth projective va-
rieties f: X — Y over a regular Noetherian ring R (e.g. a field). In this
case, Ko(X) = Go(X) and Ko(Y) = Go(Y), so everything is a ring, and we
have a ring homomorphism f*: Kyo(Y) — Ky(X) and a map of abelian groups
fer Ko(X) — Ko(Y). In practice, this is the setting we usually use, alongside the
case of a regular immersion.

So far, we have seen that using different descriptions of the groups Ky and Gg
allows us to easily define new invariants without much work. We want to do this
for the determinant, which will be a map det: Ky(X) — Pic(X). This is possible
in general, but it does take some extra work, so instead we will do this in the
presence of the resolution property.

Let X be a scheme, and recall that we define Vect(X) to be the exact category of
vector bundles, meaning locally free sheaves of finite (possibly non-constant) rank.
Let K§%(X) := Ko(Vect(X)). For each x € X there is a map rk,: K{*(X) — Z
given by [€] — 1k, &, since the rank of this finite free module is additive in exact
sequences. For a vector bundle &, the assignment X — Z given by = +— 1k, £ is
locally constant: for each z € X, we can by definition find a nbhd where €|y = OF,
and n = 1k, £. Therefore rk(€) gives a section of H°(X,Z) (where Z means the
Z) of the constant sheaf whose stalk at x is rk,(&).

Moreover, the assignment [€] — 1k(£) € H°(X,Z) gives a well-defined map
rk: K$(X) — H°(X,Z), since to check additivity in exact sequences we can just
check on every stalk and reduce to the previous case. Now, each vector bundle &£
gives a decomposition of X = ||, X,, where X,, = {z € X : 1k, (€) = n}, where
by continuity X, is clopen in X. Since these are clopen, there is a unique sheaf
det(€) up to isomorphism such that

det(€)|x, = A€,

which we know is a line bundle (by exterior power notes). Now consider a short
exact sequence
0—-& =& —&E—0

in Vect(X). We claim that there is a natural isomorphism det(&;) ® det(E3) ==
det(&2), and we have already shown (in exterior power notes) that this holds when
the bundles have constant rank, so the main problem is constructing the map.
Disjoint clopen descent allows us to freely map into and out of an object so we may,
in fact, assume that & has constant rank ¢. Let {X,} be a clopen decomposition
of X as above for the sheaf £. Then by Corollary 2.2.7 of those notes, we obtain
the canonical map

A"E1|x, ® A"Ex, — A™TE | x,,.
for each n,m > 0. In particular take m = ¢ — n, since & has rank ¢ everywhere

and on X,,, &1 has rank n, so & is forced to have rank ¢ — n. Thus we may write
the above map as

det(&1)|x, ® det(&3)]x, — det(&2)|x,,,
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which is an isomorphism as the three terms now have constant rank on X,,. Thus
we may ascend from {X,} to X providing the desired isomorphism. This gives a
determinant map det: K3°(X) — Pic(X). We also sometimes consider the joint
homomorphism

(det,rk): Kt°(X) — Pic(X) x H(X,7Z).

Finally, note that there is always a natural map K§°(X) — Ko(X) in the Noe-
therian case which sends [£] — [£]0]]; it is well-defined as a short exact sequence
of bundles gives an exact triangle in Perf(X). Note moreover that K$’(X) has
an obvious product structure which is just given by regular tensor product: This
works because all objects of Vect(X) are flat sheaves. Hence K$’(X) is a ring,
and by definition the map into Ko(X) is a ring map.

Lemma 3.3.11. Let X be a Noetherian scheme with the resolution property. Then
the natural map

K§(X) — Ko(X)
is an isomorphism (of rings) with inverse given by [£°] — 3_;(—1){[EY] whenever
E® is a bounded complex of vector bundles.

Corollary 3.3.12. Let X be a reqular Noetherian separated scheme. Then the
maps

K§'(X) = Ko(X) = Go(X) = Ko(Coh(X))
are all isomorphisms (e.g. of Ko(X)-modules).

PRrOOF. The right-hand map is always an isomorphism, the middle map is an
isomorphism by Prop. 3.3.7, and the first map is an isomorphism by the previous
lemma and Prop. 3.1.56. O

Let X be a Noetherian scheme with the resolution property. Then we define
(det, rk): Ko(X) — Pic(X) x H°(X,Z) to be the unique homomorphism for which
composition with Kg’(X) — Ko(X) gives (det,rk) defined previously. By the
lemma, this is computed on an object [E] € Ky(X) by first representing £ = £°®
by a bounded complex of vector bundles, and then

det(E) = @ det(E) " =3 (1) [det(£7)]
i€Z i€Z
where in the second equality we use additive notation for the group Pic(X). Note
that this is a homomorphism Ky(X) — Pic(X) of additive groups. Alternatively,
there is a multiplicative homomorphism Pic(X) — Ky(X)* which simply sends
L — [L], clearly well-defined, and by the description above has det as a (set-
theoretic) retraction. In particular Pic(X) — Ko(X)*.

Example 3.3.13. Let A be a Noetherian ring. Then Spec A is affine and hence
has the resolution property, so Ky(Spec A) is equivalent to Ky of the category of
vector bundles over Spec A, i.e. finite projective modules over A. This is usually
called Ky(A), i.e. the Grothendieck group of the ring itself.
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Here are some general relations that we can always write down in Ky (X). First
of all, let £ be a vector bundle of rank n and consider a map & — Ox, i.e. a
section of £Y. Recall that this is a regular section if the corresponding Koszul
complex
0—det(€) = A" — ... - A’ - £ — Ox — 0,
treated as concentrated in degrees [—n, 0], is exact everywhere except for Ox.
Letting Z == V(im (£ — Ox)), this gives a relation

[O7] =1 —[E] + [A%E] — --- + (—1)" det(&)

in Ko(X). Let’s further suppose that this data is given by line bundles L4, ..., L,
with sections s; € £. Then we have already seen that the Koszul complex is a
product of the one element complexes £; — Ox, meaning

[Kos(s1, .., aa)] = (1= [£1]) -~ (1 = [£,])

in Ko(X). Further suppose that si,...,s, forms a regular sequence, i.e.
V(s1,...,8n) is a complete intersection. Then the Koszul complex represents
OV(sy,....sn), and we get

[OV (s, = (L= [La]) -+ (1 = [£n])
= [OV(sl)} to [OV(sn)]
by the corresponding proof for tensor products. This is a sign that the product in

Ky(X) should be interpreted as an intersection product. Of course, whenever D
is an effective Cartier divisor, then we always have [Op] = 1 — [Ox(—D)].



314 Derived categories in Algebraic geometry

3.3.2. Intersections in projective space. This section will be a good
demonstration of the power of derived categories. We will make some trivial
observations about projective space and deduce a good amount of nontrivial
intersection-theoretic facts from it.

Example 3.3.14. Let X = P} and write H = [Opn(1)] for the ‘hyperplane
class’ We know that xo, ..., 7, € H(X,Ox(1)) form a regular sequence and that

V(xo,...,xn) = &, so the Koszul complex is acyclic. The above discussion shows
that [OV(mZ)] =1- [Ox(—l)] =1+ H, and that

0= [Ov(y) - [Ov,)] = (L+H)".
Therefore, we obtain a ring homomorphism Z[H]/(1 + H)" ™ — K (P").

Let us show our first real theorem, which is that this map is an isomorphism.
Note that H is a unit in Ko(X), and

H' = [O0pn (1)*] = [Op (¢)]
for all £ € Z. Moreover in Z[x]/(1 + z)" ™!, z is a unit since
r=1+z)—1|(1+z)"™—-1=-1,

ie x| —1. Therefore the image of this map will contain all finite expressions of
the form ), a;H*. The only other input is the following simple computation:

Example 3.3.15. Let k£ be a field and X = P}. Since X is proper over k, we
have an Euler characteristic x(X, a) for a € Ko(X). We claim that

(d+1)-(d+n) _ <d+n>

XX, Ox (@) = '

where we are viewing the RHS as a polynomial in d. Indeed, this is pretty obvious
from the explicit description of the cohomology of P", but we can also show it
inductively without assuming that result. Indeed, consider the hyperplane sequence

0—0x(d—-1)— Ox(d) — (’)PZ_1(d) — 0,
then we obtain
X(X, 0x(d)) = x(X,0x(d - 1)) = x(F} ™", O(d))

THEOREM 3.3.16. Let k be a field and write H = [Opr(1)] € Ko(Py). The
natural map
Zlz]/(1 + z)"T — Ko (P}) x— H
is an isomorphism of rings.

PrOOF. This map is surjective: to see this, note that for all £ € Z. Since P™
is regular, Ky(P") = Ky(Coh(P")). Moreover, we know that every coherent sheaf
F admits a finite resolution by sums of line bundles (Cor. 3.1.61), from which it
immediately follows that [F] is equivalent to Y, a; H* O
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Supplementary material

A.1. Descent

This section is mostly for fun: at the end we will prove fpqc-locality on the
target for various properties of morphisms. This is an important result, especially
in preparation for defining algebraic spaces and stacks, and faithfully flat descent
is useful in its own right.

By descent, we will mean five related things:

(a) Effective descent for modules on an open cover means that we are given
an open cover {U;} of X, and want to know how Mod(Ox) is obtained
from the categories Mod(QOy,).

(b) Effective descent for quasicoherent sheaves means that we are given a
morphism f: X — Y of schemes, and want to know how QCoh(Y) is
obtained from QCoh(X).

(¢) Descent for morphisms means we are given a morphism U — X, and
want to know how Hom(X,Y) is obtained from Hom(U,Y") for a scheme
Y.

(d) Effective descent for schemes means we are given a scheme X (possibly
over a base) with ‘descent data’, and want to see how it defines a scheme
Y with some kind of cover X — Y.

(e) Descent for properties of morphisms means that we are given a map
X — Y and a descent morphism Y’ — Y, and want to know when a
property of the morphism X xy Y’ — Y’ ‘descends’ to X — Y.

We will address all five questions in this section. (e) is particularly interesting,
where we will generalize the fact that many properties of morphisms are local
on the target to showing that they are fpqc-local on the target. Much of the
discussion in this section could be considered standard introductory algebraic
geometry, which is why we include it in an appendix.

Remark A.1.1. The word ‘descent’ refers to the following idea: We are given a
kind of "cover" p: Y — Y where data on Y’ is easier to understand; data on Y
can usually be pulled back to Y, (e.g. sheaves via pullback, Y-schemes via fiber
product), and we want to know whether some data or property on Y’ descends
back down to Y. The basic example is where R is a ring, (fi,..., fr) = (1) are
elements generating the unit ideal, and we have the surjective map

|_| Spec Ry, — Spec R
i=1

315
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on spectra. The terminology is in contrast to ‘ascent’, which records when a
property has good stability under pullback of sheaves or base change.

A.1.1. Elementary results. We first recall the most basic form of descent,
which is descent for an open cover. Let (X, Ox) be a ringed space and U = {U,}
an open cover of X. Denote by j,: U, — X the corresponding inclusions. We
want to define a category Mod(Oy,) as the limit of the diagram:

[Ta Mod(Ou,) == T1a,s Mod(Ou, ;) =5 [l s, Mod(Ov,nusner,)

Let us spell this out: An object of Mod(Oy) is a family {F, : a} for F, €
Mod(Qy,, ) equipped with a descent datum: this means a collection of isomorphisms

9op: FalUas = FplUas
satisfying the cocycle condition on triple overlaps, which is that the diagram

Jo
Folv., —2 Fslu

aBy aBy

g
m‘ lﬁv

‘F'Y‘Uaﬁ'y

should commute. A morphism in this category is a collection of morphisms
Fa — Go commuting with the g,3’s. We will have various definitions like this,
so at some point we will just say ‘obvious category of descent data’ to mean the
corresponding construction.

There is a canonical map j*: Mod(Ox) — Mod(Oy) given by sending F to
{Flu,}, where the descent data above are just identity maps, and the cocycle
condition is tautological. A morphism is sent to its restrictions, which commute
with identity maps.

Proposition A.1.2. Let (X, Ox) be a ringed space and U = {U,} an open cover.
The natural map

Jj*: Mod(Ox) — Mod(Oy)
is an equivalence of categories between Mod(Ox ) and the category of descent data.
A quasi-inverse is given on objects by

((fa)a (gaﬁ)) — Eq (Hjoz,*]:a — Hjaﬂ,*fB’Ua5>
a a?/ﬁ
where the lower map s induced by restriction, and the upper one is restriction
twisted by the gag.

PrROOF. We begin with full faithfulness: if f,g: F — G are morphisms of
sheaves with j*(f) = j*(g), then fly, = glu, for all a, so f = g. If we are
given maps fo: Flu, — G|y, which agree on overlaps, then they glue to a map
f: F — G. This follows from the fact that Homo (F,G) is a sheaf.
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Essential surjectivity (i.e. ‘effectivity’): Let ((Fa), (9ag)) be a descent datum,
and let F be the equalizer written in the proposition statement. On the (a, f3)
component the top map is given by

. . . 9apB .
H]a,*]:a - ]a,*]:oz - ]aﬁ,*]:a|Uag — ]a,B,*]:B|UQ@7
o

and the bottom map is given simply by
[[iasFa = dsuFs = JapaFblvas-
(6

Therefore, if V' C X is an open set then
F(V)={(sa) € H-Fa(va nu): gaﬁ(sa’Uaﬁ) = S,B‘Uaﬁmv Va, B}
e

as limits are computed pointwise in sheaf categories.

Consider the projection F — jy,, «Fa, which is adjoint to Fly, — Fq; we claim
this latter map is an isomorphism. Let W C Uy, and consider sections on W. Then
F(W) — Fo(W) is injective: if (sg)g — 0, then s, = 0. All other Us N W are
contained in Uy, N W = W, so it follows that 0 = gag(salv;nw) = sglu;nw = s
for all 3, hence sg = 0 for all 3.

It is also surjective: if t € Fo (W), let sg = gap(t) where sg € Fz(W N Up).
This is a compatible family, because for all 3, -,

gﬁV(sﬁ‘UaﬁmW) = gﬁ’ygaﬁ(t)’UaB'yﬂW
= ga'y(t)|Ua57ﬁW

= S’Y‘Uammw
by the cocycle condition. Note also that U,g, N W = Ug, N W because W is
already contained in U,, so this proves the claim.
To complete the proof, we have to show that j*(F) is isomorphic to the descent
data ((Fa), (9ap)). The diagrams

Flugs — Falvas

I

FB|UQ,6

commute for all a;, 8 by definition of the equalizer. Therefore the family of maps
Flu, — Fa described above is a morphism of descent data. Since each of these
was an isomorphism, we are done. O

Remark A.1.3. Consider the special case Ox = Z, which gives open-cover descent
for abelian sheaves on a space. Then it is clear from the equalizer description that
if the sheaves F,, are given additional structure which is preserved by pushforwards,
and the descent data are morphisms respecting this additional structure, then
it will also descend. For instance, if ((Fy), (gap)) is a descent datum where F,
is a sheaf of rings and g, are ring-sheaf isomorphisms, then j. exists on the
level of sheaves of rings, so the resulting equalizer F is a sheaf of rings. The
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restriction maps F|y, — Fq in the proof are also morphisms of sheaves of rings,
so the essential surjectivity follows. Moreover, morphisms descend too: if we have
compatible morphisms f,: F, — G, which are sectionwise ring homomorphisms,
then the constructed map f: F — G between sheaves of rings that is a priori a map
of abelian sheaves, is also a ring homomorphism. This is because the restriction
flu,, is a morphism of sheaves of rings, and the equations defining the ring axioms
can be checked locally.

We will now use this to prove open-cover descent for ringed spaces over a fixed
ringed space. Let (Y, Oy) be a ringed space, RS denote the category of ringed
spaces, and RSy denote the slice category over Y. Given an open cover {U,} =U
of Y we define the category of descent data Desc(RSy) as follows:

(a) Objects: for each « a ringed space X, with a morphism f,: X, — Uy,
along with descent data ¢,g which are isomorphisms

Paf: fojl(Uaﬂ) — fgl(Uaﬁ)
of ringed spaces satisfying the cocycle condition: ¢g, 0 Yo = Yoy Over
triple intersections Up,g..
(b) Morphisms: Families of morphisms of ringed spaces X, — X/ over U,
such that the induced diagrams

foa ' (Uap) — (f&) " (Uap)
%i lg
5 (Uag) — (f5)" (Uap)

commute for all «, 3.
We make the same corresponding definitions for LRSy and Desc(LRSy,) for locally
ringed spaces. Once again, we obtain a canonical map from the original category
to the category of descent data: we send f: X — Y to fo = f~1(Us) — U,, and
get a tautological cocycle condition.

THEOREM A.1.4. Let (Y,Oy) be a (resp. locally) ringed space and U = {Uy}
an open cover of Y. The natural functor

RSy — Desc(U,RS) (resp. LRSy — Desc(U,LRS))

is an equivalence of categories.

To prove this, we will prove a slightly more general absolute gluing statement
and deduce the open-cover descent theorem from this. Fix an index set I, and define
a category Covy(RS) as follows: an object is a ringed space (X, Ox) equipped with
an I-indexed open cover {U, : o € I'}. A morphism f: (X,{U,}) — (Y, {VL}) is a
morphism f of ringed spaces such that f(U,) C V,. We make the corresponding
definitions of Cov;(LRS).

Next, again given an index set I, there is a category of gluing data Glue;(RS)
defined as follows: its objects consist of a collection X, of ringed spaces, equipped
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with open subspaces X,3 C X, for each a, 8 and isomorphisms
d)aﬂ: Xaﬂ - Xﬁa

of ringed spaces satisfying the cocycle condition ¢g, © ¢pag = Pay. Its morphisms
are maps fo: Xo — Y, which preserve the subspaces X,z and commute with ¢,3.
We again make the corresponding definition for Glue;(LRS). There is a natural
functor

Covr(RS) — Gluer(RS)
which sends X equipped with {U,} to the collection X, = U, itself, where
Xop = Uy NUg and the gluing isomorphisms are the identity maps.

Lemma A.1.5. Let I be an index set. The natural functors
Covi(RS) — Glue;(RS) Cov;(LRS) — Glue;(LRS)
are equivalences of categories.

PrOOF. The proof is the same in both cases. We begin with full faithfulness.
Let (X,{U,}) and (Y,{V4}) be objects of the source category. If f,g are two
morphisms whose images in the target agree, then we have in particular that
flu., = glu,, for all a, which implies that f = g. Conversely, a morphism between
the images consists of maps fo: Uy, — Vi whose restrictions to U, N Upg agree. In
other words, the corresponding maps f,: U, — Y agree on an open cover and
hence glue to a morphism (which maps U, to V,) in the source category.

Now let (Xa, Xag, gap) be a gluing datum. Define a topological space X by
the coequalizer

|_| Xaﬁ — |_| Xa - X7
a,f a

where the top map is induced by X,z e, Xgo — Xp, and the bottom map

is induced simply by X,3 — X, (followed by the inclusions). Therefore X is
the quotient of | ], X by the relation generated by = ~ go5(x). It follows from
standard topology that each composite j,: X, — X is an open embedding, and
Ja(Xa) N jg(Xp) is canonically identified with X,g (and Xg,).

We next construct a sheaf of rings on X. Consider the sheaves of rings Ox,,
on X, for each «a, viewed as an open cover of X. The isomorphism g,g induces
an isomorphism

OXolja(Xa)i(xs) = OXalja(Xa)njs(Xs)
satisfying the cocycle condition, because g,5 did. By Remark A.1.3 this data glues
to a sheaf of rings Ox on X and an isomorphism of the corresponding descent data.
This induces an isomorphism Ox|x, = Ox, which is compatible with the g,g,
and hence compatible on overlaps. It follows that j, is an open inclusion of ringed
spaces. Finally, the ringed space (X, Ox) equipped with the cover {j,(X4)} is
identified under the natural functor with the gluing datum we started with, by
construction. 0

Using this, let us prove the descent theorem for (locally) ringed spaces.
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PRrROOF OF (THM. A.1.4). The proofs in the two cases are the same. We
again begin with full faithfulness. Let f,g: X1 — X2 be morphisms over Y with
structure maps p; and po. Their images agreeing in the descent data category
means that the two restrictions of f and g,

filpgl(Ua) = pl_l(Ua) - pgl(Ua)

agree. Since opens of the form p; 1(UO() cover X for various «, this implies that
f = g. Next consider the same spaces X; and p; over Y, and now assume we have
a morphism of descent data between their images. This means that we have maps
fo: p7H(Us) — p3 1(Uy) over U, satisfying the following compatibility diagram:

_ fa _
Py I(Uab’) — D2 1(Uaﬂ)

pfl(Uaﬁ) A pgl(Uaﬁ)

In other words, f, and fz agree on overlaps. Since pl_l(Ua) = fojlpgl(Ua) —
pgan, the {f.} glue over the open cover {p;'(Us)}o giving a map f: X1 — Xo.
This proves fullness.

Now let (Xq, fa, ap) be a descent datum over the cover U, C Y. Set X5 =
[ (Uyg), so that ©Yap: Xap — Xpo and satisfies the cocycle condition. This
is precisely a gluing datum in Glue;(RS). Moreover, the maps fo X, — U,
give a morphism of gluing data to the image of (Y, {U,}) under the functor of
Lemma A.1.5.

Therefore by gluing there exists a ringed space (X, Ox) with an open cover
{V4} such that V, == X,, so that V,, N V3 == X,3. By full faithfulness there is
a unique map X — Y such that X, = V, — Y factors through U, and coincides
with the given map f,. It follows that the image of X — Y is isomorphic to the
descent data we started with. (]

Copying the notations of the previous few results, we can specialize to the case
of schemes without any difficulty.

Corollary A.1.6.
1. Let I be an index set. Then the natural functor
Covy(Sch) — Glues(Sch)
is an equivalence.

Now let S be a scheme and U be an open cover of S.

2. The natural functor
Schg — Desc(U, Sch)

is an equivalence of categories.
3. The natural functor

QCoh(S) — QCoh(U) = Desc(U,QCoh)

is an equivalence of categories.
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PRrOOF. (1) and (2) follow immediately from the corresponding results for
locally ringed spaces once we observe that a locally ringed space which has an
open cover by schemes is a scheme. (3) Again full faithfulness doesn’t change,
and descent for Mod(Ox) will produce an Ox-module locally isomorphic to
quasicoherent sheaves, which is therefore quasicoherent. O

Remark A.1.7. Here is another often-useful description of Mod(Oy) if U = B is
a basis of opens for the topology on X. Namely, there is a category whose objects
are collections F, € Mod(Op,) for each «, equipped with the following descent
data:
(a) For each inclusion B, C Bg, an isomorphism go5: Fo —= F3|B,.
(b) This data should satisfy the cocycle condition for inclusions B, C Bg C
B, i.e. that the diagram

Ja
Fo =2 Folp,

gk‘ l%W'Ba

fv|Ba

comimutes.

Morphisms are defined in the obvious way. There is an obvious functor Mod(Op)
to this category sending JF, to itself, with the cocycles being special cases of the
ones in Mod(Og), since if B, C Bg, then B,g = Ba.

This functor is an equivalence of categories: full faithfulness is trivial because
the overlaps B, N Bg are covered by basis elements B,. Hence the map from
Mod(Ox) is also fully faithful. If (Fq, gag) is a descent datum of the form above,
then it determines a usual descent datum for the following reason: for all «, 3,
the full faithfulness part applies to the basis B restricted to B, N Bg. This in
particular gives isomorphisms F,|p,, =~ Fp|p,, extending the original ones.

Now let us begin our discussion of fpqc morphisms of schemes. An fpgc
morphism is a faithfully flat quasicompact morphism of schemes, i.e. a flat
quasicompact surjection. This is of course stable under composition, arbitrary
base change, and is local on the target, as each of the three properties are like
this independently. We often separate this into flat and quasicompact surjection,
because flatness is a source-local property, and descent statements sometimes only
need quasicompact surjectivity.

Example A.1.8. The canonical example of an fpqc morphism Y’ — Y is the
case where Uy, ..., U, is a finite open cover of Y, each U; — Y is a quasicompact
open immersion, and Y’ = | |; U;. Then this is clearly flat and surjective, and
quasicompactness follows from the assumption. If Y is qcgs and {U; : i € I} is an
open cover, then it is easy to see that | |; U; — Y is quasicompact iff only finitely
many U, are nonempty, and each U; is quasicompact.
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Definition A.1.9. A property P of morphisms is fpgc-local on the target if the
following property holds: Given a cartesian square

X — Y
[
X —Y

where Y/ — Y (and hence X’ — X) is fpqc, the morphism X — Y is in P iff
X' —Y'isin P.

Example A.1.10. If a property P of morphisms is fpqc-local on the target, then
the property A(P), i.e. {f: Ay € P}, is also fpqc-local on the target. Indeed,
factor the cartesian square above through the diagonal map via:

X — X' xyp X' — Y’
T
X — Xxy X —Y

Then the middle map is fpqc, and fpqc-locality applied to the left-hand square
gives the result.

Example A.1.11. Suppose we have a base change diagram as above, labeled
f,g, f,g around the square as usual, and g: Y’ — Y is a quasicompact surjection.
If V C Y is quasicompact open, then g~ f~1(V) = fﬁlg_l(V), so the RHS is
quasicompact, and by base change g is a quasicompact surjection, so g~!f~(V)
surjects onto f~1(V). Thus f~(V) is quasicompact. Applying this to the diagonal
as above shows that quasi-separatedness also descends along a quasicompact-
surjective map. In particular, qcgs can be checked after quasicompact-surjective
base change, and hence is fpqc local on the target.

Example A.1.12. The simplest fpqc-local property is surjectivity, which actually
descends under any surjective base change. Indeed if we have a base change square
as above with f surjective, then since g is surjective we find that fg is surjective,
so Y = f(g(X")) = f(X) as g is surjective.

We want to ask the same questions as above for all of our other favorite
properties of morphisms, but even for affine morphisms, or even simply the
property of being an isomorphism, the answer is not clear. This is part of the
motivation for proving faithfully flat descent. Instead, in the rest of this section,
we will focus on proving more elementary properties.

Here is the basic method for reducing an fpqc-locality proof to the affine case.
This works if the property is local on both the source and the target and stable
under (at least faithfully flat) base change. Given a base change square as above
where f: X’ — Y’ satisfies P, choose an affine open V C Y and U C f~1(V).
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Then we form the restricted bottom square in the diagram below.

U —— ;W

g (U) — g7 '(V)

U—V
Then the right-hand map is still fpqc, and U — V' is a map of affine schemes. Now
choose an affine open cover W71, ..., W, of the quasicompact scheme g~ (V), and
form the flat surjection | ], W; — ¢g~1(V) as above. This is faithfully flat but may
not be qc; in any case, the right-hand composite is faithfully flat between affine
schemes, and the top map is a morphism of affine schemes which also satisfies P.

The affine case will imply that U — V has P, and then locality on the source and
target completes the proof.

Example A.1.13. Being flat is fpqc local on the target. Indeed, this satisfies
the conditions above so we may reduce to the affine case, which is showing that if
A — B is a ring map, A — A’ is a faithfully flat extension and A’ — B®4 A’ is
flat, then A — B is flat. Indeed, if 0 — M — N is exact of A-modules, then by
flatness of B®4 A’ over A

0> M®ABRsA— M@y Bos A

is exact, so by faithful flatness 0 - M ®4 B — N ® 4 B is exact. Note that now
we have shown quasicompact, flat, and surjective are all fpgc-local, so being fpqc
is fpqc-local.

Example A.1.14. A morphism being locally of finite type/presentation is fpqc-
local on the target. Once again, these two properties are local on both source and
target and stable under base change, so we may reduce to the affine case. Suppose
A — A’ is faithfully flat, and B is an A-algebra.

1. Assume A’ — B® 4 A’ is of finite type, and choose generators over A’; let
{b;} be the finite set of elements of B appearing in summations defining
the generators, and let By := A[b; : ¢] C B. Then By is a finite type
A-algebra, and the map By ®4 A’ — B ®4 A’ is surjective. It is also
injective since A’ is flat, so (B/By)®4 A’ = 0 by flatness. Thus B/Bjy = 0.

2. Now assume A’ — B®4 A’ is of finite presentation. By (1), A — B is of
finite type so choose an exact sequence

0—1— P:=Axg,...,2n] > B—0
over A, and tensor up to A’. By flatness of A" and the assumption, I®4 A’

is a finitely generated ideal of P’ = P ®4 A’. Since P — P’ is faithfully
flat, and I ®p P = I ®4 A’, this implies that I is finite over P.

The last assertion of the previous example was simply that finite generation of
modules descends under faithfully flat extension. Indeed, if A — A’ is faithfully
flat, and M is an A-module for which A’ ®4 M is finite over A’, then M was finite
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over A. This is because we can take the submodule of M generated by elements
appearing in sums generating A’ ® 4 M over A’, so that we obtain a map A™ — M
whose base change to A’ is surjective. Therefore A™ — M is surjective. The same
proof shows that if f: X — Y is faithfully flat and F is a quasicoherent sheaf on
Y, then we can check finite type (or presentation) of F by checking that f*F is
finite type/presentation.

Our next result is an important topological one, which is used in various proofs
of fpgc-descent for properties of morphisms. Recall that a morphism f: X — Y
of schemes is submersive if the underlying map |f|: |X| — |Y] is a topological
quotient map.

Remark A.1.15. We'll use the following elementary property: if f: X — Y isa
morphism of affine schemes and f(X) is stable under specialization, then f(X)
is closed. Indeed, this corresponds to ¢: A — B; let p € f(X) C Spec A. For
a¢p,peD(a)soD(a)N f(X) # @, meaning B, # 0. This means that B, # 0,
so choose a prime q of By, then qN A is prime of A contained in p. Moreover it
also equals (q N B) N A, hence lies in the image of f. Since f(X) is stable under
specialization, p € f(X).

Lemma A.1.16. An fpgc morphism of schemes is (universally) submersive.

PROOF. Let f: X — Y be fpqc. Then f is surjective, so assume that Z C |Y|
is a subset such that f~!'(Z) C X is closed. Checking that Z is closed may be
done locally on the target, so assume Y is affine. Then X is quasicompact, so
let X’ =|],U; — X be a faithfully flat map from an affine scheme. The further
preimage in X’ of Z is still closed, so we reduce to the case where X and Y are
affine.

Let ¢: A — B be faithfully flat, and assume Z C Spec A such that f~1(2) =
V(I) is closed in Spec B, i.e. Z = f(V(I)) by surjectivity. Then Z is the image
of V(I) — Spec A, so by the remark above we may prove it is stable under
specialization. If p € Z and p C p’, first choose q' € Spec B such that f(q') = p’
by surjectivity. Since flat maps satisfy going down, there exists ¢ C q’ in B such
that f(q) =p. Thusq€ f~5(2) =V (I),s0q € V(I),s0p’' € f(V(I)) = Z. This
shows that Z is stable under specialization. O

We remark that in the case that fpqc is actually fppf, the above property is
obvious because f is an open surjection. We now prove some basic topological
consequences. Observe that if P descends under fpqc base change, it follows that
‘universally P’ is fpqc-local. Indeed, it is stable under base change, and if W is a
Y -scheme, we can base change the whole cartesian square to obtain:

X'xyW —Y' xy W —Y'
[

X xy W w Y

Thus Y’ xy W — W is fpqc, and moreover if X’ — Y’ is universally P, then
X/XyW—>X/><Y/ (Y/XYW)—>YI wa
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is universally P, in particular P. Thus X xy W — W is P by the assumption.
Here are some applications:

Lemma A.1.17. Being P descends under fpgc base change for:
P € {open map, closed map, injective on sets}.

Therefore universally open, universally closed, and radicial are all properties which
are fpgc-local on the target.

ProOF. Consider a cartesian square with g fpqc:

x Ly

0
x L.y

Suppose f is open/closed, and let T C X be an open/closed subset. Since g
is submersive, it suffices to show that ¢g=(f(T)) is open/closed, and we claim
that this equals f(g~'(T)) which will complete the proof. In one direction, by
surjectivity of g we have

f(T)=fgg 'T=gf(g'T) = g ' f(T)> fg 'T.
On the other hand, for ¢t € T', and y' € Y’ such that g(y') = f(t), we can always
choose ' € X’ mapping to t and ¢/. So f(z') =y € fg~'T.

It remains to show that injectivity descends. Indeed this descends through any
surjective base change; if z1,29 € X and f(z1) = f(x2) = y, we can choose 3/
lying above y and then points o}, 2, lying above (z1,y’) and (x2,3’). Then these
map to the same point under f, hence are equal, so it follows that x1 = zo. [

Example A.1.18. It follows that being separated is fpqc-local on the target.
Indeed, since being an immersion is stable under base change and an immersion
which is a closed map is a closed immersion, it follows that separatedness is
equivalent to the diagonal being universally closed. Thus this follows from the
lemma and Example A.1.10. As a consequence, being proper is also fpqc-local
on the target, because we checked this for quasicompact, locally of finite type,
separated, and universally closed. By contrast, being projective is not fpqc-local
since it isn’t even Zariski-local.

Example A.1.19. We give two proofs that being unramified is fpqc-local on the
target. First, locally of finite type is fpqc-local, and by the argument above the
diagonal being an open immersion is equivalent to the diagonal being radicial.
Thus unramified is fpqc-local. Second proof: if we take the base change square
above with g fpqc, then g*Qx/y = Qx//y+, so if this is zero then 2x /v = 0 because
g is faithfully flat. Either way, this also implies being étale is fpqc-local because
étale = flat + finite presentation 4+ unramified.
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A.1.2. Faithfully flat descent. Here is the rough idea of this section: we
consider presheaves F': C°P — D where € is an appropriate category of schemes
equipped with an fpqc topology, and we wish to see whether or not F' is an fpqc
sheaf. This is true in the literal sense for only one example, which is the functor

Homgen, (—, Y): Schy’ — Set

for a Y-scheme S. This example will prove that big topologies like the étale topol-
ogy, fppf topology, and fpqc topology are all subcanonical, which is of fundamental
importance for the theory of algebraic spaces. In the other examples, D will be
some category of categories, and F' a pseudofunctor. Since we have avoided the
language of oco-categories thus far, we will make similar ad-hoc constructions as in
the open cover descent of the previous section.

We begin with QCoh-descent. Let f: X — Y be a morphism of schemes. Write
71, o for the two projections X xy X — X, and write

pij:XXyXXyXHXXyX pi:XXyXXyX—>X

for the corresponding projections as well. We define the category of descent data
associated to f, written

Desc(f) = Desc(X/Y) = Desc(f, QCoh)

as follows:
(a) Objects are pairs (F, ) where F € QCoh(X) and 6 is an isomorphism
0: T F = myF in QCoh(X xy X)
satisfying the cocycle condition
(pa3f) o (p120) = p130
in QCoh(X xy X xy X). Observe that pj;F: p; F = p;F (for i < j),
so this makes sense.
(b) Morphisms (F,0) — (F',0') are maps ¢: F — F' in QCoh(X) making
the diagram
o F —% mF
Wf(bl lwg(b
*f, 6’ 7_[.;‘7/
commute in QCoh(X xy X). Composition is given by composition of the
underlying maps and is therefore clearly well-defined and associative.
In this scenario, there is a canonical map
f*: QCoh(Y) — Desc(X/Y)
defined by sending G to f*G equipped with the canonical isomorphism 7} f*G =~
75 f*G induced by fm = fme. The question we are trying to answer is whether

this is an isomorphism. We will prove that this is the case when f is an fpqc
morphism of schemes.
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The construction of this category is contravariantly (pseudo-)functorial in
the chosen morphism, and the canonical functor is natural with respect to this
pseudofunctor. More precisely, whenever we are given a commutative diagram

x Ly

o b

X*>Y

there is a canonical functor (g,g)*: Desc(X/Y) — Desc(X’/Y’) making the
diagram

Desc(X'/Y") +L— QCoh(Y")

o I
Desc(X/Y) +— QCoh(Y)

commute up to natural isomorphism. This functor is defined as follows: Denote

the data corresponding to m and p as ™ and p for f. Commutativity induces maps

g(r):X/Xy/‘”Xy/X/—)XXy-”XyX

between the fiber products, and these maps intertwine the projections. Therefore,
given a descent datum (F, ) in Desc(X/Y'), we can consider the corresponding
data

gF g0 gV F =m0 F - g F =mg F
in Desc(X’/Y"). The cocycle condition still holds, because applying g(®* to the
equation p336 o p,0 = pi30 gives the cocycle condition for g*F, since

7% pi; = b7

Morphisms behave properly because we can apply g to the defining commutative
square, and the same intertwining relation provides a morphism in the target
category. It is then obvious that the diagram above commutes.

Remark A.1.20. In the definition, there is not much generality lost by considering
one vs. many morphisms to a fixed scheme Y. Indeed, if we start with a collection
fa: Xo — Y of morphisms, then consider the corresponding descent category
Desc(]1, Xo/Y) for the induced map f = (f,) from the coproduct. We have the
distributivity relation

([T Xa) xv (][] Xa) = ]_EXQ Xy Xg.

Denote by wf‘ﬁ: XoXyXg — X, and 7735: Xao Xy Xg — Xp the projections. Since
QCoh(I1, Xa) =11, QCoh(X,), a descent datum can be viewed as a collection of
quasicoherent sheaves {F,} on X, equipped with a collection of isomorphisms

AR ﬂ'?ﬂ*fa - 7735*.7:5 in QCoh(X, xy Xg)
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satisfying the following cocycle condition:

o ffy* pll)f’y*e"‘ﬁ o ffy*
R I A

afBy*
Pa3 | Opy
Py ”m J,

paﬂv* F

In light of the notation, and given the equivalence of the perspectives, it is clear
why we stick to only one morphism.

Example A.1.21. Using the above remark, we can rephrase the QQCoh-descent
result for schemes from the previous section. Namely, let {U,} be an open
cover of a scheme X. Then U, xx Ug = U, N Ug, and the projections from the
fiber products become inclusions, so pulling back along them is just restriction.
Therefore the remark above shows that Desc(][, Us/X) is canonically identified
with QCoh({U,}). In particular, it follows from Cor. A.1.6 that the natural map

QCoh(X) — Desc([[ Ua/X)

is an equivalence of categories. Note that nothing we have said in this or the
previous remark relies on the cover being finite, however [[, U, will usually not
be affine even when the U, are affine if the cover is genuinely infinite.

Our major goal of this section is to prove fpqc descent for quasicoherent sheaves.
The main step in proving this is the affine case, so let us discuss this separately.
Suppose ¢: A — B is a ring homomorphism; in this case we write Desc(¢) for the
category defined above, but we can be slightly more explicit about the descent
data.

Namely, it consists of a B-module M and an isomorphism

0: M @4 B~ Bs M
of B ® 4 B-modules making the diagram of B ® 4 B ® 4 B-modules

Me@sBosB Y8 BosM®sB

013
BsB®a M

commute (where 013 is the obvious insertion of 1 in the center). The canonical
functor is now given by

¢*: Mod(A) — Desc(¢) N+— B®y N
with the descent datum
BRAN®s4B—-->BRsqB®s4 N boRx by — by ® b1 ® x.
Of course this is indeed B ® 4 B-linear as N ® 4 B = B®4 N as B-modules.
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Definition A.1.22. Let ¢ be a ring homomorphism. ¢ is a descent morphism if
the functor

¢*: Mod(A) — Desc(9)
is fully faithful, and an effective descent morphism if it is an equivalence.

Now suppose (M, 6) is an effective descent datum for ¢. Motivated by the
descent results of the previous section, we form the equalizer between the canonical
map and the descent cocycle. So, define an A-module ¢\(M, ) by the equalizer

&(M,0) — M == Ba, M,
C

where p(m) = 6(m ® 1) and ¢(m) = 1 ® m. Both of these maps are (split)
monomorphisms over A due to the multiplication map B ® 4 M — M sending
b® m ~— bm (and twisting by §~!). By the universal property and extension-
restriction adjunction, for any A-module N we have identifications
Homu (N, ¢1(M,0)) ={a: N - M :0(a(n)®1) =1® a(n)}a
={f N®aB—->M:0pB(1ledn)®@1)=1®p(1®n)}s.

Using the B® 4 B-structure on B® 4 M, we can multiply both sides of the condition
with by ® b1 and it becomes equivalent to

(*) 0(B(bo @ n) @ b1) = bo ® B(b1 @ n)

for all by, b; € B. On the other hand, viewing N ® 4 B = ¢*(NN) as an object of
the descent category, observe that a morphism ¢*(IN) — (M, 0) is precisely a map
B: N ®a B — M making the diagram

BoAN®4iB —s BoaB®4N

ﬁ®Bl lB@B

M&sB —2% s BoaM

commute. This commutativity expresses the same condition (x), so we conclude
that

Hom4 (N, (M, 0)) = HomDesc(¢) (0*(N), (M, 0)),
i.e. ¢ extends to a functor ¢i: Desc(¢) — Mod(A) and we have an adjunc-
tion ¢* - ¢ where the counit B ®4 ¢1(M,0) — M is induced by the equalizer
map. Importantly, the adjunction gives specific maps for which checking full
faithfulness/equivalence is equivalent to checking isomorphisms.

Lemma A.1.23. Keeping the notation above, if ¢ is flat, then the counit

¢*¢! - IdDesc(qS)

is an isomorphism. In particular, in this case ¢y is fully faithful and ¢* is essentially
surjective.
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PRrROOF. Since B is flat over A, we may tensor the defining equalizer

B®
B@ad(M,0) —Bos M ——=BosBosM
B®c

and it remains an equalizer. Consider the injection p: M — B ®4 M; we claim
its image coincides with the equalizer E of the maps above. Indeed, if p(m) =
> ;i bi®my;, then the cocycle condition says that ", b; ® 1 ®m,; equals the composite

mHZbi®mi»—>Zbi®0(mi®l):Zbi®p(mi).

These two expressions are the image of p(m) under B&p and B®c¢, thus p(M) C E.

On the other hand, if we have an arbitrary element z = ), b; ®@m; € E, then by
definition this means Y, b; ® 1®@m; = Y, b; ® p(m;). Now apply the multiplication
map B®4 B®y M — B®4 M to both sides (i.e. by ® by ® m — boby ® m). The
LHS becomes Y, b; ® m; = x, and the RHS becomes Y, b;p(m;) via the B-module
action on the left component of B ® 4 M. Then

z =" bip(mi) =Y (b @1)-0(m; @ 1) = p(3_ bym; ® 1) = p(u(x)),
(2 (2 (2

where y: B®4 M — M is multiplication. This shows that p induces an isomor-
phism M = E C B ®4 M and the inverse is u.

To conclude, observe that the diagram on the left of

G (M, 0) — B®ad(M,0) —s Bos M

\H \J

commutes tautologically, so by adjunction the one on the right involving u does.
If we restrict B®4 M to E, then u becomes an isomorphism and the upper map
becomes an isomorphism, so € is an isomorphism. O

Now let’s analyze the unit map of the adjunction ¢* 4 ¢. For an A-module N
this is given by the canonical map to the equalizer of B4 N 2 B®4 B®4 N,
where now the two maps are simply b®@n — 1Qb®n and b®1®n. Alternatively we
can phrase this by saying that the counit at N is an isomorphism iff the sequence

(s5) OHN—)B@ANi)B(gAB@AN

is exact, where d(b®n) =1®b®n —b® 1 ® n. However, since the first map is
n +— 1 ® n, the sequence is a complex.

Remark A.1.24. Note that from the above exact sequence, we observe that if
the unit is an isomorphism (i.e. ¢* is fully faithful = ¢ is a descent morphism),
then ¢ has the property that ¢ ® 4 IV is injective for all N. We have earlier called
this property A — B being a pure extension (or a universally injective map of
A-modules). A stronger result than the one we will prove here is that in fact a
morphism is of effective descent iff it is universally injective. So in particular there
are no descent morphisms which aren’t effective descent.
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Proposition A.1.25. Let ¢: A — B be a faithfully flat ring homomorphism.
Then the adjunction
¢*: Desc(¢) = Mod(A) : ¢
forms an equivalence of categories, so ¢ is an effective descent morphism.
PROOF. Let N be an A-module. We may check that (xx) is exact after applying
B ®4 (—) producing the complex of B-modules

0—>B®ANLB@)AB@ANMB@AB@AB@AN‘

The first map, u: b®n— 1 ® b ® n, is split by
s:BRaB®s N —B®aN bo ® by @ n+— bob1 @ n,

and hence is injective. Next we define a map

r: BRABRAB®sN—B®RaB®sgN
by r(bp ® by ® ba @ n) = bpby ® by ® n, which is well-defined at least as a map of
A-modules because the expression is A-multilinear. Now

r(BRdby®@b@n))=rby®1®0b®n—b Qb ®1xn)
=bb1 ®1®@n —by ®b; @n,

soro(B®d) =uos—Id by the definitions. Therefore, if (B ® d)x = 0, then

u(s(z)) = z, i.e. € imu. This shows that the unit is an isomorphism, and we
already finished the rest of the proof in the previous lemma. O

Now we move on to proving fpqc-descent for quasicoherent sheaves. We
continue using the notation from earlier: f: X — Y is an fpqc morphism, m; are
the projections from X xy X and p; are the projections from X xy X xy X.

THEOREM A.1.26. Let f: X — Y be an fpqc morphism of schemes. Then the
natural functor
f*: QCoh(Y) — Desc(X/Y)
is an equivalence of categories.

PROOF. First assume that the base Y is affine. Then X is quasicompact, so
we may choose a finite affine cover {U;}, and consider the composite

v=][u. L x Ly,
%
which is a faithfully flat map of affine schemes. We can package the maps in the
somewhat trivial commutative diagram

Y —Y
T
X

1
U

[
S —
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which we have proved induces a commutative diagram
QCoh(Y) = QCoh(Y) —— QCoh(X)

?‘L gi lg

Desc(X/Y) 7, Desc(U/Y) SatIA Desc(U/X)
of categories. The right-hand map is an equivalence by Example A.1.21 and the
middle map is one by Prop. A.1.25. This diagram contains the major argument of
the proof.

To prove that the left-hand map is an equivalence, it suffices to show that
Desc(X/Y) — Desc(U/Y) is fully faithful. Faithfulness is clear: A morphism of
descent data is determined by the underlying map of sheaves F — F’, and this map
is determined by its pullback to U, since further pullbacks provide Fl|y, — F'|y,
for all .

For fullness, let o be a morphism ¢*(F,0) — ¢*(F’,0") in Desc(U/Y). We
have to check that ¢*F — ¢*F’ is induced by a morphism 3: F — F’, and that
B commutes with # and #’. The former is clear because we can simply apply
(1, f)* to pull & into Desc(U/X), and then it is induced by a unique map F — F’
in QCoh(X). The second part follows right away because by assumption (and
the fact that ¢ intertwines the projections), the pullback of the commutativity
constraint along U xy U — X Xy X is commutative. But this map is faithfully
flat, as the composition

UxyU—Uxy X — X xy X,

and hence pulling back along it is a faithful functor. This finishes the case that Y
is affine.

Now we do the general case. Observe that whenever V C Y is an open subset,
we have a commutative diagram:

QCoh(Y) ———— QCoh(V)

| !

Desc(X/Y) — Desc (f~H(V)/V)

When V is affine, the right-hand map is an equivalence. Faithfulness: If F,G €
QCoh(Y) and a: F — G, its image in Desc(X/Y") determines aly : F|y — G|y for
each affine open V' C Y by commutativity of the diagram and the equivalence above.
Thus it determines «. Fullness: Now suppose we're given a map «: (f*F,can) —
(f*G,can) in Desc(X/Y'). Once again, for each affine open V' C Y we can push
this to a map
(fv(Flv),can) — (fy(Glv), can)

in Desc(f~1(V)/V), which is the pullback of a unique map By : Fly — G|y.
Repeat this for all such V. Now if V' C V is a smaller affine open, then Sy = By |y.
This follows from the faithfulness applied to V'. It follows that {8y : V'} glues to
a unique map 3: F — G, and another application of faithfulness gives f*8 = a.
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For essential surjectivity, we will apply Remark A.1.7. Let (F,0) be a descent
datum; for each affine open V' C Y, choose an isomorphism

Bv: (Flg-1vy, 0lp-1(v)) = (fyGv,can)

in Desc(f~1(V)/V) for Gy € QCoh(V). If W C V is a smaller affine open, then
the isomorphism
* B;vl Bv‘ffl(w) *
(fivGw,can) —— (Flr-1wy, 0| f-1wy)) ——— (f1/Gv, can)
lifts to an isomorphism awy: Gw —= Gy|w by full faithfulness. Note that
(suppressing restriction notation) we have

flavy oawy) = (BuBy) (BvByt) = f*(awy),
and f* is faithful since f is faithfully flat. Therefore {Gy,ayy} form a cocycle
in the category of Remark A.1.7, and hence glue to a sheaf G with isomorphisms
Gly == Gy commuting with the descent data. Thus these glue to a well-defined
map (f*G,can) — (F,0) which fits into a commutative diagram with the Sy ’s
over all V. We conclude that this map is an isomorphism in Desc(X/Y). O

Our first corollary of this result is that schemes are sheaves in the fpqc topology.
This is foundational for the theory of algebraic spaces and stacks.

Definition A.1.27. Let C be a category with pullbacks. A map f: X — Y is an
effective epimorphism if the natural diagram

pr
XxyX—= x4y
pry

is a coequalizer.

Example A.1.28. Let ¢ = Set and suppose f: X — Y is surjective. Then
X xy X ={(z1,22) € X x X : f(x1) = f(z2)}, and if g: X — Z is a map, it
agrees on the projections iff g(x1) = g(x2) whenever f(x1) = f(z2). Thus a map
sending y + g(z) for any x € f~1(x) is well-defined and unique, so f is an effective
epimorphism. One similarly shows that in an abelian category, the epimorphisms
and effective epimorphisms coincide. The condition says that the only obstruction
to descending a map out of X to a map out of Y is the ‘formal one’, that the map
must agree on the fibers of f.

Example A.1.29. Let X be a scheme and {U,} be a (possibly infinite) open
cover of X. Then [[, U, — X is an effective epimorphism. Indeed, the standard
diagram

Ha,BUamUﬁ — HaUa — X

is a coequalizer. This provides the intuition that effective descent morphisms may
be effective epimorphisms.

We also make the corresponding definition for effective monomorphism. In
general, we expect descent for algebraic data to be like a sheaf condition, which
should be an effective monomorphism. On the other hand, descent for full spaces
involves gluing the spaces, which we expect to be an effective epimorphism.
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Remark A.1.30. In general, whenever we are considering a descent functor
C(T) — Desc(T, C), where C is some kind of fibered category (interpreted loosely,
because of our ad hoc definition of descent data), full faithfulness usually corre-
sponds to the existence of effective mono/epimorphisms, or something akin to
it. For example, let f: X — Y be a map and consider the functor QCoh(Y) —
Descqcon(X/Y). For F,G on Y, full faithfulness is the statement that for each
map f*F — f*G in QCoh(X) whose two pullbacks to QCoh(X xy X) agree, there
is a unique map F — G inducing f*F — f*G. In other words,

Homgqcon(y) (F,G) — Homqeonx) (f*F, £G) = Homqcon(x xy x) (0" F, p*G)
is an equalizer, where p: X Xy X — Y is the unique map. But now we
can rewrite this by adjunction, as saying that for all F € QCoh(Y), applying
HomQCOh(y) (.7'—, —) to

(*) G — fuf"G = pp*G

produces an equalizer. Thus (x) is an equalizer in QCoh(Y") for each G € QCoh(Y).
This is similar to an effective monomorphism, but not exactly. In fact, what is
really happening is that descent is the statement that f*: QCoh(Y) — QCoh(X)
is an effective monomorphism in a stacky sense. Indeed,

QCoh(Y) — QCoh(X) = QCoh(X xy X)

almost exhibits f* as an effective monomorphism in the sense of 2-categories. But,
we know that for descent of objects we have to check the cocycle condition, which
takes place in QCoh(X xy X xy X).

THEOREM A.1.31. Let f: X — Y be an fpqc morphism of S-schemes. Then f
is a (universal) effective epimorphism in Schg. In particular, the diagram

Homg (Y, Z) — Homg(X,Z) —= Homg(X xy X, 2)
is an equalizer of sets for all S-schemes Z.

Proor. It suffices to treat the case that S = SpecZ. Indeed, assuming
this case, an S-morphism ¢g: X — Z coequalizing the maps already induces a
unique morphism g: Y — Z, and we just have to check it’s an S-morphism. But
the absolute result implies that f is an epimorphism, and the two composites
X—>Y —>7Z— Sand X — Y — S agree by assumption, so the two maps Y — S
agree.

Now we prove the main result. First assume Z = SpecR is affine. By
adjunction, we have to show

HOHI(R, F(Yv, Oy)) — HOIH(R, F(X, 0)()) f— HOH’I(R, F(X Xy X, OXXyX))
is an equalizer for all rings R, which will follow as long as
Y, 0y) - T'(X,0x) = I'(X xy X,O0xxyx)

is an equalizer of rings. This is clear e.g. from the equalizer of Hom-sets in
Remark A.1.30 by taking F = G = Oy-.
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Now consider the general case. Let g: X — Z be a map such that gm = gms.
For each y € Y, choose z € X such that f(z) = y and define g: |Y| — |Z| by
9(y) = g(x). This is independent of the choice of z, because if z, 2’ lie over v,
then there exists w € X xy X lying over (z,2’), so gmi(w) = gma(w) means that
g(x) = g(a’). Thus gf = g as maps. This choice of g is already unique because |f]|
was surjective.

Moreover, if U C Z is open, then

g U)=F1g7HU)
is open, so g~ 1(U) is open since f is submersive (Lemma A.1.16). Thus g is
continuous. It is already clear at this stage that g will be a unique morphism;
indeed choose an affine open V C Z, then f~1g=1(V) — g~ 1(V) is fpqc and the
map g (V) — V coequalizes the two projection maps, so g~ (V) — V is uniquely
determined by the case of affine target. Thus g is unique if it exists.

On the other hand, this same observation provides a unique morphism
hy: g~ Y(V) — V which on underlying spaces is a restriction of §. It also follows
from uniqueness that if V/ C V is a smaller affine open, then hy: g~ (V') — V/
agrees with the restriction of Ay . Thus for V and W any two affine opens, hy
and hyy agree on g~ '(V NW) because the intersection is covered by smaller affine
opens.

We conclude by Cor. A.1.6 that there is a unique morphism h: Y — Z such
that |h| = g whose restrictions agree with g=!(V) — V. We already know hf = g
on the underlying spaces, and equality as morphisms may be checked on the affine
open cover of Z. This completes the proof. O

In the spirit of the previous result, we now change our fibered category of
interest from QCoh to Sch or some full subcategory. The goal is to answer the
following question: If X — Y is a map, this induces a base change map

SChy — SChX Y/ — Y/ Xy )(7

and thus there is an associated category of descent data Descgen(X/Y) and a map
Schy — Descgen(X/Y) where a Y-scheme is sent to its pullback. The question is
when this is fully faithful and/or an equivalence.

Here is the formal definition. Let € C Sch be a full fibered subcategory of
schemes, by which we mean a full replete subcategory €y C Schy for each Y such
that if Y — Y € @y and X — Y is a map, then Y’ xy X — X € Cx. lLe. it
is the same data as a class of morphisms stable under base change. For a map
f: X =Y, we define the category Desce(X/Y) as follows:

(a) Objects are pairs (X', 7n) consisting of an X’ € Cx and an isomorphism
n: X' xp X® 5 X x, X@)
of X&) = X xy X-schemes, satisfying the cocycle condition
(1 Xpag XY 0 (%10 X) =17 555 X
over X&) = X xy X xy X.
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(b) Morphisms (X{,71) — (X5,12) are maps h: X| — X5 in Cx making the
diagram

hXg, 1
X! % X 2 X 0 X

m| [

X! Xy X3 ot X} Xy X

commute in €y (2).
Note that if @ C €/, then we also have Desce(X/Y) C Descer(X/Y). As usual, we
have the natural map
Cy — Desce(X/Y)
defined by sending Y’ — Y’ xy X equipped with the canonical descent data
Id: V' xy X&) =Y xy X

Lemma A.1.32. Let f: X — Y be a morphism of schemes. Then the natural
functor
Schy — Descgen(X/Y)

18 fully faithful if and only if f is a universal effective epimorphism.

PROOF. Let Y7,Y5 be schemes over Y. A map between the corresponding
canonical data in Descgen(X/Y) is a map Y; Xy X — Y5 Xy X over X such that
both pullbacks to maps

Y1 XyX XyX—>Y2 XyX XyX
coincide. In other words, the map is fully faithful iff
Y(Yl,YQ) — X(YI Xy X,Y'Q Xy X) = (X XyX)(Yl XyX XyX,YQ XyX Xy X)

is an equalizer for all Y-schemes Y; and Y, (where we have suppressed Hom to
make the equation fit on the page). By adjunction, this is equivalent to

Homy(Yl,Yé) — HOIny(Yl Xy X, Yg) = Homy(Y1 Xy X Xy X,ﬂ@)
being an equalizer, and hence
Yi XyX XyX:§Y1 XyX—>Y1

being a coequalizer in Schy for all Y;. In other words, full faithfulness is equivalent
to Y1 xy X — Y] being an effective epimorphism in Schy for all Y; € Schy. We
have seen that this is equivalent to being an effective epimorphism in Sch (see the
beginning of the proof of Thm. A.1.31). This is what it means for X — Y to be a
universal effective epimorphism. O

Remark A.1.33. Therefore, it follows that Schy — Descgen(X/Y) is fully
faithful if X — Y is fpqc. This is called ‘fpqc descent for morphisms’ The
question of essential surjectivity is much more subtle, and it is in fact not true
that fpqc implies effective descent for schemes. In fact, this even fails for étale
covers and projective morphisms. However, one case which works well is for affine
morphisms. The intuition is that affine schemes over Y correspond to quasicoherent
Oy-algebras, and we can descend the underlying quasicoherent sheaf, so all we
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have to do is descend the algebra structure. We will show this now, and we will in
fact extend this result to the quasi-affine case.

If X is a scheme, we write CAlg,.(X) for the category of quasicoherent Ox-
algebras on X. Recall that relative Spec gives the canonical correspondence

Hom x (W, Spec . (A)) = Homcaigx) (A, f:Ow)

for an X-scheme g: W — X and A € CAlg,.(X), although f.Ow may not be
quasicoherent. Finally, we know that this restricts to an equivalence of categories
between CAlg,.(X) and affine schemes over X. The first step is to discuss descent
for CAlg,.(X) over an arbitrary scheme.

As usual, if f: X — Y is a morphism, we make the corresponding definition
Desccalg,, (X/Y) for the category of descent data comparable to Descqcon(X/Y),
except that now morphisms should be algebra morphisms, and the quasicoherent
sheaf on X should be an Ox-algebra. We get the canonical map CAlg..(Y) —
Desccalg, (X/Y) as usual.

Proposition A.1.34. Let f: X — Y be an fpgc morphism of schemes. The
natural functor
CAlg,.(Y) — Desccalg,, (X/Y)

is an equivalence of categories.

This has a relatively direct proof, but to emphasize the categorical perspective
let us give an alternative proof, which is to show that for any morphism, the
functor

QCoh(Y) — Descqcon(X/Y)
satisfies the following properties:

(a) Descqron(X/Y) is naturally a symmetric monoidal category, and the
functor above is symmetric monoidal.

(b) The natural functor in the proposition is given by taking commutative
unital algebra objects with respect to the monoidal functor above.

(b) will be clear once we show that the category of commutative algebra objects
of Descqeon(X/Y') are indeed Desccalg, (X/Y). Then the result will follow from
fpqc descent for quasicoherent sheaves. First we prove (a); given a pair of descent
data (F;, ;) for i = 1,2, their tensor product is F; ® Fa equipped with

01 ® Oy m(F1 @ Fa) — m3(F1 @ Fa),

well-defined since 7} is monoidal. The cocycle condition follows from the fact that
the p;; are monoidal, and when tensoring morphisms the commutativity constraint
follows from the fact that 7} are monoidal as well. The unit is Ox, which is pulled
back from Y and hence has canonical descent data. The associativity and unitality
axioms follow from the same data on QCoh(X) and the fact that pullback is a
monoidal functor.

Consider the canonical functors

QCoh(Y) — Descqcon(X/Y) — QCoh(X).
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It follows by construction that the second map is monoidal, and the first map is
also because f* is monoidal. Therefore we obtain induced maps

CAlqu(Y) — CAlg(Descqeon(X/Y)) — CAlqu(Y)

on commutative algebra objects. By the right-hand functor, if (F, ) comes with a
commutative algebra object structure, it follows that F is an object of CAlg,.(X).
It is also clear that the map 6 is a morphism in CAlg(QCoh(X xy X)), hence is
a morphism of quasicoherent Ox-algebras. A morphism is in particular required
to be an algebra homomorphism between quasicoherent algebras, and this is all
the data required to be a morphism in CAlg. By construction, we have identified

CAlg(DeSCQCOh (X/Y)) = DeSCCAlqu (X/Y)
as we sought to do. This finishes the proof of Prop. A.1.34.

Remark A.1.35. Here is a second, more oc-operadic way to see this. First, for
any oo-category €, the functor CMon(€) — € creates limits. In particular, write
Cat, for the co-category of oo-categories, and

CMon(Cats ) = SymMonCat

for the oo-category of symmetric monoidal categories. Thus the functor
SymMonCat_, — Cats creates limits. In particular, the limit diagram

—
QCoh(X) —= QCoh(X xy X) —— QCoh(X xy X xy X)

defining Descqcon(X/Y) exists in SymMonCat,,, and the natural map from
QCoh(Y) exists in this category as well. Moreover, there is also a functor
CAlg: SymMonCat,, — Cat. sending a symmetric monoidal category to its
category of commutative unital algebras. CAlg also preserves limits, so applying
this to the above diagram shows that

CAlg(Dechcoh (X/Y)) = DeSCCAlqu (X/Y)
as desired.

More generally, our proof above also shows that almost all algebraic structures
defined on top of quasicoherent sheaves behave well with respect to descent.
For example, it is now easy to see that properties on sheaves like dualizability,
invertibility, etc., will all descend well.

Now, again let € C Sch be a fibered subcategory of schemes. If f: X — Y is
a morphism, we will say C satisfies f-effective descent if the natural map

Cy — Desce(f)

is an equivalence of categories. Note that full faithfulness restricts along €, meaning
that if € C € and € satisfies full faithfulness (i.e. descent for morphisms), then C
does too. In particular, for all € we have full faithfulness against universal effective
epimorphisms, such as fpqc maps.
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Example A.1.36. Suppose g: Y/ — Y is a universal effective epimorphism (e.g.
fpqc) and C satisfies g-effective descent. Then membership in € is g-local, meaning
that if

x Ly
!

b

X*>Y

is cartesian and X’ € Gy, then X € Cy. Indeed, we have a commutative diagram:
Cy —=— Desce(Y'/Y)

l [

Schy —— Descgen(Y'/Y)

!/

g

The image of X under the lower map is (X xy Y, can), and since (X', f) & X xy Y’
and Cy- is replete, this lies in Desce(Y'/Y). Thus there is X; € Cy such that
(X1 xyY’ can) = (X xy Y’, can), so by full faithfulness on the bottom we conclude
X1 2 X in Schy, i.e. X € Cy by repleteness.

Example A.1.37. Let € = Sch™, i.e. Cy = Schy is the groupoid at Y. Then
for any f: X — Y, Cy — Desc(X/Y) is essentially surjective. Indeed, if (X', 6) is
effective descent data for X’ € Schy and

0: X' xp (X xy X) =5 X' X0y (X xy X),

is an isomorphism over X xy X, then in fact (X’,0) = (X, can). Indeed, if not we
could pull back along the isomorphism to induce another descent datum (X, 6),
but since the functors (—) X, (X xy X)) preserve terminal objects, there is a unique
morphism can between the images of X. Thus 6’ = can and the claim follows.
As a consequence, we deduce from Example A.1.36 that being an isomorphism is
fpqc-local on the target.

Remark A.1.38. This is a sort of converse to the previous example. Suppose
g:Y' — Y is a map and C satisfies g-effective descent. Then a fibered subcategory
€’ C € automatically satisfies the full faithfulness part of g-descent. Suppose
that for C-objects membership in €’ is g-local, defined just as in the example
above. Then € also satisfies g-effective descent. Indeed, descent for C gives a
cartesian square like the one above where (X', f) € €y, so g-locality shows that
(X, f) € €, which is effectivity.

In the remainder of this section, we will show that fpqc effective descent is
satisfied for open immersions, affine morphisms, and quasi-affine morphisms. We
denote the corresponding fibered subcategories by

Openlmm Aff QAff

in what follows. Note that even given the relations between the categories above,
there aren’t formal relationships between effective descent for each of the categories
above; in any case, we will use the first two to prove the third.
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Proposition A.1.39. Let f: X — Y be an fpgc morphism of schemes. The
natural functor

Affy — Descag(X/Y)
is an equivalence of categories.

ProOOF. We already know it is fully faithful. Let (X’,0) be a descent datum
where X' is an affine X-scheme and 6 is an isomorphism X’ x., (X xy X) =
X' Xy (X xy X). We know that X’ = Spec, (h.Ox), and by stability under
base change

X' Xy (X xy X) = SpecXXYX(ﬂfh*OX/)

Thus, the inverse of the descent data corresponds to an isomorphism

o1 m1heOxr = 15h,Oxr,
and this map satisfies the cocycle condition because of the cocycle condition for 6.
Thus (h.Ox/,0~1) is an object of Desccalg, (x)(X/Y), and hence descends to a
quasicoherent Oy-algebra A such that f*A = h,Oxs agreeing with the descent
data. Thus X’ = Specy (f*A) = Spec,,(A) Xy X, also agreeing with the descent
data 6. O

Lemma A.1.40. Let f: X — Y be an fpgc morphism of schemes. The natural
functor

Openlmmy — Descopentmm (X/Y)
s an equivalence of categories.

PRrOOF. We already know it’s fully faithful, so let (X', 6) be a descent datum
where j: X’ — X is an open immersion. Then 6 is an isomorphism 7r1_1(X’) =
Ty 1(X"), but since this is required to be an X xy X-morphism, this just means

(X)) =YX in X xy X.
Now consider f(X’) C Y, and note X' C f~1(f(X’)). If z € X such that
f(z) € f(X'), let 2/ € X’ such that f(z) = f(2'), and choose a point z lying over
(z,2'). Then z € my '(X'), so m(2) =z € X'. Thus f~'(f(X’)) = X', and since
[ is submersive (Lemma A.1.16) this means f(X’) is open. It follows that the

open immersion f(X’) < Y pulls back to the open immersion X’ < X with its
unique descent datum. O

Now we come to the final result of this section. Recall that a qcqs morphism
g: Y’ — Y is quasi-affine iff the induced map Y — Spec, (g.Oy~) is a quasicom-
pact open immersion. We will also use flat base change, which means taking H°
of the flat base change along a qcgs morphism. The key construction is as follows:
let S be a base scheme and consider the fully faithful adjunction

Affg(—): (Schg)qeqs = Affs : ¢,
where we define Affg(X) = Spec (p.Ox) where p: X — S is the structure map.

The unit gives the canonical map X — Affg(X), which is affine iff X is affine over
S, and a quasicompact immersion iff X is quasi-affine over S.
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Formation of this map commutes with flat base change. Indeed, suppose
g: 8" — S is flat. By flat base change and since p is qcgs, 7*'p«Ox = D,Ox x5/,
which implies
Specs(p*OX) XS Sl = Spec{g(g*p*OX) = Specs/ (T)*OXXSS’)?
which means that
(X — Affs(X)) X8 Sl = (X X8 S, — Affg/(X X8 Sl))

This has the following consequence: if € is a fibered subcategory of qcgs schemes
over a base and f: X — Y is flat, then there’s a natural map

Affx(—): Desce(X/Y) — Descag(X/Y)
sending (X', 6) to
Affx(X') 0: Affye (X oy X)) — Aff o (X' 5, X)),

where the RHS makes sense because 7;: X — X is flat and so the source and
target are equal to Affy(X’) x., X, The cocycle condition also follows from
the same observation. Moreover, we retain a natural map

(X',0) — (Affx(X'), Aff (2 (0))
in Desce(X/Y'). This lets us descend constructions relating to the affine hull easily.
THEOREM A.1.41. Let f: X — Y be an fpgc morphism. The natural functor
QAffy — Descqar(X/Y)
is an equivalence of categories.

PROOF. We have to show essential surjectivity. Let (X', ) be a descent datum.
Apply the functor and natural map constructed above to obtain a morphism

(X',6) — (Affx(X),0),

where we know that X’ — Aff x(X’) is a quasicompact open immersion. By
Prop. A.1.39 we conclude that the RHS is isomorphic to (Y’ xy X, can) for Y/ an
affine Y-scheme. Thus at this stage we have the filled-in part of the diagram:

X — Y xy X — X

oo |

Now consider the quasicompact open immersion j: (X', 0) — (Y’ xy X, can). By
definition this means the diagram

mx —f% X
Y’ XyX XyX ES Y’XyXXyX

commutes, so we can view (X', ) as an object of Descgen (Y’ xy X/Y’). Then
X' is an open immersion over Y’ xy X, so by descent for Openlmm, we can find
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Y” — Y’ as in the commutative rectangle above, making the left-hand square a
pullback, where Y” — Y’ is an open immersion. It is also quasicompact because
that is fpqc-local on the target. By adjunction, we obtain a map

(X',0) — (Y xy X, can) in Descqag(X/Y).
This is an isomorphism by the pasting lemma and the diagram above. O

A.1.3. Fpqc descent and algebraic spaces. Now we turn back to the
question of showing that properties of morphisms are fpqc-local on the target. In
the previous section, we have developed relatively strong techniques to do this,
which immediately give us a few new properties.

Example A.1.42. By Example A.1.36, the three preceding results imply that
being an open immersion, affine morphism, or quasi-affine morphism, are all fpqc
local on the target. We also used this to observe that being an isomorphism is
fpqc-local on the target. Here are some immediate deductions which are purely
formal:

(a) Being a monomorphism is fpqc-local; indeed a map is a monomorphism
iff its diagonal is an isomorphism.

(b) Being integral is fpqc-local, because integral = affine 4+ universally closed.

(c) Being finite is fpgc-local, because finite = integral + locally of finite type.

(d) Being semiseparated is fpqc-local, because this is affineness of the diagonal.

For properties (b) and (c), we obtain the stronger result that these subcategories
satisfy fpqc-effective descent, by Remark A.1.38.

Remark A.1.43. There are easier proofs of these results that don’t rely on
fpgc-descent. For example, for isomorphism, one can use that radicial, surjective,
and universally open are local, so the base map is a homeomorphism. Then
isomorphisms of maps of quasicoherent sheaves also descend so we can conclude by
flat base change. We can also give a proof of affine by noting that qcgs descends,
and then we can construct the relative Spec directly and use that isomorphisms
descend.

Proposition A.1.44. Let g: Y' — Y be an fpgc morphism. The natural functor
Cy — Desce(Y'/Y)
is an equivalence for:

(a) C the fibered category of closed subschemes.
(b) © the fibered category of quasicompact immersions.

In particular, being a closed immersion or quasicompact immersion s fpgc-local
on the target.

PRroOOF. It suffices to show that being a quasicompact immersion is fpqc-local.
Indeed, by Thm. A.1.41 and Remark A.1.38 this will prove (b). By a second
application of Remark A.1.38 and the fact that closed immersion = universally
closed + closed immersion, we will deduce (a) and the second conclusion.
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Let f: X — Y be a map, and suppose that f: X' == X xy Y’/ — Y’ is a
quasicompact immersion. Thus f is qcgs by Example A.1.11, so we may form the
quasicoherent ideal sheaf Z by the exact sequence

0—-7— 0Oy — f.Ox

on Y. Applying the exact functor ¢g*, we deduce g*Z = ker(Oy: — f,Ox/) by flat
base change. By base change for a closed immersion, we can split our cartesian
square into the following one:

X’fV(g*I)c—>Y’
[© 1]
X —V(Z) —Y

Since f is a quasicompact immersion, X’ — V(g*T) is a (quasicompact) open
immersion, so X — V/(Z) is a quasicompact open immersion by Example A.1.42.
This completes the proof. Il

Now let us show some general facts about universal effective epimorphisms.
We will see that unlike epimorphisms and effective epimorphisms, they behave
quite well. Of course, the class of universal effective epimorphisms is tautologically
closed under base change.

Proposition A.1.45. Let C be a category with pullbacks, and f: X — Y and
g: Y — Z be morphisms.

(a) If gf is a universal effective epimorphism, then g is a universal effective
eptmorphism.
(b) If f is a universal effective epimorphism and g is a (resp. universal) ef-
fective epimorphism, then gf is a (resp. universal) effective epimorphism.
(c) A split epimorphism is a universal effective epimorphism.
In particular the class of universal effective epimorphisms contains all isomor-
phisms, is stable under base change, and is closed under composition.

ProoOF. Consider the cartesian diagram:
X —Y — 7
X —Y —7Z

It implies that: in (a), we only have to show that g is an effective epimorphism,
and in (b), we can ignore the ‘resp. universal’ part. Moreover, in both cases the
hypotheses already imply epimorphism, so we just need to show the existence part
of the universal property.
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(a) We will use the following commutative diagram:

XXZXT)X

] |

X XZ Y Em— Y XZ Y T> Y

nooc el 0T

X Y Z
Let a: Y — A satisfy am; = ams. Since mu = fq;, applying u gives afq = afqa.
Since gf is effective epi, there exists h: Z — A such that hgf = af. The middle

row composite is the projection ps, so gps = gfpi1. Then

hgps = hgfp1 = afpr = ami(f,1) = ama(f,1) = apa.
Since X — Z is a universal effective epi, po is an epi, hence hg = a.

(b) Consider the commutative diagram

XXy X — X xzX —YxzY

lpi fr lqi
) G / y -9 .7
of projection maps. Let a: X — A be such that am; = amy. Then ap; = apo,

so there exists (a unique) h: Y — A such that hf = a. The middle map
e: X Xz X -Y xzY is an epimorphism, because it is the composite of

Xxz X 2L xx, v LNy« y,

each of which is an epimorphism because f is a universal effective epimorphism.
But
hgie = hfm; = am;,

so hgie = hqgoe, thus hq = hqe. Since g is an effective epimorphism, there exists
j: Z — A such that jg = h, so j(gf) = a.

(¢) By (a), we reduce to showing that an identity map 1x is an effective
epimorphism. Then both maps X xx X == X are isomorphisms, so this follows
from the fact that X = X — X is a coequalizer in any category. (]

Lemma A.1.46. Being a universal effective epimorphism of schemes is Zariski-
local on the target and fpqc-local on the target.

PROOF. Fpqc locality is easy: if g: Y’ — Y is fpqc, and f: X’ — Y is the base
change of X — Y and is a universal effective epimorphism, then because Y’ — Y
is a universal effective epimorphism (Thm. A.1.31), the composite X’ — Y’ — Y is
a universal effective epimorphism by Prop. A.1.45. But this equals X’ — X — Y,
so part (a) of the same result implies X — Y is one too.

Let f: X — Y be amap, {U;} an open cover of Y, and assume that f~(U;) —
U; is a universal effective epimorphism for all 4. Thus f~Y(U; NU;) — U; NU; is a
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universal effective epimorphism for all ¢, j. For both projections the diagram

XUi XU XUi L) XUi — Ui

l L

Xxy X — 5 X Y

commutes, so assume we are given a map h: X — Z such that hmy = hma. Then
h|XUip1 = h‘XUiPZ, so there exists a unique map g;: U; — Y such that

XUi — Uz

| Iz

) LN

commutes. In particular the restriction g;|y,~u, is also the unique map making the
same diagram commute for U; replaced with U; NU;. Thus the {g;} are compatible
on overlaps and glue to g: Y — Z, which satisfies gf = h since this is checked
locally. Since h is determined by its restrictions to {U;}, it is unique satisfying
this property. O

Next let us discuss how to descend other kinds of data under an fpqc map.
For example, suppose f: X — Y is fpqc. We know that f* is conservative, so
we can descend the property of being an isomorphism in QCoh(X) to QCoh(Y).
We remark that the functor Lf*: Dyc(Y) — Dqc(X) is also faithful conservative;
indeed, by flatness, if A — B is a map and Lf*A — Lf*B is an isomorphism,
then f*HP(A) — f*HP(B) is an isomorphism, hence HP(A) — HP(B) is an
isomorphism. Thus we have a good chance at describing descent properties of the
derived category as well.

Example A.1.47. Let f: X — Y be fpqc, and suppose F € QCoh(Y). If f*F is
of finite type (resp. finite presentation), then JF is: this is local on Y, so assume
Y is affine, and then we can further pull back along [[; U; — X to assume that X
is affine. Let A — B be faithfully flat and M be an A-module.

(a) Suppose B ®4 M is finite over B. Choose generators over B, write
them as sums of tensor products, and extract elements mq,...,m, € M
involved in this expression. Then the map A" — M is surjective, for
B" — B ®4 M is surjective.

(b) Suppose B ® 4 M is finitely presented over B. Then M is finite over A by
(a), so choose an exact sequence 0 — K — A" — M — 0. Then B ®4 K
is finite over B, so K is finite over A.

Example A.1.48. Let f: X — Y be fpqc. If f*F is flat, then F is flat. Indeed,
0 = Tor(f*F, f (=) = f*Tor«(F,—), so Tory(F,—) = 0. Thus, if f*F is a
vector bundle, then F is a vector bundle, because then F is finitely presented and
flat, hence finite locally free.

Here are two nice applications of fpqc descent for properties of morphisms
taken from the Stacks project. We recall that being radicial is equivalent to having
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surjective diagonal. Indeed, suppose f: X — Y is radicial, and let z € X xy X.
Then 71: X xy X — X is injective, so let x = m1(z). Then the composite

Ay !
X —>Xxy X —X

is the identity, so  must map to z because m1(2) = 71 (A¢(x)) = . Conversely,
let A¢ be surjective and suppose that f(x1) = f(x2). Then we can choose z lying
over (x1,x2), so there exists x such that A¢(z) = z, which implies that z = 24
and x = x9.

Remark A.1.49. This observation also implies that radicial is the right notion
of injectivity. Indeed, if X and Y are finite type schemes over an algebraically
closed field k, then a map X — Y is surjective iff X (k) — Y (k) is surjective. Thus
X — Y is radicial iff X(k) — X (k) xy ) X (k) is surjective, iff X (k) — Y (k) is
injective.

Example A.1.50. An fpqc monomorphism is an isomorphism. Indeed, if f is
fpqe, consider the base change square where f is fpqc:

Xxy X — X

X —Y
Since X Xy X — X is a section of an isomorphism, it is an isomorphism, so
X — Y is an isomorphism because this is fpqc-local on the base. More generally,
this applies to any universal effective epimorphism, since we saw in Example A.1.37

that isomorphisms are local for any universal effective epimorphism. This gives
some kind of theorem saying ‘epi+mono=iso’.

Lemma A.1.51. A radicial étale morphism is an open immersion.

PROOF. Let f: X — Y be radicial étale. Since it is an open map, f(X) — Y
is an open immersion, and moreover X — f(X) is still radicial étale because these
are local on the target. Thus we may assume f is surjective. Then f is fppf and in
particular fpqc; moreover, Ay is surjective by radicial-ness and an open immersion
by étale-ness, thus it is an isomorphism. Therefore f is an isomorphism by the
previous example. O

Let us return to properties of morphisms. Now, we will have more of a
focus on derived-category properties, such as quasi-perfectness. We expect fpqc
morphisms to behave well mostly because of flatness as explained before, which
also implies that Lf* = f* preserves cohomological amplitude. It also reflects it,
since HP(Lf*(A)) = f*HP(A) is 0 iff HP(A) = 0.

Lemma A.1.52. Let f: X — Y be an fpgc morphism of schemes. Let A € Dyc(Y').
(a) If Lf*(A) is locally of finite tor-dimension, then A is locally of finite
tor-dimension.

(b) If Lf*(A) is m-pseudocoherent, then A is m-pseudocoherent.
(c) If Lf*(A) is perfect, then A is perfect.
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PRrROOF. (c) follows from (a) and (b). (a) By restricting ¥ we may assume X
is quasicompact, so Lf*(A) has tor amplitude in [a, b]. Then for all F € QCoh(Y),
Lf*(A) @Y Lf*(F)=Lf*(A ®%Y F), and Lf*(F) = f*(F), so this has amplitude
in [a,b]. Since Lf* reflects amplitude this means A (X%Y F has amplitude in [a, b].

(b) The question is local on Y, so assume it’s affine. Then X is quasicompact, so
let a be such that Lf*(A) and A are in Dgca. If a < m, then A is m-pseudocoherent.
Otherwise, H*(Lf*A) = f*H%(A) is of finite type, hence H*(A) is of finite type.
Since Y is affine, we may choose a surjection O} — H%(A), and a complex F*
of quasicoherent sheaves representing A in Ch=?. Thus O} — H%(A) lifts along
the surjection F* — H?%(A) to a map Oy [—a] — A. Let C be the cone, and apply
Lf* to obtain

Ox[—a] - Lf*A — Lf*C — O%[—a+1]
exact. Thus Lf*C € D<% is m-pseudocoherent, so by induction C is
m-pseudocoherent. Thus A is m-pseudocoherent. Il

Corollary A.1.53. Let g: Y — Y’ be an fpqc morphism and consider a cartesian
square:

x Ly

al = s
x -1,y

If f is quasi-perfect, resp. quasi-proper, resp. locally of finite tor dimension, then
f is quasi-perfect, resp. quasi-proper, resp. locally of finite tor dimension.

PROOF. Observe that Lf Lg* = Lg*Lf*, and locally on Y the LHS is bounded,
thus the RHS is as well. Since Lg* reflects amplitude, this means L f* is locally
bounded. B

If f is quasi-perfect (resp. quasi-proper), then first of all f is qcgs so f is qcgs
by Example A.1.11. By tor-independent base change, we have

Ly*Rf.E = Rf,Lg*E
for all E' € Dgc(X). If f is quasi-perfect (resp. quasi-proper) and E is perfect

(resp. pseudocoherent), then the RHS is perfect (resp. pseudocoherent). Thus
Rf.E is perfect (resp. pseudocoherent) by Lemma A.1.52. O

A strong result which would eventually be nice to add here is that the entire
derived category satisfies fpqc effective descent. But, the real way to formulate
and prove this is using derived oco-categories and limits of oco-categories, which we
have not discussed.

Example A.1.54. General immersions are not fpqc-local on the target. Here
is a simple example: Let X = ][, SpecZ /PZ over primes p > 0 and consider the
natural map X — SpecZ. If this were an immersion, then its image Spec Z — {(0)}
would be locally closed, but since it’s missing only one point, this would force it
to be either closed or open. {(0)} is not maximal, and if SpecZ — {(0)} = V()
then I C (,(p) = 0.
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Next, consider the map Z — [], Z,). This is flat because it is a torsion-free
abelian group. The fiber over a maximal ideal (¢) C Z is the LHS in

2/4Z @z [ 2y = [1 Z@w)/ 42wy = Z/ 42,
V4 V4

since ¢ is a unit in Z, if p # q. Therefore Z — [, Z, is faithfully flat by the
fiberwise criterion, hence corresponds to an fpqc map Y’ — SpecZ. Consider the
fpqc base change

X'=X xY'=]]SpecZ/pZ x Y' = [] SpecZ/pZ

p>0 p>0
by the preceding computation. Now let e, be the pth coordinate idempotent in
I1, Z(y), and consider the open set U =, D(ep). Localizing at e, forces e, = 1,
hence gives Z,), so the open immersion U — Y is equal to L1, SpecZ,) — Y’. The
map X' — Y’ factors through U as the disjoint union of Spec Z/pZ — Spec Zp)s
which is a closed immersion. Thus X’ — U — Y’ is an immersion, but X — Y is
not.

This failure is fixed by moving to the fppf topology. In general, there are quite
a few things which work better in the fppf topology, especially because an fppf
map is open, and because much of the nontrivial theory of algebraic spaces requires
finite presentation. This will motivate the definition of algebraic space that we
give.

Definition A.1.55.

(a) An fppf morphism of schemes is a morphism which is faithfully flat and
locally of finite presentation.

(b) A fppf covering family of a scheme Y is a family of maps {Y/ - Y :i € I}
which are flat and locally of finite presentation, and [],Y/ — Y is
surjective.

(¢) A property P of morphisms is fppf-local on the target if the following
condition holds: for every fppf covering family {Y/ — Y}, amap X — Y
satisfies P if and only if X xy Y/ — Y/ satisfies P for each i.

It is clear that a family of maps {Y/ — Y} is an fppf covering iff [[, Y/ — Y
is an fppf map. Moreover, we have the following important characterization of
locality:

Lemma A.1.56. Let P be a property of morphisms of schemes. Then the following
are equivalent:

(a) P is fppf-local on the target.

(b) P is Zariski local on the target, and for each fppf map Y' — Y, a map
X — Y satisfies P iff X xy Y’ — Y’ satisfies P.

(¢) P is Zariski local on the target, and for each fppf map Y —'Y between
affine schemes, a map X — 'Y satisfies P iff X xy Y' — Y’ satisfies P.
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PROOF. (a) = (c) because a Zariski covering is also an fppf-covering. (b) = (a)
Given an fppf covering family {Y/ — Y}, assume that X xy Y/ — Y/ satisfies P
for all 4. Then [[; Y/ — Y is an fppf map, and by Zariski-locality,

Xy (V) = [T xv ¥ = [T¥

satisfies P. Thus X — Y satisfies P.

Now (¢) = (b): let g: Y' — Y be fppfand f: X — Y beamap. Let U C Y
be an affine open, and {V;} be an affine open cover of g~1(U) C Y’. Since g is
open and surjective, {g(V;)} is an open cover of U, hence covered by a finite set
g(V1),...,9(V.). Thus the composite

,
V= HVZ —>g_1(U) —U
i=1
is an fppf morphism of affine schemes. Moreover, since P is Zariski-local, ?_1 (Vi) —

Vi satisfies P for each i, so []; f_l(Vi) — V satisfies P. We can factor the base
change square to obtain a cartesian square:

LT (Vi) —V
|
fUU) —— U

By our assumption, this implies f~(U) — U satisfies P. Since P is Zariski local
and U was an arbitrary affine open, X — Y satisfies P. O

Note that as a special case, if P is fpqc-local, then in particular (c) holds in
the lemma above, so we conclude that P is also fppf-local. This is nice because it
works for infinite covers as well. We will from here on out ignore all set-theoretic
issues (which are slightly more important than usual, as we will use large sites).

Lemma A.1.57. Let S be a scheme. The collection of fopf-covering families
(consisting of S-morphisms) forms a Grothendieck pretopology on the category
Schg. We denote the corresponding site by Schfgppf.

PROOF. (1) The identity map is fppf. (2) If {Y/ — Y} is a covering family,
then [[; Y/ — Y is fppf, so for any V — Y,

(HY{) Xy Z = H(Y/ Xy Z) — Z

is fppf, and thus {Y/ xy Z — Z} is an fppf covering of Z. (3) Assume {Y/ — Y}
is an fppf cover and {Y}; — Y/} is an fppf cover of ¥;. Then the maps
[0~ 1D~
i g i
are each fppf, so the composite is fppf. O
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The site Schg?pf is called the big fppf site over S. We denote the corresponding
category of presheaves and sheaves of sets by

PSh(Sch®™)  Sh(Sch®™h).
If F is a sheaf, then it preserves arbitrary products. Indeed, for {X;}, let X =
[1; Xi, then {X; — X} is a Zariski open cover, so this follows from the sheaf
condition. Conversely, let F' € PSh(Sch?pf) and suppose F' preserves products.
Then F is a sheaf iff

F(Y) = F(Y) =2 F(Y' xy Y

is an equalizer for each fppf map Y’ — Y. This is clear by our assumption, and
the fact that coproducts commute with pullback. Our next step is to show that
the representable presheaves are sheaves, i.e. the topology is subcanonical.

Lemma A.1.58. An fppf morphism of schemes over S is a (universal) effective
epimorphism in Schg. In particular, the presheaves

Homgehg (—, X): Schfbl?pf — Set
are sheaves for the fppf topology for each S-scheme X.

PRrROOF. The second statement follows because Homgeh (—, X) preserves prod-
ucts, so by the observation above we may check the sheaf condition for one fppf
morphism. By definition, this holding for all X is equivalent to the fppf morphism
being an effective epimorphism.

Being an effective epimorphism is base independent, so we may assume S =
SpecZ. By Lemma A.1.46, being a universal effective epimorphism is Zariski-local
and fpqgc-local on the target, hence it is fppf-local on the target. Thusif f: X — Y
is fppf, it suffices to show that the base change X xy X — X along itself is a
universal effective epimorphism. But it is a split epimorphism, so we conclude by
Prop. A.1.45. U

In particular, we obtain a fully faithful embedding Schg — Sh(Schfstf), and
in this context we usually identify the category of S-schemes with its essential
image in fppf sheaves. Likewise, if F' is a sheaf (or presheaf) and T is an S-scheme,
we identify F(T) = Hom(T, F'), and call both the T-points of F'. We also call a
map T — F where T is a scheme a ‘scheme over F".

Remark A.1.59. Recall that in general, sheaves on a slice site form the slice of
sheaves on the site. Therefore, given a morphism S’ — S of schemes, we have

Sh(Sch?") /5" = Sh(SchP' /5") = Sh(SchPh
Explicitly, the identification is as follows: if F' — S’ is a morphism of sheaves, then
we define Fg € Sh(Schgp,p f) on an S’-scheme X % S’ by the universal property

Hom X,FS/):FXS/X,

Sh(SchPPh) (
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meaning that Fis/(X) = F'(X) X g/(x) {u}, so the X-points of Fss are the X-points
of F, viewed as an S-scheme, whose image in Hom(X, S") is u. Conversely, given
G e Sh(Sch?pf), we define

FX)= ][] GXu)
u: X—S5'
where u runs over S-maps. Therefore we can be a bit careless about the base.

Definition A.1.60. Let FF — G be a morphism in Sh(Schfs?pf).

(a) F' — @ is representable by schemes if for each scheme T'— G over G, the
pullback F' xg T is a scheme.

(b) Let P be a property of morphisms of schemes which is stable under base
change and fppf-local on the target. F' — G is representable and satisfies
P if it is representable, and for each scheme T' — (G, the morphism
F xgT — T of schemes satisfies P.

For instance, a morphism of schemes is always representable by schemes because
schemes have pullbacks.

Example A.1.61. Here are the first basic observations about the definitions
above.

(a) If FF — G is representable by schemes, then for all sheaves H over G,
F xg H — H is representable. Indeed, if T — H is a scheme, then
FxgHxygT=FxgT. Thus if F — G is representable and satisfies
P in the sense above, then this notion is stable under base change.

(b) Let U be a scheme and U — G a representable fppf morphism. Suppose
that F' — G is representable by schemes. If F' x5 U — U satisfies P then
F — @ is ‘representable and satisfies P’ in the sense of the definition
above. Indeed, for all schemes T'— G, we have a base change diagram:

FxgUxgT — FxgT — F
Lo [

UXGT T G

Since U — (G is representable fppf, U xg T — T is an fppf morphism of
schemes, and likewise F' X T is a scheme. By assumption, the morphism
F xg U — U of schemes has P, so F' xg xXgT — U X T has P. Since
P is fppf-local on the target, this means F' xg T — T has P. Since T
was arbitrary, we conclude F' — G has representable P.

Thus these properties really only require checking on one fppf cover.

Earlier we saw that Sh(SchfSppf) = Sh(SchP?)/S, so in particular S is a
terminal object. We will in general write products in this category using (—) xg(—)
even though the S is implicit. Note that a sheaf F' is a scheme if and only if there
is a representable map F' — T for T" an S-scheme, iff ' — S is representable.

Next, we explain an important application of descent for schemes, which we
have not seen too much of yet. First of all, Lemma A.1.58 shows that if f: X — Y
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is an fppf morphism of schemes, then Schy — Descgen(X/Y) is fully faithful.
Effective descent can tell us whether a given fppf sheaf is a scheme.

Lemma A.1.62. Let C be a fibered subcategory of schemes satisfying g-effective
descent. Suppose we are given a cartesian diagram

X — T
17l
F—T

in Sh(Schfsl?pf) where X', T', and T' are schemes, g is fppf, and X' € Cp. Then
F is a scheme and ' € Cp.

PRrOOF. Consider the equivalence Cp — Desce(T"/T), and let m;: T' xp T —
T’ be the two projections. Identify X’ = ¢*F, then X’ is equipped with canonical
descent datum 7yg*"F = w5g*F because gm; = gma. Thus there exists a scheme
X € Cp such that h: X xp T' =~ X' commuting with the canonical descent
datum, which means that the two pullbacks
X XTT/ XTT/ — F XTT/ XTT/
are equal. Therefore by projecting, the two maps
Xxp(T'xpT)=X'"xx X' = F
are equal. Moreover the map X’ — X is an fppf cover, being a pullback of an fppf
cover. Working in T-schemes, the sheaf condition says that
HomSchT (X, F) — HomSchT (X’, F) = HomSchT (X/ X x X/, F)

is an equalizer. Thus the map X’ — I descends to a unique X — F which induces
the isomorphism X x7T" == F x7 T’. Since X and F are fppf sheaves, we can
detect isomorphisms after passing to the cover {T" — T'}. (]

Example A.1.63. Here is a simple instance of the lemma above. Let F' — G be
a morphism of sheaves, and suppose that for each affine scheme T" with a map
T" — G, the pullback F' xg T" is a scheme. Then in fact ' — G is representable.
To see this, let T' be a scheme and consider the pullback F' x¢T — T. Let {U;} be
an affine open cover of T"and U = []; U; — T the corresponding fppf map. Then

(FxgT)xpU=F xqU=]]F xq U

is a scheme, and all schemes satisfy effective descent along U — T by open-cover
descent. Therefore F' xg T is a scheme.

Lemma A.1.64. Let F' — G be a morphism in Sh(Schg)pf). The following are
equivalent:

(a) The diagonal F — F xg F' is representable by schemes.
(b) For all schemes U,V — F, the natural map

UXFV—>U><GV

is representable by schemes.



353

Moreover, the following are equivalent:

(¢) The diagonal F — F xg F' is representable by schemes.

(d) For all schemes U,V — F, U xpV is a scheme.

(e) For all schemes U, any map U — F' is representable by schemes.
In particular, if G has representable diagonal, then F' — F x g F' is representable
iff F' has representable diagonal.

ProoOF. Consider the natural base change diagram

UxpV — F

UxqV — FXxgF
which follows from Fubini’s theorem for limits. Then (a) = (b) follows immediately.
Conversely, let T'— F xg F be a scheme, which we can factor as T — T xgT —

F x g F. This comes with two maps T' — F', so putting U = V = T in the diagram
above, we obtain the cartesian diagram:

P—TxpT — F
T —TxqgT — FxgF
Then P is a scheme by assumption, which is what we wanted.
(d) = (e) These two are equivalent by definition of representable. (¢) = (d)
Take G = S in (a) = (b), so that U xg V is a scheme.
For the last statement, note that if G has representable diagonal then by (d),

U XV is a scheme, so as in (a) the map from U xp V being representable is
equivalent to this sheaf being a scheme. O

Example A.1.65. A representable morphism F' — G of fppf sheaves has rep-
resentable diagonal. Indeed, let T' — F' X F be a scheme, which is thus also a
scheme over GG, and consider H = T X F', which is a scheme. The projection
H — Finduces H xp H — F xg F. Note that H xp H =T xg (F xg F), so

HxprH x F=TxqgF=H.
FXgF

Thus form the diagram:

NN

T—HxpH— FXxgF

The left-hand square consists of schemes, so P is a scheme, completing the proof
by pasting.

Definition A.1.66. Let X be an object of Sh(Schg)pf). X is an algebraic space
over S if the following two conditions hold:

(a) The diagonal X — X xg X is representable by schemes.
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(b) There exists a scheme U and a representable étale surjection U — X.
Such a scheme and map U — X is called an étale atlas for X. The full subcategory
of Sh(Schfgppf) spanned by the algebraic spaces over S is denoted AlgSpg C
Sh(SchPPh).

Example A.1.67. Suppose X is an S-scheme. Then X is an algebraic space over
S, because X xg X is a scheme, and Id: X — X can be taken as an étale atlas.
Thus we have an inclusion Schg C AlgSpg.

Our goal in this section is not to fully develop the theory of algebraic spaces,
but just to say enough about them to have some working examples of how to
conduct basic proofs. Here are the very basic few observations.

1. Let f: X — Y be a morphism of algebraic spaces over a base scheme S.
Then the diagonal A;: X — X xy X is always representable by schemes,
by the previous lemma.

2. By the same lemma, a map from a scheme to an algebraic space is
always representable by schemes. By Example A.1.61, we see that for
any (representable) fppf morphism V' — Y from a scheme, we can check
properties of morphisms of representable morphisms X — Y after pullback
to X xy V — V. In particular, we can always check properties on the
atlas.

3. Let F be an fppf sheaf. If F' admits a representable map F' — X for X
an algebraic space, then F' is an algebraic space. Indeed, if U — X is an
étale atlas, then U x x F' — F' is an étale atlas for F'. Second, to see that
I has representable diagonal, it suffices to note that any representable
morphism has representable diagonal, which we saw in Example A.1.65

Lemma A.1.68. Let X — Y «— Y’ be morphisms of algebraic spaces over S.
Then the fiber product X' .= X xy Y in Sh(Schfqppf) is an algebraic space over S.
In particular AlgSpg is closed under pullbacks.

PROOF. Let U — X and V — Y’ be representable étale surjections from
schemes. Consider the iterated pullback diagram:

UxyV — X, — V

l© 1

X}, X’ Y!
U X Y

By base change, X, — X’ and X{, — X’ are representable étale surjections, so
the composite U xy V — X{, — X' is a representable étale surjection. However
since Y has representable diagonal, U Xy V is a scheme (Lemma A.1.64). To see
that X’ has representable diagonal, observe that X’ — X’ xy+ X’ is a pullback of
X — X xy X. The latter is representable since X — Y is a morphism of algebraic
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spaces, so the former is as well. Since Y’ has representable diagonal, this implies
X' does by Lemma A.1.64. O

The proof also tells us that given an étale atlas for X and Y’, an étale atlas for
the pullback is the pullback of the atlases over Y. The simplest properties of
morphisms to extend to algebraic spaces are those of the diagonal, because it is
always automatically representable. Let f: X — Y be a morphism of algebraic
spaces. Then f is quasiseparated, locally separated, semiseparated, or separated,
if Ay: X — X xy X is (representable and) quasicompact, an immersion, affine,
or a closed immersion. As the definition indicates, the diagonals of morphisms of
algebraic spaces need not be immersions.

Next, consider the case of an affine morphism. We want to say that X — Y
is affine if for all affine schemes T" — Y, X xy T is an affine scheme. By
Example A.1.63, this forces X — Y to already be representable, so an affine
morphism of algebraic spaces is automatically representable by schemes. Thus,
there is no ambiguity if we say that a morphism of algebraic spaces is a closed
immersion, finite morphism, integral morphism, if and only if it is representable
and satisfies this property.

A similar thing holds for an open immersion. We define an open immersion
of algebraic spaces j: X — Y as a morphism such that for all schemes T' — Y,
X xy T — T is an open immersion of schemes. In particular we assume by
default that it is representable. Using this we can define a reasonable notion of an
underlying topological space associated to an algebraic space.

If X is an algebraic space, write

|X|={Spec K — X : K a field}/ ~,

where (Spec K — X) ~ (Spec L — X) if there is a common extension F' and a
commutative diagram:

Spec K
1
Spec F’ > X
~ 7
Spec L

In other words [X| = lim . X(K). Observe that if T' is a scheme, then there is
a canonical map from |T'| in the usual sense to {Spec K — T : K}/ ~ sending
t — i;: Speck(t) — X. It has a well-defined inverse by sending Spec K — T to
its image, thus we obtain a bijection.

Example A.1.69. Let us recall the argument involved in the purely scheme-
theoretic statement above. We must show that if two maps

il,igi SpeCKl,Spech — X

have the same image in X, then we can find a common extension. Indeed, if the
image is x, then ¢; factors through Speck(z) — X, so we have a base change
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diagram:
7Z z' Spec K

L |- |

Spec Ko — Speck(z) —— X

Then |Z'| is the preimage of x, which we know consists of the whole space Spec K1,
so Z' is nonempty. On the other hand Z — Z’ is surjective by base change, so Z
is nonempty. Choosing a point of Z does the trick.

Let f: X — Y be a morphism of algebraic spaces. For each field K, this
induces a map X (K) — Y (K), and by naturality a map |f|: |X| — |Y|. A subset
U C |X| is open if for all schemes T" — X, U x|x| [T'| C |T| is open. In other
words, we give | X| the final topology with respect to the maps |T| — | X| induced
by schemes over X. Note that if X was representable by a scheme, then this agrees
with its topology via the identity map, and the fact that morphisms of schemes
are continuous.

Example A.1.70. Many properties can be detected intrinsically on the underlying
space |X|. For instance, if f: X — Y is a representable morphism of algebraic
spaces, then | f| is surjective iff f is representable surjective. (<) Let y: Spec K —
Y represent a point of |Y'|, so by assumption X — Spec K is a surjective morphism
of schemes, and hence we may choose a point x: Spec L — X — X which maps
toy. (=) Let T — Y be a scheme and consider the morphism of schemes
X xyT — T. Given y: SpecK — T — Y, choose x: Spec L — X such that
|f| (z) = y, meaning the diagram

SpecL ——— X

! |

SpecK — T — Y

commutes. By definition, Spec L — X factors through T xy X. Therefore, it is
reasonable to define a morphism of algebraic spaces f to be surjective if |f] is
surjective.

Along the lines of this example, many of the standard topological facts from
scheme theory pass immediately to algebraic spaces.

Proposition A.1.71. Let f: X — Y be a morphism of algebraic spaces over S.

(a) The induced map |f|: |X| — |Y| is continuous.
(b) Given a cartesian diagram

x Ly
g g
x Ly

of algebraic spaces, we have |g| ™ |f] (C) = m 1971 (C) for any subset
C c|X].
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(c) Assume f is representable by schemes.
i. f is a representable universally open map iff for all algebraic spaces
Y' =Y, the map | X xy Y'| — |[Y| is open.
7. f is a representable universally closed map iff for all algebraic spaces
Y' =Y, the map | X xy Y'| — |Y| is closed.
1. [ is a representable radicial map iff for all algebraic spaces Y —Y,
the map | X xy Y'| — |Y] is injective.
In all cases above, it suffices to check the condition for schemes Y.

PROOF. (a) Let U C [Y| be open. Then we have to show that as sets,
U Xy |X| C |X] is open, which means showing that

(U Xy 1X]) x x| ITI =U x| |T|

is open for every scheme T' — X. This is true because then T'"— X — Y is a
scheme over Y.
(b) We omit the |—| in the proof. By functoriality,
fg '(C) cg™gfg H(C) =g fag 1 (C) C g7 F(O).

Conversely, consider a point 3 € |Y'| such that g(y') = f(z) for some x € C. Then
the composites of the corresponding maps Spec K — Y’ and Spec L — X with f
and g represent the same point in |Y|, so we may choose Spec M — Spec K — Y
equal to Spec M — Spec L — Y. Thus the maps Spec M — Y’ and Spec M — X
agree upon composition with f and g, hence represent a point Spec M — X’ which
lies over 3/ and .

(¢) Since representable and P is stable under base change, it suffices to prove
(=) forgetting about Y’. Note that in all cases, (<) for Y’ a scheme (and hence
the final statement) is immediate from the definition of ‘representable and P’, and
the fact that for a scheme, the underlying space agrees with its usual underlying
space.

(i)/(ii) (=) Let V C |X| be an open/closed subset. We want to show that for
all schemes T'— Y, | f| (V) xy| |T| is open/closed in |[T'|. Write f: Xp — T for
the base change of f, which is an open/closed map of schemes by assumption. By
(b),

ALV Xy IT] = |7 (V % x| X 7)),
which is open/closed in |T'| since V' x| x| X7| is open-closed in | X7| since | X | — | Xr|
is continuous.

(iii) (=) Suppose zi,z2 € |X| and |f|(z1) = |f|(z2) = y. Writing
y: Spec K — Y, then the base change X Xy Spec K — Spec K is an injective
morphism of schemes, so the domain has at most one point. Choosing a common
extension x1,zo: Spec L — X, both z1 and xo factor through X xy Spec K, so
they represent the same point of X. O

In light of this result, we define the notions of universally open, closed, and
radicial for morphisms of algebraic spaces via the underlying spaces as in the
lemma. Thus the proposition shows that in the case of representable morphisms
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(e.g. morphisms of schemes), this reduces to the classical case. For the final result
of this section, we discuss open subspaces of an algebraic space.

Let X be an algebraic space over a scheme S. It follows from the previous
result that given an open immersion j: U — X, |j| is an open map of topological
spaces. Thus there is an obvious functor

Openlmm /X — Open(| X))
sending an open immersion to its image.

Proposition A.1.72. Let X be an algebraic space over S. The natural functor
im: Openlmm /X — Open(|X|)
s an equivalence of categories.

PRrROOF. We construct an inverse as follows; let P(|X|) denote the set of all
subsets of | X|, viewed as a constant presheaf. For each scheme T', the map

HomAlgSpS(Tv X) - CP(’XD [ ’f‘ (|T|)

corresponds to a morphism X — P(|X|) of presheaves. For each subset V' C | X]|,
pulling back defines a subpresheaf Xy :

XV e fP(V)
[ 71
X — P(X])

This is a sheaf: if {T; — T'} is a fppf cover and f € X (T') satisfies T; — T L xe
Xv(T;) for each 4, then | |; |T;| — |T'| — |X| has image in V, but the first map is
surjective, so the latter map has image in V.

We claim that Xy < X is representable; indeed, let f: T'— X be a scheme,
and observe that for all schemes 7",

HOHI(T/,T Xx Xv) = HOHI(T/,T X(P(‘XD :P(V))
={g:T - T:im(T"->T— X)CV}
={g:T' = T:im(g) C [f| (V)}
= Hom(T", f~1(V)),

where f~1(V) C T is the open subscheme with underlying space |f|~' (V). This
shows that Xy — X is representable, hence Xy is an algebraic space, and thus
Xy — X is an open immersion.

These two constructions are mutually inverse. Indeed, let x: Spec K — X rep-
resent a point of | X|; the computation above shows that pulling back along Xy —
X is 271(V), which is nonempty iff z € V. On the other hand, Prop. A.1.72(b)
shows that this is nonempty iff z is the image of | Xy | — |X|. This proves that
Xy — X has image V.

Conversely, let j: U — X be an open immersion with image V', and observe
that the natural map Hom(7,U) — Hom(T, X) has image in Hom(T, X ), so we
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obtain a natural map U — Xy . We claim this is an isomorphism: indeed, for all
schemes T' — Xy we have the following cartesian diagram:

Ur — T T
[ |

U‘)X\/‘—>X

The upper-right morphism is an isomorphism because Xy — X is a monomorphism.
Then both Xy x x T and U X x T coincide with the open subscheme of T defined by
V X x| [T, in the latter case by Prop. A.1.71(b). Thus Ur — T'is an isomorphism,
which concludes the proof. U

We conclude from the proof the following universal property of an open
immersion j: U — X in AlgSpg: For each map f: W — X of algebraic spaces
such that im|f| C |U|, there is a unique map W — U factoring f through
J. Indeed, this is by definition if W is a scheme, and if not then observe that
Hom(T, W) — Hom(T, X) factors through Hom(7', U) by assumption, so W — X
factors through U.

It is also clear from the proof that if f: X — Y is a morphism and j: U — Y is
an open immersion, then X xy U = f~1(U), i.e. the open subspace corresponding

to |f]71 (|U]).

A.1.4. Properties of morphisms of algebraic spaces. In this section we
will discuss how to extend more notions of morphisms of schemes to algebraic
spaces. By the end, we will prove our first nontrivial result about algebraic spaces,
which is that an fppf sheaf is an algebraic space iff it is an étale quotient of schemes.
We will also be able to write down some examples of non-scheme algebraic spaces,
though it will be quite difficult to find a truly ‘nice’ geometric one.

Let’s begin with quasicompactness. An algebraic space X is quasicompact if
|X| is a compact topological space. A morphism X — Y of algebraic spaces is
quasicompact if for every quasicompact algebraic space Y’ and map Y’ — Y, the
fiber product X xy Y’ is quasicompact.

Lemma A.1.73. An algebraic space X is quasicompact iff it admits a (repre-
sentable) étale surjection from an affine scheme.

PROOF. One direction is clear because a continuous image of a compact space
is compact. On the other hand, choose an étale surjection p: U — X from a
scheme U. Note that p is universally open (Prop. A.1.71), |p| is an open surjective
map of spaces. Let {V;} be an affine open cover of U. Then |p|(V;) is an open
cover of | X, thus has a finite subcover |p| (V1),...,|p| (V,). Then the map

,
H Vi->U—-X
i=1
has affine source, and is a composition of representable étale maps, hence repre-
sentable étale. It is also surjective on spaces, which we have shown is equivalent
to being representable surjective. O
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Proposition A.1.74. Let f: X — Y be a morphism of algebraic spaces.

(a) [ is quasicompact iff for all affine schemes T — Y, X xy T is quasicom-
pact.

(b) If f is representable, then f is quasicompact iff f is representable quasi-
compact.

(¢) Suppose U — Y is a surjective universally open morphism, and X xy U —
U is quasicompact. Then f is quasicompact.

PRrROOF. For (a)/(c), let Y/ — Y be a quasicompact algebraic space, and
consider the base change diagram:

V ——— V

X —Y

where Xy = X xy U. Then U xy Y’ — Y’ is surjective and universally open, so
since Y’ is quasicompact, we may choose an affine scheme V as above so that the
composite V — Y is surjective. If we are in the situation of (a), then this shows V'
is quasicompact and V' — X xy Y is surjective, which completes the proof. In the
situation of (¢), we note that Xy — U is quasicompact, so Xy Xy Y’ — U xy Y’
is quasicompact, hence V' is quasicompact. The same conclusion follows.

(b) If f is quasicompact, then X xy T"— T is also quasicompact (as algebraic
spaces), so if T' is a scheme, apply the definition to all quasicompact open sub-
schemes U C T'. Conversely, if f is representable quasicompact then X xy T — T
is quasicompact (as schemes) for all affine schemes 7', which implies that | X xy T|
is quasicompact. Thus we conclude by (a). O

In light of this, standard results about schemes tend to pass through. For
instance, a morphism X — Y from a quasicompact algebraic space to a quasisepa-
rated algebraic space is quasicompact, by the cancellation lemma (and (b) above).
Thus a morphism of qcgs algebraic spaces is qcgs.

Proposition A.1.75. Let f: X — Y be a morphism of algebraic spaces. The
following are equivalent:
(a) f is an isomorphism.
(b) f(T): X(T) — Y(T) is an isomorphism for all S-schemes T'.
(¢) X xy T — T is an isomorphism for all affine schemes T — Y.
(d) There is an (representable) fppf map U — Y from a scheme such that
X xy U — U is an isomorphism.
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PROOF. (a) = (b) by definition, and these imply (¢) and (d). Assuming (c),
we have a cartesian diagram:

D)) — Xr(T) — X(T)

':VJ J f:Vl 4 l
t T(T) Y(T)

This says that for each ¢ € Y(T') the fiber has exactly one point. Thus X (7T') —
Y (T) is an isomorphism for all affine schemes T admitting a map to Y, though
this still holds if not because then X (7') = Y (T) = @. Finally, every scheme T
admits an affine open cover {T; — T'} which is an fppf covering, so X(T') = Y (T)
for all schemes 7.

(d) For all (e.g. affine) schemes T' — Y, we obtain a cartesian diagram

XpyxyT — UxyT

Xxy T — T
where T is a scheme, U Xy T is a scheme since Y is an algebraic space, and
Xy Xy T is a scheme because it’s isomorphic to U xy T'. Fppf maps are universal
effective epimorphisms for schemes, so by Example A.1.37 isomorphisms satisfy

effective fppf descent for schemes. Therefore by Lemma A.1.62 we conclude that
X xy T is a scheme and X xy T == T is an isomorphism. Il

Next let us discuss properties of morphisms which are étale-local on the source
and the target. A property P of morphisms of schemes is étale-local on the source
if a morphism f: 7" — T satisfies P iff given an étale cover {T] — T'} of the
source, the maps 7] — T all satisfy P. We can of course make the same definition
for being fppf local on the source.

Example A.1.76. Many familiar properties that are Zariski local on the source,
closed under composition, and satisfied by étale (resp. flat and locally of finite
presentation) morphisms, are étale (resp. fppf) local on the source. Indeed, this
assumption already takes care of one direction of the iff. The next

Somewhat surprisingly, it is actually a non-trivial result of commutative algebra
that the finite type/presentation hypotheses can be checked fppf-locally on the
source. In particular, we will need the following lemma to do this; notably it relies
on openness of the flat locus and the flat-local criterion, both in the Noetherian
case.

Lemma A.1.77. Let R — S be a flat (resp. faithfully flat) ring map, with a finite
presentation

S = R[.%'l,... 7':Un]/(f17- . 'afT)'
There exists a finitely generated Z-subalgebra Ry C R such that f; € Ro[zo,. .., %],
and

S() = Ro[fl,’(),. . .,:cn]/(fl,...,fr)
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is flat (resp. faithfully flat) over Ry.

PROOF. Abbreviate z = (x1,...,2,) and f = (f1,..., fr). Let R; C R range
over the finitely generated Z-subalgebras containing the coefficients in f. Writing
Si = Ri[z]/(f), it follows that R =lim_ R; and S = lim, .S; by exactness of filtered
colimits. TODO: Finish this annoying proof; rough steps:

1. S = R; ®g, S; because polynomials. Fix q € SpecS, p = qN R, and
g, =qn S;, pi=RNyp;. D; = (RZ)Pz and F; = (Si)qia then hi}nZ D, = Rp
and hLQZ E; = 8,.

2. m; C D; maximal, K; = Tor? “(E;, Dj/m;) is finitely generated over Ej;
by Noetherianity. Note K; = ker(m; ®p, F; — E;). The generators map
to zero in m;D ®p E, hence map to zero in m;D; ®@p, E; for some j > i.

3. Then show K; ®p, E; — Tor?j(Ej, D;/m;D;) is surjective. By construc-
tion of j, this tor module vanishes. Moreover the closed fiber E;/m;E} is
flat over D;/m;D;, so apply flat local criterion to deduce that E; is flat
over D;.

4. Apply openness of the flat locus, and more... Remark: there’s a somewhat
easier route if we just want to show that it is étale local, using a standard-
étale presentation.

O

Proposition A.1.78. Consider the following properties of morphisms of schemes.

(a) Being flat is fppf-local on the source.

(b) Being locally of finite type (resp. locally of finite presentation) is fppf-local
on the source.

(c) Being étale is étale-local on the source.

(d) Being smooth is étale-local on the source.

In particular, being flat and locally of finite presentation is fppf-local on the source.

PROOF. (a) By joint surjectivity of an fppf cover, this is due to the following
fact: if S — R is a local ring map, R — R’ is a (faithfully) flat local ring map,
and R — S is flat, then S — R is flat. If M — N and we want to check
M ®s R — N ®g R is injective, we can do this after base change to R'.

(c) Let X L. v % Z where f is faithfully flat étale and g f is étale. Since f is

formally smooth,

0— f*Q%//Z - Q%(/Z - Q%(/Y —0
is exact, thus by assumption f*Q%,/Z = 0. Since f is faithfully flat, Q%, 17 = 0.
Since being locally of finite presentation and flat are étale local on the source, we
conclude that étale is étale-local on the source.

(b) Let the composite X — Y — Z be locally of finite type/presentation
with X — Y an fppf cover. Since everything is local on the target, we may
assume Z is affine. Taking an affine open U C Y and considering the composite
X xy U — U — Z, we reduce to the case that Y is affine. Finally, since Y is
quasicompact and X — Y is open, we can precompose with a flat, locally of finite
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presentation map X’ — X from an affine scheme such that X’ — X — Y is fppf.
Thus we may assume X is affine as well.

So consider A — B — ( ring maps whose composite is of finite
type/presentation, and B — C is faithfully flat of finite presentation.
We want to show that A — B is of finite type/presentation.

(a) Finite type case: The generators of C' over A are also generators of B,
so write C' = Blxq,...,xn]/(f1,--., fr) where the images of the z; are A-
generators. By the lemma, let Ry C B be a finitely generated Z-subalgebra
and a faithfully flat Rp-algebra Sy = Rolz]/(f), so C = B®pg,So. Writing
By = A®y Ry and Cy = A ®7 So, both finitely presented over A, we
observe that By — Cy is faithfully flat. Since Cy — C' is surjective by
construction, we deduce that By — B is surjective, thus B is finite type
over A.

(b) Keep the notation above, and assume in addition that C is finitely
presented over A. Write B = By/K, then it suffices to show that K is
finitely generated. Then C' = Cy/KCy, and since C and Cj are finitely
presented over A we deduce that KCj is finitely generated. Choose
generators of this module, and let K’ C K be the ideal generated by
the finitely many elements of K involved in the generator expressions.
Then K'Cy = KCj, so by faithful flatness we deduce K’ = K is finitely
generated.

(d) Assume that X — Y — Z are morphisms of schemes where X — Y is surjective
étale and X — Z is smooth. Then Y — Z is flat and locally of finite presentation
by (a) and (b), so it remains to show that Y — Z has geometrically regular fibers.
For each z € Z and field extension K D k(z), we have the base change diagram:

Xz Xn(z)K E— }/z XH(Z) K — SpecK

L L]

X Y Z
Then (X,)x — (Y2)x is a faithfully flat map of locally Noetherian schemes with
regular source, so (Y,)x is regular by Lemma 3.1.36. O

Here is how assuming locality on the source gives us a new kind of definition
of morphism for algebraic spaces.

Lemma A.1.79. Let P be a property of morphisms of schemes which is stable
under base change and étale (resp. fppf) local on the source and target. Then the
following conditions are equivalent for a morphism f: X — Y of algebraic spaces:

(a) There exists a representable étale (resp. fppf) surjection U — X from a
scheme such that U — X — Y is representable P.

(b) For every representable étale (resp. fppf) surjection U — X from a
scheme, U — X — 'Y is representable P.

(¢) There exist representable étale (resp. fppf) surjections V. — Y and
U— X xy V from schemes such that U — V satisfies P.
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(d) For every representable étale (resp. fppf) surjections V.—'Y and U —
X xy V from schemes, U — V satisfies P.

PROOF. (b) = (a) and (d) = (c¢). Assume (c), and suppose that U — X is as
in (b). We have already shown that to check U — Y is representable P it suffices
to check on a single étale (resp. fppf) cover of Y. Let V. — Y and W — Xy be
the maps in (¢), and consider the diagram:

U Xx W —W
UxyV — Xy —V
U X Y
By our assumption, U xx W — U xy V is an étale (resp. fppf) surjection of

schemes, asis U xy V — Xy and U xx W — W. Since W — Xy — V is P,
étale (resp. fppf) locality on the source implies that

UxxWoW-o=Xy=>V)=UxxW—o=UxyV— Xy —V)

is a P morphism of schemes. Another application of locality on the source implies
that U xy V — V satisfies P, which proves (b).

Now assume (a), i.e. that U — X is an étale (resp. fppf) surjection for which
W — X — Y is representable P. Assume V — Y and W — X xy V are as in (d);
we use the same diagram as above. We are given that U xy Xy — V satisfies P;
since W — Xy and hence U xx W — U xy V are étale (resp. fppf) surjections,
locality implies that the composites

UxxW -V
satisfy P in either direction, thus U xx W — W — Xy, — V does. Thus by
locality on the source, we conclude W — Xy, — V satisfies P. O

Definition A.1.80. Let P be a property of morphisms satisfying the hypotheses
of Lemma A.1.79. We say a morphism f: X — Y of algebraic spaces satisfies P if
one of the equivalent conditions of the lemma holds with respect to P.

Given this definition and the previous lemma, we can now make sense of an
arbitrary morphism of algebraic spaces f: X — Y being e.g. smooth, étale, étale
surjective, and so on.

Example A.1.81. Let P be one of the properties defined above for algebraic
spaces, and assume that Pscpeme is closed under composition. Then:
1. If X — Y is representable, then it is P iff it is representable P. This is
clear from (a),(b), and using locality on the source.
2. P is stable under base change. E.g., use Lemma A.1.79(a) and construct
UxyY' — X xy Y’ — Y’ which is representable P and U xy Y’ —
X Xy Y’ is a representable étale surjection.
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3. P is stable under composition. Indeed, let X — Y — Z both individually
be P, choose U — Y — Z representable P from a scheme U with U — Y
an étale cover, then Xy — U satisfies P by (b). Thus choose V — Xy an
étale cover with V' — U satisfying P of schemes, then V —- X - Y — Z
is representable P and V' — X is an étale cover by base change.

At this point, since we now have independent notions of fppf and étale, we can
define the properties of being étale (resp. fppf) local on the source and target for
morphisms of algebraic spaces. Thus some more remarks:

4. Let Q be a property of a pullback-stable class of morphisms of algebraic
spaces which is local on the target with respect to representable étale/fppf
surjections from schemes (for instance, representable P among the class
of representable maps where P is étale/fppf local for schemes). Let
X — Y be a morphism (in the relevant class) and Y’/ — Y an étale/fppf
surjection for which X xy Y’ — Y’ satisfies P. Then by choosing V — Y’
from a scheme, pulling back shows that X xy V — V satisfies Q, and
V — Y’ — Y is representable étale/fppf from a scheme by (1), (3). Thus
X — Y satisfies Q, i.e. Q is étale/fppf-local on the target.

5. Let P be as in the rest of this example. Then P is étale/fppf-local on the
target; suppose we are given a base change diagram on the right below

U s X' — Y

U |

U---- > X — Y

where X’ — Y satisfies P and Y’ — Y is an étale/fppf surjection. Choose
U — X a representable étale surjection from a scheme, then U’ — Y’ is
representable P by Lemma A.1.79, so U — X — Y is representable P by
(4), hence X — Y is P by definition.
6. P is also étale/fppf-local on the source: Suppose X’ — X is an étale/fppf
surjection and X’ — X — Y satisfies P; choose an étale surjection
U — X' from a scheme so that U — X’ — Y is representable P, i.e.
U — X — Y is representable P, meaning X — Y is P.
For instance, (4) applies to isomorphisms by Prop. A.1.75(d). It also applies to
properties defined using the diagonal: if X/ — Y” is a base change of X — Y, then
so too is X' — X’ xy+ X' of X — X xy X, and moreover both are representable
so it suffices to see that X’ xy» X’ — X xy X is étale/fppf if Y/ — Y is. Indeed,
the former is the base change of the latter.

Example A.1.82. We want to use Example A.1.81 to conclude that representable
P is étale/fppf-local on the target, but the problem is that representability does
not satisfy fppf-descent. Instead, let € C Sch be a fibered subcategory of schemes
satisfying fppf-effective descent. Then viewing € as a property of morphisms of
schemes, C is fppf-local on the target.

Now suppose X — Y is a morphism of spaces and U — Y is an fppf cover
from a scheme so that Xy — U is representable €. For each scheme T' — Y,
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Xy xy T — U xy T is representable €, and is the base change of X xy T — T.
Since U xy T' — T is an fppf cover of schemes, Lemma A.1.62 implies that
X xy T is a scheme and X xy T — T is C. Thus (4) above now does show that
representable C is indeed fppf-local on the target for algebraic spaces. We will see
below that fpqc-effective descent implies fppf-effective descent, so this in particular
applies to affine morphisms, quasiaffine morphisms, open immersions, etc.

Example A.1.83. There’s a short list of properties of morphisms of algebraic
spaces we defined that aren’t covered by one of the two examples above, which
are the ones depending on the underlying space. First, note that quasicompact is
already fppf-local by Prop. A.1.74(d) and (4) above. Surjectivity is surjective-local
hence fppf-local. By the diagonal case, this means that radicial is fppf-local.
Moreover, a representable fppf surjection from a scheme is in particular universally
open and hence induces a quotient map on spaces. Thus the same proof as in
Lemma A.1.17 alongside Prop. A.1.71 shows that universally closed and open are
fppf local.

Remark A.1.84. Knowing that our favorite properties of morphisms of algebraic
spaces are fppf/étale-local on the source or target is comparatively more useful
than the corresponding statement for schemes. This is because we don’t have good
control over open covers of an algebraic space, but we do have good control over
étale covers, since an algebraic space is étale-locally a scheme.

Example A.1.85. Let X be an algebraic space, and suppose that X has an
open cover {U;} by schemes. Then X is a scheme. Indeed, let U;; be the scheme
U; xx Uj, and since U; — X is an open immersion it follows that U;; — U; is
an open immersion. Let ¢;;: Uj; = Uj; be the isomorphism induced by the
isomorphism U; xx U; == U; xx U; of fppf sheaves, which corresponds to an
isomorphism of schemes. This satisfies the cocycle condition, so by Lemma A.1.5
we obtain a scheme Y equipped with open immersions U; — Y and isomorphisms
U; xy U; = U; xx U; commuting with the cocycle isomorphisms. Treating
{U; — Y} as an fppf cover, the maps U; — X induce ¥ — X, such that base
changing along each U; produces the identification Id: U; — U;. By Prop. A.1.75,
this implies ¥ = X.

In the remainder of this section, we will briefly discuss epimorphisms and
universal effective epimorphisms, fppf-effective descent for quasi-finite separated
morphisms of schemes, and finally that étale quotients of schemes are algebraic
spaces. The first part of this is general and holds in any sheaf category. So, let
C be a site (with fiber products, so we may use the description with covering
families), and denote by Sh(€) the corresponding sheaf topos of sets.

Lemma A.1.86. Let f: FF — G be a morphism in Sh(C). The following are

equivalent:
(a) f is locally surjective, meaning that for each T € C and s € G(T'), there
exists a covering family {T; — T'} such that s|r, is contained in the image

of F(T;) — G(T;) for each i.
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(b) f is an epimorphism in Sh(C).
(c) f is a universally effective epimorphism in Sh(C).

PROOF. (a) and (b) are equivalent by standard sheaf theory. It remains to show
the following two claims: local surjections are effective epis, and local surjections
are stable under base change.

1. Effective epi: We have to show the existence part of the defining coequalizer

FxgF —=F-G.
1
Let g: F' — H be a map such that gm; = gme. Let s € G(T'), and lift s|7, to
r; € F(T;) for a cover {T; — T'}. The assumption says that for any ¢,¢' € F(T")
such that f(t) = f(t'), we also have g(t) = g(t). The restrictions of r;,7; to
T; x1 T; have the same image s in G(T; xr Tj), so g(r;) = g(r;) on T; x7 Tj.
By the sheaf condition there is a unique section g(s) € H(T) restricting to g(r;).
Here’s what we have to check:

1. The section g(s) is independent of the cover. Indeed if {T]; — T} is
another cover on which local lifts exist, then the resulting section will
have to agree on T; Xr T]’ with g(s), and this forms an open cover.
Therefore, we obtain a well-defined map of sets g: G(T') — H(T)).

2. As T varies, g is a morphism of sheaves. Indeed, commutativity of the
naturality diagram is checked sectionwise; then this is further checked on
a covering family where we already know it holds since g is a morphism.

3. Finally, g = gf. This is also checked sectionwise and locally, where it is
true by definition.

Thus we have found the requisite extension to G — H.

2. Stable under base change: Let g: G' — G be a map and consider F’ =
F x¢ G', which is computed as a presheaf. Let s € G'(T), consider g(s) € G(T)
and choose a cover {T; — T} such that f(r;) = g(s)|n, for r; € F(T;). Thus
(ri, s|1;) defines an element of F'(T;), which projects to s|r. O

Example A.1.87. Suppose F' — G is a representable fppf morphism of fppf
presheaves. For each scheme T — G, the fiber product 77/ = F x T is a scheme
and 7" — T is fppf. Thus the section in G(7') lifts along the cover {T” — T} to a
section in F'(T"). Therefore F' — G is locally surjective, hence a universal effective
epimorphism.

Now let X — Y be an fppf morphism of algebraic spaces. Choose U —
X — Y a representable fppf map, which is a universal effective epimorphism.
By Prop. A.1.45 we deduce that X — Y is a universal effective epimorphism in
Sh(SChg)pf). In particular, it is also clearly a universal effective epimorphism in
AlgSpg, because this subcategory is closed under pullbacks.

Next we discuss equivalence relations in sheaf categories. Recall the following
definition:

Definition A.1.88. Let D be a category with pullbacks.
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(a) A groupoid in D is a pair of morphisms s,t: R = U equipped with maps
e:U— R i:R— R u: RxyR— R

satisfying the following compatibility conditions: se = te =1, si = t, ti =
s, ty = tmy and sy = tmwy, where m; are the pullback projections. Moreover,
we have associativity, i.e. u(u(h,g), f) = w(h, p(g, f)), unitality p(et,1) =
1= pu(1,es), and the inverse law p(i, 1) = es, pu(1,7) = et.

(b) If R = U is a groupoid in D, then it is an equivalence relation if the
natural map R — U x U is a monomorphism.

Example A.1.89. Since the definition of a groupoid is completely equational
except for the pullback projection compatibility, it is preserved by all functors
which preserve pullbacks. Since such functors also preserve monomorphisms and
products (assuming terminal object), they also preserve equivalence relations.

1. In the definition above, let U = % be a terminal object. Then a groupoid
is the same thing as a group object in D, which follows directly from the
definition since everything involving s and ¢ now becomes trivial.

2. Suppose D = Set and R = U is a groupoid. Define a category C with
objects U, morphisms R, and s and ¢ the source/target projections. For
ue U, weset 1, =e(u). If f: w— vand g: v — w are morphisms in
R, then s(g) = t(f), so (g9, f) € R xy R and we define g o f = pu(g, f).
The axioms make clear that this is a category, and the inversion shows
that this is a groupoid. From this it is clear that the groupoids in Set
are the small groupoids in the standard sense. Note that it becomes an
equivalence relation iff there’s at most one map between any two objects.
Thus we can also call an equivalence relation a contractible groupoid.

3. Let S be a set and R C S x S a literal equivalence relation. Denote
by s,t: R — S the two projections and ¢ the restriction of the flipping
isomorphism, well-defined by the symmetric property. Let e: S — R be
the diagonal map, well-defined by the reflexive property. It is clear from
the description in (2) that the map g is uniquely determined, and that it
in fact exists by the transitive property. It sends ((b,¢), (a,b)) — (c,a).
It is easy to see that the conditions in the definition follow, and hence
that this is in fact an equivalence relation in Set.

4. Let R = U be a pair of maps in D and s,t with e, 7, u having the
source and target as given in the definition above. It is clear from
the description/Yoneda that this data forms a groupoid/equivalence
relation, if and only if the same Homqp(—, R) = Homqp(—, U) forms one
in Fun(D°P, Set), iff Homq (7', R) == Homqp (7, U) forms one in Set for
all objects T' € D. Thus we can often reduce to the case of Set.

5. Let f: X — Y be amap in D, and consider the pair of arrows s,t: X Xy
X =% X. Then we have the diagonal map e: X — X xy X, flipping
isomorphism i: X xy X — X xy X, and projection map

(XXyX) Xx(XXyX):XXYXXyXHXXyX
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to the outer two coordinates. This defines a canonical equivalence relation
structure; indeed, we may reduce to the case of Set by (4), but then
X xy X C X x X defines precisely the relation z1 ~ z9 iff f(z1) = f(z2),
so we are done by (3).

Below, we will give a partial converse statement to (5).

Lemma A.1.90. Let C be a site and s,t: R = U be an equivalence relation
in Sh(C). If X = coeq(R = U), then the natural map R — U xx U is an
isomorphism.

PROOF. Since evaluation at 7' € € preserves pullbacks, R(T") C U(T) x U(T")
is a set-theoretic equivalence relation for each T. The coequalizer X is the
sheafification of T'+— U(T")/R(T"), and the map given is the inclusion

R(T) CU(T) xx(1y U(T).

Suppose u,v € U(T') have the same image in X (7"). There is a covering {T; — T'}
such that the images of u|r, and v|r, coincide in U(T;)/R(T;), i.e. these sections
are equal modulo R. Thus (u|7,,v|r,) € R(T;) for each i, which correspond to maps
ri: T; — R for each i. Since R(T) C U(T) x U(T) is a subsheaf, this implies that
(u,v) € R(T), so we conclude R(T) = U(T) xx(y U(T),ie. R=U xxU. O

Remark A.1.91. Since every scheme has an fppf cover by affine schemes, it is
easy to check that if A is a ring, then Schff;pf has a basis given by Affff;pf, and thus
Sh(Sch™™) = Sh(Af™*"). In particular, it is clear that we can check whether
R =2 U is an equivalence relation by checking that R(B) = U(B) is an equivalence
relation for each A-algebra B.

Example A.1.92. Let us give our first example of an algebraic space which isn’t
a scheme. Let k be a field, U = A}C, and R = A' UG,,, both affine schemes. We
have maps a,b: R =2 U, where a = (1,¢) and b = (1, —¢). Let us see explicitly that
this is an equivalence relation.
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